CSE 521: The Design and Analysis of Algorithms

Assignmen t #4

Ma y 9, 1997

due: F rida y , Ma y 16

1. In this problem y ou will pro v e a con v ers e (of sorts) to Theorem 17.10.

A subset system is a pair M = (S; I ) suc h that S is a �nite nonempt y

set and I is a nonempt y family of subsets of S that is hereditary

. (Th us,

a matroid is a subset system that also has the exc hange prop ert y .) F or

a �xed subset system M , supp ose that Greedy(M ; w ) of Section 17.4.2

returns an optimal set for ev ery p ositiv e w eigh t function w : S ! R

+

.

Pro v e that M is a matroid.

Hin t: Let n = jS j. If A 2 I and B 2 I violate the exc hange prop ert y ,

let

w (x) =

8

>

<

>

:

n + 1; if x 2 A

n; if x 2 B � A

1; if x 62 A [ B

:

2. Exercise 17.5-2 on page 353. Y ou should not need to assume an ything

sp ecial ab out A, suc h as that this test is b eing used in conjunction with

Greedy .

3. Problem 17-3 on page 354. This problem impro v es the O (n

2

) running

time of Section 17.5.

4. Let G = (V ; E ) b e an undirected graph. A matching in G is a subset

F � E suc h that, for all v 2 V , at most one edge in F is inciden t to v .

(a) A common optimization problem is that of \maxim um edge-

w eigh te d matc hing". In this problem, eac h edge e 2 E has p os-

itiv e real w eigh t w (e), and y ou are lo oking for a matc hing in G

whose total edge w eigh t is maximized. Consider the subset system

M = (S; I ), where S = E and A 2 I if and only if A is a matc h-

ing. Giv e a coun terexamp le sho wing that Greedy(M ; w ) do es not

return a maxim um edge-w eigh ted matc hing.

(b) A v arian t is the problem of �nding a \maxim um v ertex -w eigh ted

matc hing". In this problem, eac h v ertex v 2 V has a p ositiv e real w eigh t w (v ), and y ou are lo oking for a matc hing F in G

that maximize s the total w eigh t of all v ertices inciden t to edges

in F . Sho w that there is a matroid M = (S; I ) and w eigh t func-

tion w : S ! R

+

suc h that an optimal subset of M corresp onds

to a maxim um v ertex-w e igh ted matc hing. (Therefore, b y Theo-

rem 17.10, Greedy(M ; w ) computes a maxim um v ertex -w eigh ted

matc hing.)

Hin t: Let S = V . F or the exc hange prop ert y , call the edges in

the matc hing corresp onding to A \A-edges", and the edges in the

matc hing corresp onding to B \B-edges". Y ou can assume that no

A-edge go es from A to B-A. (Wh y?) Starting with some v ertex in

B-A, create as long a path P as p ossible that alternates b et w een

B-edges and A-edges, and consider the v arious cases of ho w this

path ends.

(c) What is the running time of Greedy for the maxim um v ertex -

w eigh te d matc hing problem? Justify y our answ er. Don’t forget

that y our algorithm should construct a matc hing, not just an op-

timal subset of M .

5. In class w e sa w that n � 1 W eigh ted-Unions applied to n singleton sets

alw a ys resulted in a tree of heigh t at most b log

2 nc. In this problem,

y ou will sho w that that b ound is tigh t.

Let n = 2 k

. Sp ecify n � 1 W eigh ted-Union op erations on n singleton sets

that result in a tree of heigh t exactly k . Is there an ything in teresting

ab out the n um b er of no des of depth i in the resulting tree, where

0 � i � k ?