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Master Divide and Conquer
Recurrence

= If T(n)=axT (n/b)+cxk for n>b then
= if a>bkthen T(n)is Q(n'°%?)

= if a<bkthen T(n)is Q(nk)
= if a=bk then T(n) is Q(nk log n)

= Works even if it is ér/buinstead of n/b.

@ Proving Master recurrence

Problem size T(n)=ad (nb)+cxnk # probs
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Sometimes two sub-problems aren’t
enough

= More general divide and conquer

= You've broken the problem into a different
sub-problems

= Each has size at most n/b
= The cost of the break-up and recombining
the sub-problem solutions is O(nk)

= Recurrence
= T(n)=ax(n/b)+cxnk

@ Proving Master recurrence
Problem size 1) —a(n/b)+cnk  # probs
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T(1)=c

@ Proving Master recurrence

Problem size T(n)=aT (nhb)+cxnk # probs cost
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@ Geometric Series
= S =t+ tr +tr2+ L+ttt
> - fr + fr2+ 4+ trn-l4 fpn
= (r-1)S =tr" -t
= SO S=t(r" -1)/(r-1) if r?1.

= Simple rule

= If r ? 1 then Sis a constant times largest
termin series

= Geometric series
= ratio a/bk
= d+1=log,n +1 terms
= firstterm cnk, lastterm cad
= If a/bk=1
= all terms are equal T(n) is Q(n¥ log n)
= If a/bk<l
= firstterm is largest T(n) is Q(n¥)
= If a/bk>1 ogun
= lastterm is largest T(n) is Q@¥)=Qa " ) =Q(n
(To see this take log, of both sides)
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@ Multiplying Matrices
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= n® multiplications, n3-n? additions

@ Multiplying Matrices
.y
fori=1ton
forj=1ton
dij- 0
for k=1to n
Cli.jl=Cli j]+All. k]B[kj]
endfor
endfor
endfor

@ Multiplying Matrices
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4 Multiplying Matrices
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Multiplying Matrices
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= T(N)=8T(n/2)+4(n/2)>=8T(n/2)+n?
= 852250 T(n) is

Q(i**) = Q('°*9 = Q(n°)

Strassen’s Divide and Conquer
Algorithm
= Strassen’s algorithm

= Multiply 2x2 matrices using 7 instead of 8
multiplications (and lots more than 4 additions)

= T(n)=7 T(n/2)+cn?
= 7522 s0 T(n) is Q(n'°%" ) which is O(n28:-)

= Fastest algorithms theoretically use O(n?%7) time
= not practical but Strassen’s is practical
provided calculations are exact and we stop
recursion when matrix has size about 100
(maybe 10)

@ The algorithm
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P~ Ap(ButByy); P, Anu(B1,tB2)
Py (Aun- Ap)By; P (Ax- Ax)Byp
Pg (Azz' Alz)(le' Bzz)

Pem (Au- A2)(B1o- By)

P (As- ApR)(B1tBy)

Cu P+P5; Cim PP +Ps- Py
Coum PytP PP, Cpm PP,

Another Divide &Conquer Example:
Multiplying Faster

= On the first HW you analyzed our usual
algorithm for multiplying numbers

= Q(n?) time

= We can do better!
= We'll describe the basic ideas by
multiplying polynomials rather than
integers
= Advantage is we don’t get confused by
worrying about carries at first

@ Notes on Polynomials
= These are just formal sequences of
coefficients

= when we show something multiplied by x¥ it just
means shifted k places to the left — basically no

work
. 3X2+2x+2
Usual polynomial x2- 3x+1
multiplication 3x2+2x +2
-9x3 - 6x2 - 6X

3x4 + 2x3+ 2x2
3x4-7x3 - X2-4x+2




Polynomial Multiplication

= Given:

Degree n-1 polynomials P and Q

= Compute:

= Degree 2n-2 Polynomial P Q
= PQ=agh, +(agh,+a,b) x + (ab+a,b, +a,b ) x2
ot (an72%1v71+anrlbn—2 X3 +a, b, x2n-2
= Obvious Algorithm:

= Compute all ab; and collect terms
= Q(n? time

sP=ay+a, X+a, X2+ ...+ a, X"2+a, x"*
s Q=by+b,x+b,x2+ ...+ b, X"2+b x"t

Naive Divide and Conquer

= Assume n=2k

s P=(ag+a; x+apx2+ .. +apxk2+agxkl)+
(A + a X +

A X2+ xk ) xk
=P, + P, xk where P, and P, are degree k-1
polynomials
= Similarly Q = Q, + Q; x*
= PQ = (PotP x¥)(Qo+Q:x")
=PQo + (P1Qo+PQ )x* + P1Q x2

= 4 sub-problems of size k=n/2 plus linear combining

« T(n)=4T(n/2ytcn  Solution T(n) = Q(n?)




