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Theorem 1: For every NFA there is an equivalent DFA.

The key idea involved in converting an NFA to a DFA is that we can create individual states for our DFA
that recordall the possible states that our NFA can be in at a given point in the computation. Thus each state
of our new DFA will be asetof states of the NFA, hence the name for the construction.

The following construction is exactly the same as that given by Lewis and Papadimitriou. The proof of
its correctness is, however, slightly simpler than theirs.
Proof Let M = (K;�; Æ; s0; F 0). Let thee-closure ofq, E(q) = fp j (q; e) `�

M
(p; e)g, the set of states

reachable froms by following only e-moves.
We define the DFAM 0 = (K 0;�; Æ; s0; F 0) based onM by:

� K 0 = P(K) = 2K ; i.e., the set of all subsets ofK,

� F 0 = fQ � K j Q \ F 6= ;g, i.e.Q 2 F 0 if and only ifQ contains a final state ofM ,

� s0 = E(s), and

� for all a 2 � and allR 2 K 0,

Æ(R; a) = fq j (r; a) `M (r0; e) `�
M (q; e) for somer 2 R andr0 2 Kg;

i.e., the set of all states ofM reachable from some state inR by first readinga and then following a
sequence ofe-moves. Note that this is the same as saying

Æ(R; a) = fq j (r; a; r0) 2 � andq 2 E(r0) for somer 2 R andr0 2 Kg:

The idea behind this definition is that the stateM 0 is in after reading an input represents thesetof states that
M could be in after reading that input. The following claim formalizes this property.

CLAIM : For all w 2 ��, let Q be the unique state ofM 0 such that(E(s); w) `�
M 0 (Q; e). Then

Q = fq j (s; w) `�
M
(q; e)g:

Before we go about proving this claim, let’s see how we can use it to prove thatM andM 0 are equivalent.
To see that the claim implies the desired result we note that:

w 2 L(M 0) , (s0; w) `�
M 0 (Q; e) whereQ 2 F 0

, (E(s); w) `�
M 0 (Q; e) whereQ \ F 6= ;

, Q = fq j (s; w) `�
M
(q; e)g andQ \ F 6= ; by the claim

, (s; w) `�
M
(q; e) for someq 2 F

, w 2 L(M)
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which is what we needed to show.
Now we prove the claim by induction onjwj.

BASE CASE: jwj = 0 sow = e. In this case

(E(s); e) `�
M 0 (Q; e) , Q = s0 sinceM 0 is deterministic

, Q = E(s) = fq j (s; e) `�
M
(q; e)g

by the definition ofs0. This is what we needed to show so the claim holds forw = e.
INDUCTION HYPOTHESIS: Assume that for allx 2 �� with jxj � k,

(E(s); x) `�
M 0 (Q; e), Q = fq j (s; x) `�

M (q; e)g:

INDUCTION STEP: Let x 2 �� with jxj = k + 1. Thereforex = wa for somea 2 � andw 2 �� with
jwj = k. LetQ 2 K 0 be such that(E(s); x) `�

M 0 (Q; e). We must show thatQ = fq j (s; x) `�
M

(q; e)g.
SinceM 0 is a DFA,Q is uniquely defined and there is also a unique stateR 2 K 0 such that

(E(s); x) = (s0; wa) `�
M 0 (R; a) `M 0 (Q; e):

Using the Useful Fact about DFA’s and NFA’s, we also have(E(s); w) `�
M 0 (R; e). Therefore, since

jwj = k, we can apply the inductive hypothesis forw to say thatR = fr j (s; w) `�
M
(r; e)g. Furthermore,

by the definition ofÆ,

Q = Æ(R; a) = fq j (r; a) `
M
(r0; e) `�

M
(q; e) for somer 2 R andr0 2 Kg:

We will show thatQ = fq j (s; ya) `�
M
(q; e)g using these facts.

First, suppose thatq 2 Q = Æ(R; a). Then there is anr 2 R such that(r; a) `
M
(r0; e) `�

M
(q; e), by

the definition ofÆ. Furthermore,r 2 R implies that(s; y) `�
M

(r; e) which implies that(s; ya) `�
M

(r; a)

by the Useful Fact for NFA’s. Putting these together we have

(s; ya) `�
M
(r; a) `

M
(r0; e) `�

M
(q; e);

and so(s; ya) `�
M
(q; e).

Now conversely suppose that(s; ya) `�
M

(q; e). BecauseM reads at most one symbol per step there
must be some stater of M in whichM reads the lasta in the input during this computation. Thus there are
statesr; r0 2 K such that

(s; ya) `�
M
(r; a) `

M
(r0; e) `�

M
(q; e)

Therefore we have (i)(s; ya) `�
M
(r; a), and (ii) (r; a) `

M
(r0; e) `�

M
(q; e). Part (i) implies that(s; y) `�

M

(r; e) by the Useful Fact for NFA’s and thusr 2 R. This, coupled with part (ii) and the definition ofÆ,
implies thatq 2 Æ(R; a) = Q:

The two preceding paragraphs imply thatQ = fq j (s; x) `�
M

(q; e)g and the claim follows forjxj =
k + 1 and by induction holds for allx 2 ��.

Notice that the subset construction will in general convert an NFA to a DFA with a large number of
states (2jKj). In the worst case, this increase is necessary, but in many cases this number of states can be
reduced by eliminating states of the DFA that are not reachable on any input in��.
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