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Trees, continued



Decision trees: How to build them
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100% spam, 0% not
Entropy: 0

25% spam, 75% not
Entropy: 0.811

Split on feature: 
contains “Special 
Promotion”

Yes No

Split on feature: 
contains

100% spam, 0% not
Entropy: 0

0% spam, 100% not
Entropy: 0

Yes No

Full dataset: 50% spam, 50% not
Entropy: 1.0
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# Overall goal: choose features which can best sort 
positive and negative examples. For all the samples 
in a region Rm, predict the majority class cm 

# Loss func? 0/1 error / binary classification error

f (x) =
M

∑
m=1

cm1{x ∈ Rm} # Same

split on xj ≤ s, xj > s
# Same for illustrative purposes. In 
reality you can also have categorical 
features. E.g. “Islet Antibody Positive 
Test”, or “Blood Type” 

Define “impurity” measure I (measures how well 
positive class examples are sorted from negative)
Find split that minimizes impurity

Generic Tree-Building algorithm



Generic Tree-Building algorithm

1. Start from empty decision tree
2. Recursively, for each node:

• Iterate through all features and compute how good it’d be to split on 
each feature

• Split on the “best” feature
3. Prune

Design choices:
• Termination condition (max depth, entropy, train/val error)
• Tree complexity
• Splitting criterion
• Pruning



Regression Trees
# Axis-aligned trees

# Decision 
boundary

Actual output 
value for 
regression

When to use? 
• Can be 

interpretable

When not to use? 
• Complex, high-dimensional 

data (e.g. pixels)

# Overall goal: carve feature space X into M regions, 
R1…RM. For all the samples in a region Rm, predict 
some value cm



Regression Trees: what to predict at the leaves
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d
dc ∑

i

(yi − c)2 = 0

= − 2∑
i

(yi − c) = 0

nc = ∑
i

yi
→ c =

1
n ∑

i

yi

# Loss func? MSE

y1, y2…yn

min
cm∈ℝ ∑

i

(yi − cm)2

For region m, which has samples with 
labels

# How do we find cm?

# Take the derivative and set it 
to zero!

# Just the mean of the y 
values



Regression Trees: when to split a node
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# Loss func? MSE



Trees: Interpretable (?)

Trees are “easy” to interpret:
• You can explain how the 

classifier came to the 
conclusion it did 

But they can be complex
• Small changes in data can 

result in large difference in 
trees 



Summary of trees

• Trees have         bias,            variance
• Deal with categorial variables well
• Intuitive, “interpretable”
• Good software exists
• Some theoretical guarantees 

low high

# Why low bias? If you allow enough depth / splits, you can fit 
anything

# How to regularize?
We will say more, but you can limit the number 
of nodes, the depth, or the requirements on 
entropy for leaves

# Where don’t they work?
Many related continuous features 
(pixels)
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Ensembling methods

(Some slides from Natasha Jaques)



So far

1. Talked regression (linear, mostly)
2. Classification

1. Logistic Regression
2. SVMs
3. Kernelized versions
4. k-NN
5. Neural Nets
6. Trees

Most of these can be used for 
regression too 

Was going to more complex model classes so really necessary? 
- If we have sufficiently complex kernels, or 1-NN, or high depth trees, we 
can get very low bias, high variance… 
- What about combining weak learners into better learners?



Random Forests, aka “bagging” of trees

• Forest = many trees
• Tree methods have low bias but 

high variance
• We can reduce variance by 

constructing many “lightly 
correlated” trees and averaging 
them

• Bagging: Bootstrap aggregating
# Each tree is trained on new 
bootstrap sample of data



Random Forests…



Random Forest learning algorithm

# with replacement

# b = train tree

# but you’re using a 
random subset of the 
features

# Average



Other ensembling methods? Boosting!

Boosting!!! A personal favorite. 

Take advantage of the fact that you can 
learn what parts of the space you are bad 
at, and do better there.

• 1988 Kearns and Valiant: “Can weak learners be 
combined to create a strong learner?” 

An algorithm A is a weak learner for a hypothesis class H that maps X to
{�1, 1} if for all input distributions over X and h 2 H, we have that A correctly
classifies h with error at most 1/2� �

1990 Robert Schapire: “Yup!” 
1995 Schapire and Freund: “Practical for 0/1 loss” AdaBoost 
2001 Friedman: “Practical for arbitrary losses” 
2014 Tianqi Chen: “Scale it up!” XGBoost



Additive models
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• Consider the first algorithm we used to get good 
classification for MNIST. Given: 

• Generate random functions: 

• Learn some weights: 

• Classify new data:  

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

�t : Rd ! R t = 1, . . . , p

f(x) = sign

 
pX

t=1

bwt�t(x)

!

bw = argmin
w

nX

i=1

Loss

 
yi,

pX

t=1

wt�t(xi)

!

An interpretation:
Each �t(x) is a classification rule that we are assigning some weight bwt

bw, b�1, . . . , b�t = arg min
w,�1,...,�p

nX

i=1

Loss

 
yi,

pX

t=1

wt�t(xi)

!

is in general computationally hard



Adaboost
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b(x, �) is a function with parameters �

b(x, �) = �11{x3  �2}

Idea: greedily add one function at a time

b(x, �) =
1

1 + e��T x

AdaBoost: b(x, �): classifiers to {�1, 1}

L(y, f(x)) = exp(�yf(x))



Boosted Regression Trees
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b(x, �) is a function with parameters �

b(x, �) = �11{x3  �2}

Idea: greedily add one function at a time

b(x, �) =
1

1 + e��T x

b(x, �): regression trees

Boosted Regression Trees: L(y, f(x)) = (y � f(x))2

©2018 Kevin Jamieson
Efficient: No harder than learning regression trees!



Boosted Logistic Trees
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b(x, �) is a function with parameters �

b(x, �) = �11{x3  �2}

Idea: greedily add one function at a time

b(x, �) =
1

1 + e��T x

©2018 Kevin Jamieson

b(x, �): regression trees

Boosted Logistic Trees: L(y, f(x)) = y log(f(x)) + (1� y) log(1� f(x))

Computationally hard to update



Gradient Boosting

LS fit regression tree to n-dimensional gradient, take a step in that direction

Least squares, exponential loss easy. But what about cross entropy? Huber?



Gradient Boosting, empirical performance

AdaBoost uses 0/1 loss, 
all other trees are minimizing  
binomial deviance



Boosting: everyone’s favorite algorithm

• Boosting is popular at parties: Invented by theorists, 
heavily adopted by practitioners. 

• Computationally efficient with “weak” learners. But 
can also use trees! Boosting can scale. 

• Kind of like sparsity? 

• Gradient boosting generalization with good software 
packages (e.g., XGBoost). Effective on Kaggle 

• Robust to overfitting and can be dealt with with 
“shrinkage” and “sampling” 



Bagging versus Boosting

• Bagging averages many low-bias, lightly 
dependent classifiers to reduce the variance 

• Boosting learns linear combination of high-bias, 
highly dependent classifiers to reduce error 

• Empirically, boosting appears to outperform bagging
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Unsupervised Learning
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Principal Component 
Analysis



Motivation for Dimensionality Reduction

Goal: find a -dimensional representation of  which captures “most” information k < d X
(Since many datasets have features with lots of shared/mutual information)



Linear projections

 is orthonormal, (in columns)Vq

 Vq ∈ ℝd×q, V⊤
q Vq = Iq

v⊤
i vj = {0, i ≠ j,

1, i = j,

∥vi∥2
2 = v⊤

i vi = 1.

Fix , solve for Vq {zi}
y Xw

ŵ = (X⊤X )−1X⊤y

̂zi = (V⊤
q Vq)−1V⊤

q (xi − μ)

= V⊤
q (xi − μ) .

 projects de-meaned data 
 onto a q-dimensional subspace 
 embedded in 

VqV⊤
q

ℝd .

Given , for , find a compression  such that 

    and    .

x1, …, xn ∈ ℝd q < < d z1, …, zn ∈ ℝq

xi ≈ μ + Vqzi V⊤
q Vq = I

   .min
Vq,{zi}

n

∑
i=1

| |xi − μ − Vqzi | |2



Linear projections: geometrically

Fix , solve for Vq {zi}

̂zi = (V⊤
q Vq)−1V⊤

q (xi − μ)

= V⊤
q (xi − μ) .

v1

μ + v1v⊤
1 (xi − μ)

Reconstruction error

Given , for , find a compression  such that 

    and    .

x1, …, xn ∈ ℝd q < < d z1, …, zn ∈ ℝq

xi ≈ μ + Vqzi V⊤
q Vq = I

   .min
Vq,{zi}

n

∑
i=1

| |xi − μ − Vqzi | |2

VqVT
q is a projection matrix that

minimizes error in basis of size q



PCA

Data dependent dimensionality reduction 
Useful for  

Visualization 
Interpretation 
Compression 
Understanding “intrinsic dimension” 

Figure credit: 
Karlin 
Roughgarden + Valiant 
Benedetto 
Novembre et al 
Alex Williams 
Sandipan Dey 
Victor Lavenko 



PCA

Claim: 
Each row can be expressed approximately as 

Figure credit: 
Karlin 
Roughgarden + Valiant 
Benedetto 
Novembre et al 
Alex Williams 
Sandipan Dey 
Victor Lavenko 

xi ⇡ x̄+ ai1 ~v1 + ai2 ~v2
<latexit sha1_base64="jfGESgi8a9GQJHdHGIY1dSJEH2w=">AAACJHicbZDJSgNBEIZ7XGPcRj16aUwEQQgz40HBS9CLxwhmgUwYajqdpEnPQndPSBjmYbz4Kl48uODBi89iZ1E08YeGn6+qqK7fjzmTyrI+jKXlldW19dxGfnNre2fX3NuvySgRhFZJxCPR8EFSzkJaVUxx2ogFhcDntO73r8f1+oAKyaLwTo1i2gqgG7IOI6A08szL4tBj2IU4FtEQuz6IdJjhUwxeyuwMuwNK0oFnfyPnBzlZ0TMLVsmaCC8ae2YKaKaKZ7667YgkAQ0V4SBl07Zi1UpBKEY4zfJuImkMpA9d2tQ2hIDKVjo5MsPHmrRxJxL6hQpP6O+JFAIpR4GvOwNQPTlfG8P/as1EdS5aKQvjRNGQTBd1Eo5VhMeJ4TYTlCg+0gaIYPqvmPRAAFE617wOwZ4/edHUnJJ9VnJunUL5ahZHDh2iI3SCbHSOyugGVVAVEXSPHtEzejEejCfjzXifti4Zs5kD9EfG5xfHjaOm</latexit>

~v1 = [3 � 3 � 3 3]
<latexit sha1_base64="S6sZd1LphS5euBOp+Ec3CDZlg38=">AAACK3icfVDLSgMxFM3UV62vqks3wVZwY5lpF7oRSt24rGAf0BmGTHrbhmYyQ5IplKH/48ZfcaELH7j1P0wfC23FA4Fzz7mXm3uCmDOlbfvdyqytb2xuZbdzO7t7+wf5w6OmihJJoUEjHsl2QBRwJqChmebQjiWQMODQCoY3U781AqlYJO71OAYvJH3BeowSbSQ/XytidwQ0HfnOBF/jTgW7AxUTCmmpzMQEX1T+ryte0c8X7JI9A14lzoIU0AJ1P//sdiOahCA05USpjmPH2kuJ1IxymOTcRIFZMSR96BgqSAjKS2e3TvCZUbq4F0nzhMYz9edESkKlxmFgOkOiB2rZm4p/eZ1E9668lIk40SDofFEv4VhHeBoc7jIJVPOxIYRKZv6K6YBIQrWJN2dCcJZPXiXNcsmplMp35UK1togji07QKTpHDrpEVXSL6qiBKHpAT+gVvVmP1ov1YX3OWzPWYuYY/YL19Q3+K6UZ</latexit>

~v2 = [1 � 1 1 � 1]
<latexit sha1_base64="Y0jbVAplmbXH8YX1cnjzrbYjRFc=">AAACK3icbVDLSgMxFM34rPVVdekm2ApuLDOjoBuh6MZlBfuA6VAy6W0bmskMSaZQhvkfN/6KC134wK3/YfpY2NYDgXPPuZebe4KYM6Vt+9NaWV1b39jMbeW3d3b39gsHh3UVJZJCjUY8ks2AKOBMQE0zzaEZSyBhwKERDO7GfmMIUrFIPOpRDH5IeoJ1GSXaSO3CbQm3hkDTYdvN8A32HNzqq5hQSMsuExk+d+ZrZ9H2S+1C0S7bE+Bl4sxIEc1QbRdeW52IJiEITTlRynPsWPspkZpRDlm+lSgwOwakB56hgoSg/HRya4ZPjdLB3UiaJzSeqH8nUhIqNQoD0xkS3VeL3lj8z/MS3b32UybiRIOg00XdhGMd4XFwuMMkUM1HhhAqmfkrpn0iCdUm3rwJwVk8eZnU3bJzUXYf3GLlchZHDh2jE3SGHHSFKugeVVENUfSEXtA7+rCerTfry/qetq5Ys5kjNAfr5xfxcqUE</latexit>

x̄ = [5.5 4.5 5 5.5]
<latexit sha1_base64="wbyixGuvGSzIL5zR1jKnqFSZtQ0=">AAACLXicbVDLSsNAFJ34rPUVdelmsBVchaQ26EYo6MJlBfuANJTJdNoOnUzCzEQsIT/kxl8RwUVF3PobTtssbOuBgXPPuZc79wQxo1LZ9sRYW9/Y3Nou7BR39/YPDs2j46aMEoFJA0csEu0AScIoJw1FFSPtWBAUBoy0gtHt1G89ESFpxB/VOCZ+iAac9ilGSktd864MOwES6XMGb6DnWi7sDGWMMEmtCuUZrFruorBcWq5f7pol27JngKvEyUkJ5Kh3zfdOL8JJSLjCDEnpOXas/BQJRTEjWbGTSKKXjNCAeJpyFBLpp7NrM3iulR7sR0I/ruBM/TuRolDKcRjozhCpoVz2puJ/npeo/rWfUh4ninA8X9RPGFQRnEYHe1QQrNhYE4QF1X+FeIgEwkoHXNQhOMsnr5JmxXIurcpDpVSr5nEUwCk4AxfAAVegBu5BHTQABi/gDUzAp/FqfBhfxve8dc3IZ07AAoyfX8P1pV4=</latexit>



PCA in one dimension

Goal: find a k < d-dimensional representation of X 
For k = 1: 

Choose ~v 2 Rd, ||v|| = 1
to minimize

1

n

nX

i=1

dist(xi, line defined by ~v)
<latexit sha1_base64="+i3dxRGTJXV4HbXOGyUrg0qjVuk="></latexit>



PCA in one dimension, 2 equivalent views

Goal: find a k < d-dimensional representation of X 
For k = 1: 

Choose ~v 2 Rd, ||v|| = 1
to minimize

1

n

nX

i=1

dist(xi, line defined by ~v)
<latexit sha1_base64="+i3dxRGTJXV4HbXOGyUrg0qjVuk="></latexit>



NX

i=1

||(xi � x̄)�VqV
T
q (xi � x̄)||22

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T

min
Vq

NX

i=1

||(xi � x̄)�VqV
T
q (xi � x̄)||22 = min

Vq

Tr(⌃)� Tr(VT
q ⌃Vq)

VT
q Vq = Iq

Eigenvalue decomposition 

Vq are the first q eigenvectors of ⌃

Minimize reconstruction error and capture the most variance in your data.

PCA: a high-fidelity linear projection



where is orthonormal:

Given xi 2 Rd and some q < d consider

Vq are the first q eigenvectors of ⌃

Vq = [v1, v2, . . . , vq]

VT
q Vq = Iq

UT
q Uq = Iq

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T
Vq are the first q principal components

Principal Component Analysis (PCA) projects (X� 1x̄T ) down onto Vq

(X� 1x̄T )Vq = Uqdiag(d1, . . . , dq)

PCA: a high-fidelity linear projection



How do we compute the principal components?

1. Power iteration 
2. Solving for a singular value decomposition (SVD)



Singular Value Decomposition (SVD)

Theorem (SVD): LetA 2 Rm⇥n with rank r  min{m,n}. ThenA = USVT

where S 2 Rr⇥r is diagonal with positive entries, UTU = I, VTV = I.

ATAvi =

AATui =

(USV⊤)⊤(USV⊤)vi = VS⊤U⊤USV⊤vi

= VS2V⊤vi

= VS2ei
= S2

iivi .= S2
iiui .



Singular Value Decomposition (SVD)

Theorem (SVD): LetA 2 Rm⇥n with rank r  min{m,n}. ThenA = USVT

where S 2 Rr⇥r is diagonal with positive entries, UTU = I, VTV = I.

ATAvi =

AATui =

S2
i,ivi

S2
i,iui

V are the first r eigenvectors of ATA with eigenvalues diag(S)
U are the first r eigenvectors of AAT with eigenvalues diag(S)



Linear projections

where is orthonormal:

Given xi 2 Rd and some q < d consider

Vq are the first q eigenvectors of ⌃

Vq = [v1, v2, . . . , vq]

VT
q Vq = Iq

UT
q Uq = Iq

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T

X� 1x̄T = USVT

Singular Value Decomposition defined as

Vq are the first q principal components

Principal Component Analysis (PCA) projects (X� 1x̄T ) down onto Vq

(X� 1x̄T )Vq = Uqdiag(d1, . . . , dq)



Dimensionality reduction

Vq are the first q eigenvectors of ⌃ X� 1x̄T = USVTand SVD

X� 1x̄T
U1

U2



Dimensionality reduction

Vq are the first q eigenvectors of ⌃ X� 1x̄T = USVTand SVD

Handwritten 3’s, 16x16 pixel image so that xi 2 R256

(X� 1x̄T )V2 = U2S2 2 Rn⇥2

diag(S)



PCA Algorithm



Power method - one at a time

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T v⇤ = argmax
v

vT⌃v



Power method - one at a time

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T v⇤ = argmax
v

vT⌃v

zt+1 =
⌃zt

k⌃ztk2
z0 ⇠ N (0, I) Iterate:

⌃ = VDVT zt =: V↵tTo analyze write:

↵t+1 = VT zt+1 =
VT⌃zt
k⌃ztk

=
D↵t

kD↵tk
=

D2↵t�1

kD2↵t�1k
=

Dt↵0

kDt↵0k

Dt = (D1,1)
t(D/D1,1)

t ! (D1,1)
te1e

T
1 since Di,i/D1,1 < 1



Power method - one at a time

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T v⇤ = argmax
v

vT⌃v

zt+1 =
⌃zt

k⌃ztk2
z0 ⇠ N (0, I) Iterate:

⌃ = VDVT zt =: V↵tTo analyze write:



Markov chains - PageRank



Markov chains - PageRank

pi = (1� �) + �
nX

j=1

Li,j

cj
pj

Google PageRank of page i:

cj =
nX

k=1

Lj,k

Li,j = 1{page j points to page i}



Markov chains - PageRank

Google PageRank of pages given by:

p = (1� �)1+ �LD�1
c p

Li,j = 1{page j points to page i}



Markov chains - PageRank

Google PageRank of pages given by:

p = (1� �)1+ �LD�1
c p

Set arbitrary normalization: 1Tp = n so that

p =
�
(1� �)11T /n+ �LD�1

c

�
p

=: Ap

Li,j = 1{page j points to page i}



Markov chains - PageRank

Google PageRank of pages given by:

p = (1� �)1+ �LD�1
c p

Set arbitrary normalization: 1Tp = n so that

p =
�
(1� �)11T /n+ �LD�1

c

�
p

=: Ap

p is an eigenvector of A with eigenvalue 1! And by the properties
stochastic matrices, it corresponds to the largest eigenvalue

Li,j = 1{page j points to page i}



Markov chains - PageRank

Google PageRank of pages given by:

p = (1� �)1+ �LD�1
c p

Set arbitrary normalization: 1Tp = n so that

p =
�
(1� �)11T /n+ �LD�1

c

�
p

=: Ap

p is an eigenvector of A with eigenvalue 1! And by the properties
stochastic matrices, it corresponds to the largest eigenvalue

pk+1 =
Apk

1TApk/n
p0 ⇠ uniform([0, 1]n)

Li,j = 1{page j points to page i}

Solve using power method: 



Matrix completion

17,700 movies,  480,189 users,  99,072,112 ratings (Sparsity: 1.2%)

Given historical data on how users rated movies in past:

Predict how the same users will rate movies in the future (for $1 million prize)



Matrix completion

n movies,  m users,  |S| ratings

argmin
U2Rm⇥d,V 2Rn⇥d

X

(i,j,s)2S

||(UV T )i,j � si,j ||22

How do we solve it? With full information?



Matrix completion

n movies,  m users,  |S| ratings

argmin
U2Rm⇥d,V 2Rn⇥d

X

(i,j,s)2S

||(UV T )i,j � si,j ||22



Random projections

VqVT
q is a projection matrix that

minimizes error in basis of size q

PCA finds a low-dimensional representation that reduces population variance

Vq are the first q eigenvectors of ⌃ ⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T

But what if I care about the reconstruction of the individual points? 

min
Wq

max
i=1,...,n

||(xi � x̄)�WqW
T
q (xi � x̄)||2



Random projections

min
Wq

max
i=1,...,n

||(xi � x̄)�WqW
T
q (xi � x̄)||2

Johnson-Lindenstrauss (1983)

(independent of d)



Random projections

min
Wq

max
i=1,...,n

||(xi � x̄)�WqW
T
q (xi � x̄)||2

Johnson-Lindenstrauss (1983)

(independent of d)(independent of d)



Other matrix factorizations

Nonnegative matrix factorization (NMF)

Singular value decomposition 

U
S VT

X =

Elements of U,S,V in R

Elements of U,S,V in R+
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Clustering 
K-means

©Kevin Jamieson 2018



Clustering images

[Goldberger et al.]

Set of Images



Clustering web search results



Some Data



Clustering

1. Ask user how many 
clusters they’d like. 
(e.g. k=5)  

2. Pick clusters to 
minimize some 
objective fn.



Clustering

1. Fix a # of clusters (e.g. k=5)  

2. Choose/Assign each point xj to C(j)∊ {1,…, k} 

1. Sometimes, pick centers 𝛍1 , … 𝛍k  

To minimize

F (µ,C)
<latexit sha1_base64="Ej0AIr5+96omVy62h+pplO7dTAE=">AAAB8nicbVDLSsNAFJ34rPVVdelmaBEqSknqQpfFgrisYB+QhDKZTtqhM5MwMxFC6F/oxoUibv0ad/0bJ20X2nrgwuGce7n3niBmVGnbnlpr6xubW9uFneLu3v7BYenouKOiRGLSxhGLZC9AijAqSFtTzUgvlgTxgJFuMG7mfveJSEUj8ajTmPgcDQUNKUbaSO5d1ePJJWyew2K/VLFr9gxwlTgLUmmUvYvnaSNt9Uvf3iDCCSdCY4aUch071n6GpKaYkUnRSxSJER6jIXENFYgT5WezkyfwzCgDGEbSlNBwpv6eyBBXKuWB6eRIj9Syl4v/eW6iwxs/oyJONBF4vihMGNQRzP+HAyoJ1iw1BGFJza0Qj5BEWJuU8hCc5ZdXSadec65q9QeTxi2YowBOQRlUgQOuQQPcgxZoAwwi8ALewLulrVfrw/qct65Zi5kT8AfW1w+saZKF</latexit>



K-means refers to optimizing this objective:

How to minimize this quantity? 

NP-Hard to minimize exactly. :( 

But, several natural algorithms work well in practice!



Lloyd’s algorithm

1. Ask user how many 
clusters they’d like. 
(e.g. k=5)  

2. Randomly guess k 
cluster Center 
locations
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Lloyd’s algorithm

1. Ask user how many 
clusters they’d like. (e.g. 
k=5)  

2. Randomly guess k cluster 
Center locations 

3. Each datapoint finds out 
which Center it’s closest 
to. 

4. Each Center finds the 
centroid of the points it 
owns… 

5. …and jumps there 

6. …Repeat until 
terminated!



Does Lloyd’s algorithm converge??? Part 1

First, fix 𝛍 
minimize w.r.t C



Does Lloyd’s algorithm converge??? Part 2

First, fix 𝛍 
minimize w.r.t C

Then, fix C 
minimize w.r.t 𝛍

F (µ,C) decreases each step ) the algorithm doesn’t cycle
<latexit sha1_base64="U6Zys1x3f/t/Br7pRQVChwro0/k="></latexit>

Only
�n
k

�
⇡ nk

configuarations ) converges in finite # iterations
<latexit sha1_base64="vDL5IODpmAa9ifzQZh7NW2EvW7U="></latexit>



A cool application of k-means clustering: 
compression



1. Represent image as grid of patches 
2. Run k-means on the patches to build code book 
3. Represent each patch as a code word. 

Vector Quantization (for compression)

Vector Quantization, Fisher Vectors
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1. Represent image as grid of patches 
2. Run k-means on the patches to build code book 

(k = # of codewords, center is code!) 
3. Represent each patch as a code word. 

Vector Quantization (for compression)

Vector Quantization, Fisher Vectors

Coates, Ng, Learning Feature Representations with K-means, 2012



When to use K-means, or something else?

What sort of groupings are desired? 
Nonoverlapping, similar diameter clusters: k-means may work well 
Otherwise, might want another objective function (spectral, k-median, k-mode, …)



One bad case for k-means



K-means summary

A clustering objective 
minimize average L2 distance to centers of clusters 

Lloyd’s algorithm: a greedy heuristic for minimizing it 
Will converge in finite time, may not find global minimum 

Good for finding similar width, nonoverlapping clusters 

Sensitive to initial center selection, and random may not be the best a priori 
See k-means++, The Advantages of Careful Seeding, Arthur and Vassilvitskii
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Expectation 
Maximization: an 
algorithmic template
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Recall Lloyd’s algorithm

1. Ask user how many 
clusters they’d like. (e.g. 
k=5)  

2. Randomly guess k cluster 
Center locations 

3. Each datapoint finds out 
which Center it is closest 
to. 

4. Each Center finds the 
centroid of the points it 
owns… 

5. …and jumps there 

6. …Repeat until 
terminated!
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What likelihood function?

Fixing centers,  
assign points to  
“most probable” cluster

Fixing assignment,  
compute “most likely” center

Expectation:

Maximization:

There are k truncated Gaussians 
each generating data
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The Expectation Maximization template

Fixing centers,  
assign points to  
“most probable” cluster

Fixing assignment,  
compute “most likely” center

Expectation:

Maximization:

Expectation:

Fix parameters, 
estimate unobserved 
data

Maximization:
Fix unobserved data, 
find MLE for parameters
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Why use this template?

Usually, the joint optimization problem is hard 
to solve (e.g., finding the global optimum to k-means) 

Expectation:

Fix parameters, 
estimate unobserved 
data

Maximization:
Fix unobserved data, 
find MLE for parameters


