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Quick recap and birds’-eye view of where we are

> Linear (least squares) regression for predicting y from
X

> Can also do nonlinear, engineer features.

> How do we know if our model works well/which
features we should include/how complex a set of
features we should engineer/how high dimensionally
should we regress?

> A: We’re trying to estimate performance of the
model not on our training data, but on the *true*
distribution. This is only measurable on never
before seen data (e.g., the test set).

> But obviously we want something to guide our
model training/selection... cross validation helps
here!



>

>

>

>

Use k-fold cross validation

Randomly divide training data into k equal parts
- Dy;...,Dy

For each i
- Learn model f,,; using data point not in D;

- Estimate error of f,; on validation set D;:

1
errorp, = W E (Y5 — fD\D,; (%‘))2
! (z5,y5)€D;

k-fold cross validation error is average over data splits:
1 k
ETTOTE— fold — E Zl ETTOTD;,
1=

k-fold cross validation properties:
- Much faster to compute than LOO
- More (pessimistically) biased — using much less data, only n(k-1)/k
- Usually, k=10



Recap

> Given a dataset, begin by splitting into

TRAIN TEST

> Model selection: Use k-fold cross-validation on TRAIN to
train predictor and choose magic parameters such as degree

TRAIN-1 VAL-1

TRAIN TRAIN-2 VAL-2 TRAIN-2

> Model assessment: Use TEST to assess the accuracy of the
model you output

= Never ever ever ever ever train or choose
parameters based on the test data



Example 1

> You wish to predict the stock price of zoom.us given
historical stock price data

> You use all daily stock price up to Jan 1, 2020 as
TRAIN and Jan 2, 2020 - April 13, 2020 as TEST

> What’s “wrong” with this procedure?

« ML assumes data is i.i.d.; is this?

* Nope! Future data is 0.0.d. (out of distribution)
from the training data

 Why is “wrong” in square quotes?
* You might still want to do this. It's economically
valuable, if you could.


http://zoom.us

Example 2

> Given 10,000-dimensional data and n examples, we pick
a subset of 50 dimensions that have the highest
correlation with labels in the entire dataset:

’ Z?:l :C%]y@ |

\/Z?:l 5'77,23
> After picking our 50 features, we then break data into
train and test dataset.

> We train linear regression on these selected features on
the training set. We compute the test error and report it

> What’s wrong with this procedure?

50 indices j that have largest

* Need to hold out the test data first, otherwise you're
contaminating your test data.

* This happens all the time in ML class projects. Thought the
accuracy was 90%. When fixed, it went down to 60%.

« Top 50 features might be redundant with each other.



Recap

> Learning is...
- Collect some data

> E.g., housing info and sale price
- Randomly split dataset into TRAIN, VAL, and TEST

> E.g., 80%, 10%, and 10%, respectively
- Choose a hypothesis class or model

> E.g., linear with non-linear transformations
- Choose a loss function

> E.g., least squares on TRAIN
- Choose an optimization procedure

> E.g., set derivative to zero to obtain estimator, cross-
validation on VAL to pick num. features

> Justifying the accuracy of the estimate
> E.g., report TEST error



Bias-Variance Tradeoff

We keep talking about training error, test error, the bias of our

estimator... what are the rules of thumb that relate these (and other
quantities)?

Short answer: the more complicated your model/training
procedures, the lower your training error can be... but the higher
your chance of overfitting to your training data.

UNIVERSITY of WASHINGTON




Optimal Prediction

# True distribution, don’t actually

have access to it
Goal: Predict Y € R given X € RY if (X, Y

Find function n that minimizes # Tower rule: E[Y] = Ex[E[Y|X]]

Exy[(Y = n(X))*) = Ex |Ey x[(Y - n(2))?X = 2]

(Hint: for any z, n(x) = ¢, where ¢, minimizes Ey|x[(Y — ¢;)?| X = ])

d 2
C
= Eyx2(Y = o)(= DX =] =0

= —2[[EY|X[Y|X=x] —c]=0

Cy = Ey|x[Y|Xz x] = n(x)




Optimal Prediction

Goal: Predict Y ¢ R given X € R? if (X,Y) ~ Pxy

Find function n that minimizes

Exy[(Y = n(X))*) = Ex |Ey x[(Y - n(2))?X = 2]

(Hint: for any z, n(x) = ¢, where ¢, minimizes Ey|x[(Y — ¢;)?| X = ])

d
d

= Eyx[-—(Y — )| X = 1]

x

Squared Error Optimal Predictor: n(z) = Ey | x[Y|X = 2]




Statistical Learning
Exy[(Y —n(X))?]

Pxy(X =z,Y =y) # Low density

A

# High density



Statistical Learning
Exy[(Y —n(X))’

PXy(X :ﬂj,Y:y)

PXy(Y — y‘X — .CCQ)

/,’l
.........................................................



Statistical Learning
Exy[(Y —n(X))?]

ST
U

”’l
---------------------------------------------------------



Statistical Learning
Exy[(Y —n(X))’

Pus(l =3,V =g Ideally, we want to find:
u n(z) =By x[Y|X = ]

PXy(Y — y‘X — J?Q)

I”l
.........................................................



Statistical Learning

Pus(l =3,V =g Ideally, we want to find:
n(z) =By x[Y|X = ]

# n(x)



Statistical Learning

Pus(l =3,V =g Ideally, we want to find:
n(z) =By x[Y|X = ]

But we only have samples:
(CUz',yi) Z.Z\.Jd' PXY for ¢ = 1,...,n

#n(x)



Statistical Learning

Pus(l =3,V =g Ideally, we want to find:
n(z) =By x[Y|X = ]

But we only have samples:
(:L’i,yi) Z.Z\.Jd' PXY for ¢ = 1,...,n

and are restricted to a
function class (e.g., linear)

SO we compute:

2 1
f = argmin — ;(yz — f(x))?

# 1 n(x) Why?

# nis limited # could have chosen
wrong model class F

#n(x)



Empirical Reconstruction Error (ERE)
# What is the [E[]/‘\ ?

[EXY[_ 2 (i = f))]

= — Z E[ (yl (x )) # By linearity of expectation

1
— [E[(y —fC))’] by ID: E[x] forany i = E[x]Vx
i=1

= E[(y —f(x))z] # Yet again, it works out to the mean squared error!

Minimizing ERE — minimizing squared error loss in general
(in expectation....)



Statistical Learning

Pus(l =3,V =g Ideally, we want to find:
nz) = By x|[Y|X = 1]

But we only have samples:
(@, 8) . Pxy fori=1,...,n
and are restricted to a
function class (e.g., linear)
SO we compute:

P i o=

f=argmin— > (y; — f(;))’

Fn
X - i=1

AN

We care about future predictions: Exy [(Y — f(X))?]




Statistical Learning

Pivi( =a,V =g Ideally, we want to find:
2 n(z) =By x[Y|X = ]
/ But we only have samples:

zzd

(ﬂji,yz) PXY forz'zl,...,n

N\
/ .
/ and are restricted to a
function class (e.g., linear)
SO we compute:

F=argmin - 3 (v — f(2,)?

Fn
X fe 1=1

Each draw D = {(x;,y;)}I, results in different 13



Statistical Learning

Pivi( =a,V =g Ideally, we want to find:
n(x) =Ey | x|[Y|X = 7

But we only have samples:

(ﬂji,yz)zzdpxy forz'zl,...,n

and are restricted to a
function class (e.g., linear)
SO we compute:

~ 1

f=argmin — 3y — f(a:))?

Fn
X fe 1=1

Each draw D = {(x;,y;)}I, results in different F



Bias-Variance Tradeoff

n(z) = By x[Y|X = 2] F=argmin= 3 (g — f(x:))?

fern
=i

AN

Evix[Ep[(Y — fo(2)?]|X = 1] = Byjx[Ep[(Y —n(z) + n(x) — fo(2)?]|X =]



Bias-Variance Tradeoff

n

1

n(z) = IE:YIX[Y‘X = 1 J?— g ;rggg 5 zzl(yi — Pl
Eyx[Ep|(Y — fo(2)?]|X = 2] = Eyjx [Ep[(Y — n(z) +n(x) — fo(2))?]|X = ]

~Ey x [Epl(Y — n@))? + 2(Y — n(@)(n(x) - fp( )

+ (n(z) — Fol@))|X =2
=By x[(Y = n(2))*| X = a] + Ep|(n(z) - fo(x))’]

irreducible error learning error
Caused by stochastic Caused by either using too
label noise “simple” of a model or not

enough data to learn the model
accurately



Bias-Variance Tradeoff

o il o
77(5’7) b IE"YIX[Y‘X = x] J = ang ;rggg Py ;(yi — f(z:))’

AN AN AN

Ep((n(z) — fp(2))*] = Epl(n(z) — Ep[fp(2)] + Ep[fp(z)] - fo(z))’]




Bias-Variance Tradeoff

o il o
77(5’7) b IE"YIX[Y‘X = x] J = ang ggggg Py ;(yi — f(z:))’

AN

Ep((n(z) — fp(2))*] = Epl(n(z) — Ep[fp(2)] + Ep[fp(z)] - fo(z))’]

=Ep[(n(x) — ED[fD( 2 +2(n(z) — Ep[fp(2)])(Ep[fo(2)] — fo(z))
+ (Ep[fp(z)] — fo(x))?]

=(n(x) — Ep|fp(«))* + Ep[(Ep|fp(2)] — fo(2))*]

biased squared variance




Statistical Learning

Ep[(n(z) — fp(x))*] =(n(z) — Eo[fp(«)])* + Ep[(Ep[fp(x)] — fn())’

learning error = biased squared

> r\

«—

+ variance

FaS

f = arg gcréi]r_; % ;(y — f(z:))

AN

ol f()]

n(z) = Ey | x|[Y|X = ]




Bias-Variance Tradeoff

Ey x[Ep[(Y — fp(2))?]|X = 2] = By x[(Y — n(z))?|X = 2]

irreducible error

+(n(x) — Ep[fp(2)))” + Ep|(Ep[fo(x)] — fo(x))?]

biased squared variance

—— bias?
—— variance
— total

error

complexity



Bias-Variance Demo

See

UNIVERSITY of WASHINGTON


https://colab.research.google.com/drive/1Khg4_fVHGI2KfBMv0lZEISL87eJwrEEk?usp=sharing

In [1]:

Bias-variance tradeoff

Let's define a ground truth n(x) = E[Y|X = x] to be a degree-5 polynomial.
Then, define P(Y | X = x) = N'(x, 62)

1 import numpy as np ® train dataset
2 import matplotlib.pyplot as plt L4 ® ® test dataset
3 o El

4 # Define \eta = E[Y|X] as a 5-th order polynomial 0.05 4 o * = True E[¥]X=x]
5 # (this is the same function we used in demo_polynomial.ipynb)

6 eta = lambda x: (x-.99)%(x—.4)%(x-.25)%(x+.6)*(x+.8)

7

8 # Generate samples from P(X,Y) 0.00 4

9 def sample_Pxy(n, noise_sigma=0.03): ’

10

11 # Sample inputs x from P(x).

12 X = np.random.uniform(-1,1,n)

13 X = np.sort(x) -0.05 -

14 x[0]=-1

15 x[n-1]1=1

16

17 # Draw samples from P(Y|X)

18 y = eta(x) + noise_sigma*np.random.randn(n) -0.10 4

19

20 return x,y y

21

22 # Generate training data.

23 n_train = 40 # sample size -0.15 A1

24 x, y = sample_Pxy(n=n_train)

25

26 # Generate test data.

27 n_test = 100

28 x_, y_ = sample_Pxy(n=n_test) -0.20 1

29

30 # Plot the samples and ground truth.

31 t = np.linspace(-1,1,100)

32 yo = eta(t) -0.25
33 fig=plt.figure(figsize=(9, 8), dpi= 80, facecolor='w', edgecolor='k"') ’

34 plt.plot(x,y,'mo',label="train dataset"')

35 plt.plot(x_,y_,'co',label="test dataset')

36 plt.plot(t,y@,'r-', linewidth=2, label='True E[Y|X=x]")

37 plt.legend y T T T T T T T
38 Su_shgw( ) 0 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

39 X

In typical scenarios, we only have one set of samples, which we separate into Siest and S'irain

e it is critical that those two sets do not overlap and the sets are chosen randomly to ensure that the test error is independent of the training error, and
also the test samples are coming frmo the same distribution as the new samples that will come in the future

However, in order to understand how the test error behaves (theoretically), we consider the expected test error, and call it true error: i.e. L, = E[Leq]

e test error is an unbiased estimate of the true error

e true error is unobservable (we canot copmute it, given finite samples)
¢ but we care the most about the true error

e so we use test error as a surrogate or an approximation

In order to compute the true error, we simulate a process where we get many fresh samples, and train new predictor each time with the fresh set of
samples. It is important to understand that the resulting predictor fsm () is a random function, where the randomness comes from the fresh random
training data set S\, . We will draw many such random functions, plot them, and see how test, train, true errors behave.

100




In [2]: 1 num_runs = 100
2 yhat_simple = np.zeros((num_runs,len(t)))
3 yhat_complex = np.zeros((num_runs,len(t)))
4 yhat_justright = np.zeros((num_runs,len(t)))
5
6 def poly_features(x, degree):
7 v
8 Generates a matrix where each column corresponds to x raised to a power from @ to 'degree'.
9
10 Parameters:
11 x (numpy array): The input data.
12 degree (int): The maximum degree of the polynomial features.
13
14 Returns:
15 numpy array: A matrix where the columns are [1, x, X2, ..., x“degree].
16 Wi
17 return np.vstack([x«xi for i in range(degree + 1)]).T
18
19 run=0
20 while run < num_runs:
21 n = 40 # sample size
22 X,y = sample_Pxy(n)
23
24 # degree-3 polynomial linear regression
25 p=3
26 X = poly_features(x, degree=p)
27 w = np.matmul(np.matmul(np.linalg.inv(np.matmul(X.T,X)),X.T),y)
28 T_ = poly_features(t, degree=p)
29 yhat_simple[int(run)] = np.matmul(T_,w)
30 yh = np.matmul(X,w)
31 X_ = poly_features(x_, degree=p)
32 y_h= np.matmul(X_,w)
33 w_ =W
34
35 # degree-5 polynomial linear regression
36 p=5
37 X = poly_features(x, degree=p)
38 w = np.matmul(np.matmul(np.linalg.inv(np.matmul(X.T,X)),X.T),y)
39 T_ = poly_features(t, degree=p)
40 yhat_justright[int(run)] = np.matmul(T_,w)
41 yh = np.matmul(X,w)
42 X_ = poly_features(x_, degree=p)
43 y_h= np.matmul(X_,w)
44 w_ =W
45
46 # degree-12 polynomial linear regression
47 p=12
48 X = poly_features(x, degree=p)
49 w = np.array(p+1)
50 w = np.matmul(np.matmul(np.linalg.inv(np.matmul(X.T,X)),X.T),y)
51 T_ = poly_features(t, degree=p)
52 yhat_complex[int(run)] = np.matmul(T_,w)
53 yhl = np.matmul(X,w)
54 X_ = poly_features(x_, degree=p)
55 y_hl= np.matmul(X_,w)
56
57 run=run+1
58
59 def build_plot(yhat, title):
60 ave_fit = np.zeros(np.size(t))
61 for irun in range(1l, num_runs):
62 plt.plot(t,yhat[int(irun)], color='tab:orange',alpha=0.3)
63 ave_fit = ave_fit + yhat[int(irun)]
64 plt.plot(t,yhat[@], 'tab:orange',alpha=0.3,label="'Individual fits')
65 plt.plot(t,ye,'r-', linewidth=2, label='Truth')
66 plt.plot(t, (1/float(num_runs))*ave_fit, color='teal', linewidth=2,label='Average fit')
67 plt.legend()
68 plt.title(title)
69 axes = plt.gca()
70 axes.set_ylim([-0.4,0.2])
71

72 fig=plt.figure(figsize=(12, 6), dpi= 80, facecolor='w', edgecolor='k')
73 plt.subplot(1,3,1)

74 build_plot(yhat_simple, 'Degree 3')

75 plt.subplot(1,3,2)

76 build_plot(yhat_justright, 'Degree 5')

77 plt.subplot(1,3,3)

78 build_plot(yhat_complex, 'Degree 12')

79 plt.show()



Degree 3 Degree 5 Degree 12

02 0.2 0.2
Individual fits Individual fits
w— Truth w— Truth
— Average fit — Average fit
0.1 - 0.1 -
0.0 -
_0_1 -
-0.2 4
-0.3 4 —-0.3 4 |
Individual fits
= Truth
- Average fit
—04 T T T T T —0.4 T T T T T —0.4 T T T T
-1.0 -0.5 00 05 10 -1.0 -0.5 00 05 1.0 -1.0 -0.5 00 05 1.0
Takeaways

« True function has degree 5, with additive noise

* Degree 3 fit has very high bias because the teal line, which is the average of the fits, is very different from true red line (because 3 < 5). Each individual
fit (orange) varies about the average fit (teal) moderately indicating moderate variance. The overall error (bias2 + variance) of each individual fit is high.

« Degree 12 has very low bias because the teal line is almost equal to the red (because 12 > 5). But each individual fit varies a lot about its average teal
line indicating high variance. The overall error (bias? + variance) of each individual fit is high.

« Degree 5 has very low bias because the teal line is almost equal to the red (because 5 = 5). And each individual fit varies only a little about its average
teal line indicating small variance. The overall error (bias? + variance) of each individual fit is low.



Overfitting
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Simple model: # bias Complex model:
Test error vs. Model complexity is below  Fits noise in train data,

model complexity the complexity of 77(x) diverging from 7(x)
Vo

010

015
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0.00

-0.05

-0.10

-0.15

-0.20

-100 075 -050 -025 000 025 050 075 100 .

Optimal predictor n7(x) ..
is degree-5 polynomial

Error ‘ -100 -075 -050 -025 000 025 050 075 100
00040 1 8 - TeSt ErrOI' 010 010 . p — 15
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Train Error
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0.0025 4 - e
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»
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25 50 75 100 125 150 175 200 000
degree p of the polynomial regression .
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Recap: Bias-variance tradeoff with simple model

(Conceptual) bias variance tradeoff With degree-3 polynomials, we underfit

06\ —— bias? 0.2
—— variance
S, (x
(%)

—— ftotal

05

0.1 A

error

0.0

ELf, ()]
Optimal predictor 7(x)

complexity
* When model complexity is low (lower than s
the optimal predictor 7(x))

. Bias? of our predictor,

-1.00 -0.75 -0.50 -0.25 0.00 025 050 075 100

(1) = Eglfo()])? X
# Large * If we have more samples (larger n), then
« What happens to bias? # stays the same
» Variance oonur predigtor, » What happens to variance? # decreases
Eo| (Eolfo@)] — fo(0)?] - What happens to overall test error?

# Stays high because bias was
# Small dominating our error term



Recap: Bias-variance tradeoff with complex model

(Conceptual) bias variance tradeoff With degree-20 polynomials, we overfit

0.2 q

—— bips?
—— vgriance
— tofal 0.1

We are here =P /

error

El f;,, (0]
Optimal
predictor
n(x)

p—

complexity =03 1

« When model complexity is high (higher
than the optimal predictor 7(x))
. Bias? of our predictor,

(n(x) = Eglfou(0)])?

# Low * If we have more samples (larger n), then

_ _ « What happens to bias? # stays the same

* Variance of our predictor, ) » What happens to variance? # decreases
[Eg»z[ (Eg[fg(x)] _fgz(x)) ] » What happens to overall test error?

# decreases

X

# High



Optimal model complexity depends on dataset size

e Assume N=30

10°¢ N

10?
+«— Test error £
10° 4

—

CIrror

1077 1

1073 4
<—Training error <

1074 train
10°- T T T T T T T T
0 | 10 15 20 * 25 30 35 40
%k ~ —
Prepy = 24— 1

Model complexity ( = deg_ree of the polynomial)

. Given sample size N there is a threshold, p;‘\;, where training error is zero

* Training error is always monotonically non-increasing
« Test error has a trend of going down and then up, but fluctuates



Variance decreases with more data, letting you fit
more complex models

* Now compare N=§0 case to Nf40
- Y N
10" 1 |

2] \

10° 1 I

-Ao I

Test error £

Eerror

1o ~  — Training error 2 .,
N
O T T n . = o = &
*
P24 P39

Model complexity ( = degree of the polynomial)

e The threshold, p;’\;, moves right as dataset size increases

e Training error tends to increase, because more points need to fit
e Test error tends to decrease, because Variance decreases



Variance decreases with more data, letting you fit
more complex models

e Choose model complexity p=30, vary dataset size n

error

1013 .

101‘3 p

107 1

10 1

101 B

10-3 R

1072

I
JH
rw'/~ ‘/.\.
| \ A«—Test error
[ \., ‘ test
/ Vi
r "-
i A
I3 V7
J v o
/ |
R i “==7= —Training error £,
20 40 60 80 100
traip sample size Nirain

Ny=p+1=3l

e There is a threshold, Nj, below which training error is zero (extreme overfit)

e Above the threshold, test error tends to decrease
e Training error tends to increase (harder to fit so much data with simple model)



Regularization helps avoid overfitting



Training set error as a function of model complexity

F1CFo C F3C...

k) .1 Z 2
= arg min —— T xX;
.f}) gglf(fgpi; FZ)| (Z/Z j?( 1))
(zi,y:)€ED
High Bias Low Bias
Low Variance High Variance

N
-

Q
-

0.8

0.6

0.4

0.2

0.0

- ——

Each line is i.i.d. draw of D or T

TRAIN error:

1.7.d.
D '~ Pxy

1
o 2 Wi fo) (@)
(zi,y;)€D
TRUE error:
Exy[(Y — A1(>k) (X))?]

TEST error:

1.7.d.
T~ PXY

!—}” S - ) ()

(zi,y:)ET

0
Compl

I
5 10 15 20 25 30 35

eXity (k) Plot from Hastie et al

Important: DNT = ()




Training set error as a function of model complexity

FlCFQCFgC...

7 arg min ﬁ S (i fm)?

fEFy
(x;,y;)ED

TRAIN error is optimistically
biased because it is evaluated on
the data it trained on. TEST error
is unbiased only if T is never used
to train the model or even pick
the complexity k.

TRAIN error:

1.7.d.
D '~ Pxy

1
o 2 Wi fo) (@)
(zi,y;)€D
TRUE error:
Exy[(Y — Az(pk) (X))?]

TEST error:

1.7.d.
T~ PXY

!_’1” S - ) ()

(zi,y:)ET

Important: DNT = ()




Test set error

> Given a dataset, randomly split it into two parts:

- Training data: D

- Testdata: 7 Important: DN7T = 0

> Use training data to learn predictor
1
eg, py 2 Wi fp@)

(zi,y:) €D

= use training data to pick complexity k

> Use test data to report predicted performance

1 k
D (i — o) ()2
(z4,y:)ET



Ridge Regression




Regularization in Linear Regression

n
Recall Least Squares: wr ¢ = arg minz (yz B ZU,LT”LU)Q
w
i=1
— arg min(y — Xw)? (y — Xw)

when (X7 X) 7! exists.... = (XTX)" X'y



Regularization in Linear Regression

n

- . 2
Recall Least Squares: ;¢ = arg mmz (yz _ szw)
w -

1=1
— argmin(y — Xw)?! (y — Xw)

when (X7 X) 7! exists.... = (XTX)" X'y

What if z; € R? and d > n?



Regularization in Linear Regression

mn
. . 2
Recall Least Squares: @;,g = arg min E (yz _ a:;fw)
w
i=1

When z; € R? and d > n the objective function is flat in some directions:




Regularization in Linear Regression

n
Recall Least Squares: wr ¢ = arg m@gnz (yz B ZE;pr)z
1=1

When z; € R? and d > n the objective function is flat in some directions:
Implies optimal solution is not unique and unstable ’
due to lack of curvature: /
e small changes in training data result in large

changes in solution

e often the magnitudes of w are “very large”

Regularization imposes “simpler” solutions by a
“complexity” penalty



Sensitivity increases overfitting

For a linear model,
y =~ b + Wl.xl + W2X2 + °e + ded
if | w;|is large then the prediction is sensitive to small changes in x;

Large sensitivity leads to overfitting and poor generalization, and
equivalently models that overfit tend to have large weights

Note that b is a constant and hence there is no sensitivity for the offset b

# Never regularize b
In Ridge Regression, we use a regularizer ||w||% to measure and control
the sensitivity of the predictor

And optimize for small loss and small sensitivity, by adding a regularizer in
the objective (assume no offset for now) %
Wrigge = argmin {Z (= 3T wP? + 2wl |

# Regularize to make weights smaller / less sensitive. Multiple ways to do that.
We'll start with L2 norm



Ridge Regression

#ifd>n

= Old Least squares objective: n

= Ridge Regression obJectlve .

2
wrzdge — arg mlnz — &y ”UJ) T )‘”w”%

— A

er\\ +...+E F A c 4




Minimizing the Ridge Regression Objective

n , wE Rdxl
A~ . T 2
Wridge = argmin »  (y; — 2 w)" + Al|w]l; X € R
1=1 )
. 2
# More identities arg min Hy - XWH2 + Al[w]l5
1 w
||w|p:(|w1|p+---+|wd|p)l’ . . .
S arg min (Xw —y) (Xw—y)+Aw'w
a_ |0 10 "
0 - # From previous derivation
] 1

V,[-— 29T Xw + wIXTXw + Iw'w] =0

Scalar derivative | Vector derivative

f@) - €| fx - ¢ —,25( Ty +,2§( Xy +/2(/1w =0
br — b x’B — B XTXW +Aw = XTy
br — b xIb —= b
B Ly s PPN 11/ (XTX + AI)W = XTy
br? — 2bz | x'Bx — 2Bx A

—1
Wridge = (XTX + Al - XTy

Basic identities from calculus/Matrix Cookbook




Shrinkage Properties

n
N\ o T 2 2
Dyigge = argmin y  (yi — z; w)” + AJw]f3 X € R™
1=1
# What problem does this solve?

— (XTX + )\I)_lXTy # Matrix is always invertible

- fm N

Mx A # Large A means “dividing by”
larger term AX |

e When 4 = 0, this gives the least squares model

e This defines a family of models hyper-parametrized by
e Large A means more regularization and simpler model
e Small A means less regularization and more complex model

1 # Optimal A depends on
magnitude of features



Ridge regression: minimize Z (wal- — yl-)2 + /’t||w||§

o i=1
training MSE ;Z(yi iT 511C)ige)z Housing price predictor w;
. w-s
= /\ !
10 1 0251 area of living space
020
081
_ 015
S .. #What's
o Y i
) = 010 happening
£
IC—E 041 0.05 {
000 - |
021
~0.05
3 2 4 0 1 2 3 4 3 2 a4 o 1 21 3 4
log1o(N) logyo(A)

Right plot: called regularization path
# Too much regularization introduces bias / underfitting

# Best predictor (area of living space) shrinks slowest



Ridge regression: minimize Z (wal- — yi)2 + /1||W||§

i=1
Housing price predictor w's

025 —
- # Bias/variance trade-off
| But not changing model, 020
0125 - Just A 015 -
010 -
0120
test MSE 005
—/
0115 1 R
0.00 - /
110 training Mg]:]/ . —
30 25 20 -5 -lp 08 30 -25 20 -15  -10 05
10g10(>\) 10%10()‘)

 this gain in test MSE comes from

shrinking w’s to get a less sensitive ¢ thlS iS the r0|e Of
dict .
K/Ciiéﬁ |or:r turn reduces the variance) l’eg u Iarlzer



# Plan: work through an example

BiaS-Variance PrOPertieS where we can directly put bias/

variance in terms of A
Recall: Wijqge = X'X + D)~ X'y
To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N(0,6°1)
for some ground truth model parameter w

The true error at a sample with feature x is

A
[(y — x! r1dge)2 | x] # X is a test sample, Wy;q. IS fit to a dataset

tram | X



. - - # Plan: work through an example
BlaS'Varlance Propertles where we can directly put bias/

variance in terms of A
. Recall: g, = X' X+ 2D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N(0,6°1)
» The true error at a sample with feature x is

2 : N\ L
tram|x[()’ x! rldge) |xX]  #xisatest sample,wridge is fit to a dataset

= [Eylx[(y [E[y|X])2 |)C] + [E@tram ([E[ylx] — xTWridge)Zl-x]

Irreducible Error Learning Error




. - - # Plan: work through an example
BlaS'Varlance Propertles where we can directly put bias/

variance in terms of A
. Recall: g, = X' X+ 2D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N (0,06°1)

» The true error at a sample with feature x is

A A
[Ey,gztmmu[(y — xTWridge)2 |x]  #xis atest sample, Wridge is fit to a dataset

= E,,[(y — Ely|x1)2[x] + Eg, _ [(Ely|x] — x40 | 4]

train
T

=E,,[(y— xTw)? | x] + Ey [((xTw —x

train

vAVridge)z |x] #truew



. - - # Plan: work through an example
BlaS'Varlance Propertles where we can directly put bias/

variance in terms of A
. Recall: g, = X' X+ 2D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N (0,06°1)

» The true error at a sample with feature x is

A
[(y x! rldge)z | X] # x is a test sample, Wridge is fit to a dataset

(ELy ] = x"Wigee) [ X]
T

tram | X

=E,.[(y — Ely|x])*|x] + Eg_ [
=E,,[(y —x Ty)? | x] + Ey [((xTw —x

[(Es,

Irreduc. Error Bias-squared Variance

erdge)z |x]  #truew

T A

=0’ + (xTw - Es [x wrldgelx])2+ Egy [x v?/ridgelx] —X wridge)zlx]

train train

train




. - . # Plan: work through an example
BlaS'Varlance Propertles where we can directly put bias/

variance in terms of A
. Recall: g, = X' X+ 2D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N (0,06°1)

» The true error at a sample with feature x is

A
[(y x! Hdge)z | x] # x is a test sample, Wridge is fit to a dataset

[(y — Ely|x])* |x] + Eg,  [(ELy|x] = x"Wy400)° | 1]

y |X train

tI'aIIl | X

2 T 2
=E,,[(y —x Twy? | x] + [E@tram[(x W= X Wiygee)” | X]  #truew
2 T~ 2
= i + (xTw — [E@tram[x wndge | x])” + [E@m[([E@t m[x wndge | x] — x Wridge) | x]
Irreduc. Error Bias-squared Variance
nl
Suppose XX = nl, then Wridge = XTX + D' XT(Xw + ¢€)
n 1

# Not realistic but pretend we'’re w+ XTe # A trades off weight
sampling independent Gaussians n+4 n+4 on data vs. noise




Bias-Variance Properties suppose X”X = n, then

. n
Wdoa = w =+

X7e
T

n Reca”: wridge = (XTX + AI)_ley

= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N(0,6°1)
» The true error at a sample with feature x is
|:Ey’9train| Ay —x M rldge)z | x]
= E,, [y — Ely|x])*|x] + Eg,
=E,,[(y— xTwy? | x] + Eg  [(xTw —x

train

[([E[y | X] - XT Arldge)z | X]

T 2
erdge) | X]

2 A Tn 2

=o'+ (x'w — Eg | X' Wrigge | XD)* + Eg, [(Egy | X Wiigge [ X1 = X7 iyi4g0)* 4]

(verify at home) 2 o2n » A trades off bias +
2 T.,N\2 :
= 0- + W' X -+ variance
Y+ sl
L  Larger A —

Irreduc. Error Bias-squared Variance  Bigger bias

« Smaller variance



: _ _ —
Bias-Variance Properties Spipese 2L = il

n
H R A . T 2 2
= Ridge regressor: W5 = arg mu%nz (i — 2Fw)” + Aw||3
= True error =1
2 0'27’l
_ Iy, 2 — 2 T .\2 2
|Ey’9train|x[(y X Wﬂdge) |JC] 0"+ (I’l-l-/l)z (W X) + (n+/1)2”x“2
Bias-squared Variance
d=10, n=20, 6* = 3.0,||w||5 = 10
1.75 A
1.50 A
1.25 A
1.00 A
0.75 A
as A 20, 0501 as\ oo
A A 0.25 — bias ~
Wridge — WLS _— \égriance' WI‘ldge — O
0.00 A — bias+variance

0 2 4 A/ 6 8 10



What you need to know...

> Regularization

- Penalizes complex models towards preferred,
simpler models

> Ridge regression
. . 2
- L, penalized least-squares regression A||w|[;

- Regularization parameter trades off model
complexity with training error

- Never regularize the offset!



Simple Variable Selection
LASSO: Sparse Regression

UNIVERSITY of WASHINGTON



Sparsity WL =argmin Yy (y; — szw)2
=1

= Vector w is sparse, if many entries are zero



Sparsity WL =argmin Yy (y; — LI};-F’(U)2
=1

= Vector w is sparse, if many entries are zero

Efficiency: If size(w) = 100 Billion, each prediction is expensive:

= If wis sparse, prediction computation only depends on number of
non-zeros




Sparsity

1=1

= Vector w is sparse, if many entries are zero

- Interpretability: What are the
relevant dimension to make a
prediction?

= How do we find “best”
subset among all possible?

Lot size

Single Family

Year built

Last sold price
Last sale price/sqft
Finished sqft
Unfinished sqft
Finished basement sqft
# floors

Flooring types
Parking type
Parking amount
Cooling

Heating

Exterior materials
Roof type
Structure style

n
~ L . T
wrs = argnln E (yz — &y

w)”

Dishwasher
Garbage disposal
Microwave
Range / Oven
Refrigerator
Washer

Dryer

Laundry location
Heating type
Jetted Tub

Deck

Fenced Yard
Lawn

Garden
Sprinkler System



Finding best subset: Exhaustive

> Try all subsets of size 1, 2, 3, ... and one that
minimizes validation error

> Problem?



Finding best subset: Greedy

Forward stepwise:
Starting from simple model and iteratively add features most useful
to fit

Backward stepwise:
Start with full model and iteratively remove features least useful to fit

Combining forward and backward steps:
In forward algorithm, insert steps to remove features no longer as
iImportant

L ots of other variants, too.



Finding best subset: Reqgularize

Ridge regression makes coefficients small

n
~ . 2
Wyridge — al'g mu%nz (yz — x;rw) T )\H’UJH%
1=1

A

2+$+...+5 oY ~ /




Finding best subset: Reqgularize

Ridge regression makes coefficients small

n
~ . 2
Wyridge — al'g m@,ﬁnz (yz — CE;FUJ) T )‘HwH%
1=1

0.6

== |cavol
=0 |weight
==8-= |bph
0.4} === svi

lcp
m=@== gleason
—6— pgg45

From
Kevin Murphy
textbook
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Thresholded Ridge Regression

n
~ . 2
Wridge — arg mul,nz (yz - sz’LU) T )\HwH%
1=1

Why don’t we just set small ridge coefficients to 07?

S S S N O .~ X, S X
& & ;&\\ o \0\)\\ & A %0} (b&% & &@*‘
O o LM S S <9 g N S
\066 R o W & & ¥ \Qeﬂ X S &
SN @'ﬂ %\ ©



Thresholded Ridge Regression

n
~ . 2
Wridge — arg mul)nz (yz - szw) T )‘HwH%
1=1

Consider two related features (bathrooms, showers)

S S . " S \ S 3 . S
00@ OO\&\ _\4&% " NI SIS & ¢ o 0,& (b\\g\% & &&0&\
S g N \ $© O ¢ e S 5
S N X SX b & & AN &
o %\0(8& %Qs& ﬂe &&60 X, & \Q X% N be
N ¢



Thresholded Ridge Regression

n
~ . 2
Wridge — al'g mul)nz (yz — szw) + )‘HwH%
1=1

What if we didn’t include showers? Weight on bathrooms increases!

&00& .&OQ@ \\4& &\'\ > &\00\ OQ&QJ %Q&\O ,&%0‘& v@‘b\'\ 6{&&00
N X SN > Q < S

Can another regularizer perform selection automatically?



Recall Ridge Regression

= Ridge Regressmn objective: 5
wmdge — arg mln Z o [E?’LU) T )‘HwH%

— A

4 § ..+— A\n/

d 1/p
oll, = (z w)
1=1




Ridge vs. Lasso Regression

= Ridge Regressmn objective:
T

2
Wridge = arg mlnz —xjw)” 4+ NJw||3
1=1

2+$+...+E ) —~ /

= Lasso objective: n




Penalized Least Squares

Ridge : r(w) = ||wl|5 Lasso : r(w) = ||w||1

W, = arg minz (yi — x;rw)Q + Ar(w)

w
1=1



Penalized Least Squares

Ridge : r(w) = ||wl|5 Lasso : r(w) = ||w||1

W, = arg minz (yi — x;-rw)Q + Ar(w)
i=1

For any A > 0 for which w, achieves the minimum, there exists a v > 0 such that

mn
~ : 2
w, = arg min E (yz — x?w) subject to fr(’w) < v
w
i=1




Penalized Least Squares

Ridge : r(w) = [|w|[3 ~ Lasso: r(w) = |Jw||,
W, = arg minz (yz = x;-rw)Q + Ar(w)
i=1

For any A > 0 for which w, achieves the minimum, there exists a v > 0 such that

n
Iy . 2
W, = argmin g (y@ = x?w) subject to r(w) < v

1=1
/.




