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Course Website

https://courses.cs.washington.edu/courses/cse546/26sp/

Everything you need to know is there:

® | ecture slides

e | inks to places to get help (Ed Discussion, staff email)
e Homeworks and due dates

e Past exams to study from

e Textbook and other references

e Sections, office hours

e Grading, FAQ, etc.


https://courses.cs.washington.edu/courses/cse546/26sp/

Course Staff - Instructor

Jamie Morgenstern
Associate Professor in CSE
Visiting Scholar at Amazon
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Yichuan Deng Rachel Hong



Traditional algorithms

Social media mentions of Cats vs. Dogs

Reddit Google Twitter?
Top 100 /r/aww Submissions Video Search Interest
About Calts and Dogs Catts Versus Dogs
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Write a program that sorts
tweets into those containing
‘cat’, “dog’, or other

Graphics courtesy of https://theoutline.com/post/3128/dogs-cats-internet-popularity?zd=1



https://theoutline.com/post/3128/dogs-cats-internet-popularity?zd=1

Traditional algorithms

Social media mentions of Cats vs. Dogs

Reddit

Top 100 /r/aww Submissions
About Calts and Dogs

Google

Video Search Interest
Cats Versus Dogs

100

Write a program that sorts
tweets into those containing

‘cat’, “dog’, or other

Graphics courtesy of https://theoutline.com/post/3128/dogs-cats-internet-popularity?zd=1

Twitter?
cats = []
dogs = []
other = []

for tweet in tweets:

1f “cat” in tweet:
cats.append (tweet)
elseif “dog” in tweet:

dogs.append (tweet)
else:

other.append (tweet)

return cats, dogs, other
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Machine learning algorithms

Write a program that sorts image
Into those containing “birds”,
‘airplanes’, or other.
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birds = []
planes = []
other = []
for image 1in images:
i1f bird in image:
birds.append (image)
elseif plane in image:
planes. append (image)
else:
other . append (tweet)

return birds, planes, other




Machine learning algorithms _
birds = []

planes = []

Write a program that sorts image ther ~ 1]
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“airplanes”, or other. if bird in image:
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Machine learning algorithms

Write a program that sorts image

Into those containing “birds”,
‘airplanes’, or other.
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birds = []
planes = []
other = []
for image 1in images:
if bird in image:
birds.append (image)
elseif plane in image:
planes. append (image)
else:
other . append (tweet)

return birds, planes, other




Machine learning algorithms

Write a program that sorts image
Into those containing “birds”,

‘airplanes’, or other.
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feature 1
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birds = []
planes = []
other = []
for image 1n images:
if bird in image:
birds.append (image)
elseif plane in image:
planes. append (image)
else:
other . append (tweet)

return birds, planes, other




Machine learning algorithms _
birds = []

planes = []

Write a program that sorts image

) oo oy . other = []

Into those containing “birds”, s s . ,
Oor image 1n images:

“airplanes”, or other. if bird in image:
birds.append (image)
elseif plane in image:

planes. append (image)

else:

other . append (tweet)

[ 2P ® ® .; return birds, planes, other
o o] © o
N O e © The decision rule of
e ¢ ¢ 1f “ecat” 1n tweet:
§ o’ L° S 's hard coded by expert.
e o P
«® o ° The decision rule of
°°, if bird in image:

feature 1 is LEARNED using DATA



Machine Learning Ingredients

- Data: past observations
« Hypotheses/Models: devised to capture the patterns in data

* Prediction: apply model to forecast future observations

ML uses past data to make personalized predictions

amazon
~~—Tprime =

You may also like...

98% Match




Machine learning is incredibly powerful and can have
significant (unintended) negative consequences on
society through targeting, excluding, and misusing.

Learning objectives of this course:

-introduction to the fundamental concepts of machine learning
-analysis and implementation of machine learning algorithms

- knowing how to use machine learning responsibly and robustly



Flavors of ML

Regression
Predict continuous value:

ex: stock market, credit score,
temperature, Netflix rating
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Classification

Predict categorical value:

loan or not? spam or not? what

disease is this?

b 8

i
e

i

Unsupervised
Learning

Predict structure:

tree of life from DNA, find
similar images, community
detection

Self-supervised:

Model distribution of large-
scale data, like text or
images (large vision and
language models)

Mix of statistics (conceptual) and algorithms (programming)



CSE546: Machine Learning

What this class is:

 Fundamentals of ML: bias/variance tradeoff, overfitting,
optimization and computational tradeoffs, supervised learning
(e.g., linear, boosting, deep learning), unsupervised models (e.g.
k-means, EM, PCA)

* Preparation for further learning: the field is fast-moving, you will
be able to apply the basics and teach yourself the latest

What this class is not:

* Survey course: laundry list of algorithms, how to win Kaggle
* An easy course: familiarity with intro linear algebra and probability
are assumed, homework will be time-consuming



Prerequisites

Formally:
= MATH 308, CSE 312, STAT 390 or equivalent
Familiarity with:
= Linear algebra
= linear dependence, rank, linear equations, SVD
= Multivariate calculus
= Probability and statistics
= Distributions, marginalization, moments, conditional expectation
= Algorithms
= Basic data structures, complexity

“Can | learn these topics concurrently?”

Use HWO to judge skills
See website for review materials!



Grading

= 5 homework (60%=8%+13%+13%+13%+13%)
0 Each contains both theoretical questions and will have
programming
0 Collaboration okay but must write who you collaborated

with. You must write, submit, and understand your
answers and code (which we may run)

J
J J

I:] "
assume you all use ChatGPT now).

0 Al use policy, see website. We expect you to document
all uses of Al tools (and hand in any transcripts!)



Homework

HW 0 is out (Due next Monday Apr 5th Midnight)
0 Short review
0 Work individually, treat as barometer for readiness
HW 1,2,3,4
0 They are not easy or short. Start early.
0 Submit to Gradescope
0 Regrade requests on Gradescope
There is no credit for late work
5 total late days
at most 2 days used per assignment.



Homework

HW 0 is out (Due next Wednesday April 8 Midnight)
0 Short review
0 Work individually, treat as barometer for readiness
HW 1,2,3,4
0 They are not easy or short. Start early.
0 Submit to Gradescope
0 Regrade requests on Gradescope
There is no credit for late work, 5 late days

1. All code must be written in Python
2. All written work must be typeset (e.g., LaTeX)

See course website for tutorials and references.




Communication Chanels

Announcements, questions about class, homework help

EdStem (invitation sent, contact TAs if you need
access)

Weekly Section
Office hours (starts tomorrow)
Regrade requests
0 Directly to Gradescope
Personal concerns
0 Email: cse546-staff@cs.washington.edu
Anonymous feedback
0 See website for link



mailto:cse546-staff@cs.washington.edu

Textbooks

= Required Textbook:

~ Machine Learning: a Probabilistic Perspective;
Kevin Murphy

Machine Learning

A Probabilistic Perspective

= Optional Books (free PDF): m

~ The Elements of Statistical Learning: Data Mining, SR
Inference, and Prediction; Trevor Hastie, Robert e
Tibshirani, Jerome Friedman

Data Mining, Inference,
and Prediction

@ Springer



Addcodes

= Email: Elle Brown (ellean@cs.washington.edu)
for addcodes



mailto:ellean@cs.washington.edu

Enjoy!

= ML is becoming ubiquitous in science, engineering and
beyond

= |t's one of the hottest topics in industry today

= This class should give you the basic foundation for applying
ML and developing new methods

= The fun begins...



Probability review




Definitions

e Random Variable: A variable that takes on different
values determined randomly.
« Example: The height of a person from the US P( )

e Distribution: The different values a random variable can
take on along with the probability of that value.

P(X=H) = 1/2
P(X=T) = 1/2

« We talk about sampling from a distribution:

« “Consider a sample of 100 different heights of people from the US
drawn randomly from the distribution of all heights.”



Independence

Let X and Y be random variables
Ex. X is the outcome of the first roll of a 6-sided dice, Y is the
outcome of the second roll of the dice

(XandY take values in {1,2,3,4,5,6} each with equal probability)

An event is statement about the world that holds or not:
Define events A = {X € {3,4}},
B={X=1}
C={Ye{34}}

Every event is assigned a probability:

PA)=PXe{34})= 2/3=1/6



Independence

Let X and Y be random variables
Ex. X is the outcome of the first roll of a 6-sided dice, Y is the
outcome of the second roll of the dice

(XandY take values in {1,2,3,4,5,6} each with equal probability)

An event is statement about the world that holds or not:
Define events A = {X € {3,4}},

B={X=1},
C={Ye {34}

Every event is assigned a probability:
PA)=PX e {3,4})=1/3

For any events U, Vwe have PIUU V) =PU)+ P(V)—-P(UNYV)



Independence

Let X and Y be random variables
Ex. X is the outcome of the first roll of a 6-sided dice, Y is the
outcome of the second roll of the dice

(XandY take values in {1,2,3,4,5,6} each with equal probability)

An event is statement about the world that holds or not:
Define events A = {X € {3,4}},
B={X=1}
C={Ye{34}}

Any events U, V are independent if P(UN V) = P(U)P(V)
Are A, B independent? PA)=1/3 PB)=1/6 No
PANB) = ¢

B, C? P(C)=1/3 P(B) =1/6

P(ANB) = 1/3 X 1/6 Yes

A, C? Yes



Independence

Let X and Y be random variables
Ex. X is the outcome of the first roll of a 6-sided dice, Y is the
outcome of the second roll of the dice

(XandY take values in {1,2,3,4,5,6} each with equal probability)

An event is statement about the world that holds or not:
Define events A = {X € {3,4}},

B={X=1},
C={Ye {34}

Any events U, V are independent if P(UN V) = P(U)P(V)

We define the conditional probability of event U given V as
PIUNYV)
PU|V)=
P(V)
Whatis P(X <4 | X > 3)?




Independence

Let X and Y be random variables
Ex. X is the outcome of the first roll of a 6-sided dice, Y is the
outcome of the second roll of the dice

(XandY take values in {1,2,3,4,5,6} each with equal probability)

An event is statement about the world that holds or not:
Define events A = {X € {3,4}},
B={X=1}
C={Ye{34}}

Any events U, V are independent if P(UN V) = P(U)P(V)

We define the conditional probability of event U given V as
P(UNYV)
PIU|V)=
P(V)

Whatis P(X <4 | X > 3)




Independence

Let X and Y be random variables
Ex. X is the outcome of the first roll of a 6-sided dice, Y is the
outcome of the second roll of the dice

(XandY take values in {1,2,3,4,5,6} each with equal probability)

An event is statement about the world that holds or not:
Define events A = {X € {3,4}},

B={X=1),
C={Ye {34}

Any events U, V are independent if P(UN V) = P(U)P(V)

We define the conditional probability of event U given V as
PIU|V)= PUNYV) Ifindependent:P(U)w =P(U)

P(V) then: PO#)
Observe: if U, V are independent then P(U | V) = P(U).
In words: if independent, V tells you nothing about U (and vice versa)




Mean, variance

The expected value of X, each value is weighted
Mean E[X]’ K by the probability of seeing it.

F[X] = Z P(X = x)x

Variance Var(X), o2 The expected squared deviation of X from its mean.
E[(X — E[X])?]

The value of X that is separating the higher half of it's
range from the lower half.

P(X <M)=5

Median M



Mean, variance

The mean is a prediction of the value of the random variable.
Answers the question "What do | expect the height of a random
person to be?”

Which distribution has a:

e Large mean, small variance?
Red
 Small mean, large variance?

Blue

The variance captures the spread in your data. Also
captures the error in the prediction using the mean. “How
much do people’s heights deviate?”

E[(X — E[X])"]



Maximum Likelihood
Estimation




Your first consulting job

 Client. | have special coin, if | flip it, what's the probability
it will be heads?

» You (a machine learner): | need to collect data.

HH
* You (a frequentist). The probability is:

100% heads!



Your first consulting job

« Client. Uhhhh.... You sure about that? | just got a tails.
* You (a machine learner). | need to collect more data.
* *flips coin 5 times, get HHTHT

* You: The probability is: 60% Heads, 40% Tails!



Your first consulting job

Client. Uhhhh.... You sure about that? | just got a tails.
You (a machine learner): | need to collect more data.

* *flips coin 10000 times, it comes up Heads 60% of the
time

You: The probability is: 60% Heads, 40% Tails!

Client. Why should | believe you?

You (a machine learner). Let's do some math!



Coin — Bernoulli Distribution

- Data: sequence D= (HHTHT...), k heads out of n flips
- Hypothesis: P(Heads) = 0, P(Tails) =1-0
* Flips are i.i.d.:
 Independent events

» Identically distributed according to Bernoulli
distribution

+ P(D|0) =

= P(HHTHT | 9)

= P(H)PH)P(T)P(H)P(T) # by independence
= B&(1-0)nk



Maximum Likelihood Estimation

- Data: sequence D= (HHTHT...), k heads out of n flips
* Hypothesis: P(Heads) = 6, P(Tails) =1-6
- Likelihood:

P(D|A) = 6%(1 — )"~k  #likelihood

« Maximum likelihood estimation (MLE): Choose 6 that

maximizes the probability of observed data: P(D|0)
Oy LE = arg max P(D|0)
Why take
the log? = arg max log P(D|0) o
e Easierto S
work with

= arg max log
0

0k(1 — 9)1—"]




MLE: Your first learning algorithm

P(DI|0)

aMLE — arg meax log P(D|0)

= arg max log 6% (1 — )"+

)

« How do we find 6 that maximizes likelihood?
« Use the fact that derivative is zero at maxima (also at minima)

- Set derivative to zero, and find @ satisfying:

d
— = # MLE
7 log P(D|) =0




MLE: Your first learning algorithm

* First manipulate the log likelihood to make it easy to work with:

OrLE = arg max log P(D|0)

— argmax log#*(1 — 9)" "

0
= arg max klogf + (n — k)log(1 — 0)
0
e Then set derivative to 0, and find ¢ satisfying: i log P(D|) =0
d kK (n—k) av
—IlogP(Z0) =0 —>» — — =0
do 0 (1-6)

# for your formula sheet k— k6O =nb — k0

d 1 k

—logx = — é\MLE = é\ = i = 60%
dx X n MLE = 5 = 270

# our example:




Your first consulting job

« Client. Uhhhh.... You sure about that? | just got a tails.
You (a machine learner): | need to collect more data.

* *flips coin 10000 times, it comes up Heads 60% of the
time

You: The probability is: 60% Heads, 40% Tails!

Client. Why should | believe you?

You (a machine learner). Let's do some math!

A 3



How good is MLE? Well, it’s unbiased

« We treat MLE (/9\MLE as a random variable, where there is a

ground truth parameter 6* that generates the data

9 =HHTTH...) of afixed size n

A k
QMLE = ; # random variable

« What can we say about this random variable /Q\MLE?
* First good property of MLE for Binomial: unbiased

» Definition: bias of our MLE is # “tLue predictor”
: 2\ A k
" v,
# Unbiased means bias = 0 _ ‘9*}{_ 0% =0
y 4

« Expectation describes how the estimator behaves on average



How many flips do | need?

k

Ovie = —
n

 Client: | flipped the coin 5 times and got 2 heads. | ‘ ‘

Ovre = —

 Client: | flipped the coin 50 times and got 30 heads:

Ovine =

 Client: they are both unbiased, which one is right? Why?



Quantifying Uncertainty
* The Variance is the expected squared deviation from the mean:

R R R 2
Variance(0ypp) := E [(HMLE — E[GMLE]) ]

* As a rule of thumb

@MLE o~ [E[/H\MLE] + \/ Variance(/@\MLE)

« Second good property of MLE: minimum (asymptotic) variance

- Exercise: compute the Variance( 8 g)



Expectation versus High Probability

e Tail bound of a random variable
» For any ¢>0 can we bound P(|0y;.r — E|0) || > €)?

Markov’s inequality
For any ¢ > 0 and non-negative random variable X

px > 0 < B2

« Exercise: Appl)iMarkov’s iInequality to obtain bound.
(Hlnt set X = |‘9MLE — (9*‘2)



Maximum Likelihood Estimation

Observe X1, Xo,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

n

Likelihood function L,(0) =[] f(X:;0)
=1

Log-Likelihood function [,(0) =log(L,(0)) = Zlog(f(Xi; 6))

1=1

Maximum Likelihood Estimator (MLE) é\MLE = arg max L, ()
0



What about continuous variables?

« Client. What if | am measuring a continuous variable?
e You: Let me tell you about Gaussians...

1 —<w—2u>2 # PDF of Gaussian

# (good candidate for
formula sheet)

Given a set of i.i.d.
samples from a
Gaussian, fit what
parameters?

0 = u,ol




Some properties of Gaussians

« affine transformation (multiplying by scalar and adding a
constant)

« X~ N(u,0?)
cY=aX+b = Y~ Naut+b,a2o?)

« Sum of Gaussians
« X~ N(MX’OZX)

« Y ~ N(uy,0%)
e Z=X+Y > Z~ N(uytuy, 02+02))



MLE for Gaussian

. Prob. of i.i.d. samples D={x,,...,x } (e.g., temperature):

P(D|\u,0) = P(x1,... xnm, o) # Wait, why can | just
multiply all samples

) (zi—w)? u)2 together?
[

— By i.i.d. assumption

Likelihood: = (

 Log-likelihood of data:

202

LL:  log P(D|u,0) = —nlog(ocv 2w Z
1=1

« What is @\MLE for g — (u,0 )? Draw a picture!



MLE for variance

« Again, set derivative to zero:

d d .
%logP(Q;,u,a) = d—[—nlog(a\/Zn) — Z

i=1

(x; — p? ]

o 202




MLE for Gaussian

Generate D = {x1,...,x,}, where

n = 100
2
4 j\[(lL7CT )
p=0
o’ =1
— (z; — p)?
log P(Dls, 7) = ~nlog(ov/am) ~ 3 & 11
=1
0.5
2.00 -144 : 1o 00
1.75 - e
-224 __
1.50 - ©
—264 i + (/’tTrue’ GTrue)
o 1.25 A -304 Q o ~ ~
Loo 1 .0 -344 ng (u MLE? O MLE)
N -384 O
0.75 —424
0.50 —464

—1.00-0.75-0. 50—0 25 0.00 025 050 0.75 1.00
u

t-150

log P(D|, 0)



Your second learning algorithm:
MLE for mean of a Gaussian

e What’s MLE for mean? Set partial derivative to zero.

9 log P(D | p,0) = 9 —nlo 2m) — En: (@i =)’
oL a oL ~ 207

- /Z/(xi — 1)
=# Z 22
i=1

-+ ) X,

=0

1 .
fviig = — Z X; # empirical mean!
n




# reminders for formulas:
MLE for variance L 41 4

—logx = — = —x?=—-2x"
dx X dx x? dx

o Again, set partial derivative to zero:

0 0 ®\ (x5 — p)’
py log P(D | p,0) = . —nlog(a\/2_7r) — ZEZ:I 52

ZZ(X - /4)

2 n 2
-~ —no”+ 3. (= p) _0
v

#subin [
MLE
= Opip = Z (o; — ﬂMLE)




Learning Gaussian parameters

» MLE: R ] —
MUMLE = o 2313%
1=

) 1 ~ 2
O“"MLE — H Z(xz — ,UMLE)
=1

MLE for the variance of a Gaussian is biased
—_~ 2
]E[O'QMLE] 75 O
Unbiased variance estimator:

S~ 1
~ 2
02unbiased — m E (xz — /J'MLE)



Maximum Likelihood Estimation

Observe X1, Xo,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

n

Likelihood function L,(0) =[] f(X:;0)
=1

Log-Likelihood function [,(0) =log(L,(0)) = Zlog(f(Xi; 6))

1=1

Maximum Likelihood Estimator (MLE) 0,;, 5 = arg max L., (0)
0

Properties (under benign regularity conditions—smoothness, identifiability, etc.):
] : : . Ovrp—0.
Asymptotically consistent and normal: *MEE—= ~ N(0,1)

 Asymptotic Optimality, minimum variance (see Cramer-Rao lower bound)

The MLE is a “recipe” that begins with a model for data f(x; 0)



Recap

* Learning is...

* Collect some data
* E.g., coin flips

Data {x;}



Recap

* Learning is...
« Collect some data
* E.g., coin flips
« Choose a hypothesis class or model
* E.g., binomial

Hypothesis/ | i.i.d. Py

Model P, Data {x;}



Recap

* Learning is...

» Collect some data
* E.g., coin flips

« Choose a hypothesis class or model
* E.g., binomial

* Choose a loss function
 E.g., data likelihood

n

min £(0, x; ma 0, x,
in ) £(0.5) or max Y u.x)

i=l i=1

Hypothesis/ | i.i.d. Py

Model P, Data {x;}



Recap

* Learning is...
* Collect some data
* E.g., coin flips
« Choose a hypothesis class or model
* E.g., binomial
« Choose a loss function
 E.g., data likelihood
« Choose an optimization procedure
* E.g., set derivative to zero to obtain MLE -

min £(0, x; ma 0, x,
in ) £(0.5) or max Y u.x)

i=l i=1

Hypothesis/ | i.i.d. Py
Model P,

)

Data {x;} Optimizer



Recap

* Learning is...
* Collect some data
* E.g., coin flips
« Choose a hypothesis class or model
* E.g., binomial
« Choose a loss function
 E.g., data likelihood

« Choose an optimization procedure
* E.g., set derivative to zero to obtain MLE

n

» Justifying the accuracy of the estimate min D £0.x) or max D u®.x)
 E.g., Markov’s inequality =l ] i=1

Hypothesis/ | i.i.d. Py
Model P,

)

Data {x;} Optimizer



Applications preview

UNIVERSITY of WASHINGTON w



Maximum Likelihood Estimation

Why is it useful to recover the “true” parameters 6.. of a probabilistic
model?

e Estimation of the parameters 6. is the goal

* Help interpret or summarize large datasets

» Make predictions about future data

» Generate new data X ~ f( - ;é’\MLE)



Estimation

Observe X1, Xo,..., X, drawn IID from f(x;0) for some “true” 6 = 0,

UK poll tracker

Opinion polls
How does the greater

population feel about an issue?
Correct for over-sampling? . B
e 0. is “true” average opinion Iy '

B
* X{,X,, ... are sample calls .

401:.

A/B testing e -
How do we figure out which ad e ——— f

results in more click-through? 14 / o
* 0. are the “true” average rates ekt ”y

* X|, X5, ... are binary “clicks” | =

o

A




Interpret

Observe X1, Xo,..., X, drawn IID from f(x;0) for some “true” 6 = 0,

Customer segmentation / clustering
Can we identify distinct groups of

customers by their behavior? .‘“‘ )
* 0. describes “center” of distinct groups Qz 7 IR
* X, X,, ... are individual customers ¢

Data exploration
What are the degrees of freedom of the
dataset?

* 0. describes the principle directions of
variation
* X;,X,, ... are the individual images




Predict
Observe X1, Xo,..., X, drawn IID from f(x;0) for some “true” 6 = 0,

Content recommendation

) , amazon
Can we predict how much someone will ~—"prime

like a movie based on past ratings?
* . describes user’s preferences
* X;,X,, ... are (movie, rating) pairs

Spotify’
98% Match e potify

Discover Weekly

Object recognition / classification
|dentify a flower given just its picture?

* 0. describes the characteristics of
each kind of flower
® Xl : X2, o are the (image, |abe|) pairs ?f:;c;) Imlbd g?g;ﬁ;'pes of Iris flowers: Setosa, Versicolor and Virginica. Used with kind permission of Dennis

index sl sw pl pw label
0 51 35 14 02 Setosa
1 49 30 14 02 Setosa

50 7.0 32 47 14 Versicolor

149 59 3.0 51 1.8 Virginica




Generate

Observe X1, Xo,..., X, drawn IID from f(x;0) for some “true” 6 = 0,

Text generation
Can Al generate text that could have
been written like a human?

e 0. describes language structure

e X, X, ... are text snippets found
online

Image to text generation

Can Al generate an image from a prompt?
* 0. describes the coupled structure of

images and text

* X, X,, ... are the (image, caption) pairs

found online

“Kaia the dog wasn't a natural pick to go to mars.
No one could have predicted she would...”

' action b(b){retur! this. - - s

un
his.element=a(b) };¢ 2 poplacel/ - - « 50 o wu s

is.$elem |,  ——
.

https://chat.openai.com/chat

“dog talking on cell phone under water, oil painting”
L SR e

https://labs.openai.com/



Linear Regression

UNIVERSITY of WASHINGTON



The regression problem, 1-dimensional

Given past sales data on zillow.com, predict: # Goal: learn p(y|x)
y = House sale price from # now we have label y
x = {# sq. ft.} # previously we just had x

Training Data: 2, € R
(24, yi) Fieq y; € R

Sale Price |

# square feet


http://zillow.com

Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

Training Data: eR
(24, yi) Fieq e

Hypothesis/Model: linear
. yi = vw A+ € e K N(0,07)

o
best linear fit 4

Sale Price

w e R slope of line

# square feet - why the noise?

(no intercept for now to make the math easier)


http://zillow.com

Process

Decide on a model

assume house sale price is a linear function of
square feet.

Find the function which fits the data best

Use function to make prediction on new examples



Fit a function to our data, 1-dimension

Given past sales data on zillow.com, predict:

y = House sale price from Error

x = {# sq. ft.} U = g =F &

Training Data: ZBZ 6115
{(mi, yi) Fiea e

Hypothesis/Model: linear

o
best linear fit

° Yi = xiw

Sale Price

Loss: least squares solution

n
min g (y; — z;w)”
# square feet w t L
1=1


http://zillow.com

The regression problem, d-dimensions

Given past sales data on zillow.com, predict:

y = House sale price from
Error:
x = {#t sq. ft., zip code, date of sale, etc.} B = gy = &

.. d
Training Data: %: € R
n y; € R

{(mi, yi) Fiea

o
best linear fit 4

o
3 . Hypothesis/Model: linear
2 . T
2 o Yo ~ &; W
(Vo]

Loss: least squares solution

n
- rrq%n Z (yi — a:iTw)z
i=1

# square feet


http://zillow.com

The regression problem in matrix notation

Data:

Y1

Yn

-

Ly

T
L,

d : # of features
n : # of examples/datapoints



The regression problem in matrix notation

Data: _yl ] _x?_ d : # of features
| y = X X — n : # of examples/datapoints
_yn_ _Q?Z_
Model: y; = 2] w + € y = Xw+e
T

y2:x2w+62

Yn = T, W + €y,



The regression problem in matrix notation

L -
Data: Y1 1
y = . X — :
| Yn _xg_
. I A
Model: y; = 2] w + €

T
Yo = To W + €9

T
y’l’L :xnw_l_e’n

n
~ . T \2
Loss: Wy, — argimin E (yz — Z; w)
w
1=1

d : # of features
n : # of examples/datapoints

y = Xw + €



The regression problem in matrix notation

Data: _yl_ —ZU?_ d : # of features
| y = X=: n : # of examples/datapoints
| Yn | _xg_
Model: y; = 2] w + € y = Xw+e

T
Yo = To W + €9

T
y’l’L :xnw_l_e’n

R e 2 :
Loss: Wrs = arg mu%IlZ (yz - x;rw) — alg i ly — Xw| ‘3
i=1
— argmin(y — Xw)?! (y — Xw)



The regression problem in matrix notation

s = arg min ||y — Xul [

— argmin(y — Xw)?! (y — Xw)

Set gradient w.r.t. w to zero to find the minima:



The regression problem in matrix notation

s = arg min ||y — Xul [

— argmin(y — Xw)?! (y — Xw)

_ <XTX)_1XTy

“Closed form” solution!




The regression problem in matrix notation

Linear model: Yy; = ZU;-TIU + €;

Least squares solution:

s = argmin [y — Xuw|[3

= (X'X)' X"y

What about an offset
(a.k.a intercept)?




The regression problem in matrix notation

Linear model: Yy; = a:?w + €;

Least squares solution:

s = argmin [y — Xuw|[3

= (X'X)' X"y

Affine model:  y; =z} w + b + ¢

Least squares solution:

n

o~ . 2
wrs,brs = arg min (yi — (z] w+b))
w7
i—1

= argmin ||y — (Xuw + 10)[




Dealing with an offset

Wrs,brs = argmin|ly — (Xw + 1b)||3

w,b

Set gradient w.r.t. w and b to zero to find the minima:



Dealing with an offset

Wrs,brs = argmin |ly — (Xw + 10)|13
XX +brsXT'1 =Xy
11X @ +br5171 =11y
If X1 = 0, if the features have zero mean,

s = (XI'X)"'X'Y

BLS = %Zyz
i=1



Dealing with an offset

Wrs,bps = arg I{;IE ly — (Xw + 1b)||3
XX w16 +brsXT1 =XTy
11X @ +br5171 =11y
If XT1=0, In general, when X7'1 # 0,



Dealing with an offset

Wrs,brs = argmin ||y — (Xw + 1b)||5

w,b
XX w16 +brsXT1 =XTy
1" X6+ br5171 = 1Ty

If X71 =0, In general, when X711 # 0,
1
s = (X'X)" ' XY = gXTl
o1y X=X -1,7
s =5 2w N
= s = (X7 X)Xy

N 1 R
brs = ElTy — u' g



Process

Decide on a model: Yy; = CUZ-T”LU + b+ ¢

Choose a loss function - least squares
Pick the function which minimizes loss on data

n

P . 2
wrs,brs = arg min (yZ — (z]w + b))
w’ .
1=1

Use function to make prediction on new examples

A T A -
ynew — xnewwLS —|_ bLS



Dealing with an offset - Revisted

Wrs,brs = argrgigl ly — (Xw + 1b)|]3

~~

X = (X,1)

Xw=Xw+bl with @ = (w,b)



Why is least squares a good loss function?
Wrs = argmin |ly — Xw||3
_ (XTX)_ley
T

Consider y; =x; w+¢€; where ¢ bLh N(0,0%)

P(yi;zi,w,0) =



Why is least squares a good loss function?

Maximum Likelihood Estimator:

wmLe = argmax log P({yi}io1; {%i}iz1, W, 0)

T2
= argmax —nlog(ov2 +Z Wi — w)




Why is least squares a good loss function?

Maximum Likelihood Estimator:

WMLE = argmax logP({yz i= 17{37% i=1> W, U)

= argmax —nlog(oV2m) + Z

= argmm E —x w)

~ . T 2
Recall: wrs = arg muIJIl g (y@ — X, w)

1=1

Wrs = W LE = (XTX)_leY




Analysis of Error

if y;=x]w+e and ¢ S N(0,0%) Y = Xw+ €

wyre = (XITX) XY
= (XIX)7 1 X" (Xw + €)
=w+ (XTX) 1 X1e

Maximum Likelihood Estimator is unbiased:



Analysis of Error

if y;=x]w+e and ¢ S N(0,0%) Y = Xw+ €

wyre = (XITX) XY
= (XIX)7 1 X" (Xw + €)
=w+ (XTX) 1 X1e

Covariance is:



Analysis of Error

if y,=a2lw+e and e KUN(0,02) Y =Xw+e

e = (XTX)TIXTY
— (XTX)_1XT(Xw _|_ 6)
= w4+ (XTX)" 1 XTe

Elwyre] = w

Cov(@yre) = B[(@ — El@))(@ — E[@])"] = (XTX) !

wyre ~ N(w, ( XTX)™)



