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The regre slon problem gl = ¢
- #’W’ HEex hat)=xC.

m Instances: <x, t> ;
m Learn: Mapping from x to t(x) LY 1’0‘7'\%.«)! ¢ 1””)

m Hypothesis space: H={hi,...,hg}

Given, basis functions o -
Find coeffs w=(w,,...,.w} LX) f(x) =2 ; wihi(x)

Why is this called linear regression??? %
m model is linear in the parameters

N ('655 6\/\(%'0-.

m Precisely, minimize the residual squared error:

vluh ‘/ J £ 9‘“‘

W= argmmZ( sz’hz’(xj)>
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The regression problem in matrix notation

w* = argmin (Hw —t)! (Hw — t)
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Regression solution = simple matrix operations

"
arg min (Hw — t)! (Hw — t)

w =

W

residual error o/

lass pb«. (—‘7 -

solution: w* = (H™H) ' H™t = A~ 'b

where A =H'H =
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Bias-Variance Ir deoff

m Choice of hypothesis class introduces learning bias

More complex class — less bias

More complex class — more variance hp viry A3 o '
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Select points by clicking on the graph or press Example Select points hy clicking on the graph or press Example

Degree of pynomial:  [13 | @ FitYioX Degree of polynomial: |13 | © FitYtoX
 FitXto Y  FitXto Y

Calculate | View Polynomial | Reset| Calculate | View Polynomial | Reset|

Select points hy clicking on the graph or press Example
Degree of polynomial: @ FitYtoX
" FitXtoY

Calculate | View Palynomial | ResetI
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errorirain(W) =

Test set error as a function of (
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Select points by clicking onthe graph orpress  Example

Select points by clicking on the graph or press _ Example
Degres of polynomial: [1 v | © FitY1oX Degres of polynomial. (13 w| © Fit¥toX
C FitktoY
Calculate | View Polynomial | Reset 6

 FitXtoY
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Overfitting
"
m Overfitting: a learning algorithm overflts the
training data if it outputs a solution w when there

exists another solution w’ su Al v, ¢ o br Vo i~
[errortrain(‘?’) < errortrain(wl)]/\[errortrue(w ) < GTTOTtTue(W)]
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Regularization in Linear Regression
" B

m Overfitting usually leads to very large parameter choices, e.g.:

-2.2+ 3.1 X-0.30 X2 -1.1 +4,700,910.7 X — 8,585,638.4 X? + .. j
e Co—— L [
r, : fl / &\ [‘} |\
TN - ; f
yARNAN — i S Wt / | ﬂ T\
7 \'\:,\ Hl ‘|' ’U 7
ff}‘f P’ : ):\.,‘ | SW‘ () f /9}1; ( L \ / V)

m Regularized or penalized regression aims to impose a
“complexity” penalty by penalizing large weights
“Shrinkage™ method
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Quadratic Penalty (regularization)
" S

m \What we thought we wanted to minimize:

S%wwo(_ Lvvdy }f\ rﬂv{}cﬁb»—\

m But weights got too big, penalize large weights:
?ln&H"j {“n: N e A 4 I"‘{, N cre y |
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Ridge Reg rgﬁivionh Jul; - f “

m Ameliorating issues with overfitting: ?en‘\\‘.z:nj \"\f),( (’V’:jlb

m New objective:
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Ridge Regression in Matrix Notation
" A
N k 2 k
Wridge = arg mu%nz <t(a:j) — (wo + szhz(:c]))> -+ )\wa

j=1

= argmin (Hw —t)! (Hw —t) + A WTI(H_kw

W
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Minimizing the Ridge Regression Objective




Shrinkage Properties
" S
(H'H + X\ Inp) TH't

Wridge
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Ridge Regression: Effect of Regularization
"
Wridge = arg mdnz <t(azj) — (wo + szhz(xj))> -+ )\wa

m Solution is indexed by the regularization parameter A
m LargerA  myw ‘f)!nql.}j oy Sl Mot bids

Marl verin G

m Smaller A \}(SS P!nq\jﬁj _9 man'Nll;U‘,
A
m AsA>0 7\3“47& - Wne

m AsASeo W e OO0

vi7k +({
3(’r W, & M7 )



Ridge Coefficient Path l\\’“f@iﬁ
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m Typical approach: select A using cross validation, more on this
later in the quarter
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Error as a function of regularization Rie

parameter for a fixed model complexity IRlAR:
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What you need to know...

" J—
m Regularization
Penalizes for complex models
m Ridge regression
L, penalized least-squares regression

Regularization parameter trades off model complexity
with training error
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Cross-Validation
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" J
m How do we pick the regularization constant A...

And all other constants in ML, ‘cause one thing ML
doesn’t lack is constants to tune... ®

m \We could use the test data, but...

j_, MO/‘"L t«"ﬂ oA J*SJ’ /(o‘h
/L- 0(0’\'4— vt 0\'04- of AO“IZ\



(LOOQO) Leave-one-out cross validation

" Chiop, lunbde S<h®
m Consider a validation set with 1 example:/ ﬁ —lt{k “""?k

D — training data

D\j —';[rasisni g data with jth data point moved to validation set ’ I r
m Learn clg'ss" fier hp; with D\j dataset & ﬁw “;ti' %c‘i:}‘ ’

r

m Estimate true error as squared error on predicting t(x;): 1
i i ) ~ hae
Unbiased estlrrlate of errory,.(hpy)" e (l\‘D /)) - E 4 [ ({ 1\‘),)]

—~

Seems really bad estimator, but wait!

m LOO cross validation: Average over all data points J:
For each data point you leave out, learn a new classifier h;
H . ¢ ‘M L >
Estimate error as: N « ferenti :7

1 A 2
errorL00 = Z (t(xj) — hp\ (Xj))
j=1
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LOO cross validation is (almost)

__unbiased estimate of true error of hp)!
B
m  When computing LOOCYV error, we only use N-1 data points

So it's not estimate of true error of learning with N data points!
Usually pessimistic, though — learning with less data typically gives worse answer

m LOO is almost unbiased!

va[_o” n Vo e

N-

e
I

WS4 LOO ‘i’b ?\Ck )\
" all N dakg‘nﬂ w iHh }\— * F’Ck' W

m Great news!
Use LOO error for model selection!!!
E.g., picking A
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Using LOO to Pick A |
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Using LOO error for model selection

I

s 1

— ALy
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% S s lkfﬁ/‘fy}q
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Select points by clicking on the graph or press Example

Select paints by clicking on the graph or press  Example
Degree of polynomial: [13 |w| © FitYtoX

Degree of polnomial: [1 v | © FitYtoX
© FitXtoy

! C FitktoY
Calculate | View Polynomial | Reset
Calculate | View Polynomial | Reset 24
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Computational cost of LOO
" A
m Suppose you have 100,000 data points

m You implemented a great version of your learning
algorithm

Learns in only 1 second

m Computing LOO will take about 1 day!!!

If you have to do for eac&choice of basis functions, it will
take fooooooreeeve™!!!

m Solution 1: Preferred, but not usually possible

Find a cool trick to compute LOO (e.g., see homework)
B

A¥4e cvid 14
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Solution 2 to complexity of computing LOO:

(More typical) Use k-fold cross validation
" JE

m Rapdomly divide training data into k equal parts  _ ———
Dy,....Dy e lid wilh =N 2 L0O (—0
m Foreachi 1

Learn classifier hp,; using data point not in D;
Estimate error of h,,,; on validation set D;:

k
errorp, = 5 3 (106) ~ hovp (1))
- x;€D;

m k-fold cross validation error is average over data splits:

k
1
ETTOTE— fold — 7. Z ETTOTD;,
—_— ki=1
m k-fold cross validation properties:
Much faster to compute than LOO

More (pessimistically) biased — using much less data, only m(k-1)/k
Usually, k=10 ©
<
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ML Pipeline
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What you need to know...

" J
m Never ever ever ever ever ever ever ever eveﬁ
ever ever ever ever ever ever ever ever ever

ever ever ever ever ever ever ever ever ever
train on the test data

m Use cross-validation to choose magic
parameters such as A

m | eave-one-out is the best you can do, but
sometimes too slow

In that case, use k-fold cross-validation

1

©2005-2014 Carlos Guestrin
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Variable Selection

LASSO: Sparse

Regression

Machine Learning — CSEP546
Carlos Guestrin
University of Washington
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m Vector w is spafse, if/many entrfes are zero:
W< (¥, 0,00, 04,0006,-7,.- )
m Very useful for many tasks, e.g.,
Efficiency: If size(w) =_100B, each prediction is expensive:
m |f part of an online system, too slow
m |f wis sparse, prediction computation only depends on number of non-zeros
Interpretability: What are the g
relevant dimension to make a
prediction? Participant

m E.g., what are the parts of the o
brain associated with particular

words?
Mean of
independently
lparned signatures
. l o O 6 over'a.llgnine
m But computationally paricipanss [T .
i ntra Cta b | e to pe rfo rm F s‘(«L *‘,'S Pars opercularis Postcentral gyrus Superior temporal

“all subsets” regression (=24mm) St slvs (ot

©2005-2014 Carlos Guestrin
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Simple greedy model selection algorithm
" JE
m Pick a dictionary of features

e.g., polynomials for linear regression

m Greedy heuristic:

Start from empty (or simple) set of
features F,= &

Run learning algorithm for current set
of features F, Aecreeas  {vrev ik rv\oj)"
= Obtain h,

Select next best feature X-I

= e.g., Xj that results in lowe HQQ error
learner when learning with' F; + {X}
F,., € F,+{X’}
Recurse

©2005-2014 Carlos Guestrin 31



Greedy model selection
" J
m Applicable in many settings:
Linear regression: Selecting basis functions
Naive Bayes: Selecting (independent) features P(X|]Y)
Logistic regression: Selecting features (basis functions)
Decision trees: Selecting leaves to expand

m Only a heuristic!

But, sometimes you can prove something cool about it

m e.g., [Krause & Guestrin '05]: Near-optimal in some settings that
include Naive Bayes

m [here are many more elaborate methods out there

©2005-2014 Carlos Guestrin 32



When do we stop???
"

m Greedy heuristic:

Select next best feature X"

m e.g., Xj that results in lowest training error
learner when learning with £, + {X}

+{X}
@ When do you stop??? /m
m \When training error is low enough? Mo

m \When test set error is low enough?

Cris§ e [, As Hom

—
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Regularization in Linear Regression
"

sually leads to very large parameter choices, e.g.:

m Ov u
22+3.1X-0.30 XZ)

Iy e S B Sy

Ve
/.
i
/

AT

\
13
b

!
\\
y

L11+47009107X 8,585,638.4 X? + ...

pmlb

lL.fy~
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m | Regularized or penalized regr%ssmn aims to impose a
“complexity” penalty by penalizing large weights

“Shrinkage™ method

L’L ¥ Oubizahn
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Variable Selection by Regularization
" I

m Ridge regression: Penalizes large weights

m What if we want to perform “feature selection™?
E.g., Which regions of the brain are important for word prediction?
Can’t simply choose features with largest coefficients in ridge solution

e /o (““ll'-"b ok jdlukon i nrectic
Ihthglding — et {F'(’ . __E_M’/s,e_)

m Try new penalty: Penalize non-zero weights
Regularization penalty: ?‘I Ny’ m

.
osked Nl — \ul, ¢ -
LAS5O S Jhe Jul lwil, = 2 h]
Leads to spatse solutions '.
Just like ridge regression, solution is indexed by a continuous param A

This simple approach has changed statistics, machine learning &
electrical engineering /

| —
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e
LASSO Regression “V,,mme.

" S e
m LASSO: least absolute shrinkage and selection operatc\)r
-t

———

= New oﬂ'ectixe:\}%_/"\‘z— N

Min 2 ( ((\(i) - (‘ﬂo +€|“’iki(’{i))

VAR N




Geogetrc Intuition for Sparsity

Lo

From
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Optimizing the LASSO QObjective
"

N k 2 k
WL ASSO Zafgﬂq{tijnz ( i) — w0+Zw hi( xj))) +)‘Z|wi|
i=1

J=1

Teke darwls (f h ? emfbowlc_l./

1' Bostoclue wi -""“w?}‘ ’
— W,

Z‘ ( ven 1 4(: jOV\ (on ‘A ’,l‘(( hv w-‘k
( twS Jr-\l(,ur,') ‘“\l ¢ ) Nnd C[OSu{ J{M -S'DL«";M ,/

'l;’ W LASSo n



Coordinate Descent | ety
remad yaL;n ‘ A:‘H "

" ;
Crror  lebvng PRSS1g

m Given a function F 6ves all f’"“"“""

Want to find minimum “(F,(;:;m..)m all PAkans

W ;&fjm:ﬂ F (w°, \N,I .,-'V“) hNﬁgvﬁ)[_r/Sbf S'm":)CC
w
m Often, hard to find minimum for all coordinates, but easy for one coordinate

1- A ophmizabi. prodb
m Coordinate descent: ‘mha\;u -0 or J‘omf“ﬁy 4'5(

Wl\i‘t ned (onwz;l/ ) fx ell  Sudt w;
()iclt- Coor diacte ¢ . /A/ \ ) l
I L T
Z — qcp'h'u;.k vy

= How do we pick next coordinate? LASW
Yotad r0bin ; Ve hins "SMJB' .'l
’ oy, 4o . U

s OCQI S, .‘NO.

m Super useful approach for *many* problems 0* ol

Converges to optimum in some cases, such as LASSO
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How do we find the minimum over each

coordinate?
"
m Key step in coordinate descent: syt omss -0

Find minimum over each coordinate

Avj"\;ﬂ 'F (\N.'W' ...‘Ni-ll 2.1 "v;”' ‘e l-v,)

¢

m Standard approa‘c;a:/ f”h‘

PR YE f

WHAT W,
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Optimizing LASSO Objective

~One Coorg'lniﬁite at a Time .,
2 k

N
Z( wo+sz z; ) AN
j=1 i=1
m Taking the derivative:

Residual sum of squares (RSS):

o k
T, IS (W :—QZhg z;) ( (w0+;wihi(xj)£

L
Penalty term: My, - | 72
® NJ nv:
& }\Z ‘\"’i - )\ '(_Q—- ‘We‘ y_ ﬁ‘[or'\m"
PO Ot ") e L
¢ [‘f.[,ﬂ n ‘M—'\"' We =0
Mg d — mot advacid  machiury for mastg

C‘-IIM f‘/\Lg fd\}t'(wl-



Owlevy (ooup o ? {f—b?’q‘

Coordinate Descent for LASSOy. 257 et i

G Soln figm O0A b int fo wfl

. _ y

(aka Shooting Algorithm) [T ECEpY. &

" SN < O ht ) ol < 9004
m Repeat until convergence tntzon

Pick a coordinateg at (random or sggjentially)

N

)('0\ 70 " Set: [ (co+N)/ar o< =\ [‘_ﬂ‘:"'{- "j‘*"’"V‘- Ws
Wp = 4 0 Cy € '[f,)‘_g )\] W, = Co
\ (Cg — )\)/a,g Cyp > A No
. e . .‘.’ K 2 k (Y)

s Where: N " -1 3 ({(4)\ -Zw; AN

?€:2Z(hf(xj))2 © 'ﬁ IR izl

V¢ cbmo“\( JN a A

, K,') Ce :2Zhg(xj) (t(xj) - (w0+zwihi(xj))>

‘e j=1 il

\'\f\/ 4

0(:?4-.13 on all W, Nm} for We
For convergence rates, see Shalev-Shwartz and Tewari 2009

m Other common technique = LARS
Least angle regression and shrinkage, Efron et al. 2004
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| Azea MLE Solwbin is
Soft Thresholding A e y
L - Ay
" J—
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Recall: Ridge Coefficient Path
o

0.6

T
== |cavol

=8 |Weight
0.5 ©— age
==& |bph
0.4 | ==6=svi
lcp From
=@ gleason .
0.3 | —@—pgg45 Kevin Murphy
0.2 textbook
0.1
Or G
-0.1F
_0.2 1 1 1 1 1
0 5 10 15 20 25 30
- —) A2 0

e

m Typical approach: select A using cross validation
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Now: LASSO Coefficient Path

0.7
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LASSO Example
" S

2
; ; Term Least %guares Ri&ge y assp
Intercept 2.465 2.452  2.468
X lcavol 0.680 0.420  0.533
<3 lweight 0.263  0.238 0.169

Gy age —0.141 —0.046
<j -lbp-l’: ) O_.2_10 _0—.362 1002
svi 0.305 0.227 0.094

lcp —0.288 0.000

gleason —0.021 0.040

pgg4b 0.267 0.133

—

—
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Mie - s

Debiasing
"

ok call =1 0,0 |
Original (D =4096, number of nonzeros = 160) .l,,.,, Para~l . A /
l T I T
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What you need to know
" J

m Variable Selection: find a sparse solution to learning
problem

m |, regularization is one way to do variable selection

Applies beyond regressions
Hundreds of other approaches out there

m LASSO objective non-differentiable, but convex = Use
subgradient

m No closed-form solution for minimization = Use
coordinate descent

m Shooting algorithm is very simple approach for solving
LASSO
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