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R
and

om
ize

d
 C

om
ple

x
ity

W
arm

up w
ith

 som
e sim

ple puzzles sh
ow

ing th
e slippery nature of

prob
ab

ility.

 T
w

o ch
ild

ren:  E
ach

 ch
ild

 is equally likely to b
e a b

oy or a girl. A
 fam

ily

h
as 2

 ch
ild

ren. O
ne of th

em
 is a b

oy. W
h
at is th

e ch
ance th

at th
e oth

er

one is a b
oy?

  (If th
e question said

, th
e
 o

ld
er one is a b

oy, th
en th

e answ
er w

ould
 b

e

1/2
.)

 M
onty H

all:  G
am

e sh
ow

 w
ith

 3
 d

oors. O
ne h

as a car b
eh

ind
 it, th

e

oth
er tw

o h
ave goats. Y

ou pick a rand
om

 d
oor, say #

 1. H
ost th

en opens

anoth
er d

oor, say #
3

 and
 reveals a goat. Y

ou are th
en offered

 th
e

possib
ility of sw

itch
ing to d

oor #
2

. S
h
ould

 you?

2

O
ne

 m
ore

 puzzle

T
w

o envelopes:  you h
ave th

e ch
oice b

etw
een tw

o envelopes containing

m
oney. O

ne envelope h
as tw

ice as m
uch

 as th
e oth

er. Y
ou pick one. T

h
en

you’re asked
 if you w

ant to sw
itch

.

S
h
ould

 you?

3

S
om

e
 e

x
am

ple
s w

h
e
re

 rand
om

ne
ss se

e
m

s use
ful…

 C
ryptograph

y:  if an eavesd
ropper can pred

ict w
h
at you’re going to d

o,

you’ve got a prob
lem

.

 S
ym

m
etry b

reaking:  b
reak up th

e “h
allw

ay d
ance

”  (useful in

d
istrib

uted
 c

om
puting).

 M
onte C

arlo sim
ulation

 T
esting

 p
olynom

ial equality

 D
atab

ase ch
ecking:

4

T
h
e
 ke

y id
e
a w

e
 just saw

 R
and

om
 fingerprinting:   find

 a sm
all rand

om
 “fingerprint” of a large

ob
ject. (e.g. value f(z) o

f a polynom
ial at a point z, in our first ex

am
ple).

 E
x
am

ple ob
jects: strings, d

ocum
ents, d

ata structures, etc.)

T
h
e fingerprint captures essential inform

ation ab
out th

e larger

ob
ject: if 2

 large ob
jects are d

ifferent, th
eir fingerprints are usually

d
ifferent.

5

T
h
e
 b

ig ope
n que

stion re
late

d
 to rand

om
ne

ss

D
o w

e need
 it?

C
an w

e “d
erand

om
ize” any rand

om
ized

 algorith
m

, I.e. convert it into a

d
eterm

inistic algorith
m

 w
ith

 rough
ly th

e sam
e efficiency?

6

R
and

om
ize

d
 C

om
ple

x
ity C

lasse
s

B
PP -- B

ound
ed

 E
rror Prob

ab
ilistic Polynom

ial T
im

e

   C
lass of languages L for w

h
ich

 th
ere is a polynom

ial tim
e algorith

m

M
(x

,r) such
 th

at for all inputs x
:

If x
 in L, th

en M
(x

,r) accepts w
ith

 prob
ab

ility at least 2
/3

If x
 not in L, th

en M
(x

,r) accepts w
ith

 prob
ab

ility at m
ost 1/3

U
sing p

rob
ab

ilistic T
M

 -- h
as a tape

 containing rand
om

 b
its “r”.

T
h
e num

b
ers 1/3

 and
 2

/3
 d

on’t m
atter so m

uch
, b

ecause w
e can

“am
plify”  th

e prob
ab

ility d
ifferences.



7

R
and

om
ize

d
 C

om
ple

x
ity C

lasse
s

B
PP -- T

w
o-sid

ed
 error

R
P -- R

and
om

ized
 polynom

ial tim
e

   C
lass of languages L for w

h
ich

 th
ere is a polynom

ial tim
e algorith

m

M
(x

,r) such
 th

at for all inputs x
:

If x
 in L, th

en M
(x

,r) accepts w
ith

 prob
ab

ility at least 1/2

If x
 not in L, th

en M
(x

,r) alw
ays rejects.

coR
P  (reverses th

e sid
e of th

e error)

S
om

e R
elationsh

ips:

P 
  R

P       P 
  coR

P     P 
  B

PP    R
P, coR

P 
  B

PP

R
P  

  N
P        c

oR
P  

  c
oN

P     B
PP  

  PS
PA

C
E

B
PP  

  N
P ???   W

e d
on’t know

.

W
e can’t even rule out B

PP=N
E

X
P!           B

ut m
any th

ink B
PP =  P!


