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CS E 589 Part VIII

� 7KRVH�ZKR�IDOO�LQ�ORYH�ZLWK�SUDFWLFH�ZLWKRXW�VFLHQFH
DUH�OLNH�D�VDLORU�ZKR�HQWHUV�D�VKLS�ZLWKRXW�D�KHOP�RU
D�FRPSDVV��DQG�ZKR�QHYHU�FDQ�EH�FHUWDLQ�ZKLWKHU�KH
LV�JRLQJ�

� ��������������������/HRQDUGR�GD�9LQFL

Reading

� '�'��6OHDWRU�DQG�5�(��7DUMDQ�´6HOI�$GMXVWLQJ�%LQDU\
6HDUFK�7UHHVµ��-RXUQDO�RI�WKH�$&0������������SS�
�������

� 6NLHQD���6HFWLRQ������
�
� :HLVV��´'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ
&��µ���QG�(GLWLRQ��6HFWLRQ�����

� /HZLV�DQG�'HQHQEHUJ��´'DWD�6WUXFWXUHV�DQG�7KHLU
$OJRULWKPVµ��6HFWLRQ����

S play T rees  – award winning

� 'DQQ\�6OHDWRU�RI�&DUQHJLH�0HOORQ�8QLYHUVLW\�DQG�%RE�7DUMDQ�RI
3ULQFHWRQ�8QLYHUVLW\�KDYH�EHHQ�DZDUGHG�WKH������.DQHOODNLV
7KHRU\�DQG�3UDFWLFH�$ZDUG�E\�WKH�$&0�IRU�WKHLU�LQYHQWLRQ�RI�WKH
6SOD\�7UHH�GDWD�VWUXFWXUH��7KLV�SUHVWLJLRXV�DZDUG�´KRQRUV�VSHFLILF
WKHRUHWLFDO�DFFRPSOLVKPHQWV�WKDW�KDYH�KDG�D�VLJQLILFDQW�DQG
GHPRQVWUDEOH�HIIHFW�RQ�WKH�SUDFWLFH�RI�FRPSXWLQJµ�

� ´6SOD\�7UHHV�DUH�D�VLPSOH��HOHJDQW�DQG�HIILFLHQW�VHOI�DGMXVWLQJ
GDWD�VWUXFWXUH�IRU�VWRULQJ�RUGHUHG�VHWV��7KH\·YH�IRXQG�WKHLU�ZD\
LQWR�WKH�/LQX[�DQG�17�NHUQHOV��WKH�*&&�FRPSLOHU��)25(�URXWHUV�
DQG�D�P\ULDG�RI�RWKHU�LPSRUWDQW�DSSOLFDWLRQV�µ

Another implementation of a Dictionary:
use binary search tree

� $�ELQDU\�VHDUFK�WUHH�LV�D�ELQDU\�WUHH�ZLWK�D�NH\�DW�HDFK
QRGH�X�VXFK�WKDW��IRU�HDFK�QRGH�ZLWK�OHIW�VXEWUHH�/�DQG
ULJKW�VXEWUHH�5��ZH�KDYH
• the key at u is greater than all the keys in L
• the key at u is less than all the keys in R

S play T rees

� VHOI�DGMXVWLQJ�ELQDU\�VHDUFK�WUHHV

� JXDUDQWHH�WKDW�DQ\�P�FRQVHFXWLYH�WUHH�RSHUDWLRQV
VWDUWLQJ�IURP�DQ�HPSW\�WUHH�WDNH�2�P�ORJ�Q��WLPH�
ZKHUH�Q�LV�WKH�PD[LPXP�QXPEHU�RI�HOHPHQWV�LQ�WUHH�DW
DQ\�WLPH�

� $QRWKHU�ZD\�RI�VD\LQJ�WKLV�LV�WKDW�WKH�DYHUDJH�FRVW�RI
DQ�RSHUDWLRQ��DYHUDJHG�RYHU�DOO�WKH�RSHUDWLRQV��LV
2�ORJQ���1RWH��WKLV�PDNHV�QR�DVVXPSWLRQ�DERXW�WKH
VHTXHQFH�RI�DFFHVVHV�

� &DOO�WKLV�DPRUWL]HG�ORJDULWKPLF�FRVW�

Amortized Analys is

� LQ�JHQHUDO��ZKHQ�D�VHTXHQFH�RI�P�RSHUDWLRQV�KDV�D�WRWDO
ZRUVW�FDVH�UXQQLQJ�WLPH�2�P�I�Q����ZH�VD\�WKH
DPRUWL]HG�UXQQLQJ�WLPH�RI�HDFK�RSHUDWLRQ�LV�2�I�Q��

� 'HILQLWLRQV�RI�DPRUWL]H��IURP�UHDO�GLFWLRQDU\�

� ����WR�SURYLGH�IRU�WKH�JUDGXDO�H[WLQJXLVKPHQW�RI��DV�D
PRUWJDJH��XVXDOO\�E\�FRQWULEXWLRQ�WR�D�VLQNLQJ�IXQG�DW
WKH�WLPH�RI�HDFK�SHULRGLF�LQWHUHVW�SD\PHQW

� ����WR�DPRUWL]H�DQ�H[SHQGLWXUH�IRU��DPRUWL]H�LQWDQJLEOHV!
�DPRUWL]H�WKH�QHZ�IDFWRU\!
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Idea

� ([SHQVLYH�RSHUDWLRQV�FDQ�RQO\�KDSSHQ�LQIUHTXHQWO\�
� ,I�\RX�HYHU�SD\�2�Q��WR�DFFHVV�DQ�HOHPHQW��\RX
PXVW�PRYH�LW�

L is t Update

� *LYHQ�D�OLQNHG�OLVW�/��VHTXHQFH�RI�UHTXHVWV�σ�WR�HOHPHQWV�LQ
OLVW��VHUYLFHG�RQOLQH

� &RVW�RI�DFFHVVLQJ�DQ�HOHPHQW�[�LQ�/� �SRVLWLRQ�RI�HOHPHQW�LQ
OLVW�

� $OVR��FDQ�WUDQVSRVH�WZR�DGMDFHQW�OLVW�HOHPHQWV�DW�D�FRVW�RI
RQH�XQLW�

������PLQLPL]H�WRWDO�FRVW�RI�DFFHVVLQJ�HOHPHQWV�LQ�σ

%HVW�RIIOLQH�VWUDWHJ\���QR�HIILFLHQW�DOJRULWKP�IRU�FRPSXWLQJ�LW
NQRZQ�

S leator & T arjan

� 0RYH�7R�)URQW�KHXULVWLF�DOZD\V�ZLWKLQ�D�IDFWRU�RI
��RI�RSWLPDO�RIIOLQH����FRPSHWLWLYH�

� 7UDQVSRVH�DQG�)UHTXHQF\�&RXQW�FDQ�EH�DUELWUDULO\
EDG�

Application of these ideas here:

� LI�D�QRGH�LV�WRR�GHHS��DIWHU�DFFHVV�LW�LV�PRYHG�WR
URRW

� QRGHV�RQ�SDWK�WR�DFFHVVHG�QRGH��ZKLFK�DUH�DOVR
GHHS��VKRXOG�EH�PRYHG�WR�OHVV�GHHS�SRVLWLRQ

� ZDQW�UHVWUXFWXULQJ�WR�KDYH�VLGH�HIIHFW�RI�EDODQFLQJ
WUHH�

S play trees

� VLPSOHU�GDWD�VWUXFWXUH�WKDQ�WKRVH�WKDW�H[SOLFLWO\
PDLQWDLQ�EDODQFHG�WUHH��GRQ·W�H[SOLFLWO\�PDLQWDLQ
DQ\�KHLJKW�RU�EDODQFH�LQIR�

� H[FHOOHQW�DPRUWL]HG�UXQQLQJ�WLPH����JXDUDQWHHV�GR
QRW�GHSHQG�RQ�DQ\�DVVXPSWLRQ�DERXW�GLVWULEXWLRQ�RI
DFFHVVHV

� SUDFWLFDOO\�HYHQ�EHWWHU�
• Locality of reference -- when a node is accessed it is likely to

be accessed again in the near future.

Crucial Operation called “S play”

� WR�´VSOD\µ�VRPHWKLQJ�PHDQV�WR�VSUHDG�LW�RXW�DQG
IODWWHQ�LW

� 6SOD\��.��7���ZKHUH�.�LV�D�NH\�DQG�7�LV�D�%67
PRGLILHV�7�VR�WKDW
• it remains BST with same set of items
• new tree has K at root if K was already in T
• if K was not in T, root contains key that would be predecessor

(or successor) of K if K were in tree.

� &DOO�WKLV�RSHUDWLRQ�´VSOD\LQJ�WKH�WUHH�DURXQG�.µ
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Rest of dictionary operations

� *LYHQ�DQ�LPSOHPHQWDWLRQ�RI�VSOD\�RSHUDWLRQ��UHVW�RI
GLFWLRQDU\�RSHUDWLRQV�FDQ�EH�LPSOHPHQWHG�HDVLO\�
• Lookup(K,T)
• Insert(K, Info, T)
• Delete (K,T)
• Concat(T1, T2):

• input -- two BST’s T1 and T2 such that every key in T1 is less than
every key in T2

• output -- BST containing all keys in either T1 or T2
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How to implement S play (K,T )?

� )LUVW�VHDUFK�IRU�.�LQ�XVXDO�ZD\��UHPHPEHULQJ
VHDUFK�SDWK�E\�VWDFNLQJ�LW��/HW�3�EH�ODVW�QRGH
LQVSHFWHG���,I�.�LV�LQ�WUHH��.�LV�LQ�QRGH�3��RWKHUZLVH�
3�KDV�HPSW\�FKLOG�ZKHUH�VHDUFK�IRU�.�WHUPLQDWHG�

� ,GHD����SHUIRUP�VLQJOH�URWDWLRQV�ERWWRP�XS���
UHWXUQ�DORQJ�SDWK�IURP�3�WR�URRW�FDUU\LQJ�RXW
URWDWLRQV�WKDW�PRYH�3�XS�WKH�WUHH��VR�WKDW�ZKHQ
VSOD\�LV�FRPSOHWHG��3�ZLOO�EH�WKH�QHZ�URRW�

Better proposal

• Case I: P has no grandparent (that is, Parent(P) is the root).
Perform a single rotation around the parent of P, as illustrated
in Figure 7.21 or its mirror image.

• Case II: P and Parent(P) are both left children, or both right
children: Perform two single rotations in the same direction,
first around the grandparent of P and then around the parent
of P as shown in Figure 7.22 or its mirror image.

• Case III: One of P and Parent(P) is a left child and the other
is a right child: Perform single rotations in opposite directions,
first around the parent of P and then around its grandparent,
as illustrated in Figure 7.23 or its mirror image
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T he big theorem

� HIIHFW�RI�URWDWLRQV�P\VWHULRXV��VXEWOH�DQG�DFWXDOO\
QRW�WKDW�ZHOO�XQGHUVWRRG�

� 6SOD\�7UHH�7KHRUHP�
• Any sequence of m dictionary operations on a splay tree that

is initially empty and never has more than n modes uses O(m
log n) time in worst case. Therefore, the operations have
amortized O(log n) time.

� $QDO\VLV�VXEWOH��QHHG�WR�VKRZ�WKDW�WLPH�´VDYHGµ
ZKLOH�SHUIRUPLQJ�ORZ�FRVW�RSHUDWLRQV�FDQ�EH�´VDYHG
XS�IRU�XVHµ�GXULQJ�WLPH�FRQVXPLQJ�RSHUDWLRQV

� :H·OO�VSHQG�WKH�QH[W�VHYHUDO�VOLGHV�SURYLQJ�WKLV�

Idea of Proof

� XVH�EDQNLQJ�PHWDSKRU�
• You will give me O( log n)  dollars per dictionary operation
• I will either save it or use it to pay for the rotations I do.
• If I do a Splay  operation that consists of d basic steps, I will

pay you d dollars.
• My only source of money is what you give me.
• If I can show that I never fail to pay you for the operations,

then we can argue that the total cost of m operations is O( m
log n)
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More on idea of proof

� ,�ZLOO�VDYH�WKH�PRQH\�\RX�JLYH�PH�LQ�´EDQN
DFFRXQWVµ�DW�HDFK�QRGH�LQ�WKH�WUHH��HDFK�RI�ZKLFK
ZLOO�EH�UHTXLUHG�WR�PDLQWDLQ�D�FHUWDLQ�PLQLPXP
EDODQFH�

� 0LQLPXP�EDODQFH�LQ�D�EDQN�DFFRXQW�DW�QRGH�ZLOO�EH
UHODWHG�WR�LWV�QXPEHU�RI�GHVFHQGHQWV��PRQH\
LQYDULDQW�EHORZ�

� SD\PHQW�,�PDNH�WR�\RX�IRU�HDFK�RSHUDWLRQ�
• some will come out of bank accounts at nodes
• some will come from new investment (what you paid me)

Definitions

� IRU�DQ\�YHUWH[�Y�LQ�WKH�WUHH�
• w(v): the weight of v = number of descendents of v (including

v itself)
• r(v) : the rank of v =  floor(log 2 w(v))

� 7KH�0RQH\�,QYDULDQW��HDFK�YHUWH[�Y�KDV�U�Y��GROODUV
LQ�LWV�DFFRXQW�DW�DOO�WLPHV�

Us ing money during splay process

� 0RQH\�LV�XVHG�LQ�WZR�ZD\V�GXULQJ�VSOD\�SURFHVV
• we pay for the time used. $1 per operation (zig, zag, zigzig,

zagzag, zigzag, zagzig)
• since the shape of the tree changes as the splay is carried

out, we may have to add money to the tree, or redistribute the
money already in the tree, in order to maintain the Money
Invariant everywhere.

T he Investment Lemma

� ,W�FRVWV�DW�PRVW���IORRU�ORJ�Q�������QHZ�GROODUV��WKLV
LV�WKH�PRQH\�\RX�SD\�PH��WR�VSOD\�D�WUHH�ZLWK�Q
QRGHV�ZKLOH�PDLQWDLQLQJ�WKH�0RQH\�,QYDULDQW
HYHU\ZKHUH�

� :H·OO�GR�WKH�SURRI�RI�WKLV�ODWHU�

Proof of S play T ree T heorem us ing Investment
Lemma

� $Q\�GLFWLRQDU\�RSHUDWLRQ�RQ�D�WUHH�7�ZLWK�DW�PRVW�Q
QRGHV�FRVWV�2�ORJ�Q��QHZ�GROODUV�
• Lookup(K,T) costs only what the splay costs, which is O(log

n)
• Insert(K,Info, T) costs for splay plus what must be banked in

new root to maintain invariant , for a total of O(log n)
• Concat(T1, T2), where T1 and T2 have at most n nodes,

costs the splay at T1, plus what must be banked at root to
make T2 a subtree, for a total of O(log n).

• Delete(K,T) costs splay of T, plus the costs to concatenate
resulting subtrees, which is O(log n)

� 8VLQJ�,QYHVWPHQW�/HPPD�2�P�ORJ�Q��GROODUV�DUH
HQRXJK�WR�SD\�IRU�WKH�ZKROH�WKLQJ�

T o prove investment lemma

� 7ZR�REVHUYDWLRQV�DERXW�UDQNV
• rank of a node >= rank of any of its descendents
• Rank Rule: if a node has 2 children of equal rank, then its

rank is greater than that of each child
• Proof of Rank Rule:   node x has two children, u and v

w(u ) >= 2 r(u)

                       w(v ) >= 2 r(v)

w(x) > w(u) + w(v) >= 2 r(u) + 1

log(w(x)) > r(u) + 1
floor(log (w(x)) >= r(u) + 1
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Another Lemma

� FRQVLGHU�VLQJOH�VWHS�RI�VSOD\�RSHUDWLRQ��FDVH�,��,,
RU�,,,�
• let r(P) denote the rank of P before the operation
• let r’(P) denote the rank of P after the operation

� &RVW�RI�6SOD\�6WHSV�/HPPD
• A splay step involving node P, the parent of P and possibly

the grandparent of P can be done with an investment of at
most 3(r’(P)-r(P)) new dollars, plus one more dollar if this was
the last step in the splay

� GHIHU�SURRI�IRU�D�PRPHQW

Cost of S play S teps Lemma => Investment
Lemma

� /HW�U�L��3��GHQRWH�WKH�UDQN�RI�3�DIWHU�L�VWHSV�RI�WKH
VSOD\�RSHUDWLRQ�KDYH�EHHQ�FDUULHG�RXW�

� %\�&66/��WKH�WRWDO�LQYHVWPHQW�RI�QHZ�PRQH\
QHHGHG�WR�FDUU\�RXW�VSOD\�LV�� 
   3(r’(P) - r(P))
+ 3(r(2)(P) - r’(P))
+ ...
+ 3( r(k)(P) - r(k-1)(P)) + 1
where k is the number of steps needed to bring P to root.
But r(k)(P) is the rank of the original root <= floor (log n)
Total <= 3( r(k)(P) - r(P)) + 1 <= 3 floor (log n)  + 1

Proof of Cost of S play S teps Lemma

&DVH����3�KDV�QR�JUDQGSDUHQW��ODVW�VWHS�
1 extra dollar pays for time to do rotation

# new dollars need to add
= r’(p) - r’(q) - r(p) - r(q)
= r’(q) - r(p)
<= r’(p) - r(p)

Proof of Cost of S play S teps Lemma, cont.

&DVH����]LJ�]LJ
to maintain money invariant need to add
r’(p) + r’(q) + r’(r) - r(p) - r(q) - r(r)
= r’(p) + r’(r) - r(p) - r(q)
<= 2(r’(p) - r(p))

Case (a): r’(p) > r(p). Then there are $ left over to pay for
rotations

Case (b): r’(p) = r(p)

CS S L, Case 2(b) r’(p) = r(p)

)DFW����U·�S�� �U�U�
)DFW����U·�U����U�S�

r’(r) <= r’(p) = r(p)
can’t have r’(r) = r(p) by Rank Rule on middle tree

)DFW����U·�T��� �U�T�
r’(q) <= r’(p) = r(p) <= r(q)

 !�FDQ�PRYH��U·V�PRQH\�WR�S��S·V�PRQH\�WR�U�DQG�T·V
PRQH\�WR�T�WR�PDLQWDLQ�LQYDULDQW�DQG�VWLOO�KDYH��
OHIWRYHU�WR�SD\�IRU�URWDWLRQ�
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Proof of Cost of S play S teps Lemma, cont.

UHPDLQLQJ�FDVHV�UHTXLUH�VLPLODU�DQDO\VLV

S ummary on S play T rees

� RQH�RI�WKH�PRVW�SRSXODU�ZD\V�WR�LPSOHPHQW�ELQDU\
VHDUFK�WUHH
• relatively simple (splaying can also be done top down)
• no extra fields needed
• excellent temporal locality properties
• m>= n operations costs O(m log n), good amortized time

complexity

� RQ�QHJDWLYH�VLGH
• all those rotations add a significant constant factor
• worst case for a single operation can be costly

� ELJ�RSHQ�SUREOHP��G\QDPLF�RSWLPDOLW\�FRQMHFWXUH


