Moden Spectral Graph Theory Fall 2024

Lecture 10: Approximate Counting and Mixing Time of Markov Chains

Lecturer: Shayan Oveis Gharan

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.

In this lecture we use the machinery we developed to study Glauber dynamics for the Ising model to study
the hard-core model. We are given a graph G = (V, F) with maximum degree A; we want to sample an
independent set I with probability proportional to Al for 0 < X\. The main theorem we will prove is the
following:

Theorem 11.1. For any graph G = (V, E) of mazimum degree A, if A < (1 — 5)% =: (1 =0)A.(Q)

then 7 is Ogs(1) spectrally independent.
Then, following the machinery we developed in the last lecture we have the Glauber-dynamics mixes in
polynomial time.

Throughout this lecture we write

Z(u,v) := Uy (u,v) :=Ploju] — Plv|a].

In fact we prove the following theorem,
Theorem 11.2. If A < (1 — 0)A:(A) then for any vertex r,

D IZ(r = v)| < 0s(1).

vFET

Having this Theorem 11.1 simply follows from the fact that

Amax(¥r) < max > [Ur(r,v)| < Os(1).

This in particular shows that 7 is Os(1) spectrally independent. Now, all pinnings of 7 also correspond to
the hard-core model on graphs of maximum degree < A. So, the above theorem also implies all pinnings of
7 are Og(1)-spectrally independent.

11.1 Self-avoiding Walk Tree

The main fundamental step in proving Theorem 11.2 is to reduce the theorem from arbitrary graphs G (with
maximum degree A) to trees (with maximum degree A) in which we want to bound the maximum influence
of the root to the rest of the vertices. This builds on Weitz’s influential correlation decay technique [Wei06]

We start by defining the self-avoiding walk trees. Given a connected graph G = (V, E) be a connected graph,
and a specific vertex r € V', and a total ordering of the vertex set V, the self-avoiding walk (SAW) tree
rooted at 7, Tsaw (G, r) is defined as follows: It is a tree rooted at r of all paths starting at r in G except
that whenever a path closes a cycle, say r = vg,v1,...,vg,v; where 0 <i < k—1, the copy (in the tree) of of
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v; (in G) is fixed to be occupied if v;11 < vi in the total order and un-occupied otherwise. See the following
picture for an example. So, observe that there are multiple copies of every vertex of G in the tree. For each
v € V we denote the set of all unfixed copies of v in Tsaw (G, r) by C,.

For the sake of the proof we assume that every vertex v has a distinct activity parameter, A,. In that case,
all copies of v from C, will have the same activity parameter A, in the SAW tree. As alluded to above, we
will show that for any vertex v # 7, Zg(r — v) = > ;o Ir(r — 9).

To establish that, the idea is to look the generating polynomial of the hardcore model as a multivariate
polynomial in terms of vertex activities {\, }yey and relate the generating polynomial of G to the generating
polynomial of T. Let A = {\, },ev denote the vector of vertex activities. We define the partition function,

gG()‘) = Z H A'U

I independent set vel
For a vertex v we write g, to denote the generating polynomial of the hard-core model when v is in, i.e.,
A0y, ge and similarly we let go.5 = ga(Ay = 0).

Theorem 11.3. Let G = (V,E) be a connected graph, r € V be a vertex such that G is connected. Let
T = Tsaw (G, 1) be the self-avoiding walk tree of G rooted at r. Then, ga.(A) divides gr. (). More precisely,
there exists a polynomial pc(ry = Pa(r)(A—r) (that is independent of A, such that

9r,r = 9G,r " PG(r)» 9gr.r = 9G,7 - PG(r)-

For a vertex u we write gg ,, to denote the generating polynomial of all independent sets that contain u and
similarly we write ggz to denote the polynomial that u is out. First, we use the above theorem to prove the
following lemma.

Lemma 11.4. For any vertex v # v, Zg(r — v) = ) e, Ir(r — 0)
Proof. The main observation is that if g(z1, ..., 2z,) is the generating polynomial of a probability distribution
7 over n items, then for any 4, the marginal of i is exactly equal to 2;0,, log g.

Having this we can write,

(A
Ao, log 2820 3 0, (10860 (3) ~ Tog g )
ga7(A)
= A, log g, (A) — AwOa, log ga,r
=Plv|r] = P|F] = Zg(r — v). (11.1)
In other words, the above calculations follows by a simple fact that if g(z1, ..., z,) is a generating polynomial

of a probability distribution over n items, then for any ¢, the marginal of i is exactly equal to z;0., log g.
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On the other hand, recall that for the SAW tree T' , every free copy ¥ of v has the same activity Ay = A,.
So, by the above theorem,

gc.r(A) gr,r(A) .
AvOh, lo : = \,0y, lo : Theorem 11.3
vO), 108 gG’?()\) vO), 108 gT’?()\> ( )
= > As0, log gr.r(N) O As(Aw) (Chain Rule)
veC gT,?()\) a>\v
=Y Ir(r—9)
DEC,
This completes the proof of the lemma. O

11.2 Reduction to Self Avoiding Walk Tree

In this section we prove Theorem 11.3. The proof is an inductive argument in which we condition on
additional vertices of the graph G to be in/out. Therefore, we will need a stronger inductive hypothesis. For
A C V and a partial configuration o5 € {0,1}*, we define the SAW tree with conditioning o5 by assigning
the configuring o, to every copy ¢ of v from C, and removing all descendants of ¢ (from the tree), for each
v € A. Recall that in general, different copies of v from C, can receive different in/out assignments. We define
the generating polynomial g (.) to denote the generating polynomial of all independent sets consistent with
the status of the set A of vertices.

We inductively prove that, there is a polynomial pgA(T)()\) (that is independent of A, such that
97 = 9GPy and 97 = 98 PEy
We induct on the number of edges with (at least) one endpoint in the set V'\ A.

Suppose that the root r has d neighbors vy, ...,vg in G. Define G’ to be the graph obtained by replacing the
vertex r with d vertices rq,...,rq4 and then connecting {r;,d;} for 1 < i < d. For simplicity, we assume that
(G\ {r}) \ A is still connected. For each i, let G; = G’ — r;. Consider the hardcore model on G7* together
with an additional conditioning that the vertices rq,...,r;—1 are fixed to be out while r;y1,...,rq are fixed
to be in; we denote this conditioning by oy, with U; := {v1,...,v4} \ {vi}. Then, T = Tsaw (G,r) can be
generated by the following recursive procedure.

Step 1) For each i, let T; = Tsaw (G;, v;) plus the conditioning oy, ;

Step 2) Let T'= Tsaw (G, r) be the union of r and 71, ..., Ty by connecting {r,v;} for 1 <i < d; output 7.

Observe that this algorithm exactly corresponds to the definition of the self-avoiding walk tree we gave in
the previous section.

For the purpose of the proof we set A,, = 1 for all 1 <4 < d instead of A, (this is basically how we will avoid
Ar in as a parameter of pgAJ,). Observe that by definition

oA

oA OA TA
9G,r = )‘rgc/,m,...,rd 97 = 9G" 71,...7a (11.2)

The main observation is that the graph G; has one edge less than G, so by induction hypothesis, its generating
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polynomial divides the generating polynomial of a tree. Define A; = A U U;. We write

d
970 = Ar H Q;,A%l (recursion of a tree)
i=1
d
oA, oA; . .
=\ H 96w, " PG (o) (Induction Hypothesis)
i=1

d d
_ oA oA
=Ar HgG/,Fl,...,Fi_l,m,...,rd : HpGi('Ui)
i=1 i=1

d d
_ OA oA TN
= Y9G, HgG’fl ,,,,, i 1yTiseesTd Hqu‘,('Ui) (by (11'2))
=2 =1
Similarly, we can write
d d
oA _ oA oAy IA; TN IA; TN
917 = H(gTi,vi + gTiﬁi) - H(gGi,'Ui 'pGi('Ui) + 9a, v .pGi("Ji))
=1 i=1
d d d—1 d
_ oA OA; _ OA oA A
- HgG’,Tl ----- T\ T LseeTd HpGi('Ui) =97 H G Fr e iy Tig1 s HpGl(vl)
=1 =1 =1 =1

The inductive step simply follows by letting g‘(’;’zr) = H;l:2 gg’?il7,”,;1_”“,,“,” : H?:l P(Z;Aiiv,i)

This completes the proof of Theorem 11.3. Using Theorem 11.3 and Lemma 11.4 to prove Theorem 11.2 it
is enough to prove the following theorem:

Theorem 11.5. For any A-ary tree T rooted at a vertex v and any A < (1 — §)A(A), we have

> I(r —v) < 0s(1).

11.3 Bounding Influences on a Tree

Given a tree T (where every vertex has at most A — 1 many children (note that root can really have A
children but we ignore that for simplicity let L,(k) be the number of vertices at distance k of the root.
[CLV20] proved that if the activity parameter A < (1 — 6)A.(A), then we have the following bound: For any
kE>1,
> I(r—w) <4(1-6/2)F!
vEL, (k)
Summing this up for K =1 — oo, even if T' has infinitely many vertices, we get

> I(r —v) < 8/6.

Next, we will explain the main ideas to prove the above bound. First, for a vertex v € T, let T, be the
sub-tree of T rooted at v; thus T}, = T. Let R, := i: ;8; = P]P[)Ef’o‘ﬂ]. Say a vertex u has d children vy, ..., vq
in the tree; the tree recursion is a formula that computes R, given R,,,..., R,, due to the independence of

T,,’s. More specifically, there is a function F} : [0, 00]¢ — [0, co] such that

1
R, +1

d
Ry =Fy(Ry,,...,Ry,) = )\H
i=1
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We leave it as an exercise to verify the above formula.

Recall that by equation (11.1), the influence of r to a vertex u is the derivative of log R, with respect to the
external field at u. So, it is natural to define an analogue of the Fj function for the log ratio quantity. More
specifically, let Hy := [—00, +00]% — [—00, +00] defined as follows:

d
1
log R, = Hq(log R,,,...,log Ry,) := log/\—|—Zlog g

log R,
i=1 € ’

To put it differently, Hy; = log oF; o exp.
The following lemma follows from the fact that we are analyzing influences in a tree.

Lemma 11.6. Suppose that u,v,w € T are three distinct vertices such that v is on the unique path from u
to w. Then
(v —»w)=Z(u —v) - Z(v = w)

Proof.
Zlu = w] = Pw|u] — Plw|a]
=P [v|u] P [w|u,v] + P [0]u] P [w]ut] — P [v|a] P [w|a, v] — P [o|a] P [w|v, 4]
=P [v|u] P[w|v] + P [0]u] P [w|v] — P[v|a] Pw|v] — P [8|a] P [w|v]

The last line uses that T is a tree and v is on the path from u to w. On the other hand,

Tlu — v]Zfo — w] = (B [olu] - B [ola]) - (B [e]o] — P [w]3])
— Pwfo] - (Blo]u] - B[o]al) - Plwld] - (B[
=P

[wlv] - (P [vfu] — P fv]a]) — P fw[o] - (P[0

<

as desired. O

For the second lemma we need another notation: For y € [—o0, 0] define

0
= ain(ylw"7yi—17y7yi+17"'ayd)' (113)
Yy

It follows by (11.1) that

Lemma 11.7. For any vertex v € T and any child u of v we have

Z(v — u) = h(log Ry).

Proof.

OyHq = 0y | log A + log

1 1
l—s—ey+ Z 1+ e¥

1<j<d, j#i
1
= Oy log T
__8y(1+ey) _ e Ry
1+ev 1+ e¥ 14+ R,
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Having the above two lemmas we can simply write the influence of r to vertices in Ly (r) inductively. Now,

the main issue is that the straightforward recursion gives us terms of the form Hi:ol h(log R,,;) for any path
r = ug,...,ur_1,ur. And, in principal we can have as many as (A — 1)* many such paths. A direct upper
bound on such a product does not give a tight bound on the influence (that is independent of A) as we have
to multiply the upper-bound by (A — 1)*.

The trick is to use a method called the potential method: Instead of tracking log ratios in the tree recursion
we apply a potential function ¥ and study how ¥(log R,,) evolves in the tree. We also let ¢ := ¥’ be the
derivative of the potential. More precisely define

HY :=VoHyoWU !
We prove inductively that for any vertex v € T,
D>, bllogRy)[Z(u =) < max {v(logRu)}-(1- )
vE L,y
UELu(k)

where L, (k) is the set of vertices at distance k of u and « is a parameter that we choose later. The base

case can be checked easily. Now, suppose the claim is checked for k — 1. Say w has d children wy, ..., wq.
We write,
d
Z Y(log Ry)|IZ(u — v) = Zw(log R)IZ(uw — w;)] Z |Z(w; — v)| (Lemma 11.6)
vE Ly, (k) i=1 vELy, (k—1)
d
Y (log Ry)
= h(log R, Y(log Ry, ) Z(w; — v Lemma 11.7
; w(longl)| ( ) UEL;(:]H) ( )Z( )« )
d
Y (log Ry) k—1
< ——=—"|h(log R, logR,) - (1 — IH
<Y Fog po o Rl nse | w0 R) (1= 0) (1H)
1ogR
< log R,)( h(log R,
< véIIlfz}((k)w( og Z (o )l

Finally, the last observation is that the quantity in the sum is exactly ||VHd (T(log Ry, ), .-, ¥(log Ry,))
So, the main property of the potential function is that for any y1,...,ys in the range of ¥ we have

Hv‘Ht?lIl<y17ayd)Hl < 1—oa.

Iy

It turns out that this can be achieved for ¥(y) = +/|h(y)| and ¥ defined accordingly and for o > §/2. In
particular, we can write

Z (logR) (log Ru,)| =

i=1 i=1

d
Z v |h(log R,, ||h o Ro)

|h(log Ru, )|

d 1
B Zd: >‘Hj—1 I+R,, Ry,
=1 1+ A HJ 1 1+Rm 1+ Rwi

We leave it as an exercise to bound the RHS by 1 — §/2 assuming A < (1 — 0)A.(A). Note that d < A — 1.
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