Theorem 10. Suppose that we have a finite set of hypotheses H (i.e., |H| < o0) and hy =

?Vggl.l/a’ arg minpey R,,(h) Also, assume that the data is separable (i.e., the perfect classifier h* with no
"\,_( error exists). For any €,0 € (0,1), we have Pr (R(izn) > €) < whenever n > e log(l%l). In

\ e other words, for any €,8 € (0,1), with probability 1 — &, we have R(hy,) < %
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Algorithm 1 CAL

1: Initialize: Zo =0, Vo =H
2: fort=1,2..ndo
3:  Nature reveals unlabeled data point x;

4: if 2, € DIS(Vt_l) then

5: Query vy, and set Z; = Z;_1 U (x4, y4)

6: else

7 Zy = Ziq

8: end if ; <
9 Vi={heM:h(z:)=yi V(i yi) € Zt} 2— Vecsion Spece
10: end for

11: return any h € V,

Definition 6. For some hypothesis class H and subset V- C H where for each h € H,h : X — {0, 1},
the region of disagreement is defined as

DIS(V)={x e X :3h,h € Ws.t h(z)#h(x)}

which is the set of unlabeled examples x for which there are hypotheses in V' that disagree on how
to label x.



WelVe vt

Algorithm 1 CAL Algorithm 2 Efficient CAL
1: Initialize: Zo =0, Vo = H 1: Initialize: Zo = 0
2: fort=1,2...ndo 2: fort =1,2..n do
3:  Nature reveals unlabeled data point z; 3:  Nature reveals unlabeled data point z;
4:  if &y € DIS(V;—1) then 4:  if for y € {0,1} 3hy € H : hy(zs) =
5: Query y;, and set Z; = Z; 1 U (x4, y4) Vs, V(zs,ys) € Zy_1 U (24,7) then
6: else . v 5: Query v, and set Z; = Z;—1 U (x4, y¢)
T Zy = Z1 // (je - L(%) :l’] (xo VLG k%: else
8: end if i Zy = 244
9: Vi={heH:h(z;)=yi Y(xi,yi) € Z4} 8:  end if

10: end for 9: end for

11: return any h €V, 10: return argmingey Y-, ez, H{A(2) # y}-
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Definition 7. The disagreement coefficient of h € H with respect to a hypothesis class H and
distribution Dx is defined as
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Px.p, (X € DIS(B(R, [ -5 .
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Theorem 11. Let h* = argminey R(h) and assume R(h*) = 0. Suppose n iid labeled examples — .

{(@i,yi)}1y are drawn from D and V,, = {h € H : h(z;) = y; Vi € [n]}. If we request A additional £
labels only when the samples lie in the disagreement region DIS(V,,), where A = 20+ log(|H|/9),
then, with probability greater than 1 — & we have supycy, ,, R(h) < supjey, 210 P —
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Consider a finite hypothesis space H and consider any @ C (72{) where (h, h') € Q can be considered
an edge connecting any two hypotheses. For any y € {0,1} define H, 5 = {h € H : h(z) = y}.
We say an example x p-splits @ if requesting its label reduces the number of edges by at least a
fraction p € (0,1):

max{|Q NH,0)l, QN K|} < (1-p)IQ-
We are now ready to introduce the splitting index.

Definition 8. Fiz any subset S C H and Q C (g) such that P(h(X) # W(X)) > &, V(h,h') € Q.
Then we say S is (p, €, T)-splittable if P(X splits Q) > 7.

Basically, the definition is saying that to reduce the number of pairs of hypotheses that differ by
at least € by a fraction at least p, requires 1/7 unlabeled data. If # is finite, and H is (p,€,7)-
splittable, then it is almost immediate that there exists an algorithm that requires 1/(7p) unlabeled
data and 1/p labels to identify an e-good classifier ([Dasgupta, 2005b] suggests one, though it is
computationally intractable). What is more important is the reproduced lower bound:

Theorem 12 ([Dasgupta, 2005b]). Fiz any hypothesis space H and distribution D over X x {0,1}.
Suppose that for some p € (0,1), € € (0,1) and some 7 € (0,1/2), the set S C H is not (p,€,T)-
splittable. Then any active learning strategy that achieves an accuracy of €/2 on all target hypotheses
in S must, with probability at least 3/4 (taken over the random sampling of data), either draw > 1/7
unlabeled samples, or must request > 1/p labels.



