Diffusion Models

Instructor: John Thickstun

Discussion Board: Available on Ed
Zoom Link: Available on Canvas
Instructor Contact: thickstn@cs.washington.edu

Course Webpage: https://courses.cs.washington.edu/courses/cse599i/20au/
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Score Function Sampling

+ Learn a score function sy : R* — R® to approximate s(z) = V, log p(z).

e Sample via Langevin dynamics:

Ti11 = ¢ — NV logpg(xs) + /2ney

= 21 + nSp(xt) + \/ 21

* In continuous limitas 7 — 0, D(z¢ || pg) — 0 as t — oc.

 How long will | need to run this Markov chain? A long long time.
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Accelerated Mixing

e Loss surface is highly non-Lipschitz.

e Let p,(X) be the distribution of x + ¢,.

+ Where x ~ p, and €, ~ N(0,0°1).

o Simulated annealing: smooth out the likelihood surface.

* Gradually un-smooth, while slowing down the learning rate.

CSE 599I: Generative Models Lecture 18 University of Washington



Ington

L AN L

ICEC

5\. .
s
Goke

ty of Wash

IVersli

Un

Pract

=
"
O

o 3
- AP
. ™

o0
1
QO
-
-
—
&
Q
-

(VS ST LAl (v e
....syv;h. /”.V. w ) ..Wﬁ* \u..
.\ Yo ') .L.lo..l.* ’ N
o .-’-‘ . ad‘lfnlll. .
< ~ﬁvf—. 3 ﬂh\. .fh..;\.fn. ' X .
QAR S o e AR |

2 )

Song and Ermon, Neurips 2019

S AT

o SOniNE

Lo TR
e 0N e
e » ‘

~

- —_
e ey
\f:.\&a._.a.i e

.‘\
»

”MI..'.-

'.CW

Models

-~

.OJ o\...‘v m

WA T

—
A

lbsWu‘ ] 040 - l”o\W\”
i n Lo, ) SN
..\. el
» -y ll-(

Ive

= Bk

-

Iu <N
. N -..-O\l‘ I — . -
: e --.l\fuwaﬁ ! .-@- %J... v .
- .w\. Lo 5. . . ; 'y - ’ LAY
. b A - » ' * (A ‘V
TR PPty S oy
3 SRy Ml (MRS BV 5 0
....a-.z.u‘...«..uww}uonu. .. ....\..sot,

LT D ot

Generat

Langevin Dynam

Sampling from MNIST (left) and CIFAR-10 (right) EBMs Using Langevin Dynamics
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Denoising Autoencoders

* | earn to denoise noise-corrupted data: recover x given x = x + €.

 Suppose data lives on a low-
dimensional manifold.

e Learn to project noise-corrupted
data back onto the manifold

 Optimize a reconstruction objective:
Vincent et. al., JMLR 2010

0, 6" —argmin E |z — go(f4()]1>
0,0 (:E,:E)Np
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Generative Denoising AE

Can we turn denoising autoencoders into a generative model?

* |dea: construct a Markov chain of progressively less noisy samples:
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Ho, Jain, and Abbeel, Neurips 2020

What if each transition pg(z;_1|x+) were given by a denoising autoencoder?
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Diffusion Models

 Want to model the distribution of x ~ p, where x & RY.

» Construct a Markov chain xg, ..., xp € R%.

o Learn a transition model, e.g. po(xi—1|xt) = N (x¢_1|po(x¢, 1), Xo (x4, 1)) .
 Base case: p(x7) = N(0,1).

» Marginal distribution over xg is pg(Xg) = /pQ(X(), o, X7)dXq .. dXp

 Learn the parameters so that p(xg) ~ pg(xo).
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Maximize the Likelihood?

 Want to model the distribution of x ~ p, where x & RY.
« Marginal distribution over xg is pg(xg) = /pg(xo, LX) dXq .. dX.
* Learn the parameters so that p(xg) =~ ps(xo).

e |Likelihood is intractable;

argmax [E |logpe(xo)l= E log/pg(x(), X)) dXq .. dXT

6 Xo~vp Xo~vDp

 Use the variational approximation!
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Posterior Approximaticn

» \Want to model the distribution of x ~ p, where x & RY.

» Marginal distribution over x is po(xg) = /pQ(XO, LX) dXq .. dXp.

o Fix qi(x¢|x1_1) = N(xy; \/1 — Bixi—1, Bl ) (hyper-parameters j3,).

 The evidence lower-bound (Jensen):

argmax [ |logpg(xg)] > E |log Po(Xo:7)

0 X0 ~P x’;?;fq i Q(XI:T‘XO)_ |
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Unpacking the ELBO

» The forward process: q:(X¢|x¢—1) = N (X¢; \/1 — Bix¢_1, B¢ 1),

» The reverse process: po(Xi—1|X¢) = N (xp_1|po(x¢, 1), Xo(x4, 1)) .

, log p@(XO:T) _ o logp XT ZIO pe Xt— 1‘Xt)
Xy oreog L q(X1:7|%0) _ X1oreg L t>0 q(Xe|x¢ - 1’XO)-
— T — log p(x7) Zlog Po(Xt—1[x1) q(x1-1)[X0)
Xf%;}jq i =0 Xt 1‘Xt7XO) Q(Xt‘XO)
P\XT pe X X
— xft —log (( | )) Zlo t| 1 t)) log pe(x0|x1) | -
Xl?Tqu I qd\XT1|X0 =1 Xt 1|X¢t, X0 ]
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Closed Form Conditionals

 The forward process: qt(xt\xt_l) = N(xt; \/1 — [iXy_1, 6tl).

X (X¢_1|X
i Lo | q(xT1|%0) =1 q(x¢—1]X¢,X%0) )

« Conditionals have closed form: q(x;_1|x¢,%Xg) = N (Xt_l; [(x¢,Xg), Btf) .

N Jor(l — oy
o Where: [i(X;,Xg) = Ozt?tx() | 3 — : l)xt.
1 — (V¢ 1 — (V¢

~ 1—&151

e And:ay =1—0;, ay=||os Bi= B
s—=1

1—0475
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A Reconstruction Objective

e The reverse process: po(Xi—1|xt) = N (xp_1|po(x¢, 1), Xo(X4, 1)) .

X (X¢_1|X
i Lo | q(xT1|%0) =1 q(x¢—1]X¢,X%0) )

e Optimization of the parameters decomposes term-wise:

Po\X¢—1]X

p =S log PAUX) | b D e xo || po (et [2))]
Xo~p Q(Xt—l‘Xt7XO) ~o™p

X1:T~q L t>1 - e

|
) 5 1o (xe, x0) — po(xe, 1)) + C.
;ctosﬁ 207 ]
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Reparameterization

» We can directly compute ¢:(x¢|x¢) = N (X¢; v/ Xg, (1 — ay )1
o Define z:(x¢,c) = \/auxo + /1 — due.
. 1 o
» Re-parameterize pg(x¢,t) = X, —eg(xy¢,1) | .
Vv V31— ay
_ AN 1 ]
B, |-t L ko) — o, O | + €
Xl?ngq . t>1 PRe—1]%2, X0 . E:N./{)/'(({I) B/ |
— D | Bi e — g (x4(x0, €), t)||2_ + C.
xo~p | 2080 (1 — Q)
e~N(0,1) -
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Analogies

Algorithm 1 Training Algorithm 2 Sampling Algorithm 1 Annealed Langevin dynamics.
I repeat 1: xr ~N(0,1) Require: {o;}> ,,¢,T.
2 Xo ~ (o) 2: fort =7T,...,1do 1: Initialize X,
Z‘ tNIJ{/I}(l(f)OT)n({l"“’T}) 3: z~N(0,I)ift >1,elsez=0 2: fori < 1to L do
T €~ : B , ,
5: Take gradient descent step on 4 Xto1 = \/L—t (xt — \}%Ge(xta t)) + OtZ 3: O <— € a?/a% > «; 18 the step size.
Vo ||e — ea(v/@xo + /1 — ae t)“2 5: end for 4 fort < 1toT do
: ’ : 5 Draw z; ~ N (0, 1)
6: until converged 6: return xo t o
6: Xt ¢ X¢—1 + ?zse(it—laaz’) + /i Zy
(Like Denoising Score Matching) (Like Annealed Langevin Dynamics) 7 end for
8 X ¢ X7
9: end for
* Training is like Denoising Score Matching. Ketwm X7

o Sampling is like Annealed Langevin Dynamics.

 Can we think of a denoising diffusion model as a model trained to optimally step
through the annealing levels of the Langevin sampling procedure”?
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Stochastic Differential Equations

Forward SDE (data — noise)

x(0) dx = f(x,t)dt + g(t)dw
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score function
£(x,t) — g2 (t)Vy log pi (x)] dt + g(t)dw
y g VX g Dt | g

Reverse SDE (noise — data)

Song et. al., Preprint 2020

 (Generalize the Markov chain perspective to continuous SDE'’s.
* Analogous to the Neural ODE perspective.

 Score Matching and Denoising Diffusions can be viewed as discretization of two
different continuous SDE dynamics.
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Thank You
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