Energy-Based Models

Instructor: John Thickstun

Discussion Board: Available on Ed
Zoom Link: Available on Canvas
Instructor Contact: thickstn@cs.washington.edu
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Big Picture

 Why is generative modeling hard?

 We need to assign a probability (density) to every point x € &A.
 Why does this seem to be harder than classification?

» Classification: assign a class label to every point © € &

* There is a global constraint on densities: / p(z)dr = 1.
X
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Energy-Based Models

 What if we just forget about the global constraint?
e |Learn an unconstrained energy functional £y : X — K.
* The energy functional implicitly defines a probability density pg.

e E.g. for any energy Ly we can define an associated Gibbs distribution

1
Pe(x) — Z—Qe_EQ(m), where Zy = /X e_EQ(y) dy.
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How Do We Use an EBM?

e Learn an unconstrained energy functional £y : X — R.

 For any energy Fy we can define an associated Gibbs distribution

1
po(x) = Z—ee_EQ(m), where Zy = /X e o) dy.

« How do we sample x ~ py given an energy functional £y ?

e How do we train £y so that pg = p?
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Sampling From an EBM

 Generate samples * ~ pg given energy Fy : X — R where

1
P@(m) — Z_ge_EQ(m)’ where Zy = /X 6_E9(y) dy.

 (Classical statistics to the rescue!
 Markov-Chain Monte Carlo (MCMC).

» Construct a Markov-Chain with stationary distribution pg.
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Langevin Dynamics

. If X = R?% Langevin dynamics are defined by a stochastic differential equation

0
8—::; = V. log pg(x) dt V2 dW,.

 The term dWV; is white noise: the derivative of Brownian motion W,.

 Can make sense of this derivative with the machinery of Ito integration.
 Fokker-Planck equation: stationary distribution is pg(x).

e More precisely, D(x; || pg) — 0 as t — .
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Discretized Langevin Dynamics

* Continuous Langevin dynamics process:

0
a—f =V, log po(z) dt + V2 dW,.

e Can’t construct a diffusion. Discretize and construct a Markov chain:
Tiy1 = Ty — NV log pe(xy) + v/ 2ne;.
e Where the noise terms are sampled i.i.d. ¢, ~ N(0,1).

* Analogous to Euler discretization of a (deterministic) differential equation.
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5-Minute Break
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How Do We Use an EBM?

* Learn an unconstrained energy functional £y : X' — R.

* For any energy F, we can define an associated Gibbs distribution

1
pg(a:) — Z—Qe_EQ(x), where Zy = /X e_EQ(y) dy.

« How do we sample * ~ pg given an energy functional £y? Langevin dynamics:
Vilogpg(r) = =V Eg(x) — Vi log Zg = =V, Ey(T).

* How do we train £y so that pp =~ p?
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Estimating the Gradient Field

Do we even need an energy functional?

* Langevin dynamics just needs gradients:

Ti11 = Ty — NV logpe(xs) + /2ney
= ¢ + NV Eg(xs) + /274

. Just learn sy : R — R to approximate gradients s(z) = V., log p(x).

« The function s : R — R? is called the score function; we want sp = s.
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Score Matching

+ Want to learn s : R* — R such that s¢(z) ~ s(z) = V, logp(z).

 What is a good way to quantify sp ~ s? How about MSE?

1
2 |5 lso(x) = Ve log p(z)]|3

L~DP

* Minimize the MSE using the following identity:

. 1 .
argmin E |=|sg(x) — V,logp(x) ||§ =argmin E |tr(Vgse(x)) + =||s¢(x)]5
e > o )
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Implicit Score Matching

Proposition [Hyvarinen, 2005]:

. 1 _ . i 1 _
arg min [ 5\\39(:1:‘) -V, logp(x)H% — argemm g | tr (Vesg(x)) + 5 Hse(x)H% .
o  x~p | ) z~p | ]

Proof. Step 1 (expand the quadratic):

, 1 | , 1
argmin E |=|/sq(z) — Vi logp(@)||5| = argmin E |=|se(z)|”
0 T ~P _2 ) 0 T ~P _2

Step 2 (integration by parts):

X 8logp
7 [ o(z)" Vy logp(z Z/ )i . T) dx —Z/ so(x Ba:'i dx

T~D

:—z [, e = [ (Faso@) ) de =~ Bl (Tasofa)]

LT~D
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