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Big Picture
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• Why is generative modeling hard?


• We need to assign a probability (density) to every point 


• Why does this seem to be harder than classification?


• Classification: assign a class label to every point 


• There is a global constraint on densities: 
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Energy-Based Models
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• What if we just forget about the global constraint?


• Learn an unconstrained energy functional 


• The energy functional implicitly defines a probability density 


• E.g. for any energy       we can define an associated Gibbs distribution 
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How Do We Use an EBM?
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• Learn an unconstrained energy functional 


• For any energy       we can define an associated Gibbs distribution 


• How do we sample              given an energy functional      ?  


• How do we train       so that             ?

E✓ : X ! R.
<latexit sha1_base64="xuMDkRr9Z8qrN5rsvxT5kjmWfVY="></latexit><latexit sha1_base64="xuMDkRr9Z8qrN5rsvxT5kjmWfVY="></latexit><latexit sha1_base64="xuMDkRr9Z8qrN5rsvxT5kjmWfVY="></latexit><latexit sha1_base64="xuMDkRr9Z8qrN5rsvxT5kjmWfVY="></latexit>

E✓
<latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit>

p✓(x) =
1

Z✓
e�E✓(x), where Z✓ =

Z

X
e�E✓(y) dy.

<latexit sha1_base64="imAiSKZs/YAmSSPZJsNDK6nmfRA="></latexit><latexit sha1_base64="imAiSKZs/YAmSSPZJsNDK6nmfRA="></latexit><latexit sha1_base64="imAiSKZs/YAmSSPZJsNDK6nmfRA="></latexit><latexit sha1_base64="imAiSKZs/YAmSSPZJsNDK6nmfRA="></latexit>

E✓
<latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit>

p✓ ⇡ p
<latexit sha1_base64="R4gxJhrlF6cSpCGVEFZOG9845oA="></latexit><latexit sha1_base64="R4gxJhrlF6cSpCGVEFZOG9845oA="></latexit><latexit sha1_base64="R4gxJhrlF6cSpCGVEFZOG9845oA="></latexit><latexit sha1_base64="R4gxJhrlF6cSpCGVEFZOG9845oA="></latexit>

x ⇠ p✓
<latexit sha1_base64="1jck5TpDAUJoXgW2+2so9Miomgo="></latexit><latexit sha1_base64="1jck5TpDAUJoXgW2+2so9Miomgo="></latexit><latexit sha1_base64="1jck5TpDAUJoXgW2+2so9Miomgo="></latexit><latexit sha1_base64="1jck5TpDAUJoXgW2+2so9Miomgo="></latexit>

E✓
<latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit>



How Do We Use an EBM?

CSE 599I: Generative Models University of WashingtonLecture 16

• Learn an unconstrained energy functional 


• For any energy       we can define an associated Gibbs distribution 


• How do we sample              given an energy functional      ?   

• How do we train       so that             ?
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Sampling From an EBM
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• Generate samples             given energy                       where  


• Classical statistics to the rescue!


• Markov-Chain Monte Carlo (MCMC).


• Construct a Markov-Chain with stationary distribution 

x ⇠ p✓
<latexit sha1_base64="1jck5TpDAUJoXgW2+2so9Miomgo="></latexit><latexit sha1_base64="1jck5TpDAUJoXgW2+2so9Miomgo="></latexit><latexit sha1_base64="1jck5TpDAUJoXgW2+2so9Miomgo="></latexit><latexit sha1_base64="1jck5TpDAUJoXgW2+2so9Miomgo="></latexit>

E✓ : X ! R
<latexit sha1_base64="15sSFh1cVbuYw8Vp5RPwS7xS1TY="></latexit><latexit sha1_base64="15sSFh1cVbuYw8Vp5RPwS7xS1TY="></latexit><latexit sha1_base64="15sSFh1cVbuYw8Vp5RPwS7xS1TY="></latexit><latexit sha1_base64="15sSFh1cVbuYw8Vp5RPwS7xS1TY="></latexit>

p✓(x) =
1

Z✓
e�E✓(x), where Z✓ =

Z

X
e�E✓(y) dy.

<latexit sha1_base64="imAiSKZs/YAmSSPZJsNDK6nmfRA="></latexit><latexit sha1_base64="imAiSKZs/YAmSSPZJsNDK6nmfRA="></latexit><latexit sha1_base64="imAiSKZs/YAmSSPZJsNDK6nmfRA="></latexit><latexit sha1_base64="imAiSKZs/YAmSSPZJsNDK6nmfRA="></latexit>

p✓.
<latexit sha1_base64="dk7haSDsUlF1WuUuq4X71qjarTk="></latexit><latexit sha1_base64="dk7haSDsUlF1WuUuq4X71qjarTk="></latexit><latexit sha1_base64="dk7haSDsUlF1WuUuq4X71qjarTk="></latexit><latexit sha1_base64="dk7haSDsUlF1WuUuq4X71qjarTk="></latexit>



Langevin Dynamics
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• If              , Langevin dynamics are defined by a stochastic differential equation


• The term         is white noise: the derivative of Brownian motion 


• Can make sense of this derivative with the machinery of Ito integration.


• Fokker-Planck equation: stationary distribution is  


• More precisely, 
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Discretized Langevin Dynamics
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• Continuous Langevin dynamics process:


• Can’t construct a diffusion. Discretize and construct a Markov chain:


• Where the noise terms are sampled i.i.d. 


• Analogous to Euler discretization of a (deterministic) differential equation.

"t ⇠ N (0, I).
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Langevin Dynamics in Practice
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Song and Ermon, Neurips 2019

Sampling from MNIST (left) and CIFAR-10 (right) EBMs Using Langevin Dynamics



5-Minute Break
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How Do We Use an EBM?
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• Learn an unconstrained energy functional 


• For any energy       we can define an associated Gibbs distribution 


• How do we sample              given an energy functional      ?  


• How do we train       so that             ?
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• Learn an unconstrained energy functional 


• For any energy       we can define an associated Gibbs distribution 


• How do we sample              given an energy functional      ?  Langevin dynamics:


• How do we train       so that             ?
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<latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit><latexit sha1_base64="X8cO4mBwDtFogW2RmtLYRBk9iLM="></latexit>

rx log p✓(x) = �rxE✓(x)�rx logZ✓ = �rxE✓(x).
<latexit sha1_base64="VzTr6MBA/2NtHHjXbs3tFiXGaEQ="></latexit><latexit sha1_base64="VzTr6MBA/2NtHHjXbs3tFiXGaEQ="></latexit><latexit sha1_base64="VzTr6MBA/2NtHHjXbs3tFiXGaEQ="></latexit><latexit sha1_base64="VzTr6MBA/2NtHHjXbs3tFiXGaEQ="></latexit>
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• Do we even need an energy functional?


• Langevin dynamics just needs gradients:


• Just learn                        to approximate gradients  


• The function                       is called the score function; we want  

xt+1 = xt � ⌘rx log p✓(xt) +
p

2⌘"t

= xt + ⌘rxE✓(xt) +
p

2⌘"t.
<latexit sha1_base64="jDM9Yt40jA2YKc2VuPeNSvkhXTk="></latexit><latexit sha1_base64="jDM9Yt40jA2YKc2VuPeNSvkhXTk="></latexit><latexit sha1_base64="jDM9Yt40jA2YKc2VuPeNSvkhXTk="></latexit><latexit sha1_base64="jDM9Yt40jA2YKc2VuPeNSvkhXTk="></latexit>

s✓ : Rd ! Rd
<latexit sha1_base64="/hLBqdysOyH2nwsRieJXJrD8fI8="></latexit><latexit sha1_base64="/hLBqdysOyH2nwsRieJXJrD8fI8="></latexit><latexit sha1_base64="/hLBqdysOyH2nwsRieJXJrD8fI8="></latexit><latexit sha1_base64="/hLBqdysOyH2nwsRieJXJrD8fI8="></latexit>

s : Rd ! Rd
<latexit sha1_base64="j+XiI1XsUkbZ3G6ksy5zV6Ra8ec="></latexit><latexit sha1_base64="j+XiI1XsUkbZ3G6ksy5zV6Ra8ec="></latexit><latexit sha1_base64="j+XiI1XsUkbZ3G6ksy5zV6Ra8ec="></latexit><latexit sha1_base64="j+XiI1XsUkbZ3G6ksy5zV6Ra8ec="></latexit>

s✓ ⇡ s.
<latexit sha1_base64="Yk7JSyX4K8QtHnJtsPtZBXWhJc0="></latexit><latexit sha1_base64="Yk7JSyX4K8QtHnJtsPtZBXWhJc0="></latexit><latexit sha1_base64="Yk7JSyX4K8QtHnJtsPtZBXWhJc0="></latexit><latexit sha1_base64="Yk7JSyX4K8QtHnJtsPtZBXWhJc0="></latexit>

s(x) = rx log p(x).
<latexit sha1_base64="ymHFKVvC9kO2G5Bwbbh2tPmJogU="></latexit><latexit sha1_base64="ymHFKVvC9kO2G5Bwbbh2tPmJogU="></latexit><latexit sha1_base64="ymHFKVvC9kO2G5Bwbbh2tPmJogU="></latexit><latexit sha1_base64="ymHFKVvC9kO2G5Bwbbh2tPmJogU="></latexit>



Score Matching
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• Want to learn                         such that  


• What is a good way to quantify            ? How about MSE?


• Minimize the MSE using the following identity:

s✓ : Rd ! Rd
<latexit sha1_base64="/hLBqdysOyH2nwsRieJXJrD8fI8="></latexit><latexit sha1_base64="/hLBqdysOyH2nwsRieJXJrD8fI8="></latexit><latexit sha1_base64="/hLBqdysOyH2nwsRieJXJrD8fI8="></latexit><latexit sha1_base64="/hLBqdysOyH2nwsRieJXJrD8fI8="></latexit>

s✓ ⇡ s
<latexit sha1_base64="Kw1TMZLSt5DmBvhWivtGF6kx31Y="></latexit><latexit sha1_base64="Kw1TMZLSt5DmBvhWivtGF6kx31Y="></latexit><latexit sha1_base64="Kw1TMZLSt5DmBvhWivtGF6kx31Y="></latexit><latexit sha1_base64="Kw1TMZLSt5DmBvhWivtGF6kx31Y="></latexit>

E
x⇠p


1

2
ks✓(x)�rx log p(x)k22

�
.

<latexit sha1_base64="HCbYcpUqvzmugGfH9omXmGkyIzA="></latexit><latexit sha1_base64="HCbYcpUqvzmugGfH9omXmGkyIzA="></latexit><latexit sha1_base64="HCbYcpUqvzmugGfH9omXmGkyIzA="></latexit><latexit sha1_base64="HCbYcpUqvzmugGfH9omXmGkyIzA="></latexit>

argmin
✓

E
x⇠p


1

2
ks✓(x)�rx log p(x)k22

�
= argmin

✓
E

x⇠p


tr (rxs✓(x)) +

1

2
ks✓(x)k22

�
.

<latexit sha1_base64="YJRJZzA6w4FiEAaSyf27XToIWYI="></latexit><latexit sha1_base64="YJRJZzA6w4FiEAaSyf27XToIWYI="></latexit><latexit sha1_base64="YJRJZzA6w4FiEAaSyf27XToIWYI="></latexit><latexit sha1_base64="YJRJZzA6w4FiEAaSyf27XToIWYI="></latexit>

s✓(x) ⇡ s(x) = rx log p(x).
<latexit sha1_base64="aofIGLv9iZ/4v5Mshs0lYUwaaOM="></latexit><latexit sha1_base64="aofIGLv9iZ/4v5Mshs0lYUwaaOM="></latexit><latexit sha1_base64="aofIGLv9iZ/4v5Mshs0lYUwaaOM="></latexit><latexit sha1_base64="aofIGLv9iZ/4v5Mshs0lYUwaaOM="></latexit>



Proposition [Hyvärinen, 2005]:


Proof.

Implicit Score Matching
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argmin
✓

E
x⇠p


1

2
ks✓(x)�rx log p(x)k22

�
= argmin

✓
E

x⇠p


tr (rxs✓(x)) +

1

2
ks✓(x)k22

�
.

<latexit sha1_base64="8aNnWoCWrvxvZukvGvgQNtlZUpM="></latexit><latexit sha1_base64="8aNnWoCWrvxvZukvGvgQNtlZUpM="></latexit><latexit sha1_base64="8aNnWoCWrvxvZukvGvgQNtlZUpM="></latexit><latexit sha1_base64="8aNnWoCWrvxvZukvGvgQNtlZUpM="></latexit>

argmin
✓

E
x⇠p


1

2
ks✓(x)�rx log p(x)k22

�
= argmin

✓
E

x⇠p


1

2
ks✓(x)k2 � s✓(x)

Trx log p(x)

�
.

<latexit sha1_base64="a9U+IVGY6oLc3spN8ZxzdVkY0mA="></latexit><latexit sha1_base64="a9U+IVGY6oLc3spN8ZxzdVkY0mA="></latexit><latexit sha1_base64="a9U+IVGY6oLc3spN8ZxzdVkY0mA="></latexit><latexit sha1_base64="a9U+IVGY6oLc3spN8ZxzdVkY0mA="></latexit>

Step 1 (expand the quadratic):

Step 2 (integration by parts):

E
x⇠p

⇥
s✓(x)

Trx log p(x)
⇤
=

dX

i=1

Z

X
s✓(x)i

@ log p(x)

@xi
p(x) dx =

dX

i=1

Z

X
s✓(x)i

@p(x)

@xi
dx

= �
dX

i=1

Z

X

s✓(x)i
@xi

p(x) dx = �
Z

X
tr (rxs✓(x)) p(x) dx = � E

x⇠p
[tr (rxs✓(x))] .

<latexit sha1_base64="WhXxh225C+/yPva8rE/oCbm8zLg="></latexit><latexit sha1_base64="WhXxh225C+/yPva8rE/oCbm8zLg="></latexit><latexit sha1_base64="WhXxh225C+/yPva8rE/oCbm8zLg="></latexit><latexit sha1_base64="WhXxh225C+/yPva8rE/oCbm8zLg="></latexit>


