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Maximum Likelihood Estimation
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• Generative latent variable model:


• The maximum likelihood estimator:


• The log-likelihood of a sample:

1. z ⇠ r,

2. x = g✓(z) ⇠ p✓(x).
<latexit sha1_base64="9CaYLQfTr+Jh74ik7SsrRgPDGlg="></latexit><latexit sha1_base64="9CaYLQfTr+Jh74ik7SsrRgPDGlg="></latexit><latexit sha1_base64="9CaYLQfTr+Jh74ik7SsrRgPDGlg="></latexit><latexit sha1_base64="9CaYLQfTr+Jh74ik7SsrRgPDGlg="></latexit>
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<latexit sha1_base64="zB3hp8sfUYhu1D5u/Fw9qKlNMvY="></latexit><latexit sha1_base64="zB3hp8sfUYhu1D5u/Fw9qKlNMvY="></latexit><latexit sha1_base64="zB3hp8sfUYhu1D5u/Fw9qKlNMvY="></latexit><latexit sha1_base64="zB3hp8sfUYhu1D5u/Fw9qKlNMvY="></latexit>
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log p✓(xi), where xi ⇠ p.
<latexit sha1_base64="3bYNzSKeYC5ne6HFFoR+leCMWYs="></latexit><latexit sha1_base64="3bYNzSKeYC5ne6HFFoR+leCMWYs="></latexit><latexit sha1_base64="3bYNzSKeYC5ne6HFFoR+leCMWYs="></latexit><latexit sha1_base64="3bYNzSKeYC5ne6HFFoR+leCMWYs="></latexit>



Normalizing Flows
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• Build a series of transformations of our initial proposal 


• Let                                  , and define 


• The log-density of the pushforward distribution on     is given by


• Choose functions      so that                                    is easy to calculate.   

gs : Z ! Z
<latexit sha1_base64="jlE5GPVRim+IbPXULBUbcDxnNkM="></latexit><latexit sha1_base64="jlE5GPVRim+IbPXULBUbcDxnNkM="></latexit><latexit sha1_base64="jlE5GPVRim+IbPXULBUbcDxnNkM="></latexit><latexit sha1_base64="jlE5GPVRim+IbPXULBUbcDxnNkM="></latexit>

z0 ⇠ q�(·|x).
<latexit sha1_base64="RHwwvqPuvYeceyR7iKASWe8pZ3o="></latexit><latexit sha1_base64="RHwwvqPuvYeceyR7iKASWe8pZ3o="></latexit><latexit sha1_base64="RHwwvqPuvYeceyR7iKASWe8pZ3o="></latexit><latexit sha1_base64="RHwwvqPuvYeceyR7iKASWe8pZ3o="></latexit>

zt = gt � · · · � g1(z0).
<latexit sha1_base64="KlhT4tRwQNkOMYE5yW4XXfHG5UA="></latexit><latexit sha1_base64="KlhT4tRwQNkOMYE5yW4XXfHG5UA="></latexit><latexit sha1_base64="KlhT4tRwQNkOMYE5yW4XXfHG5UA="></latexit><latexit sha1_base64="KlhT4tRwQNkOMYE5yW4XXfHG5UA="></latexit>

zt
<latexit sha1_base64="AdS++CaHeKfocGf2RC3J9Z2Y7a0="></latexit><latexit sha1_base64="AdS++CaHeKfocGf2RC3J9Z2Y7a0="></latexit><latexit sha1_base64="AdS++CaHeKfocGf2RC3J9Z2Y7a0="></latexit><latexit sha1_base64="AdS++CaHeKfocGf2RC3J9Z2Y7a0="></latexit>

gs
<latexit sha1_base64="44XVqB03VQMfFCf8KTboK7mvROo="></latexit><latexit sha1_base64="44XVqB03VQMfFCf8KTboK7mvROo="></latexit><latexit sha1_base64="44XVqB03VQMfFCf8KTboK7mvROo="></latexit><latexit sha1_base64="44XVqB03VQMfFCf8KTboK7mvROo="></latexit>
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<latexit sha1_base64="a9qv93zyNQBFhIeUqD/PpD3F9WM="></latexit><latexit sha1_base64="a9qv93zyNQBFhIeUqD/PpD3F9WM="></latexit><latexit sha1_base64="a9qv93zyNQBFhIeUqD/PpD3F9WM="></latexit><latexit sha1_base64="a9qv93zyNQBFhIeUqD/PpD3F9WM="></latexit>
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<latexit sha1_base64="kEmQ+KloHZWlxBE7kIv4+1WADME="></latexit><latexit sha1_base64="kEmQ+KloHZWlxBE7kIv4+1WADME="></latexit><latexit sha1_base64="kEmQ+KloHZWlxBE7kIv4+1WADME="></latexit><latexit sha1_base64="kEmQ+KloHZWlxBE7kIv4+1WADME="></latexit>

Z = X ,
<latexit sha1_base64="KtLkJSS2/pvYOa0ITAkDn+NalOs="></latexit><latexit sha1_base64="KtLkJSS2/pvYOa0ITAkDn+NalOs="></latexit><latexit sha1_base64="KtLkJSS2/pvYOa0ITAkDn+NalOs="></latexit><latexit sha1_base64="KtLkJSS2/pvYOa0ITAkDn+NalOs="></latexit>



• Inverse autoregressive transformation:


• Claim:                                                                         Proof:  

Inverse Autoregressive Flow
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.

<latexit sha1_base64="Q5+wJLvPF/mEQNLJPK6vZ7l4zGg="></latexit><latexit sha1_base64="Q5+wJLvPF/mEQNLJPK6vZ7l4zGg="></latexit><latexit sha1_base64="Q5+wJLvPF/mEQNLJPK6vZ7l4zGg="></latexit><latexit sha1_base64="Q5+wJLvPF/mEQNLJPK6vZ7l4zGg="></latexit>
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<latexit sha1_base64="uSBc/LgqGsi2WsvxhH0IzzDRmbE="></latexit><latexit sha1_base64="uSBc/LgqGsi2WsvxhH0IzzDRmbE="></latexit><latexit sha1_base64="uSBc/LgqGsi2WsvxhH0IzzDRmbE="></latexit><latexit sha1_base64="uSBc/LgqGsi2WsvxhH0IzzDRmbE="></latexit>
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<latexit sha1_base64="cMdotnd8qRHkbCeTg2E8xc34QSs="></latexit><latexit sha1_base64="cMdotnd8qRHkbCeTg2E8xc34QSs="></latexit><latexit sha1_base64="cMdotnd8qRHkbCeTg2E8xc34QSs="></latexit><latexit sha1_base64="cMdotnd8qRHkbCeTg2E8xc34QSs="></latexit>



IAF for Pushforward Inference?
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IAF for VAE IAF for Pushforward

z0
<latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit>

zt
<latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit>

x
<latexit sha1_base64="4DwHkdA0HfY1c0nRwGUFXkKGEFU="></latexit><latexit sha1_base64="4DwHkdA0HfY1c0nRwGUFXkKGEFU="></latexit><latexit sha1_base64="4DwHkdA0HfY1c0nRwGUFXkKGEFU="></latexit><latexit sha1_base64="4DwHkdA0HfY1c0nRwGUFXkKGEFU="></latexit>

z0
<latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit>

zt
<latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit>

⇡ "
<latexit sha1_base64="IstYZgfkd9wLqhGRfzgZO5fR0BU="></latexit><latexit sha1_base64="IstYZgfkd9wLqhGRfzgZO5fR0BU="></latexit><latexit sha1_base64="IstYZgfkd9wLqhGRfzgZO5fR0BU="></latexit><latexit sha1_base64="IstYZgfkd9wLqhGRfzgZO5fR0BU="></latexit>

(IAF)

Inference
Sampling

= x
<latexit sha1_base64="e0thLBGyeYzm6WYZuZVi6malkDw="></latexit><latexit sha1_base64="e0thLBGyeYzm6WYZuZVi6malkDw="></latexit><latexit sha1_base64="e0thLBGyeYzm6WYZuZVi6malkDw="></latexit><latexit sha1_base64="e0thLBGyeYzm6WYZuZVi6malkDw="></latexit>

= "
<latexit sha1_base64="j7h4D5RzNRTRUULTbSXL4oAIjZQ="></latexit><latexit sha1_base64="j7h4D5RzNRTRUULTbSXL4oAIjZQ="></latexit><latexit sha1_base64="j7h4D5RzNRTRUULTbSXL4oAIjZQ="></latexit><latexit sha1_base64="j7h4D5RzNRTRUULTbSXL4oAIjZQ="></latexit>

IAF for Inverse of Pushforward

z0
<latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit>

zt
<latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit>

= x
<latexit sha1_base64="e0thLBGyeYzm6WYZuZVi6malkDw="></latexit><latexit sha1_base64="e0thLBGyeYzm6WYZuZVi6malkDw="></latexit><latexit sha1_base64="e0thLBGyeYzm6WYZuZVi6malkDw="></latexit><latexit sha1_base64="e0thLBGyeYzm6WYZuZVi6malkDw="></latexit>

= "
<latexit sha1_base64="j7h4D5RzNRTRUULTbSXL4oAIjZQ="></latexit><latexit sha1_base64="j7h4D5RzNRTRUULTbSXL4oAIjZQ="></latexit><latexit sha1_base64="j7h4D5RzNRTRUULTbSXL4oAIjZQ="></latexit><latexit sha1_base64="j7h4D5RzNRTRUULTbSXL4oAIjZQ="></latexit>
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Additive Coupling Flow
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• Partition                       into two feature sets: 


• Parameterize 


• Define an additive coupling


• Claim: additive coupling is invertible for any function 


• Stack multiple flows to construct 

x = (x1,...,d/2, xd/2+1,...,d).
<latexit sha1_base64="uGaUpinZzP4Ob1j33oYDk60wbPw="></latexit><latexit sha1_base64="uGaUpinZzP4Ob1j33oYDk60wbPw="></latexit><latexit sha1_base64="uGaUpinZzP4Ob1j33oYDk60wbPw="></latexit><latexit sha1_base64="uGaUpinZzP4Ob1j33oYDk60wbPw="></latexit>

h✓ : Rd/2 ! Rd/2.
<latexit sha1_base64="7P+o5Cj9SwfkmN6tYMnJSdNO37s="></latexit><latexit sha1_base64="7P+o5Cj9SwfkmN6tYMnJSdNO37s="></latexit><latexit sha1_base64="7P+o5Cj9SwfkmN6tYMnJSdNO37s="></latexit><latexit sha1_base64="7P+o5Cj9SwfkmN6tYMnJSdNO37s="></latexit>

x1,...,d/2 = z1,...,d/2,

xd/2+1,...,d = zd/2+1,...,d + h✓(z1,...,d/2).
<latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit><latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit><latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit><latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit>

Z = X = Rd
<latexit sha1_base64="iu3YiZVeNvCcqaQUQ2stHKQYSoI="></latexit><latexit sha1_base64="iu3YiZVeNvCcqaQUQ2stHKQYSoI="></latexit><latexit sha1_base64="iu3YiZVeNvCcqaQUQ2stHKQYSoI="></latexit><latexit sha1_base64="iu3YiZVeNvCcqaQUQ2stHKQYSoI="></latexit>

h✓ : Rd/2 ! Rd/2.
<latexit sha1_base64="7P+o5Cj9SwfkmN6tYMnJSdNO37s="></latexit><latexit sha1_base64="7P+o5Cj9SwfkmN6tYMnJSdNO37s="></latexit><latexit sha1_base64="7P+o5Cj9SwfkmN6tYMnJSdNO37s="></latexit><latexit sha1_base64="7P+o5Cj9SwfkmN6tYMnJSdNO37s="></latexit>

x = g✓(z) = g(L)
✓ � · · · � g(1)✓ (z).

<latexit sha1_base64="0yFe5LGNHz96YaGIWLcEY4WsEhE="></latexit><latexit sha1_base64="0yFe5LGNHz96YaGIWLcEY4WsEhE="></latexit><latexit sha1_base64="0yFe5LGNHz96YaGIWLcEY4WsEhE="></latexit><latexit sha1_base64="0yFe5LGNHz96YaGIWLcEY4WsEhE="></latexit>



Inverses for Additive Flow
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• One step of additive coupling flow:             where 


• Given    , recover the inverse    by computing 


• This is the same construction as a Feistel cipher (DES, Blowfish, Twofish, etc.)

x1,...,d/2 = z1,...,d/2,

xd/2+1,...,d = zd/2+1,...,d + h✓(z1,...,d/2).
<latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit><latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit><latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit><latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit>

z 7! x
<latexit sha1_base64="cJvt4/ALJtngK/m8uryTQ5euuxo="></latexit><latexit sha1_base64="cJvt4/ALJtngK/m8uryTQ5euuxo="></latexit><latexit sha1_base64="cJvt4/ALJtngK/m8uryTQ5euuxo="></latexit><latexit sha1_base64="cJvt4/ALJtngK/m8uryTQ5euuxo="></latexit>

x
<latexit sha1_base64="d7kuZ0Zs+QjaYuBK4H5OgR44XR0="></latexit><latexit sha1_base64="d7kuZ0Zs+QjaYuBK4H5OgR44XR0="></latexit><latexit sha1_base64="d7kuZ0Zs+QjaYuBK4H5OgR44XR0="></latexit><latexit sha1_base64="d7kuZ0Zs+QjaYuBK4H5OgR44XR0="></latexit>

z
<latexit sha1_base64="zmv5/bw0AFXTgzlBFuMyCqgCb4A="></latexit><latexit sha1_base64="zmv5/bw0AFXTgzlBFuMyCqgCb4A="></latexit><latexit sha1_base64="zmv5/bw0AFXTgzlBFuMyCqgCb4A="></latexit><latexit sha1_base64="zmv5/bw0AFXTgzlBFuMyCqgCb4A="></latexit>

z1,...,d/2 = x1,...,d/2,

zd/2+1,...,d = xd/2+1,...,d � h✓(x1,...,d/2).
<latexit sha1_base64="+SKlduv78vcvaAuDrxII6AyD7sY="></latexit><latexit sha1_base64="+SKlduv78vcvaAuDrxII6AyD7sY="></latexit><latexit sha1_base64="+SKlduv78vcvaAuDrxII6AyD7sY="></latexit><latexit sha1_base64="+SKlduv78vcvaAuDrxII6AyD7sY="></latexit>



Jacobians for Additive Flow
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• The inverse of an additive flow is


• The Jacobian of this inverse flow is


• Therefore                                    (volume preserving transformation).

z1,...,d/2 = x1,...,d/2,

zd/2+1,...,d = xd/2+1,...,d � h✓(x1,...,d/2).
<latexit sha1_base64="+SKlduv78vcvaAuDrxII6AyD7sY="></latexit><latexit sha1_base64="+SKlduv78vcvaAuDrxII6AyD7sY="></latexit><latexit sha1_base64="+SKlduv78vcvaAuDrxII6AyD7sY="></latexit><latexit sha1_base64="+SKlduv78vcvaAuDrxII6AyD7sY="></latexit>

@z(x)

@x
=

"
Idd/2 0

�@h✓(x1,...,d/2)
@x1,...,d/2

Idd/2

#
.

<latexit sha1_base64="eC6+VnZjdKHWKUaWDmFzHjX0xrM="></latexit><latexit sha1_base64="eC6+VnZjdKHWKUaWDmFzHjX0xrM="></latexit><latexit sha1_base64="eC6+VnZjdKHWKUaWDmFzHjX0xrM="></latexit><latexit sha1_base64="eC6+VnZjdKHWKUaWDmFzHjX0xrM="></latexit>

logdet(rxz(x)) = 0
<latexit sha1_base64="UMC3cQc7f7/xdDPwwNt4fx3rzwQ="></latexit><latexit sha1_base64="UMC3cQc7f7/xdDPwwNt4fx3rzwQ="></latexit><latexit sha1_base64="UMC3cQc7f7/xdDPwwNt4fx3rzwQ="></latexit><latexit sha1_base64="UMC3cQc7f7/xdDPwwNt4fx3rzwQ="></latexit>



Affine Coupling Flow
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• One step of affine coupling (Real Non-Volume Preserving) flow:


• Inverses are similar to additive flow. Jacobians of the inverse are


• The change of variables correction is

x1,...,d/2 = z1,...,d/2,

xd/2+1,...,d = zd/2+1,...,d � exp(s✓(z1,...,d/2)) + t✓(z1,...,d/2).
<latexit sha1_base64="nGNfFc1ySR4d03X3biyGlfHJhSM="></latexit><latexit sha1_base64="nGNfFc1ySR4d03X3biyGlfHJhSM="></latexit><latexit sha1_base64="nGNfFc1ySR4d03X3biyGlfHJhSM="></latexit><latexit sha1_base64="nGNfFc1ySR4d03X3biyGlfHJhSM="></latexit>

logdet(rxz(x)) = �
d/2X

i=1

s✓(x1,...,d/2)i.
<latexit sha1_base64="rOW9J1aaqxt9wcCjFdfDI7qNf5Q="></latexit><latexit sha1_base64="rOW9J1aaqxt9wcCjFdfDI7qNf5Q="></latexit><latexit sha1_base64="rOW9J1aaqxt9wcCjFdfDI7qNf5Q="></latexit><latexit sha1_base64="rOW9J1aaqxt9wcCjFdfDI7qNf5Q="></latexit>

@z(x)

@x
=


Idd/2 0
. . . diag

�
exp(�s✓(x1,...,d/2))

�
�
.

<latexit sha1_base64="7gpY2VWj53ziCri3bQW3zB2Uy6s="></latexit><latexit sha1_base64="7gpY2VWj53ziCri3bQW3zB2Uy6s="></latexit><latexit sha1_base64="7gpY2VWj53ziCri3bQW3zB2Uy6s="></latexit><latexit sha1_base64="7gpY2VWj53ziCri3bQW3zB2Uy6s="></latexit>



Glow
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Kingma and Dhariwal, Neurips 2018

• Scales up the RealNVP.


• A few additional architectural 
tricks (invertible 1x1 convolutions).


• Lots of parameters, expensive to 
train.


• Not competitive with other 
methods (yet).



5-Minute Break
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Neural Differential Equations
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• A step of additive coupling flow:


• Think of            as the dynamics of a differential equation: 


• A sequence of flows 


• Think of           as an Euler discretization of an integral

x1,...,d/2 = z1,...,d/2,

xd/2+1,...,d = zd/2+1,...,d + h✓(z1,...,d/2).
<latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit><latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit><latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit><latexit sha1_base64="uvglCTQe+UPw7brsWnqgsp00xy8="></latexit>

@z

@t
= h✓(z, t).

<latexit sha1_base64="Luvmtp+p1KPYs+ax6+rE2ic/AgI="></latexit><latexit sha1_base64="Luvmtp+p1KPYs+ax6+rE2ic/AgI="></latexit><latexit sha1_base64="Luvmtp+p1KPYs+ax6+rE2ic/AgI="></latexit><latexit sha1_base64="Luvmtp+p1KPYs+ax6+rE2ic/AgI="></latexit>

z 7! x = z+ h✓(z).
<latexit sha1_base64="JgFUn3bHnKshCCrlbrMJGhT0XuM="></latexit><latexit sha1_base64="JgFUn3bHnKshCCrlbrMJGhT0XuM="></latexit><latexit sha1_base64="JgFUn3bHnKshCCrlbrMJGhT0XuM="></latexit><latexit sha1_base64="JgFUn3bHnKshCCrlbrMJGhT0XuM="></latexit>

h✓(z)
<latexit sha1_base64="h/XlXUTtCyX6gsA/B1vA6rmpcl0="></latexit><latexit sha1_base64="h/XlXUTtCyX6gsA/B1vA6rmpcl0="></latexit><latexit sha1_base64="h/XlXUTtCyX6gsA/B1vA6rmpcl0="></latexit><latexit sha1_base64="h/XlXUTtCyX6gsA/B1vA6rmpcl0="></latexit>

g✓(z)
<latexit sha1_base64="0/stvHkZ6urDxBsqMWWIw14h2QE="></latexit><latexit sha1_base64="0/stvHkZ6urDxBsqMWWIw14h2QE="></latexit><latexit sha1_base64="0/stvHkZ6urDxBsqMWWIw14h2QE="></latexit><latexit sha1_base64="0/stvHkZ6urDxBsqMWWIw14h2QE="></latexit>

x = g✓(z) = h(t)
✓ � · · · � h(1)

✓ (z).
<latexit sha1_base64="hbN/R5OLO09rbbY7ral+r/baDOE="></latexit><latexit sha1_base64="hbN/R5OLO09rbbY7ral+r/baDOE="></latexit><latexit sha1_base64="hbN/R5OLO09rbbY7ral+r/baDOE="></latexit><latexit sha1_base64="hbN/R5OLO09rbbY7ral+r/baDOE="></latexit>

x =

Z t

0
h✓(zs, s) ds ⇡ z0 +

tX

s=1

h✓(zs�1, s).
<latexit sha1_base64="dgvQInPjVjnDTeTljXJcoKb7en8="></latexit><latexit sha1_base64="dgvQInPjVjnDTeTljXJcoKb7en8="></latexit><latexit sha1_base64="dgvQInPjVjnDTeTljXJcoKb7en8="></latexit><latexit sha1_base64="dgvQInPjVjnDTeTljXJcoKb7en8="></latexit>
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• One step of discrete flow: if            and                  , then              where


• Instantaneous change in the log-likelihood for dynamics                        :


• Relatively cheap trace operation replaces expensive determinant.


• Invertibility replaced with more mild existence and uniqueness conditions.

x ⇠ p✓
<latexit sha1_base64="fj7VimbCSFw2vbLdEZf1QzDC3Ho="></latexit><latexit sha1_base64="fj7VimbCSFw2vbLdEZf1QzDC3Ho="></latexit><latexit sha1_base64="fj7VimbCSFw2vbLdEZf1QzDC3Ho="></latexit><latexit sha1_base64="fj7VimbCSFw2vbLdEZf1QzDC3Ho="></latexit>

z ⇠ q
<latexit sha1_base64="b8xlh1QiDC4VTc0s0QCSn5ngPCo="></latexit><latexit sha1_base64="b8xlh1QiDC4VTc0s0QCSn5ngPCo="></latexit><latexit sha1_base64="b8xlh1QiDC4VTc0s0QCSn5ngPCo="></latexit><latexit sha1_base64="b8xlh1QiDC4VTc0s0QCSn5ngPCo="></latexit>

@z

@t
= h✓(z, t)

<latexit sha1_base64="Mqle3udO76HX5H9KkWEHd5jypGg="></latexit><latexit sha1_base64="Mqle3udO76HX5H9KkWEHd5jypGg="></latexit><latexit sha1_base64="Mqle3udO76HX5H9KkWEHd5jypGg="></latexit><latexit sha1_base64="Mqle3udO76HX5H9KkWEHd5jypGg="></latexit>

log p✓(x)� log q(z) = logdet
�
rxh

�1
✓ (x)

�
.

<latexit sha1_base64="ah6B6xiWHF6dhrPCBYnNjnnwOEE="></latexit><latexit sha1_base64="ah6B6xiWHF6dhrPCBYnNjnnwOEE="></latexit><latexit sha1_base64="ah6B6xiWHF6dhrPCBYnNjnnwOEE="></latexit><latexit sha1_base64="ah6B6xiWHF6dhrPCBYnNjnnwOEE="></latexit>

x = h✓(z)
<latexit sha1_base64="O4QRHPfW/U0ErwECMEXzuCVbDsY="></latexit><latexit sha1_base64="O4QRHPfW/U0ErwECMEXzuCVbDsY="></latexit><latexit sha1_base64="O4QRHPfW/U0ErwECMEXzuCVbDsY="></latexit><latexit sha1_base64="O4QRHPfW/U0ErwECMEXzuCVbDsY="></latexit>

@ log qs(z(s))

@s
= � tr (rzh✓(zs, s)) .

<latexit sha1_base64="zI0e+cDA0gOOUXGwI8IUI9EAkGk="></latexit><latexit sha1_base64="zI0e+cDA0gOOUXGwI8IUI9EAkGk="></latexit><latexit sha1_base64="zI0e+cDA0gOOUXGwI8IUI9EAkGk="></latexit><latexit sha1_base64="zI0e+cDA0gOOUXGwI8IUI9EAkGk="></latexit>
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• Cumulative inference for discrete flows:


• Analogous cumulative inference for continuous flows:


• For density estimation application:                              where  


• For MLE, need to compute 

log qt(zt) = log q0(z0)�
tX

s=1

logdet

✓
@gs(zs�1)

@zs�1

◆
.

<latexit sha1_base64="h6Va7ZyVXHGJ5iV3XdP2nFEdr60="></latexit><latexit sha1_base64="h6Va7ZyVXHGJ5iV3XdP2nFEdr60="></latexit><latexit sha1_base64="h6Va7ZyVXHGJ5iV3XdP2nFEdr60="></latexit><latexit sha1_base64="h6Va7ZyVXHGJ5iV3XdP2nFEdr60="></latexit>

log qt(zt) = log q0(z(0))�
Z t

0
tr

✓
@h✓(zs, s)

@z

◆
ds.

<latexit sha1_base64="BmSMALVUBoJ8nGxnxUmDpV4HfDs="></latexit><latexit sha1_base64="BmSMALVUBoJ8nGxnxUmDpV4HfDs="></latexit><latexit sha1_base64="BmSMALVUBoJ8nGxnxUmDpV4HfDs="></latexit><latexit sha1_base64="BmSMALVUBoJ8nGxnxUmDpV4HfDs="></latexit>

x = zt = g✓(z0),
<latexit sha1_base64="LHbpA3DE5s9UpDwwjUdd1+HNXXE="></latexit><latexit sha1_base64="LHbpA3DE5s9UpDwwjUdd1+HNXXE="></latexit><latexit sha1_base64="LHbpA3DE5s9UpDwwjUdd1+HNXXE="></latexit><latexit sha1_base64="LHbpA3DE5s9UpDwwjUdd1+HNXXE="></latexit>

z0 ⇠ q0.
<latexit sha1_base64="BFBt6TQOlkpct3ouBukxOfQFJZs="></latexit><latexit sha1_base64="BFBt6TQOlkpct3ouBukxOfQFJZs="></latexit><latexit sha1_base64="BFBt6TQOlkpct3ouBukxOfQFJZs="></latexit><latexit sha1_base64="BFBt6TQOlkpct3ouBukxOfQFJZs="></latexit>

r✓ log p✓(z) = r✓ log qt(zt).
<latexit sha1_base64="+Atxo6m/Srx3c1i09Sxi00ahtG0="></latexit><latexit sha1_base64="+Atxo6m/Srx3c1i09Sxi00ahtG0="></latexit><latexit sha1_base64="+Atxo6m/Srx3c1i09Sxi00ahtG0="></latexit><latexit sha1_base64="+Atxo6m/Srx3c1i09Sxi00ahtG0="></latexit>



Pontryagin Adjoints
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• For maximum likelihood estimation, compute


• Decompose the problem. Define an adjoint process with dynamics


• The gradients of the log-likelihood are given in terms of the adjoint:

r✓ log p✓(z) = r✓ log qt(zt) = �r✓

Z t

0
tr

✓
@h✓(zs, s)

@z

◆
ds.

<latexit sha1_base64="VVKjxeY1rSudoq/V9xfy4/lHMtA="></latexit><latexit sha1_base64="VVKjxeY1rSudoq/V9xfy4/lHMtA="></latexit><latexit sha1_base64="VVKjxeY1rSudoq/V9xfy4/lHMtA="></latexit><latexit sha1_base64="VVKjxeY1rSudoq/V9xfy4/lHMtA="></latexit>

d↵s

ds
= �↵T

s
@h✓(zs, s)

@z
, where ↵0 =

@ log q0(z0)

@zt
.

<latexit sha1_base64="nqDPanUOhWhBV64PmqCx3mu7Up8="></latexit><latexit sha1_base64="nqDPanUOhWhBV64PmqCx3mu7Up8="></latexit><latexit sha1_base64="nqDPanUOhWhBV64PmqCx3mu7Up8="></latexit><latexit sha1_base64="nqDPanUOhWhBV64PmqCx3mu7Up8="></latexit>

r✓ log qt(zt) =

Z t

0
↵T
s
@h✓(zs, s)

@✓
ds.

<latexit sha1_base64="/U9cmFjLLKkuIo1myNAX+kYZdUM="></latexit><latexit sha1_base64="/U9cmFjLLKkuIo1myNAX+kYZdUM="></latexit><latexit sha1_base64="/U9cmFjLLKkuIo1myNAX+kYZdUM="></latexit><latexit sha1_base64="/U9cmFjLLKkuIo1myNAX+kYZdUM="></latexit>
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z0
<latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit><latexit sha1_base64="E4ObtxrwqcAs28DzOptk1zafWzc="></latexit>

zt
<latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit><latexit sha1_base64="anPD966PlfscYJgy+nbfY6zAcOw="></latexit>

x =
<latexit sha1_base64="lYPnWAgBb5inmxvmumLMB2/LjL4="></latexit><latexit sha1_base64="lYPnWAgBb5inmxvmumLMB2/LjL4="></latexit><latexit sha1_base64="lYPnWAgBb5inmxvmumLMB2/LjL4="></latexit><latexit sha1_base64="lYPnWAgBb5inmxvmumLMB2/LjL4="></latexit>

zt�1
<latexit sha1_base64="lSRyc3cFmd73Gxd215yoqPcOUcI="></latexit><latexit sha1_base64="lSRyc3cFmd73Gxd215yoqPcOUcI="></latexit><latexit sha1_base64="lSRyc3cFmd73Gxd215yoqPcOUcI="></latexit><latexit sha1_base64="lSRyc3cFmd73Gxd215yoqPcOUcI="></latexit>

z1
<latexit sha1_base64="+iyB1vRntiPJo9xt5rXvLCRnzbo="></latexit><latexit sha1_base64="+iyB1vRntiPJo9xt5rXvLCRnzbo="></latexit><latexit sha1_base64="+iyB1vRntiPJo9xt5rXvLCRnzbo="></latexit><latexit sha1_base64="+iyB1vRntiPJo9xt5rXvLCRnzbo="></latexit>

...<latexit sha1_base64="5ez5Yx7U0TLY6bbujHspFGNX2LQ="></latexit><latexit sha1_base64="5ez5Yx7U0TLY6bbujHspFGNX2LQ="></latexit><latexit sha1_base64="5ez5Yx7U0TLY6bbujHspFGNX2LQ="></latexit><latexit sha1_base64="5ez5Yx7U0TLY6bbujHspFGNX2LQ="></latexit>

Inference
Sampling

h✓(zt�1, t)
<latexit sha1_base64="H71fgsAnAfdxppzAt2iXjw5C6MA="></latexit><latexit sha1_base64="H71fgsAnAfdxppzAt2iXjw5C6MA="></latexit><latexit sha1_base64="H71fgsAnAfdxppzAt2iXjw5C6MA="></latexit><latexit sha1_base64="H71fgsAnAfdxppzAt2iXjw5C6MA="></latexit>

h✓(z0, 1)
<latexit sha1_base64="zQSsba4xtRngjPFRpo+4Si149Us="></latexit><latexit sha1_base64="zQSsba4xtRngjPFRpo+4Si149Us="></latexit><latexit sha1_base64="zQSsba4xtRngjPFRpo+4Si149Us="></latexit><latexit sha1_base64="zQSsba4xtRngjPFRpo+4Si149Us="></latexit>

�h✓(zt, t)
<latexit sha1_base64="wVFXPT/3gUw1HxPTfTDG91D5rzs="></latexit><latexit sha1_base64="wVFXPT/3gUw1HxPTfTDG91D5rzs="></latexit><latexit sha1_base64="wVFXPT/3gUw1HxPTfTDG91D5rzs="></latexit><latexit sha1_base64="wVFXPT/3gUw1HxPTfTDG91D5rzs="></latexit>

�h✓(z1, 1)
<latexit sha1_base64="F88dG0CVA7ITFhi8JJ6BWfPfX54="></latexit><latexit sha1_base64="F88dG0CVA7ITFhi8JJ6BWfPfX54="></latexit><latexit sha1_base64="F88dG0CVA7ITFhi8JJ6BWfPfX54="></latexit><latexit sha1_base64="F88dG0CVA7ITFhi8JJ6BWfPfX54="></latexit>

↵0
<latexit sha1_base64="V/wQSqhNVAhkXkKPaZDUd9FBlf4="></latexit><latexit sha1_base64="V/wQSqhNVAhkXkKPaZDUd9FBlf4="></latexit><latexit sha1_base64="V/wQSqhNVAhkXkKPaZDUd9FBlf4="></latexit><latexit sha1_base64="V/wQSqhNVAhkXkKPaZDUd9FBlf4="></latexit>

log q0(z0)
<latexit sha1_base64="2hVxcHj5L1k3c41E1A0GcWMyPLA="></latexit><latexit sha1_base64="2hVxcHj5L1k3c41E1A0GcWMyPLA="></latexit><latexit sha1_base64="2hVxcHj5L1k3c41E1A0GcWMyPLA="></latexit><latexit sha1_base64="2hVxcHj5L1k3c41E1A0GcWMyPLA="></latexit>

=<latexit sha1_base64="5nny7bCRsPV4A8QJOaje1zNy+/c="></latexit><latexit sha1_base64="5nny7bCRsPV4A8QJOaje1zNy+/c="></latexit><latexit sha1_base64="5nny7bCRsPV4A8QJOaje1zNy+/c="></latexit><latexit sha1_base64="5nny7bCRsPV4A8QJOaje1zNy+/c="></latexit>

↵t
<latexit sha1_base64="3BJGI1WLINm1bQPLCQC5YyL/fAQ="></latexit><latexit sha1_base64="3BJGI1WLINm1bQPLCQC5YyL/fAQ="></latexit><latexit sha1_base64="3BJGI1WLINm1bQPLCQC5YyL/fAQ="></latexit><latexit sha1_base64="3BJGI1WLINm1bQPLCQC5YyL/fAQ="></latexit>

↵1
<latexit sha1_base64="nHMtYiU57kv/svEc3/Mwga2s65Q="></latexit><latexit sha1_base64="nHMtYiU57kv/svEc3/Mwga2s65Q="></latexit><latexit sha1_base64="nHMtYiU57kv/svEc3/Mwga2s65Q="></latexit><latexit sha1_base64="nHMtYiU57kv/svEc3/Mwga2s65Q="></latexit>

↵t�1
<latexit sha1_base64="RVMxHUFXlXaBwPJ8zSKrgrt8Li4="></latexit><latexit sha1_base64="RVMxHUFXlXaBwPJ8zSKrgrt8Li4="></latexit><latexit sha1_base64="RVMxHUFXlXaBwPJ8zSKrgrt8Li4="></latexit><latexit sha1_base64="RVMxHUFXlXaBwPJ8zSKrgrt8Li4="></latexit>

...<latexit sha1_base64="5ez5Yx7U0TLY6bbujHspFGNX2LQ="></latexit><latexit sha1_base64="5ez5Yx7U0TLY6bbujHspFGNX2LQ="></latexit><latexit sha1_base64="5ez5Yx7U0TLY6bbujHspFGNX2LQ="></latexit><latexit sha1_base64="5ez5Yx7U0TLY6bbujHspFGNX2LQ="></latexit>

�↵T
t�1rzh✓(zt�1, t� 1)

<latexit sha1_base64="eLT9u+2d7Hj6i4oVGh/7x1qqS/g="></latexit><latexit sha1_base64="eLT9u+2d7Hj6i4oVGh/7x1qqS/g="></latexit><latexit sha1_base64="eLT9u+2d7Hj6i4oVGh/7x1qqS/g="></latexit><latexit sha1_base64="eLT9u+2d7Hj6i4oVGh/7x1qqS/g="></latexit>

�↵T
0 rzh✓(z0, 0)

<latexit sha1_base64="uD84JBMVHxq/GaV3MzpKZtGQvyI="></latexit><latexit sha1_base64="uD84JBMVHxq/GaV3MzpKZtGQvyI="></latexit><latexit sha1_base64="uD84JBMVHxq/GaV3MzpKZtGQvyI="></latexit><latexit sha1_base64="uD84JBMVHxq/GaV3MzpKZtGQvyI="></latexit>

r✓ log qt(zt) =

Z t

0
↵T
s
@h✓(zs, s)

@✓
ds.

<latexit sha1_base64="/U9cmFjLLKkuIo1myNAX+kYZdUM="></latexit><latexit sha1_base64="/U9cmFjLLKkuIo1myNAX+kYZdUM="></latexit><latexit sha1_base64="/U9cmFjLLKkuIo1myNAX+kYZdUM="></latexit><latexit sha1_base64="/U9cmFjLLKkuIo1myNAX+kYZdUM="></latexit>
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Grathwohl et. al., ICLR 2019

• Neural ODE for density estimation.


• Some additional tricks beyond 
what we discussed today.


• Not competitive with other 
methods (yet).


• More theory needed? Better 
parameterization? CIFAR-10 Modeling


