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Maximum Likelihood Estimation

e (Generative latent variable model:
1. z~r,
2. x=gg(z) ~ po(x).

e The maximum likelihood estimator:

R 1
Omie = argmax [E logpy(x) ~ arg max — Z log pg(x;), where x; ~ p.
o TP 0 n-—

* The log-likelihood of a sample:

log pe(z) = logr(g, ' (z)) + logdet (V,g, ' (z)) .
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Normalizing Flows

* Build a series of transformations of our initial proposal zg ~ g4 (:|T).
e let Z=X,¢9,: Z — Z and define z; = g; o--- 0 g1(2g).

 The log-density of the pushforward distribution on z;is given by

&%(Zs—l)) |

log q:(z:) = log qo(zo) Zlogdet( Tz

gs(zs—l)

aZs—l

0
e Choose functions ¢s so that logdet ( ) IS easy to calculate.
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Inverse Autoregressive Flow

Zi_—1 — Myt (Zt—l)
O't(Zt—l)

* Inverse autoregressive transformation: z; =

9 p
* Claim: logdet ( o ) — — Zl@g o k(Zi—1 <k ). Proof:

0z _
t—1 L—1
82’75,() 1 O
57 10 0 . 0 =
8zt,0 th,l O azt,O 1
aZt | Ozt—1,1 0zt—1.1 S o 0zt—1,1 Ot,1
0Z_1
0zt 0 02t p—1 0zt p 0z2t.0 02t p—1 1
02t—1,p S 02t—1.p 02t—1.p 0zt—1,p S 0zt—1,p Ot,p
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JAF for Pushforward Inference?

|AF for VAE |AF for Pushforward

ORIMBOR

@ ~ & ‘\(AR)/

|AF for Inverse of Pushforward

/(A\R)\A

o
@ — |nference (IAF)
— Sampling
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Additive Coupling Flow

e Partition Z = X = R%into two feature sets: © = (wlw,,d/g, xd/%l,m,d).
« Parameterize hg : R4/2 _y RY/2,

* Define an additive coupling
L1,....d/2 = <1,....d/2>

Td/241,....d = Rd/2+1,....d T he(zl,...,d/z)-

e Claim: additive coupling is invertible for any function hy : R%/2 5 RY/2,

e Stack multiple flows to construct = = gg(2) = gém 0.0 gé”(z).
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Inverses for Additive Flow

* One step of additive coupling flow: z — x where

L1,....d/2 = ~1,...,d/2;

Td/241,....d = Rd/2+1,....d T h9(21,...,d/2)-

 Given x, recover the inverse z by computing

£1,...,d/2 — L1,....d/2;

“d/2+1,....d — Ld/2+1,....d — h9($1,...,d/2)-

* This is the same construction as a Feistel cipher (DES, Blowfish, Twofish, etc.)
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Jacobians for Additive Flow

e The inverse of an additive flow Is
£1,...,d/2 — L1,....d/2;

“d/2+1,....d — Ld/24+1,....d — h9($1,...,d/2)-

e The Jacobian of this inverse flow Is

Oz(x) ahldd/z 0
or |~ g

« Therefore logdet(V,z(x)) = 0 (volume preserving transformation).
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Affine Coupling Flow

* One step of affine coupling (Real Non-Volume Preserving) flow:

L1,....d/2 = <1,...,d/2;
Ld/24+1,....d = ~d/2+1,....,d @eXP(Se(ZL...,d/z)) T tH(Zl,...,d/Q)-

e |Inverses are similar to additive flow. Jacobians of the inverse are

82(@') - _Idd/z O
ox IEEE diag (GXP(—SQ(QZ'l,...,d/Q)))_ | q/2
» The change of variables correction is logdet(V z(x)) = — Z so(%1,....d/2)i-
i=1
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e Scales up the RealNVP.

A few additional architectural
tricks (invertible 1x1 convolutions).

e Lots of parameters, expensive to
train.

 Not competitive with other
methods (yet). Kingma and Dhariwal, Neurips 2018
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5-Minute Break

CSE 599I: Generative Models Lecture 15 University of Washington



Neural Differential Equations

* A step of additive coupling flow: z — x = z + hy(z).

L1,....d/2 = <1,...,d/2>

Td/o+1,..d = Zd/2+1,...d T he(z1,.. a/2)-

 Think of hy(z) as the dynamics of a differential equation: — = hy(z,1t).
. _ _ @ L)
A sequence of flows x = gp(z) = h,’ o---oh, ' (2).

 Think of gy(z) as an Euler discretization of an integral

t t
e [ bl s 3l
0 s=—1
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Inference for Continuous Flows

« One step of discrete flow: if z ~ ¢ and x = hy(z), then x ~ py where

log pg(x) — log q(z) = logdet (Vxhe_l(x)) .

0
e Instantaneous change in the log-likelihood for dynamics a—j = hg(z,1):
0log g,
Og‘é 205) _ 0 (Voho(zy, 5))
S

* Relatively cheap trace operation replaces expensive determinant.

* Invertibility replaced with more mild existence and uniqueness conditions.

CSE 599I: Generative Models Lecture 15 University of Washington



Cumulative Inference

e Cumulative inference for discrete flows:

t
00s(Z_
log q1(z+) = log qo(zo) — Zlogdet< 9 1)> -

823_1

* Analogous cumulative inference for continuous flows:

08 0 (20) = Yo an((0) — [ i (Mf;; S>) s

 For density estimation application: x = z; = g¢(2z¢), Where zg ~ qq.

 For MLE, need to compute Vg logpp(z) = Vg log q:(z+).
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Pontryagin Adjoints
 For maximum likelihood estimation, compute

' Ohg(zs,
Vo logpg(z) = Vglogqi(z:) = —VQ/ tr ( Qéz S)> ds.
0

 Decompose the problem. Define an adjoint process with dynamics

dos 7 Ohg(zs, s) 910g go (7o)
ds YT 0 0Z4
* The gradients of the log-likelihood are given in terms of the adjoint:

b Ohg(zs, s
VQ lOg qt(zt) — / Oéz Qée ) ds.
0
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Continuous Back-Prop

h@(Zt_l,t) h@(ZQ, 1)

X:@ —hg(2z4, 1) @ @ —hg(z1,1)
O O O 6

Oét 1\ Viho(zi—1,t _Oéov ho (20, 0
t
— Inference B Tah@ (Z37 3)
— Sampling Vo log dt (Zt) — /() Y Y. ds.

CSE 599I: Generative Models Lecture 15 University of Washington



Ffjord

* Neural ODE for density estimation.

e Some additional tricks beyond
what we discussed today.

 Not competitive with other

methods (yet). W

I 3 _‘.‘ + *F _‘ ,."_h _w.-u;,

* More theory needed? Better N AN M G
parameterization? CIFAR-10 Modeling

Grathwonl et. al., ICLR 2019
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