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• Minimize Wasserstein distance between    and     :


•             is the set of probability distributions on              with marginals  


• We can’t enforce these constraints on the marginals.


• Instead, minimize a dual characterization of the Wasserstein distance:

Kantorovich Rubinstein Duality

CSE 599I: Generative Models University of WashingtonLecture 13

p✓
<latexit sha1_base64="CgjCE7xhSHzuBqL1RXBn5tnEtTo=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHoseBFPFewHtKFsttN26WYTdydCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adecNECkOe9+0U1tY3NreK26Wd3b39g/LhUdPEqebY4LGMdTtkBqVQ2CBBEtuJRhaFElvh+GZWbz2hNiJWDzRJMIjYUImB4Iys1U56XRohsV654lW9udxV8HOoQK56r/zV7cc8jVARl8yYju8lFGRMk+ASp6VuajBhfMyG2LGoWIQmyOb7Tt0z6/TdQaztU+TO3d8TGYuMmUSh7YwYjcxybWb+V+ukNLgOMqGSlFDxxUeDVLoUu7Pj3b7QyElOLDCuhd3V5SOmGScbUcmG4C+fvArNi6pv+f6yUrvL4yjCCZzCOfhwBTW4hTo0gIOEZ3iFN+fReXHenY9Fa8HJZ47hj5zPHy9jkBM=</latexit><latexit sha1_base64="CgjCE7xhSHzuBqL1RXBn5tnEtTo=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHoseBFPFewHtKFsttN26WYTdydCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adecNECkOe9+0U1tY3NreK26Wd3b39g/LhUdPEqebY4LGMdTtkBqVQ2CBBEtuJRhaFElvh+GZWbz2hNiJWDzRJMIjYUImB4Iys1U56XRohsV654lW9udxV8HOoQK56r/zV7cc8jVARl8yYju8lFGRMk+ASp6VuajBhfMyG2LGoWIQmyOb7Tt0z6/TdQaztU+TO3d8TGYuMmUSh7YwYjcxybWb+V+ukNLgOMqGSlFDxxUeDVLoUu7Pj3b7QyElOLDCuhd3V5SOmGScbUcmG4C+fvArNi6pv+f6yUrvL4yjCCZzCOfhwBTW4hTo0gIOEZ3iFN+fReXHenY9Fa8HJZ47hj5zPHy9jkBM=</latexit><latexit sha1_base64="CgjCE7xhSHzuBqL1RXBn5tnEtTo=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHoseBFPFewHtKFsttN26WYTdydCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adecNECkOe9+0U1tY3NreK26Wd3b39g/LhUdPEqebY4LGMdTtkBqVQ2CBBEtuJRhaFElvh+GZWbz2hNiJWDzRJMIjYUImB4Iys1U56XRohsV654lW9udxV8HOoQK56r/zV7cc8jVARl8yYju8lFGRMk+ASp6VuajBhfMyG2LGoWIQmyOb7Tt0z6/TdQaztU+TO3d8TGYuMmUSh7YwYjcxybWb+V+ukNLgOMqGSlFDxxUeDVLoUu7Pj3b7QyElOLDCuhd3V5SOmGScbUcmG4C+fvArNi6pv+f6yUrvL4yjCCZzCOfhwBTW4hTo0gIOEZ3iFN+fReXHenY9Fa8HJZ47hj5zPHy9jkBM=</latexit><latexit sha1_base64="CgjCE7xhSHzuBqL1RXBn5tnEtTo=">AAAB73icbZBNS8NAEIYn9avWr6pHL8EieCqJCHoseBFPFewHtKFsttN26WYTdydCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adecNECkOe9+0U1tY3NreK26Wd3b39g/LhUdPEqebY4LGMdTtkBqVQ2CBBEtuJRhaFElvh+GZWbz2hNiJWDzRJMIjYUImB4Iys1U56XRohsV654lW9udxV8HOoQK56r/zV7cc8jVARl8yYju8lFGRMk+ASp6VuajBhfMyG2LGoWIQmyOb7Tt0z6/TdQaztU+TO3d8TGYuMmUSh7YwYjcxybWb+V+ukNLgOMqGSlFDxxUeDVLoUu7Pj3b7QyElOLDCuhd3V5SOmGScbUcmG4C+fvArNi6pv+f6yUrvL4yjCCZzCOfhwBTW4hTo0gIOEZ3iFN+fReXHenY9Fa8HJZ47hj5zPHy9jkBM=</latexit>

p
<latexit sha1_base64="smPOKLAnTrnF0bmCetk9pXvErIU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EU8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmd1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeONnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du2rqme5eV2p3+dxFOEMzuESPKhBHe6gAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD3IOM/A==</latexit><latexit sha1_base64="smPOKLAnTrnF0bmCetk9pXvErIU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EU8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmd1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeONnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du2rqme5eV2p3+dxFOEMzuESPKhBHe6gAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD3IOM/A==</latexit><latexit sha1_base64="smPOKLAnTrnF0bmCetk9pXvErIU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EU8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmd1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeONnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du2rqme5eV2p3+dxFOEMzuESPKhBHe6gAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD3IOM/A==</latexit><latexit sha1_base64="smPOKLAnTrnF0bmCetk9pXvErIU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4EU8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmd1ztPqDSP5YOZJuhHdCR5yBk11momg3LFrboLkXXwcqhArsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnkVJI9R+tlh0Ri6sMyRhrOyThizc3xMZjbSeRoHtjKgZ69Xa3Pyv1ktNeONnXCapQcmWH4WpICYm86vJkCtkRkwtUKa43ZWwMVWUGZtNyYbgrZ68Du2rqme5eV2p3+dxFOEMzuESPKhBHe6gAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyR8/kD3IOM/A==</latexit>

⇧(p, q)
<latexit sha1_base64="iLMvFgc8wC1zRx6pyZO3pYmEziM="></latexit><latexit sha1_base64="iLMvFgc8wC1zRx6pyZO3pYmEziM="></latexit><latexit sha1_base64="iLMvFgc8wC1zRx6pyZO3pYmEziM="></latexit><latexit sha1_base64="iLMvFgc8wC1zRx6pyZO3pYmEziM="></latexit>

X ⇥ X<latexit sha1_base64="fwH7GuQw9appWjW8uV+bzThVrmI="></latexit><latexit sha1_base64="fwH7GuQw9appWjW8uV+bzThVrmI="></latexit><latexit sha1_base64="fwH7GuQw9appWjW8uV+bzThVrmI="></latexit><latexit sha1_base64="fwH7GuQw9appWjW8uV+bzThVrmI="></latexit>

p, q.
<latexit sha1_base64="Fx2HIsx7Dobj3ocD2+fWN7nuDJQ="></latexit><latexit sha1_base64="Fx2HIsx7Dobj3ocD2+fWN7nuDJQ="></latexit><latexit sha1_base64="Fx2HIsx7Dobj3ocD2+fWN7nuDJQ="></latexit><latexit sha1_base64="Fx2HIsx7Dobj3ocD2+fWN7nuDJQ="></latexit>

W (p, q) = inf
⇡2⇧(p,q)

E
(x,y)⇠⇡

[kx� yk2] = sup
khkL1


E

x⇠p
h(x)� E

x⇠q
h(x)

�
.

<latexit sha1_base64="nblYR/pKcWzSuc7+N/JrwlGgzKw="></latexit><latexit sha1_base64="nblYR/pKcWzSuc7+N/JrwlGgzKw="></latexit><latexit sha1_base64="nblYR/pKcWzSuc7+N/JrwlGgzKw="></latexit><latexit sha1_base64="nblYR/pKcWzSuc7+N/JrwlGgzKw="></latexit>

✓W = argmin
✓

W (p, p✓) = argmin
✓

inf
⇡2⇧(p,p✓)

E
(x,y)⇠⇡

[kx� yk2] .
<latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="MoNsz3Lg63kG3NwZxwsUMmJL39E="></latexit><latexit sha1_base64="hjCNlcxsXhm6zY/tW1jsT3I1/Kk="></latexit><latexit sha1_base64="hjCNlcxsXhm6zY/tW1jsT3I1/Kk="></latexit><latexit sha1_base64="cznZ9niHf+S4Gz30Lk5121oSFeE="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="MoNsz3Lg63kG3NwZxwsUMmJL39E="></latexit><latexit sha1_base64="hjCNlcxsXhm6zY/tW1jsT3I1/Kk="></latexit><latexit sha1_base64="hjCNlcxsXhm6zY/tW1jsT3I1/Kk="></latexit><latexit sha1_base64="cznZ9niHf+S4Gz30Lk5121oSFeE="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit><latexit sha1_base64="QvT+fUKGjdQnlV3YtJBCia6Uqhw="></latexit>



• Solve a saddle-point problem:


• Idea: enforce                    as a soft constraint using Lagrange multipliers:


• Saddle point problem becomes 


• Technically need Lipschitz condition everywhere; where to enforce it?


• Uniformly along straight lines between points            and   

Gradient Penalty Relaxation
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Wasserstein GAN
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GAN Evaluation
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• For AR models and VAE, we calculated the test set log-likelihood.


• Can we do this for GAN’s?


• Inception score:


‣ Using Inception v3 classifier            , compute: 


‣ Lower bound                   ; CIFAR-10 training data has 


• Another popular variant is Frechet Inception Distance (FID).
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The Monge Problem
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Peyré and Cuturi, 2019

• The optimal transport (sigma) 
maps blue probability mass 
onto red probability mass 
while minimizing the product:

Distance x Mass

• The optimal transport sigma is called a “Monge map.”


• What if we can’t neatly pair up components of the blue and red distributions?



• Relax the Monge map to a fractional 
map (i.e. a probabilistic map).


• This is a classical problem in logistics 
operations research!


• Formally, the problem is to find:

The Kantorovich Problem
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Pedroso, Rais, Kubo, and Muramatsu (2012)
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• If                  and                                 then

• Want to find:


• We can interpret the value of 
the minimizer as a distance 
between    and   .


• Costs are not visualized here.

The Kantorovich Problem
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Peyré and Cuturi, 2019
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The Constraints
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• We want to solve an optimal transport problem:


• In the discrete setting, the constraints                     become 


• The optimal transport problem is a linear program:

dc(p, q) = min
⇡2⇧(p,q)

hc,⇡i = min
⇡2⇧(p,q)

X

x,y

c(x, y)⇡(x, y).
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mX

i=1

⇡(x, yi) = (⇡1m)x, and q(y) =
nX

i=1

⇡(xi, y) = (1T
n⇡)y.
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⇡1m=p
⇡>1n=q

X

x,y

c(x, y)⇡(x, y).
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Entropy Regularization
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• We can compute an optimal transport faster if we regularize a bit:


• This problem has an interesting alternate interpretation:


• Analogous to how MLE is really KL minimization!


• Does the analogy run deeper?

d
�
c (p, q) = min

⇡2⇧(p,q)
hc,⇡i � �H(⇡).
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argmin
⇡2⇧(p,q)

hc,⇡i � �H(⇡) = argmin
⇡2⇧(p,q)

D(⇡ k p
�
k).
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KL Divergence Minimization
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• Claim:


• Define                                   and                             


• Then                                      is a probability distribution and

argmin
⇡2⇧(p,q)

hc,⇡i � �H(⇡) = argmin
⇡2⇧(p,q)

D(⇡ k p
�
k).
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X
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D(⇡ k p
�
k) =

X

x,y

⇡(x, y) log
⇡(x, y)Z�

k(x, y)
=

1

�
hc,⇡i �H(⇡) + logZ�.
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A Conceptual Algorithm
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• Our goal is to find:


• Two sets of constraints:                  and                       


• How about alternating minimization? Initialize                  and iterate:


• These sub-problems have a closed form!

argmin
⇡2⇧(p,q)

hc,⇡i � �H(⇡) = argmin
⇡2⇧(p,q)

D(⇡ k p
�
k).
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� = p�k
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⇡(`+1)
� ⌘

8
><

>:

argmin
⇡1m=p

D(⇡ k ⇡(`)
� ) ` even,

argmin
⇡>1n=q

D(⇡ k ⇡(`+1)
� ) ` odd.
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Solving the Sub-Problems
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• Suppose    is even. We need to find


• Introduce Lagrange multipliers:


• Appeal to strong duality to swap the min and max. We now need to find


• This is an unconstrained minimization problem.
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D(⇡ k ⇡(`)
� ).

<latexit sha1_base64="dekkCpRixswXvlLpczq5mjipbEI="></latexit><latexit sha1_base64="dekkCpRixswXvlLpczq5mjipbEI="></latexit><latexit sha1_base64="dekkCpRixswXvlLpczq5mjipbEI="></latexit><latexit sha1_base64="dekkCpRixswXvlLpczq5mjipbEI="></latexit>

argmin
⇡1m=p

D(⇡ k ⇡(`)
� ) = argmin

⇡
max
f

D(⇡ k ⇡(`)
� ) + hf,⇡1m � pi.
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argmin
⇡

D(⇡ k ⇡(`)
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<latexit sha1_base64="FXqDj2Lz1ZldQJWsmuzJle0y7WM="></latexit><latexit sha1_base64="FXqDj2Lz1ZldQJWsmuzJle0y7WM="></latexit><latexit sha1_base64="FXqDj2Lz1ZldQJWsmuzJle0y7WM="></latexit><latexit sha1_base64="FXqDj2Lz1ZldQJWsmuzJle0y7WM="></latexit>



Solving the Inner Optimization
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• Want to find


• Solve the first order optimality conditions:


• For a particular index (x,y), 


• Solve for                     :

argmin
⇡

D(⇡ k ⇡(`)
� ) + hf,⇡1m � pi.

<latexit sha1_base64="FXqDj2Lz1ZldQJWsmuzJle0y7WM="></latexit><latexit sha1_base64="FXqDj2Lz1ZldQJWsmuzJle0y7WM="></latexit><latexit sha1_base64="FXqDj2Lz1ZldQJWsmuzJle0y7WM="></latexit><latexit sha1_base64="FXqDj2Lz1ZldQJWsmuzJle0y7WM="></latexit>

@
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h
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� ) + hf,⇡1m � pi
i
= 0.
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Solving the Outer Optimization
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• Suppose    is even. We need to find


• Equivalent (strong duality) to finding 


• We previously saw that                                                     So we need 
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argmax
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min
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� ) + hf,⇡1m � pi

= argmax
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X

y

⇡(`)
� (x, y) =) e1�fx =

p(x)
P
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� (x, y)
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A Closed Form Solution
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• Recall that our goal is to find


• We decomposed this into an alternating minimization problem:


• The sub-problems have closed form:

argmin
⇡2⇧(p,q)

hc,⇡i � �H(⇡) = argmin
⇡2⇧(p,q)

D(⇡ k p
�
k).
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