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Wasserstein GAN

 Minimize Wasserstein distance between p and pe:

~

Oy = argmin W (p, pg) = argmin  inf L |l —yl|2] -
0 0 m€ll(p,po) (x,y)~m

e II(p, q) is the set of probability distributions on X’ x X with marginals p, q.
* \We can’t enforce these constraints on the marginals.

e |nstead, minimize a dual characterization of the Wasserstein distance:

Wi(p,q) = inf T |llz —yll2] = sup & h(z) — E h(x)| .

m€ll(p,q) (z,y)~m |h||L<1 Lz~p T~q

CSE 599I: Generative Models Lecture 12 University of Washington



Kantorovich Rubinstein Duality

» Kantorovich-Rubinstein Duality:

Wi(p,q) = inf 2 [llz—ylla] = sup | E h(z)— E h(z)

mell(p,q) (z,y)~m |h|| L <1 [z~p x~q

* Optimize over 1-Lipschitz functions instead of joint probability distributions.

* Only need access to samples from the marginals p, q.

e Where does this dual formulation of Wasserstein distance come from?
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Outline of the Proof

» Kantorovich-Rubinstein Duality:

Wip,q) = if — E [[z—yl2J= sup | E h(z)— E h(z)

mell(p,q) (z,y)~m |h| L <1 [®z~P x~q

* Introduce Lagrange multipliers f, g to enforce the marginal constraints.

 Apply optimization duality: W (p, q) = inf sup L(w, f, g) = supinf L(m, f, g).
" fig fg ™

o Analytically compute the minimizer 7", and plug it back in:

L(m*, f,9) = E [f(z)|+ E [9(y)].

L~p y~q

 Cleverly replace f, g with a single optimization variable h.
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Introduce Lagrange Multipliers

e \Wasserstein distance:

Wip,q) = int 7 — .
(p, q) ot (x’y)NW[IIx y/2]

» The marginal constraints are: p(x) :/ m(x,y)dy, and q(y) :/ m(x,y)dx.
X X

e Need to constrain functions so multipliers will also be functions f,g : X — R.

L fg)= E_[lo=ylal+ [ (p<x> - [ wy dy) () da

(z,y)~m
w [ (4w~ [ wGev)de) o) dy
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Compute the Lagrangian
L(m, f,g9) = (m’ygw[\\aﬁ—ylb] +/X (p(af) —/Xﬂ(ﬂf,y) dy> fx)do

v [ (q<y> - [ waw dx) o) dy
— [ e —ylPrdyda+ | (p<x> - [ dy) F(x) da

w [ (4w~ [ wGev)de) o) dy

— a:jp [f(af)] T yjq [Q(y)] an /)(X)( (HQ’J —yllo — f(x) — g(y))w(af;’y) dy dzx.
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Apply Strong Duality

e Strong duality:

W(p,py) = inf sup L(7, f, g) = supinf L(~, f, g).

T f.9 frg ™

e And recall our calculation that

L(m, f,9) = E [f(z)]+ E [9(y)] _I_/XXX (H:v—sz — f(x) —g(y)>ﬂ(x,y) dy dzx.

L~P y~q

e The first two terms are constant in 7, so

oxgmin L(r. . g) = argwin [ (Hx —ylls — f(z) - g<y>)w<x,y> dydo

7T 7T
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Compute the Minimizer

 \We need to compute the minimizer

arg min L(m, f, g) = arg min/X . (IICL‘ —yll2 — f(z) — g(?J))W(fE, y) dy dx.

7T 7T

» What happens if |z —y|l2 < f(z) + g(y)?

» Concentrate mass of 7 at (z, y): this makes L(m, f, g) = —o0.
» What happens if ||z — y||2 > f(x) + g(y), for all pairs (z,y)?

» The best we can do is set m(x,y) = 0.
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Plug In the Minimizer

e Strong duality: W (p,p,) = inf sup L(w, f,g) = supinf L(m, f, g).

™ f.g f.g "
e Pick f,g: X — Rsuchthatl|z —yl|l2> f(x)+ g(y):
Wip,pg) = sup i:%fL(W, f,q).

e
f(x)+g9(y)<|[lz—yl|2

* In this case, 7(x,y) = 0. Plugging in zero, we have

()] +

L(m, f,g) =

5 [9(y)] + -, |z — — ; m(x,y) dy dx.

<
A
L~D
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A Single Optimization Variable?

 What we’ve got so far:

W(p,q) = sup L f(x)]+ E lg(y)]-

f(z)+g(y)<llz—yll2 TP J~4

 What we’re aiming for:

W(p,q) = sup 5 h(z)] — E [h(y)].

h(z)=h(y)|<|lz—yll2 *~P I

 How toreplace f, g : X — R with a single optimization variable h : X — R?
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5-Minute Break
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A Lower Bound

 What we’re aiming for:

W(p,q) = Sup 5 [h(x)] —

h(z)—h(y)|<|lz—y]l2 T~P y~q

e A lower bound:

2 (b)) = B (b)) = [ (h(@) = b)) ey dzdy

< / |z —yllym(x,y) dedy = W(p,q).
X XX

e |fit’'s also an upper bound, then we are done!
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An Upper Bound?

 What we’ve got from our Lagrangian analysis:

W(p,q) = Sup (@) + E [9(y)]-

f(z)+g(y)<llz—yll2 TP I~

e \What we need to show:

W(p,q) = Sup < | f(x)]+ E 9(y)]
f(x)+g(y)<||lz—yl|l2 LT™P y~q _

< Sup ¢ |h(z)] — E [h(y)]| < W(p,q)
h(x)—h(y)|<||lz—yll2 LZ~P y~q -
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Infimal Convolution

e Define the “infimal convolution”

k(z) =inf |||z — ulls — g(u)|.

e Lemma: ~ Is 1-Lipschitz. Proof
+ k(z) < |lv —ull2 = g(u) < lz —yll2 + |ly — ull2 — g(u) (triangle inequality)
* This holds for any value of u, so

k(x) < o = yllz +inf [ly —ullz = g(u)] = llz = yll2 + £(y).

» Rearranged: k(z) — k(y) < ||x — y||2- Reverse x, y: |k(x) — k(y)| < ||z — yl|2.
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Finishing Up

* If f(z) +9(y) < [z — vyl (for all z,y) then for all v,

F(v) < int | v — ullz — gu)| = K(v) < lo = vll2 — g(v) = —g(v).

u

* This gives us the upper bound:

L f(@)]+ E [g)] < E [k(x)] - E [k(y)].

LD y~q L~YP y~q
e le. W(p,q) = Sup C f(x)]+ E [g(y)]
fl)+g(y)<|lz—y|l2 LT™P y~q )
< Sup ¢ (h(x)] — E [h(y)]| < W(p,q).
h(z)—h(y)|<||lz—yl|2 LTP y~q _

CSE 599I: Generative Models Lecture 12 University of Washington



