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Kantorovich-Rubinstein Duality
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• Minimize Wasserstein distance between    and     :


•             is the set of probability distributions on              with marginals  


• We can’t enforce these constraints on the marginals.


• Instead, minimize a dual characterization of the Wasserstein distance:

Wasserstein GAN
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• Kantorovich-Rubinstein Duality:


• Optimize over 1-Lipschitz functions instead of joint probability distributions.


• Only need access to samples from the marginals


• Where does this dual formulation of Wasserstein distance come from?

Kantorovich Rubinstein Duality
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• Kantorovich-Rubinstein Duality:


• Introduce Lagrange multipliers        to enforce the marginal constraints. 


• Apply optimization duality: 


• Analytically compute the minimizer     , and plug it back in:


• Cleverly replace        with a single optimization variable 

Outline of the Proof
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⇡⇤
<latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit>

W (p, q) = inf
⇡

sup
f,g

L(⇡, f, g) = sup
f,g

inf
⇡

L(⇡, f, g).
<latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit>



Introduce Lagrange Multipliers
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• Wasserstein distance:


• The marginal constraints are:


• Need to constrain functions so multipliers will also be functions 

W (p, q) = inf
⇡2⇧(p,q)

E
(x,y)⇠⇡

[kx� yk2] .
<latexit sha1_base64="12UOKxDndd2uSm9Jr4vqu8mZT8A="></latexit><latexit sha1_base64="12UOKxDndd2uSm9Jr4vqu8mZT8A="></latexit><latexit sha1_base64="12UOKxDndd2uSm9Jr4vqu8mZT8A="></latexit><latexit sha1_base64="12UOKxDndd2uSm9Jr4vqu8mZT8A="></latexit>

p(x) =

Z

X
⇡(x, y) dy, and q(y) =

Z

X
⇡(x, y) dx.

<latexit sha1_base64="IqN3NRnNsIqxJPEH8+S139MzfCc="></latexit><latexit sha1_base64="IqN3NRnNsIqxJPEH8+S139MzfCc="></latexit><latexit sha1_base64="IqN3NRnNsIqxJPEH8+S139MzfCc="></latexit><latexit sha1_base64="IqN3NRnNsIqxJPEH8+S139MzfCc="></latexit>

f, g : X ! R.
<latexit sha1_base64="OgBNtAmcfmdba02Zydd+hJfQNsE="></latexit><latexit sha1_base64="OgBNtAmcfmdba02Zydd+hJfQNsE="></latexit><latexit sha1_base64="OgBNtAmcfmdba02Zydd+hJfQNsE="></latexit><latexit sha1_base64="OgBNtAmcfmdba02Zydd+hJfQNsE="></latexit>

L(⇡, f, g) = E
(x,y)⇠⇡

[kx� yk2] +
Z

X

✓
p(x)�

Z

X
⇡(x, y) dy

◆
f(x) dx

+

Z

X

✓
q(y)�

Z

X
⇡(x, y) dx

◆
g(y) dy.

<latexit sha1_base64="llkcRquu2hEdgsU02Yo60z+L9Nw="></latexit><latexit sha1_base64="llkcRquu2hEdgsU02Yo60z+L9Nw="></latexit><latexit sha1_base64="llkcRquu2hEdgsU02Yo60z+L9Nw="></latexit><latexit sha1_base64="llkcRquu2hEdgsU02Yo60z+L9Nw="></latexit>



Compute the Lagrangian
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= E
x⇠p

[f(x)] + E
y⇠q

[g(y)] +

Z

X⇥X

✓
kx� yk2 � f(x)� g(y)

◆
⇡(x, y) dy dx.

<latexit sha1_base64="OsmCYuKlb9slI7G1ZSQ8mdqOapY="></latexit><latexit sha1_base64="OsmCYuKlb9slI7G1ZSQ8mdqOapY="></latexit><latexit sha1_base64="OsmCYuKlb9slI7G1ZSQ8mdqOapY="></latexit><latexit sha1_base64="OsmCYuKlb9slI7G1ZSQ8mdqOapY="></latexit>

L(⇡, f, g) = E
(x,y)⇠⇡

[kx� yk2] +
Z

X

✓
p(x)�

Z

X
⇡(x, y) dy

◆
f(x) dx

+

Z

X

✓
q(y)�

Z

X
⇡(x, y) dx

◆
g(y) dy.

<latexit sha1_base64="llkcRquu2hEdgsU02Yo60z+L9Nw="></latexit><latexit sha1_base64="llkcRquu2hEdgsU02Yo60z+L9Nw="></latexit><latexit sha1_base64="llkcRquu2hEdgsU02Yo60z+L9Nw="></latexit><latexit sha1_base64="llkcRquu2hEdgsU02Yo60z+L9Nw="></latexit>

=

Z

X⇥X
kx� yk2⇡(x, y) dy dx+

Z

X

✓
p(x)�

Z

X
⇡(x, y) dy

◆
f(x) dx

+

Z

X

✓
q(y)�

Z

X
⇡(x, y) dx

◆
g(y) dy.

<latexit sha1_base64="/v+VslfoSH/8JwqumVgXgeGrIdw="></latexit><latexit sha1_base64="/v+VslfoSH/8JwqumVgXgeGrIdw="></latexit><latexit sha1_base64="/v+VslfoSH/8JwqumVgXgeGrIdw="></latexit><latexit sha1_base64="/v+VslfoSH/8JwqumVgXgeGrIdw="></latexit>



• Kantorovich-Rubinstein Duality:


• Introduce Lagrange multipliers        to enforce the marginal constraints. 


• Apply optimization duality:  

• Analytically compute the minimizer     , and plug it back in:


• Cleverly replace        with a single optimization variable 

Outline of the Proof
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W (p, q) = inf
⇡2⇧(p,q)

E
(x,y)⇠⇡

[kx� yk2] = sup
khkL1


E

x⇠p
h(x)� E

x⇠q
h(x)

�
.

<latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="4tvFubp2fxmu649NHtto9Kyw6QU="></latexit><latexit sha1_base64="EssqInffd3ZljNNcLVREop1EMuQ="></latexit><latexit sha1_base64="EssqInffd3ZljNNcLVREop1EMuQ="></latexit><latexit sha1_base64="3eHPVjpOeczGMfVHXMffERvNHjI="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit>

f, g
<latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit>

f, g
<latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit>

h.
<latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit><latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit><latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit><latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit>

L(⇡⇤, f, g) = E
x⇠p

[f(x)] + E
y⇠q

[g(y)] .
<latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit><latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit><latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit><latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit>

⇡⇤
<latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit>

W (p, q) = inf
⇡

sup
f,g

L(⇡, f, g) = sup
f,g

inf
⇡

L(⇡, f, g).
<latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit>



Apply Strong Duality
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• Strong duality:


• And recall our calculation that


• The first two terms are constant in    , so 

W (p, pg) = inf
⇡

sup
f,g

L(⇡, f, g) = sup
f,g

inf
⇡

L(⇡, f, g).
<latexit sha1_base64="O0KP7lIQvoI3PYUE/kKwyaWzzEo="></latexit><latexit sha1_base64="O0KP7lIQvoI3PYUE/kKwyaWzzEo="></latexit><latexit sha1_base64="O0KP7lIQvoI3PYUE/kKwyaWzzEo="></latexit><latexit sha1_base64="O0KP7lIQvoI3PYUE/kKwyaWzzEo="></latexit>

L(⇡, f, g) = E
x⇠p

[f(x)] + E
y⇠q

[g(y)] +

Z

X⇥X

✓
kx� yk2 � f(x)� g(y)

◆
⇡(x, y) dy dx.

<latexit sha1_base64="ByzVRHE6KSkT6pJHt4MJG5I+bhg="></latexit><latexit sha1_base64="ByzVRHE6KSkT6pJHt4MJG5I+bhg="></latexit><latexit sha1_base64="ByzVRHE6KSkT6pJHt4MJG5I+bhg="></latexit><latexit sha1_base64="ByzVRHE6KSkT6pJHt4MJG5I+bhg="></latexit>

⇡
<latexit sha1_base64="+MGpLMpJcaL5pPhUDzbSitNFoD8="></latexit><latexit sha1_base64="+MGpLMpJcaL5pPhUDzbSitNFoD8="></latexit><latexit sha1_base64="+MGpLMpJcaL5pPhUDzbSitNFoD8="></latexit><latexit sha1_base64="+MGpLMpJcaL5pPhUDzbSitNFoD8="></latexit>

argmin
⇡

L(⇡, f, g) = argmin
⇡

Z

X⇥X

✓
kx� yk2 � f(x)� g(y)

◆
⇡(x, y) dy dx.

<latexit sha1_base64="KY9Bbsq5qHVMjrQvMXIYApRPGT0="></latexit><latexit sha1_base64="KY9Bbsq5qHVMjrQvMXIYApRPGT0="></latexit><latexit sha1_base64="KY9Bbsq5qHVMjrQvMXIYApRPGT0="></latexit><latexit sha1_base64="KY9Bbsq5qHVMjrQvMXIYApRPGT0="></latexit>



• Kantorovich-Rubinstein Duality:


• Introduce Lagrange multipliers        to enforce the marginal constraints. 


• Apply optimization duality: 


• Analytically compute the minimizer     , and plug it back in:


• Cleverly replace        with a single optimization variable 

Outline of the Proof
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W (p, q) = inf
⇡2⇧(p,q)

E
(x,y)⇠⇡

[kx� yk2] = sup
khkL1


E

x⇠p
h(x)� E

x⇠q
h(x)

�
.

<latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="4tvFubp2fxmu649NHtto9Kyw6QU="></latexit><latexit sha1_base64="EssqInffd3ZljNNcLVREop1EMuQ="></latexit><latexit sha1_base64="EssqInffd3ZljNNcLVREop1EMuQ="></latexit><latexit sha1_base64="3eHPVjpOeczGMfVHXMffERvNHjI="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit>

f, g
<latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit>

f, g
<latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit>

h.
<latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit><latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit><latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit><latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit>

L(⇡⇤, f, g) = E
x⇠p

[f(x)] + E
y⇠q

[g(y)] .
<latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit><latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit><latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit><latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit>

⇡⇤
<latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit>

W (p, q) = inf
⇡

sup
f,g

L(⇡, f, g) = sup
f,g

inf
⇡

L(⇡, f, g).
<latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit>



Compute the Minimizer
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• We need to compute the minimizer


• What happens if                                         ?


• Concentrate mass of    at          : this makes  


• What happens if                                                                          ? 


• The best we can do is set 

argmin
⇡

L(⇡, f, g) = argmin
⇡

Z

X⇥X

✓
kx� yk2 � f(x)� g(y)

◆
⇡(x, y) dy dx.

<latexit sha1_base64="KY9Bbsq5qHVMjrQvMXIYApRPGT0="></latexit><latexit sha1_base64="KY9Bbsq5qHVMjrQvMXIYApRPGT0="></latexit><latexit sha1_base64="KY9Bbsq5qHVMjrQvMXIYApRPGT0="></latexit><latexit sha1_base64="KY9Bbsq5qHVMjrQvMXIYApRPGT0="></latexit>

kx� yk2 < f(x) + g(y)
<latexit sha1_base64="w84OMQ58+aerpoT2ydJWTtsmSFc="></latexit><latexit sha1_base64="w84OMQ58+aerpoT2ydJWTtsmSFc="></latexit><latexit sha1_base64="w84OMQ58+aerpoT2ydJWTtsmSFc="></latexit><latexit sha1_base64="w84OMQ58+aerpoT2ydJWTtsmSFc="></latexit>

⇡
<latexit sha1_base64="+MGpLMpJcaL5pPhUDzbSitNFoD8="></latexit><latexit sha1_base64="+MGpLMpJcaL5pPhUDzbSitNFoD8="></latexit><latexit sha1_base64="+MGpLMpJcaL5pPhUDzbSitNFoD8="></latexit><latexit sha1_base64="+MGpLMpJcaL5pPhUDzbSitNFoD8="></latexit>

(x, y)
<latexit sha1_base64="9YgfAcDcrn9Qe2uSAzAjaozaMFA="></latexit><latexit sha1_base64="9YgfAcDcrn9Qe2uSAzAjaozaMFA="></latexit><latexit sha1_base64="9YgfAcDcrn9Qe2uSAzAjaozaMFA="></latexit><latexit sha1_base64="9YgfAcDcrn9Qe2uSAzAjaozaMFA="></latexit>

L(⇡, f, g) = �1.
<latexit sha1_base64="HWEZ4lLZoEnq1IchnsVQi+N6vQM="></latexit><latexit sha1_base64="HWEZ4lLZoEnq1IchnsVQi+N6vQM="></latexit><latexit sha1_base64="HWEZ4lLZoEnq1IchnsVQi+N6vQM="></latexit><latexit sha1_base64="HWEZ4lLZoEnq1IchnsVQi+N6vQM="></latexit>

kx� yk2 � f(x) + g(y), for all pairs (x, y)
<latexit sha1_base64="5i4WcL4Uu0LckkeXsXbBytijcnM="></latexit><latexit sha1_base64="5i4WcL4Uu0LckkeXsXbBytijcnM="></latexit><latexit sha1_base64="5i4WcL4Uu0LckkeXsXbBytijcnM="></latexit><latexit sha1_base64="5i4WcL4Uu0LckkeXsXbBytijcnM="></latexit>

⇡(x, y) = 0.
<latexit sha1_base64="vdU8e4UmC8Rsn13/rDilX3Rw82o="></latexit><latexit sha1_base64="vdU8e4UmC8Rsn13/rDilX3Rw82o="></latexit><latexit sha1_base64="vdU8e4UmC8Rsn13/rDilX3Rw82o="></latexit><latexit sha1_base64="vdU8e4UmC8Rsn13/rDilX3Rw82o="></latexit>



Plug in the Minimizer
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• Strong duality:


• Pick                       such that                                        :  


• In this case,                      Plugging in zero, we have 

W (p, pg) = inf
⇡

sup
f,g

L(⇡, f, g) = sup
f,g

inf
⇡

L(⇡, f, g).
<latexit sha1_base64="O0KP7lIQvoI3PYUE/kKwyaWzzEo="></latexit><latexit sha1_base64="O0KP7lIQvoI3PYUE/kKwyaWzzEo="></latexit><latexit sha1_base64="O0KP7lIQvoI3PYUE/kKwyaWzzEo="></latexit><latexit sha1_base64="O0KP7lIQvoI3PYUE/kKwyaWzzEo="></latexit>

f, g : X ! R
<latexit sha1_base64="519rnKXdQq13ue5KtPkcrSWoRWg="></latexit><latexit sha1_base64="519rnKXdQq13ue5KtPkcrSWoRWg="></latexit><latexit sha1_base64="519rnKXdQq13ue5KtPkcrSWoRWg="></latexit><latexit sha1_base64="519rnKXdQq13ue5KtPkcrSWoRWg="></latexit>

kx� yk2 � f(x) + g(y)
<latexit sha1_base64="gwGQM+O+Ox8OJ2vx84ksAVEIE/8="></latexit><latexit sha1_base64="gwGQM+O+Ox8OJ2vx84ksAVEIE/8="></latexit><latexit sha1_base64="gwGQM+O+Ox8OJ2vx84ksAVEIE/8="></latexit><latexit sha1_base64="gwGQM+O+Ox8OJ2vx84ksAVEIE/8="></latexit>

W (p, pg) = sup
f,g

f(x)+g(y)kx�yk2

inf
⇡

L(⇡, f, g).

<latexit sha1_base64="W1YcFI+hsQT98LmGjzPnt+DLfdM="></latexit><latexit sha1_base64="W1YcFI+hsQT98LmGjzPnt+DLfdM="></latexit><latexit sha1_base64="W1YcFI+hsQT98LmGjzPnt+DLfdM="></latexit><latexit sha1_base64="W1YcFI+hsQT98LmGjzPnt+DLfdM="></latexit>

⇡(x, y) = 0.
<latexit sha1_base64="vdU8e4UmC8Rsn13/rDilX3Rw82o="></latexit><latexit sha1_base64="vdU8e4UmC8Rsn13/rDilX3Rw82o="></latexit><latexit sha1_base64="vdU8e4UmC8Rsn13/rDilX3Rw82o="></latexit><latexit sha1_base64="vdU8e4UmC8Rsn13/rDilX3Rw82o="></latexit>

L(⇡, f, g) = E
x⇠p

[f(x)] + E
y⇠q

[g(y)] +

Z

X⇥X

✓
kx� yk2 � f(x)� g(y)

◆
⇡(x, y) dy dx.

<latexit sha1_base64="bVzCCjLB6c92lZqeQU3B8gYbhHA="></latexit><latexit sha1_base64="bVzCCjLB6c92lZqeQU3B8gYbhHA="></latexit><latexit sha1_base64="bVzCCjLB6c92lZqeQU3B8gYbhHA="></latexit><latexit sha1_base64="bVzCCjLB6c92lZqeQU3B8gYbhHA="></latexit>



A Single Optimization Variable?
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• What we’ve got so far:


• What we’re aiming for:


• How to replace                       with a single optimization variable                  ? f, g : X ! R
<latexit sha1_base64="8NyjKgr1aeO5vdhn4gZm5DGV02E="></latexit><latexit sha1_base64="8NyjKgr1aeO5vdhn4gZm5DGV02E="></latexit><latexit sha1_base64="8NyjKgr1aeO5vdhn4gZm5DGV02E="></latexit><latexit sha1_base64="8NyjKgr1aeO5vdhn4gZm5DGV02E="></latexit>

W (p, q) = sup
f(x)+g(y)kx�yk2

E
x⇠p

[f(x)] + E
y⇠q

[g(y)] .
<latexit sha1_base64="T2S51+OxJn+XdlBvP5cB7D/M0oM="></latexit><latexit sha1_base64="T2S51+OxJn+XdlBvP5cB7D/M0oM="></latexit><latexit sha1_base64="T2S51+OxJn+XdlBvP5cB7D/M0oM="></latexit><latexit sha1_base64="T2S51+OxJn+XdlBvP5cB7D/M0oM="></latexit>

h : X ! R
<latexit sha1_base64="yKKpZTrG4QgQnhuDfcPKAGOjVAY="></latexit><latexit sha1_base64="yKKpZTrG4QgQnhuDfcPKAGOjVAY="></latexit><latexit sha1_base64="yKKpZTrG4QgQnhuDfcPKAGOjVAY="></latexit><latexit sha1_base64="yKKpZTrG4QgQnhuDfcPKAGOjVAY="></latexit>

W (p, q) = sup
|h(x)�h(y)|kx�yk2

E
x⇠p

[h(x)]� E
y⇠q

[h(y)] .
<latexit sha1_base64="rSJBMf94xmm2ZGgARlOxy3ORRDM="></latexit><latexit sha1_base64="rSJBMf94xmm2ZGgARlOxy3ORRDM="></latexit><latexit sha1_base64="rSJBMf94xmm2ZGgARlOxy3ORRDM="></latexit><latexit sha1_base64="rSJBMf94xmm2ZGgARlOxy3ORRDM="></latexit>



5-Minute Break
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• Kantorovich-Rubinstein Duality:


• Introduce Lagrange multipliers        to enforce the marginal constraints. 


• Apply optimization duality: 


• Analytically compute the minimizer     , and plug it back in:


• Cleverly replace        with a single optimization variable 

Outline of the Proof

CSE 599I: Generative Models University of WashingtonLecture 12

W (p, q) = inf
⇡2⇧(p,q)

E
(x,y)⇠⇡

[kx� yk2] = sup
khkL1


E

x⇠p
h(x)� E

x⇠q
h(x)

�
.

<latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="4tvFubp2fxmu649NHtto9Kyw6QU="></latexit><latexit sha1_base64="EssqInffd3ZljNNcLVREop1EMuQ="></latexit><latexit sha1_base64="EssqInffd3ZljNNcLVREop1EMuQ="></latexit><latexit sha1_base64="3eHPVjpOeczGMfVHXMffERvNHjI="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit><latexit sha1_base64="odfNU4PrDM/LAeoDVO2h+gCFtGM="></latexit>

f, g
<latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit>

f, g
<latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit><latexit sha1_base64="3SrKsZWX9qc9fRCkUfBKQsZV3ek="></latexit>

h.
<latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit><latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit><latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit><latexit sha1_base64="9ueN9ocfylW1Z9jWLoT+qWil0H0="></latexit>

L(⇡⇤, f, g) = E
x⇠p

[f(x)] + E
y⇠q

[g(y)] .
<latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit><latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit><latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit><latexit sha1_base64="s/rdRJOQV/0qBb/ezkyf3yoXIeY="></latexit>

⇡⇤
<latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit><latexit sha1_base64="QM7+nWWlVJbSqDRh7rQ7oXJn0Pg="></latexit>

W (p, q) = inf
⇡

sup
f,g

L(⇡, f, g) = sup
f,g

inf
⇡

L(⇡, f, g).
<latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit><latexit sha1_base64="AYHlSFVzHf+eaJVJZV5lUfdJN70="></latexit>



A Lower Bound
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• What we’re aiming for:


• A lower bound:


• If it’s also an upper bound, then we are done!

W (p, q) = sup
|h(x)�h(y)|kx�yk2

E
x⇠p

[h(x)]� E
y⇠q

[h(y)] .
<latexit sha1_base64="rSJBMf94xmm2ZGgARlOxy3ORRDM="></latexit><latexit sha1_base64="rSJBMf94xmm2ZGgARlOxy3ORRDM="></latexit><latexit sha1_base64="rSJBMf94xmm2ZGgARlOxy3ORRDM="></latexit><latexit sha1_base64="rSJBMf94xmm2ZGgARlOxy3ORRDM="></latexit>

E
x⇠p

[h(x)]� E
y⇠q

[h(y)] =

Z

X⇥X
(h(x)� h(y))⇡(x, y) dx dy


Z

X⇥X
kx� yk2 ⇡(x, y) dx dy = W (p, q).

<latexit sha1_base64="g2w5mG1YadfeReOY12IQxMQEezU="></latexit><latexit sha1_base64="g2w5mG1YadfeReOY12IQxMQEezU="></latexit><latexit sha1_base64="g2w5mG1YadfeReOY12IQxMQEezU="></latexit><latexit sha1_base64="g2w5mG1YadfeReOY12IQxMQEezU="></latexit>



An Upper Bound?
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• What we’ve got from our Lagrangian analysis:


• What we need to show:

W (p, q) = sup
f(x)+g(y)kx�yk2

E
x⇠p

[f(x)] + E
y⇠q

[g(y)] .
<latexit sha1_base64="emSdDdy+w5V80gp75Q1V4LYupFk="></latexit><latexit sha1_base64="emSdDdy+w5V80gp75Q1V4LYupFk="></latexit><latexit sha1_base64="emSdDdy+w5V80gp75Q1V4LYupFk="></latexit><latexit sha1_base64="emSdDdy+w5V80gp75Q1V4LYupFk="></latexit>

W (p, q) = sup
f(x)+g(y)kx�yk2


E

x⇠p
[f(x)] + E

y⇠q
[g(y)]

�

 sup
|h(x)�h(y)|kx�yk2


E

x⇠p
[h(x)]� E

y⇠q
[h(y)]

�
 W (p, q).

<latexit sha1_base64="t5QHFl+0KNo0MiotLKz89TRABPI="></latexit><latexit sha1_base64="t5QHFl+0KNo0MiotLKz89TRABPI="></latexit><latexit sha1_base64="t5QHFl+0KNo0MiotLKz89TRABPI="></latexit><latexit sha1_base64="t5QHFl+0KNo0MiotLKz89TRABPI="></latexit>



Infimal Convolution
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• Define the “infimal convolution”


• Lemma:     is 1-Lipschitz. Proof


•                                                                                              (triangle inequality)


• This holds for any value of    , so 


• Rearranged:                                          Reverse       :

(x) = inf
u


kx� uk2 � g(u)

�
.

<latexit sha1_base64="2sJniAMYVkCVqoB/0qve5nzOey0="></latexit><latexit sha1_base64="2sJniAMYVkCVqoB/0qve5nzOey0="></latexit><latexit sha1_base64="2sJniAMYVkCVqoB/0qve5nzOey0="></latexit><latexit sha1_base64="2sJniAMYVkCVqoB/0qve5nzOey0="></latexit>


<latexit sha1_base64="1GVSiDzmZEr1YdST3qytc15I0JQ="></latexit><latexit sha1_base64="1GVSiDzmZEr1YdST3qytc15I0JQ="></latexit><latexit sha1_base64="1GVSiDzmZEr1YdST3qytc15I0JQ="></latexit><latexit sha1_base64="1GVSiDzmZEr1YdST3qytc15I0JQ="></latexit>

u
<latexit sha1_base64="HXnvobbYBpqLc4SMfU+ys4ro/gM="></latexit><latexit sha1_base64="HXnvobbYBpqLc4SMfU+ys4ro/gM="></latexit><latexit sha1_base64="HXnvobbYBpqLc4SMfU+ys4ro/gM="></latexit><latexit sha1_base64="HXnvobbYBpqLc4SMfU+ys4ro/gM="></latexit>

(x)� (y)  kx� yk2.
<latexit sha1_base64="kYdYZ9QL2zawZCRBp/ypIfUtnzk="></latexit><latexit sha1_base64="kYdYZ9QL2zawZCRBp/ypIfUtnzk="></latexit><latexit sha1_base64="kYdYZ9QL2zawZCRBp/ypIfUtnzk="></latexit><latexit sha1_base64="kYdYZ9QL2zawZCRBp/ypIfUtnzk="></latexit>

x, y
<latexit sha1_base64="TbqWwzliNslw+kh7HM4wCJffvcI="></latexit><latexit sha1_base64="TbqWwzliNslw+kh7HM4wCJffvcI="></latexit><latexit sha1_base64="TbqWwzliNslw+kh7HM4wCJffvcI="></latexit><latexit sha1_base64="TbqWwzliNslw+kh7HM4wCJffvcI="></latexit>

|(x)� (y)|  kx� yk2.
<latexit sha1_base64="PJGAlHNkqAt3mxsVJgx8TcYIRsQ="></latexit><latexit sha1_base64="PJGAlHNkqAt3mxsVJgx8TcYIRsQ="></latexit><latexit sha1_base64="PJGAlHNkqAt3mxsVJgx8TcYIRsQ="></latexit><latexit sha1_base64="PJGAlHNkqAt3mxsVJgx8TcYIRsQ="></latexit>

(x)  kx� uk2 � g(u)  kx� yk2 + ky � uk2 � g(u)
<latexit sha1_base64="rc4Cuy+wObzce1DkbfVugeDSPXU="></latexit><latexit sha1_base64="rc4Cuy+wObzce1DkbfVugeDSPXU="></latexit><latexit sha1_base64="rc4Cuy+wObzce1DkbfVugeDSPXU="></latexit><latexit sha1_base64="rc4Cuy+wObzce1DkbfVugeDSPXU="></latexit>

(x)  kx� yk2 + inf
u

⇥
ky � uk2 � g(u)

⇤
= kx� yk2 + (y).

<latexit sha1_base64="ldlvnj+XTwXa0g2pz60w28xOU5o="></latexit><latexit sha1_base64="ldlvnj+XTwXa0g2pz60w28xOU5o="></latexit><latexit sha1_base64="ldlvnj+XTwXa0g2pz60w28xOU5o="></latexit><latexit sha1_base64="ldlvnj+XTwXa0g2pz60w28xOU5o="></latexit>



Finishing Up
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• If                                          (for all       ) then for all   ,


• This gives us the upper bound:


• I.e.

f(x) + g(y)  kx� yk2
<latexit sha1_base64="F6qfwz6RQFQ0VMrKho1x7mHVqa8="></latexit><latexit sha1_base64="F6qfwz6RQFQ0VMrKho1x7mHVqa8="></latexit><latexit sha1_base64="F6qfwz6RQFQ0VMrKho1x7mHVqa8="></latexit><latexit sha1_base64="F6qfwz6RQFQ0VMrKho1x7mHVqa8="></latexit>

E
x⇠p

[f(x)] + E
y⇠q

[g(y)]  E
x⇠p

[(x)]� E
y⇠q

[(y)] .
<latexit sha1_base64="OHRetNvQmEeHtvjk7r5OZlA7L+k="></latexit><latexit sha1_base64="OHRetNvQmEeHtvjk7r5OZlA7L+k="></latexit><latexit sha1_base64="OHRetNvQmEeHtvjk7r5OZlA7L+k="></latexit><latexit sha1_base64="OHRetNvQmEeHtvjk7r5OZlA7L+k="></latexit>

x, y
<latexit sha1_base64="TbqWwzliNslw+kh7HM4wCJffvcI="></latexit><latexit sha1_base64="TbqWwzliNslw+kh7HM4wCJffvcI="></latexit><latexit sha1_base64="TbqWwzliNslw+kh7HM4wCJffvcI="></latexit><latexit sha1_base64="TbqWwzliNslw+kh7HM4wCJffvcI="></latexit>

f(v)  inf
u


kv � uk2 � g(u)

�
= (v)  kv � vk2 � g(v) = �g(v).

<latexit sha1_base64="XnUrxafkWd6mhZd7aPVY+DrN+o4="></latexit><latexit sha1_base64="XnUrxafkWd6mhZd7aPVY+DrN+o4="></latexit><latexit sha1_base64="XnUrxafkWd6mhZd7aPVY+DrN+o4="></latexit><latexit sha1_base64="XnUrxafkWd6mhZd7aPVY+DrN+o4="></latexit>

v
<latexit sha1_base64="sL9wVSlNmhoi+6I5xTkAtcAqaIA="></latexit><latexit sha1_base64="sL9wVSlNmhoi+6I5xTkAtcAqaIA="></latexit><latexit sha1_base64="sL9wVSlNmhoi+6I5xTkAtcAqaIA="></latexit><latexit sha1_base64="sL9wVSlNmhoi+6I5xTkAtcAqaIA="></latexit>

W (p, q) = sup
f(x)+g(y)kx�yk2


E

x⇠p
[f(x)] + E

y⇠q
[g(y)]

�

 sup
|h(x)�h(y)|kx�yk2


E

x⇠p
[h(x)]� E

y⇠q
[h(y)]

�
 W (p, q).
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