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Latent Variable Models

e Given finite samples z1,...,x, ~ p, and unlimited samples z ~ r.
Variational Autoencoder Generative Adversarial Net
e (Generative latent variable model: « Generative latent variable model
1. z~r7, 1. z~r7,
2. @~ po(-]2). 2. &= go(2) ~ po(2).
* |earn the marginal defined by » Learn the pushforward defined by:
po(@) = [ polalz)r(z) = po(x) = (g7 (1) Vagy ()]
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Maximize the Likelihood?

e (Generative latent variable model:
1. z~r,
2. x=gg(z) ~ po(x).

e The maximum likelihood estimator:

R 1
Omie = argmax [E logpy(x) ~ arg max — Z log pg(x;), where x; ~ p.
o TP 0 ne—

* The log-likelihood of a sample:

log pe(z) = logr(g, ' (z)) + logdet (V,g, ' (z)) .
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What are our options?

 The maximum likelihood estimator:

argénax % élog r(ge_l(a:@-)) + logdet (Vmge_l(xi)) .
* Write down parameterized families with simple inverses and Jacobians?
 Work hard and compute the inverses and Jacobians?

* (Generative adversarial nets: Give up on the MLE and try something else.
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Revisiting the MLE

* The MLE minimizes KL divergence;

argemin D(p || pg) = argemin H(p) + D(p || po)

argmin E — log

6  T~Pp p
= argmax E logpg(z).
6  x~p
. . B p(z)
« Where KL divergence is givenby D(p || ¢q) = | p(z)log )
X g\

 What’s so special about KL anyway?
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What’s so special about MLE?

e The MLE Is consistent:

1. D(p |l pe) = 0 and D(p || ps) = 0 iff p = pe.

2. argmax [E logpg(x) =argmin D(p || pe).
v LD v

RS ﬂ
3. nll_)ﬂ;o;;logpg(x) = [E.,logpg(x).

 That’s nice, but the same argument applies to the reverse KL D(py || p).

e Or to the symmetrized KL D(py || p) + D(p || po).
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Monte Carlo Estimation

e We can construct a Monte Carlo estimate of the MLE:

argmin D(p || pg) = argmax E logpg(x)
0 0 xr~Dp

~ arg IMax — Z 1ogp9 QL'Z) where T; ~ D.
1=1

e How would we do this for reverse-KL?

argmin D(py || p) = argmin [E log Po(%)
0 0 T~Po ( )

s arg min — Z log sz(f)) , Where x; ~ pg.
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Information Divergences

« We can’t compute py(x) so the Monte Carlo estimator isn’t that useful.

* This frees us to think about other information divergences. E.qg.

q(x)f (;;(@) dx.

* \We can construct lower bounds on an f-divergence.

Dipll )= [

X

* Does the choice of information divergence make a difference”? Unclear!
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f-Divergences

Definition 1. Let f : R — R be a convex, lower-semicontinuous function, such that f(1) = 0. We
define the f-divergence between two distributions with densities p and q on X by

D¢(p |l q) = / q(z)f (p(x)) dz.

X q()

» For example, suppose f(z) = zlogz. Then D¢(p || ¢) = D(p || q)-

e If f(x) = —logz then Ds(p || ¢) = D(q || p).

* Non-negative: D¢(p || q) = E :f (p(a:)) > f( 7 p(x)) = f(1) = 0.

rg e~q [ ()
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A Divergence Lower Bound

» ForanyfunctionT : X — R, D¢(pl|lq)> E T(z)— E f*(T(x)).

* The function f* : R — R is the convex conjugate of f, defined by:
/7 (t) = sup{tz — f(x)}.

* Furthermore [Nguyen, Wainwright, and Jordan 2010];

Diplla)= swp | E Tx)— E £(T(2)].

T: X —R [ L~DP r~q
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(Generative Adversarial Nets

e Solve a saddle-point problem:

0 = arg@mian(p | po) = argeminsup T To(x)— E ff(Typ(2))

P L~P L~Po

» Use an expressive parameterized family of functions 1, : X' — R.
* Adversarial: optimize gg to minimize the objective, and 1, to maximize it.

* The objective only requires samples from pg: go(z) ~ pg, where z ~ 7.
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5-Minute Break
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(Generative Adversarial Nets

e Solve a saddle-point problem:

0f =argmin D¢(p || pp) = argminsup | E T,(z) — E f(T,(z))].
0 0 @ | TP T~Pg -

e Using the fact that:

Diplla)= swp | E Tw)— E £ (T(x))].

T:X—R | L~D r~q

e Where does this fact come from?
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Fenchel Duality

e The function f* : R — Ris the convex conjugate of f, defined by:

f(#) = supite — f(2)}
 For a convex, lower-semicontinuous function f: f = f~ (Fenchel duality).
« A variational representation of f: f(t) = f*(t) = sgp{tm — 7 (1) }.

 Lift a variational representation of f to a variational representation of

Dyl 0)= [ a(o)f (p(“”)) I

q(x)
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Proof of the Lower Bound

Proposition [Nguyen, Wainwright, and Jordan 2010]:

Diplla)= swp | E T@) = E F(T@))].

T:X—R | T~P r~q

Proof:

Sup | T T(x)— E ff(T(x))] -

T:X—R | L~D r~q
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The Goodfellow GAN

e Choose f(z) =xlogx — (z + 1) log(x + 1), resulting in
Dy(p |l q) = 2JSD(p, q) —log(4).

 The Jensen-Shannon Divergence is given by

1 -+ 1 -+
JSD(p, q) = §DKL (p £ q) - — Dk, (CI £ q).

2 2 2
» The convex conjugate of fis f*(t) = —log(1 — €").

» Parameterize T,,(x) = log(d,(x)). Then

0f = argminsup | E logd,(z) + E log(l —d,(ge(2)))] -
0 @ |[xT~p zZ~T )
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