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Latent Variable Models

CSE 599I: Generative Models University of WashingtonLecture 10

• Given finite samples                       , and unlimited samples 


• Generative latent variable model:


• Learn the marginal defined by 

x1, . . . , xn ⇠ p
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z ⇠ r.
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p✓(x) =

Z

Z
p✓(x|z)r(z) dz.
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Variational Autoencoder Generative Adversarial Net

• Generative latent variable model


• Learn the pushforward defined by:


1. z ⇠ r,

2. x = g✓(z) ⇠ p✓(x).
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1. z ⇠ r,

2. x ⇠ p✓(·|z).
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p✓(x) = r(g�1
✓ (x))|rxg

�1
✓ (x)|.
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Maximize the Likelihood?
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• Generative latent variable model:


• The maximum likelihood estimator:


• The log-likelihood of a sample:

1. z ⇠ r,

2. x = g✓(z) ⇠ p✓(x).
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log p✓(x) = log r(g�1
✓ (x)) + logdet

�
rxg

�1
✓ (x)

�
.
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✓̂mle ⌘ argmax
✓

E
x⇠p

log p✓(x) ⇡ argmax
✓

1

n

nX

i=1

log p✓(xi), where xi ⇠ p.
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What are our options?
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• The maximum likelihood estimator:


• Write down parameterized families with simple inverses and Jacobians?


• Work hard and compute the inverses and Jacobians?


• Generative adversarial nets: Give up on the MLE and try something else.

argmax
✓

1

n

nX

i=1

log r(g�1
✓ (xi)) + logdet

�
rxg

�1
✓ (xi)

�
.
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Revisiting the MLE
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• The MLE minimizes KL divergence:


• Where KL divergence is given by


• What’s so special about KL anyway?

D(p k q) =

Z

X
p(x) log

p(x)

q(x)
.
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argmin
✓

D(p k p✓) = argmin
✓

H(p) +D(p k p✓)

= argmin
✓

E
x⇠p

� log
p✓(x)

p(x)
p(x)

= argmax
✓

E
x⇠p

log p✓(x).
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What’s so special about MLE?
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• The MLE is consistent:


• That’s nice, but the same argument applies to the reverse KL  


• Or to the symmetrized KL 

1. D(p k p✓) � 0 and D(p k p✓) = 0 i↵ p = p✓.

2. argmax
✓

E
x⇠p

log p✓(x) = argmin
✓

D(p k p✓).

3. lim
n!1

1

n

nX

i=1

log p✓(x) = Ex⇠p log p✓(x).
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D(p✓ k p).
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D(p✓ k p) +D(p k p✓).
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Monte Carlo Estimation
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• We can construct a Monte Carlo estimate of the MLE:


• How would we do this for reverse-KL?

argmin
✓

D(p✓ k p) = argmin
✓

E
x⇠p✓

log
p✓(x)

p(x)

⇡ argmin
✓

1

n

nX

i=1

log
p✓(x)

p(x)
, where xi ⇠ p✓.
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argmin
✓

D(p k p✓) = argmax
✓

E
x⇠p

log p✓(x)

⇡ argmax
✓

1

n

nX

i=1

log p✓(xi), where xi ⇠ p.
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Information Divergences
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• We can’t compute           so the Monte Carlo estimator isn’t that useful.


• This frees us to think about other information divergences. E.g. 


• We can construct lower bounds on an f-divergence.


• Does the choice of information divergence make a difference? Unclear!

p✓(x)
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f-Divergences
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f(x) = x log x
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• For example, suppose                         . Then 


• If                           then  


• Non-negative: 



A Divergence Lower Bound
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• For any function 


• The function                     is the convex conjugate of   , defined by:


• Furthermore [Nguyen, Wainwright, and Jordan 2010]:
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<latexit sha1_base64="w59vRRxUiunbhIowRTtiNayQx50="></latexit><latexit sha1_base64="w59vRRxUiunbhIowRTtiNayQx50="></latexit><latexit sha1_base64="w59vRRxUiunbhIowRTtiNayQx50="></latexit><latexit sha1_base64="w59vRRxUiunbhIowRTtiNayQx50="></latexit>

Df (p k q) = sup
T :X!R


E

x⇠p
T (x)� E

x⇠q
f⇤(T (x))

�
.

<latexit sha1_base64="5wRjk6ubVCW9/ruy0yrrd7W777k="></latexit><latexit sha1_base64="5wRjk6ubVCW9/ruy0yrrd7W777k="></latexit><latexit sha1_base64="5wRjk6ubVCW9/ruy0yrrd7W777k="></latexit><latexit sha1_base64="5wRjk6ubVCW9/ruy0yrrd7W777k="></latexit>

Df (p k q) � E
x⇠p

T (x)� E
x⇠q

f⇤(T (x)).
<latexit sha1_base64="JyHumQOsTtbkee5g8VqCoHTX1HQ="></latexit><latexit sha1_base64="JyHumQOsTtbkee5g8VqCoHTX1HQ="></latexit><latexit sha1_base64="JyHumQOsTtbkee5g8VqCoHTX1HQ="></latexit><latexit sha1_base64="JyHumQOsTtbkee5g8VqCoHTX1HQ="></latexit>

f⇤ : R ! R
<latexit sha1_base64="jxTxoMxTzCjZipLuDSp8FWqaxlI="></latexit><latexit sha1_base64="jxTxoMxTzCjZipLuDSp8FWqaxlI="></latexit><latexit sha1_base64="jxTxoMxTzCjZipLuDSp8FWqaxlI="></latexit><latexit sha1_base64="jxTxoMxTzCjZipLuDSp8FWqaxlI="></latexit>

f
<latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit>

f⇤(t) ⌘ sup
x
{tx� f(x)}.

<latexit sha1_base64="bVf0Y+nS67PQFZ/Q6EWrOOZkKxg="></latexit><latexit sha1_base64="bVf0Y+nS67PQFZ/Q6EWrOOZkKxg="></latexit><latexit sha1_base64="bVf0Y+nS67PQFZ/Q6EWrOOZkKxg="></latexit><latexit sha1_base64="bVf0Y+nS67PQFZ/Q6EWrOOZkKxg="></latexit>



• Solve a saddle-point problem:


• Use an expressive parameterized family of functions 


• Adversarial: optimize     to minimize the objective, and      to maximize it.


• The objective only requires samples from     :  

Generative Adversarial Nets
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5-Minute Break
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• Solve a saddle-point problem:


• Using the fact that:


• Where does this fact come from?

Generative Adversarial Nets
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• The function                     is the convex conjugate of   , defined by:


• For a convex, lower-semicontinuous function   :                (Fenchel duality).


• A variational representation of    :


• Lift a variational representation of    to a variational representation of

Fenchel Duality

CSE 599I: Generative Models University of WashingtonLecture 10

f⇤ : R ! R
<latexit sha1_base64="jxTxoMxTzCjZipLuDSp8FWqaxlI="></latexit><latexit sha1_base64="jxTxoMxTzCjZipLuDSp8FWqaxlI="></latexit><latexit sha1_base64="jxTxoMxTzCjZipLuDSp8FWqaxlI="></latexit><latexit sha1_base64="jxTxoMxTzCjZipLuDSp8FWqaxlI="></latexit>

f
<latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit>

f⇤(t) ⌘ sup
x
{tx� f(x)}.

<latexit sha1_base64="bVf0Y+nS67PQFZ/Q6EWrOOZkKxg="></latexit><latexit sha1_base64="bVf0Y+nS67PQFZ/Q6EWrOOZkKxg="></latexit><latexit sha1_base64="bVf0Y+nS67PQFZ/Q6EWrOOZkKxg="></latexit><latexit sha1_base64="bVf0Y+nS67PQFZ/Q6EWrOOZkKxg="></latexit>

f
<latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit>

f = f⇤⇤
<latexit sha1_base64="xK2PGam7L7cggsqX0tRzvtWfUZo="></latexit><latexit sha1_base64="xK2PGam7L7cggsqX0tRzvtWfUZo="></latexit><latexit sha1_base64="xK2PGam7L7cggsqX0tRzvtWfUZo="></latexit><latexit sha1_base64="xK2PGam7L7cggsqX0tRzvtWfUZo="></latexit>

f
<latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit>

f
<latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit><latexit sha1_base64="nIg7xvgwdSbCPVkeradPKfyFQ1k="></latexit>

Df (p k q) =

Z

X
q(x)f

✓
p(x)

q(x)

◆
dx.

<latexit sha1_base64="ge9Nlt/1gl4DF+9Gsy2urLCfpF4="></latexit><latexit sha1_base64="ge9Nlt/1gl4DF+9Gsy2urLCfpF4="></latexit><latexit sha1_base64="ge9Nlt/1gl4DF+9Gsy2urLCfpF4="></latexit><latexit sha1_base64="ge9Nlt/1gl4DF+9Gsy2urLCfpF4="></latexit>

f(t) = f⇤⇤(t) ⌘ sup
t
{tx� f⇤(t)}.

<latexit sha1_base64="TlJTBYqdY/sYMSboah7wAt+CSyA="></latexit><latexit sha1_base64="TlJTBYqdY/sYMSboah7wAt+CSyA="></latexit><latexit sha1_base64="TlJTBYqdY/sYMSboah7wAt+CSyA="></latexit><latexit sha1_base64="X8qV83jTbakq6sIJEA/sx1i/iXQ="></latexit><latexit sha1_base64="IHyAy5odhhdWfiqtBNJbxB4Q6Ps="></latexit><latexit sha1_base64="IHyAy5odhhdWfiqtBNJbxB4Q6Ps="></latexit><latexit sha1_base64="Tl7I6HEzmQx4ZO4i5MsFH3Bd7SI="></latexit><latexit sha1_base64="TlJTBYqdY/sYMSboah7wAt+CSyA="></latexit><latexit sha1_base64="TlJTBYqdY/sYMSboah7wAt+CSyA="></latexit><latexit sha1_base64="TlJTBYqdY/sYMSboah7wAt+CSyA="></latexit><latexit sha1_base64="TlJTBYqdY/sYMSboah7wAt+CSyA="></latexit><latexit sha1_base64="TlJTBYqdY/sYMSboah7wAt+CSyA="></latexit><latexit sha1_base64="TlJTBYqdY/sYMSboah7wAt+CSyA="></latexit>



Proposition [Nguyen, Wainwright, and Jordan 2010]:


Proof:


Proof of the Lower Bound
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• Choose                                                           , resulting in                                     


• The Jensen-Shannon Divergence is given by 


• The convex conjugate of    is                                    .


• Parameterize                                  . Then

The Goodfellow GAN
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