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Variational Autoencoders
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• Generative model                                      . Learn                       , where


• Estimate the MLE using the ELBO:


• Modeling choices: prior       , likelihood             , and proposal             .


• Construct an expressive family proposals so that the ELBO is tight.
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Normalizing Flows
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• Build a series of transformations of our initial proposal 


• Let                     and define 


• The log-density of the pushforward distribution on     is given by


• Choose functions      so that                                    is easy to calculate.   
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Autoregressive Model?
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• The density of the pushforward distribution on     is directly parameterized.


• No need to accumulate densities of pushfoward distributions.


• But sampling is slow: O(p) where p is the dimensionality of the latent space.
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Inverse Autoregressive Model
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• Autoregressive model: serially 
transform                      into 
sample 


• Inverse autoregressive model: 
parallel transform            into 
samples  


• IAF whitens AR samples.


• Figure credit: Brian Keng.
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Inverse Autoregressive Flow

CSE 599I: Generative Models University of WashingtonLecture 9

• Inverse autoregressive transformation:


• Claim:                                                                         Proof:  
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• Re-write the inverse autoregressive transformation:


• Don’t parameterize mean and deviation; instead parameterize                           :  


• Then the IAF looks like:

Re-parameterizing IAF
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IAF Posterior vs AR Prior
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IAF Posterior Autoregressive Prior
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5-Minute Break
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Variational Autoencoders
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• Generative model                                      . Learn                       , where


• Estimate the MLE using the ELBO:


• Modeling choices: prior       , likelihood             , and proposal             .


• What if     is finite, but large?
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<latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit><latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit><latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit><latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit>

p✓(x) = Ez⇠r[p✓(x|z)] =
Z

Z
p✓(x|z)r(z) dz.

<latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit><latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit><latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit><latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit>

r(z)
<latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit><latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit><latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit><latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit>

p✓(x|z)
<latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit><latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit><latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit><latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit>

q'(z|x)
<latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit><latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit><latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit><latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit>

Z<latexit sha1_base64="DeE04F8YS+yahDL0Numa5qoBUzk="></latexit><latexit sha1_base64="DeE04F8YS+yahDL0Numa5qoBUzk="></latexit><latexit sha1_base64="DeE04F8YS+yahDL0Numa5qoBUzk="></latexit><latexit sha1_base64="DeE04F8YS+yahDL0Numa5qoBUzk="></latexit>



• The general form of the  ELBO optimization:


• For discrete latent spaces, use a uniform prior                      where 


• The divergence term becomes: 


• Likelihood term is unchanged. Combined variational objective is

A Discrete ELBO

CSE 599I: Generative Models University of WashingtonLecture 9

✓̂mle = argmax
✓

sup
q

E
x⇠p

z⇠q�(·|x)

⇥
log p✓(x|z)�D(q�(z|x) k r(z))

⇤
.

<latexit sha1_base64="UNqIdoUj95UesCT4TRusrEAzxsU="></latexit><latexit sha1_base64="UNqIdoUj95UesCT4TRusrEAzxsU="></latexit><latexit sha1_base64="UNqIdoUj95UesCT4TRusrEAzxsU="></latexit><latexit sha1_base64="UNqIdoUj95UesCT4TRusrEAzxsU="></latexit>

r(z) = 1/K
<latexit sha1_base64="9ZSy0/+4BQ48CL376okP+hCgx6w="></latexit><latexit sha1_base64="9ZSy0/+4BQ48CL376okP+hCgx6w="></latexit><latexit sha1_base64="9ZSy0/+4BQ48CL376okP+hCgx6w="></latexit><latexit sha1_base64="9ZSy0/+4BQ48CL376okP+hCgx6w="></latexit>

K = |Z|.
<latexit sha1_base64="r7iVED0TP7X32uI5dHr81atuNeM="></latexit><latexit sha1_base64="r7iVED0TP7X32uI5dHr81atuNeM="></latexit><latexit sha1_base64="r7iVED0TP7X32uI5dHr81atuNeM="></latexit><latexit sha1_base64="r7iVED0TP7X32uI5dHr81atuNeM="></latexit>

D(q�(z|x) k r(z)) = log(K)�H(q�(z|x)).
<latexit sha1_base64="+a8abwlmaUMbncZT0gkyRUeZM/Q="></latexit><latexit sha1_base64="+a8abwlmaUMbncZT0gkyRUeZM/Q="></latexit><latexit sha1_base64="+a8abwlmaUMbncZT0gkyRUeZM/Q="></latexit><latexit sha1_base64="+a8abwlmaUMbncZT0gkyRUeZM/Q="></latexit>

L(x, ✓,�) = E
z⇠q�(·|x)

[log p✓(x|z)] +H(q�(z|x))� log(K).
<latexit sha1_base64="7AA24InutR5RcGfMK6S3bWvq1QM="></latexit><latexit sha1_base64="7AA24InutR5RcGfMK6S3bWvq1QM="></latexit><latexit sha1_base64="7AA24InutR5RcGfMK6S3bWvq1QM="></latexit><latexit sha1_base64="7AA24InutR5RcGfMK6S3bWvq1QM="></latexit>



How to Get a Gradient?

CSE 599I: Generative Models University of WashingtonLecture 9

• Want to estimate a gradient with respect to    of the discrete ELBO:


• Can’t just use the re-parameterization trick: gradients are zero!


• No closed form for the entropy term; we’ll need to estimate that.


• Need to estimate the gradient of the entropy too.

L(x, ✓,�) = E
z⇠q�(·|x)

[log p✓(x|z)] +H(q�(z|x))� log(K).
<latexit sha1_base64="7AA24InutR5RcGfMK6S3bWvq1QM="></latexit><latexit sha1_base64="7AA24InutR5RcGfMK6S3bWvq1QM="></latexit><latexit sha1_base64="7AA24InutR5RcGfMK6S3bWvq1QM="></latexit><latexit sha1_base64="7AA24InutR5RcGfMK6S3bWvq1QM="></latexit>

�
<latexit sha1_base64="4K3wn319dF56uGewi1+Zy0TKYzI="></latexit><latexit sha1_base64="4K3wn319dF56uGewi1+Zy0TKYzI="></latexit><latexit sha1_base64="4K3wn319dF56uGewi1+Zy0TKYzI="></latexit><latexit sha1_base64="4K3wn319dF56uGewi1+Zy0TKYzI="></latexit>



The Policy Gradient Theorem

CSE 599I: Generative Models University of WashingtonLecture 9

• Also known as REINFORCE:

r� E
z⇠q�(·|x)

⇥
log p✓(x|z)

⇤
=

X

z2Z
log p✓(x|z)r�q�(z|x)

=
X

z2Z
log p✓(x|z)q�(z|x)r� log q�(z|x)

= E
z⇠q�(·|x)

⇥
log p✓(x|z)r� log q�(z|x)

⇤

= E
z⇠q�(·|x)


log p✓(x|z)
q�(z|x)

r�q�(z|x)
�
.

<latexit sha1_base64="FNmdTQH6LcU5dp6c8d6gsd3UJMQ="></latexit><latexit sha1_base64="FNmdTQH6LcU5dp6c8d6gsd3UJMQ="></latexit><latexit sha1_base64="FNmdTQH6LcU5dp6c8d6gsd3UJMQ="></latexit><latexit sha1_base64="FNmdTQH6LcU5dp6c8d6gsd3UJMQ="></latexit>

• A similar trick applies to the entropy term. But the variance is high!



Gumbel Re-parameterization

CSE 599I: Generative Models University of WashingtonLecture 9

• Suppose     has some factorized structure, e.g.


• Homework 1: if                                                 then          where


• We can use this to re-parameterize the ELBO. More generally,


• Gradients can come inside the expectation now.


• But gradient of an argmax operation is zero…

z ⇠ q
<latexit sha1_base64="y5VDQp7GQ+vu+aaKcXPyp3EZ95A="></latexit><latexit sha1_base64="y5VDQp7GQ+vu+aaKcXPyp3EZ95A="></latexit><latexit sha1_base64="y5VDQp7GQ+vu+aaKcXPyp3EZ95A="></latexit><latexit sha1_base64="y5VDQp7GQ+vu+aaKcXPyp3EZ95A="></latexit>

E
z⇠q�

⇥
f(z)

⇤
= E

gu⇠Gumbel(0,1)


f

✓
argmax

u
[log q�(u) + gu]

◆�
.

<latexit sha1_base64="RIxFFU/vKlXCIXfBwG2gS78OFPs="></latexit><latexit sha1_base64="RIxFFU/vKlXCIXfBwG2gS78OFPs="></latexit><latexit sha1_base64="RIxFFU/vKlXCIXfBwG2gS78OFPs="></latexit><latexit sha1_base64="RIxFFU/vKlXCIXfBwG2gS78OFPs="></latexit>

Z<latexit sha1_base64="PBqN8lMwKZPLxPkThhK27QJIaNc="></latexit><latexit sha1_base64="PBqN8lMwKZPLxPkThhK27QJIaNc="></latexit><latexit sha1_base64="PBqN8lMwKZPLxPkThhK27QJIaNc="></latexit><latexit sha1_base64="PBqN8lMwKZPLxPkThhK27QJIaNc="></latexit>

zi = argmax
u

⇥
log qi(u) + gi,u

⇤
.

<latexit sha1_base64="FXehLjOk5mqI5anF5asKz2FRbGk="></latexit><latexit sha1_base64="FXehLjOk5mqI5anF5asKz2FRbGk="></latexit><latexit sha1_base64="FXehLjOk5mqI5anF5asKz2FRbGk="></latexit><latexit sha1_base64="FXehLjOk5mqI5anF5asKz2FRbGk="></latexit>

Z = {1, . . . , d}k(K = dk).
<latexit sha1_base64="kzlN/eaG92JKAcFwKdQC4xUfFA4="></latexit><latexit sha1_base64="kzlN/eaG92JKAcFwKdQC4xUfFA4="></latexit><latexit sha1_base64="kzlN/eaG92JKAcFwKdQC4xUfFA4="></latexit><latexit sha1_base64="kzlN/eaG92JKAcFwKdQC4xUfFA4="></latexit>

gi,1, . . . , gi,d ⇠ Gumbel(0, 1)
<latexit sha1_base64="h6Rhx3Gqe6N9BM0OmI8zrxxNKCw="></latexit><latexit sha1_base64="h6Rhx3Gqe6N9BM0OmI8zrxxNKCw="></latexit><latexit sha1_base64="h6Rhx3Gqe6N9BM0OmI8zrxxNKCw="></latexit><latexit sha1_base64="h6Rhx3Gqe6N9BM0OmI8zrxxNKCw="></latexit>



Gumbel Softmax

CSE 599I: Generative Models University of WashingtonLecture 9

• Re-parameterized expectation:


• What if we relax the argmax operation to a softmax?


• Softmax at temperature    defined by:

E
z⇠q�

⇥
f(z)

⇤
= E

gu⇠Gumbel(0,1)


f

✓
argmax

u
[log q�(u) + gu]

◆�
.

<latexit sha1_base64="RIxFFU/vKlXCIXfBwG2gS78OFPs="></latexit><latexit sha1_base64="RIxFFU/vKlXCIXfBwG2gS78OFPs="></latexit><latexit sha1_base64="RIxFFU/vKlXCIXfBwG2gS78OFPs="></latexit><latexit sha1_base64="RIxFFU/vKlXCIXfBwG2gS78OFPs="></latexit>

softmax
u

(h(u); ⌧) =
exp(h(u)/⌧)P
v exp(h(v)/⌧)

.
<latexit sha1_base64="0V2ZreI/9BPqKgKl97y7i3tYX1E="></latexit><latexit sha1_base64="0V2ZreI/9BPqKgKl97y7i3tYX1E="></latexit><latexit sha1_base64="0V2ZreI/9BPqKgKl97y7i3tYX1E="></latexit><latexit sha1_base64="0V2ZreI/9BPqKgKl97y7i3tYX1E="></latexit>

E
z⇠q�

⇥
f(z)

⇤
= E

gu⇠Gumbel(0,1)

h
f
⇣
softmax

u
[log q�(u) + gu; ⌧ ]

⌘i
.

<latexit sha1_base64="WAXKGi3lU2mqGTmjFWHq13HTA+E="></latexit><latexit sha1_base64="WAXKGi3lU2mqGTmjFWHq13HTA+E="></latexit><latexit sha1_base64="WAXKGi3lU2mqGTmjFWHq13HTA+E="></latexit><latexit sha1_base64="WAXKGi3lU2mqGTmjFWHq13HTA+E="></latexit>

⌧
<latexit sha1_base64="urBli251YmcSv56fKF7Y1lRDkgw="></latexit><latexit sha1_base64="urBli251YmcSv56fKF7Y1lRDkgw="></latexit><latexit sha1_base64="urBli251YmcSv56fKF7Y1lRDkgw="></latexit><latexit sha1_base64="urBli251YmcSv56fKF7Y1lRDkgw="></latexit>



Gumbel Softmax Critiqued

CSE 599I: Generative Models University of WashingtonLecture 9

• Gumbel-softmax distribution also called the Concrete distribution.


• It is a biased estimator of the gradient.


• Bias goes away as            , but gradients blow up.


• Sometimes it works!


• Doesn’t seem to work well when    is large.

⌧ ! 0
<latexit sha1_base64="xJLFakQYxnAe6Gd6U2mL2sDga5o="></latexit><latexit sha1_base64="xJLFakQYxnAe6Gd6U2mL2sDga5o="></latexit><latexit sha1_base64="xJLFakQYxnAe6Gd6U2mL2sDga5o="></latexit><latexit sha1_base64="c0wbtn5j0tQxe059lKXEau13UnI="></latexit><latexit sha1_base64="b+eSh4mVXyNHFtaKvO8brkSy07w="></latexit><latexit sha1_base64="b+eSh4mVXyNHFtaKvO8brkSy07w="></latexit><latexit sha1_base64="JETO4BO+lSdBXEfFZWfV7uugMGg="></latexit><latexit sha1_base64="xJLFakQYxnAe6Gd6U2mL2sDga5o="></latexit><latexit sha1_base64="xJLFakQYxnAe6Gd6U2mL2sDga5o="></latexit><latexit sha1_base64="xJLFakQYxnAe6Gd6U2mL2sDga5o="></latexit><latexit sha1_base64="xJLFakQYxnAe6Gd6U2mL2sDga5o="></latexit><latexit sha1_base64="xJLFakQYxnAe6Gd6U2mL2sDga5o="></latexit><latexit sha1_base64="xJLFakQYxnAe6Gd6U2mL2sDga5o="></latexit>

d
<latexit sha1_base64="B0O9aCabXhhN1mEXM+srvQ05lZM="></latexit><latexit sha1_base64="B0O9aCabXhhN1mEXM+srvQ05lZM="></latexit><latexit sha1_base64="B0O9aCabXhhN1mEXM+srvQ05lZM="></latexit><latexit sha1_base64="c0wbtn5j0tQxe059lKXEau13UnI="></latexit><latexit sha1_base64="PpPZR3XbYcNhXiWB9yYOUPUo96c="></latexit><latexit sha1_base64="PpPZR3XbYcNhXiWB9yYOUPUo96c="></latexit><latexit sha1_base64="hP30nFvKqTOPYqmUPq+LeRSuoaA="></latexit><latexit sha1_base64="B0O9aCabXhhN1mEXM+srvQ05lZM="></latexit><latexit sha1_base64="B0O9aCabXhhN1mEXM+srvQ05lZM="></latexit><latexit sha1_base64="B0O9aCabXhhN1mEXM+srvQ05lZM="></latexit><latexit sha1_base64="B0O9aCabXhhN1mEXM+srvQ05lZM="></latexit><latexit sha1_base64="B0O9aCabXhhN1mEXM+srvQ05lZM="></latexit><latexit sha1_base64="B0O9aCabXhhN1mEXM+srvQ05lZM="></latexit>



Straight-Through Estimation?

CSE 599I: Generative Models University of WashingtonLecture 9

• Want to take a gradient of the form


• The straight-through estimator:


• Where does this come from? Ignore sampling & define


• Use this to compute gradients of expressions with samples   :


• Unclear to me why this sometimes works. 

r� E
z⇠q�

⇥
f(z)

⇤
.

<latexit sha1_base64="gOTFhj+4QQ/6X+pJBweiiDQpl50="></latexit><latexit sha1_base64="gOTFhj+4QQ/6X+pJBweiiDQpl50="></latexit><latexit sha1_base64="gOTFhj+4QQ/6X+pJBweiiDQpl50="></latexit><latexit sha1_base64="gOTFhj+4QQ/6X+pJBweiiDQpl50="></latexit>

r̃� E
z⇠q�

[f(z)] ⌘ E
z⇠q�

[(r�f(z))r�q�(z)] .
<latexit sha1_base64="ckA4vnTE1rzFj/qIMdIH6aBtUJU="></latexit><latexit sha1_base64="ckA4vnTE1rzFj/qIMdIH6aBtUJU="></latexit><latexit sha1_base64="ckA4vnTE1rzFj/qIMdIH6aBtUJU="></latexit><latexit sha1_base64="ckA4vnTE1rzFj/qIMdIH6aBtUJU="></latexit>

r̃�z ⌘ r�q�(z).
<latexit sha1_base64="niLc+2VEDHl49qe5qaCDW//RLLw="></latexit><latexit sha1_base64="niLc+2VEDHl49qe5qaCDW//RLLw="></latexit><latexit sha1_base64="niLc+2VEDHl49qe5qaCDW//RLLw="></latexit><latexit sha1_base64="niLc+2VEDHl49qe5qaCDW//RLLw="></latexit>

z
<latexit sha1_base64="M/cOYJ2uABngOFwNMefTbNeEgZI="></latexit><latexit sha1_base64="M/cOYJ2uABngOFwNMefTbNeEgZI="></latexit><latexit sha1_base64="M/cOYJ2uABngOFwNMefTbNeEgZI="></latexit><latexit sha1_base64="M/cOYJ2uABngOFwNMefTbNeEgZI="></latexit>

r̃�f(z) = (r�f(z))r̃�z = (r�f(z))r�q�(z).
<latexit sha1_base64="fQ0hVXZiR//q8KWe/YteaCchWM0="></latexit><latexit sha1_base64="fQ0hVXZiR//q8KWe/YteaCchWM0="></latexit><latexit sha1_base64="fQ0hVXZiR//q8KWe/YteaCchWM0="></latexit><latexit sha1_base64="fQ0hVXZiR//q8KWe/YteaCchWM0="></latexit>


