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Variational Autoencoders

CSE 599I: Generative Models University of WashingtonLecture 8

• Generative model                                      . Learn                       , where


• Estimate the MLE using the ELBO:


• Modeling choices: prior       , likelihood             , and proposal             .
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Evaluating a VAE

CSE 599I: Generative Models University of WashingtonLecture 8

• Report the ELBO? That’s pessimistic!


• Use an importance sampling estimator:


• Consistent estimator of the log-likelihood as 


• The numerically stable version:
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Differential Entropy

CSE 599I: Generative Models University of WashingtonLecture 8

• What is the negative log-likelihood of continuous data? 


• It is a monte carlo estimate of the continuous cross entropy 


• Differential entropy H(p) is a strange quantity. E.g. it can be negative!


• Quantitative empirical work tends to report results for discrete datasets.


• Use a discrete cross entropy loss instead of MSE reconstruction loss.
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Variational Autoencoders

CSE 599I: Generative Models University of WashingtonLecture 8

• Generative model                                      . Learn                       , where


• Estimate the MLE using the ELBO:


• Modeling choices: prior       , likelihood             , and proposal             .
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Sharpening the ELBO

CSE 599I: Generative Models University of WashingtonLecture 8

• Estimate the MLE using the ELBO:


• Use monte carlo estimates of the expectation (minibatch size M):


• Importance-Weighted Autoencoders (IWAE):
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Sharpening the ELBO

CSE 599I: Generative Models University of WashingtonLecture 8

• Estimate the MLE using the ELBO:


• Use monte carlo estimates of the expectation (minibatch size M):


• Importance-Weighted Autoencoders (IWAE):
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<latexit sha1_base64="dzoNOt0QNXJv+teE4xOGLCjtzeg="></latexit><latexit sha1_base64="dzoNOt0QNXJv+teE4xOGLCjtzeg="></latexit><latexit sha1_base64="dzoNOt0QNXJv+teE4xOGLCjtzeg="></latexit><latexit sha1_base64="dzoNOt0QNXJv+teE4xOGLCjtzeg="></latexit>

E
z⇠q�(·|x)

log
p✓(x, z)

q�(z|x)
⇡

MX

i=1

log
p✓(x, zi)

q�(zi|x)
, where zi ⇠ q�(·|x).

<latexit sha1_base64="r7472uNi9b69sbqpen81NUl4InU="></latexit><latexit sha1_base64="r7472uNi9b69sbqpen81NUl4InU="></latexit><latexit sha1_base64="r7472uNi9b69sbqpen81NUl4InU="></latexit><latexit sha1_base64="r7472uNi9b69sbqpen81NUl4InU="></latexit>

log E
z⇠q�(·|x)

p✓(x, z)

q�(z|x)
⇡ log

MX

i=1

p✓(x|zi)
q�(zj |x)

, where zi ⇠ q�(·|x).
<latexit sha1_base64="6oh3qIaobpgkIut2ZNCuKx1CKHk="></latexit><latexit sha1_base64="6oh3qIaobpgkIut2ZNCuKx1CKHk="></latexit><latexit sha1_base64="6oh3qIaobpgkIut2ZNCuKx1CKHk="></latexit><latexit sha1_base64="6oh3qIaobpgkIut2ZNCuKx1CKHk="></latexit>



Variational Autoencoders

CSE 599I: Generative Models University of WashingtonLecture 8

• Generative model                                      . Learn                       , where


• Estimate the MLE using the ELBO:


• Modeling choices: prior       , likelihood             , and proposal             .


• Any two can be Gaussian without hurting expressivity, but not all three!

✓̂mle ⌘ argmax
✓

E
x⇠p

log p✓(x) = argmax
✓

sup
q'

E
x⇠p

z⇠q'(·|x)

log
p✓(x, z)

q'(z|x)
.

<latexit sha1_base64="pQaP+ZmFNYKx67c7kYngujZa34Y="></latexit><latexit sha1_base64="pQaP+ZmFNYKx67c7kYngujZa34Y="></latexit><latexit sha1_base64="pQaP+ZmFNYKx67c7kYngujZa34Y="></latexit><latexit sha1_base64="pQaP+ZmFNYKx67c7kYngujZa34Y="></latexit>

p✓(x, z) = p✓(x|z)r(z)
<latexit sha1_base64="+wkqDrhmNMgtoQ3LcPKhU+Z6SXE="></latexit><latexit sha1_base64="+wkqDrhmNMgtoQ3LcPKhU+Z6SXE="></latexit><latexit sha1_base64="+wkqDrhmNMgtoQ3LcPKhU+Z6SXE="></latexit><latexit sha1_base64="+wkqDrhmNMgtoQ3LcPKhU+Z6SXE="></latexit>

p✓(x) ⇡ p(x)
<latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit><latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit><latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit><latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit>

p✓(x) = Ez⇠r[p✓(x|z)] =
Z

Z
p✓(x|z)r(z) dz.

<latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit><latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit><latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit><latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit>

r(z)
<latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit><latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit><latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit><latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit>

p✓(x|z)
<latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit><latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit><latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit><latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit>

q'(z|x)
<latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit><latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit><latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit><latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit>



Expressive Conditional Likelihood

CSE 599I: Generative Models University of WashingtonLecture 8

• The Gaussian VAE has a conditionally independent likelihood:


• Dependencies between coordinates/pixels     must be captured by  


• Replace with an expressive autoregressive likelihood using NADE?

xi
<latexit sha1_base64="Y6wbhVQoNgh0slkcyfovbmbl62Y=">AAACPXicfZDNSsNAFIUn/tb6V3XpJlgFESmJCLos6EIEsaK1haaUm+ltOnQyCTMTsYQ+glt9HJ/DB3Anbt06rRG0FS8MfJx7Zube48ecKe04L9bU9Mzs3HxuIb+4tLyyWlhbv1VRIilWacQjWfdBIWcCq5ppjvVYIoQ+x5rfOxn2a3coFYvEje7H2AwhEKzDKGgjXd+3WKtQdErOqOxJcDMokqwqrTVr22tHNAlRaMpBqYbrxLqZgtSMchzkvURhDLQHATYMCghRNdPRrAN7xyhtuxNJc4S2R+rPGymESvVD3zhD0F013huKf/Uaie4cN1Mm4kSjoF8fdRJu68geLm63mUSqed8AUMnMrDbtggSqTTz5vHeKZhmJF+bhyxgl6EjupR7IIGRiYJYLvP0h/WeE+2+jIZOrO57iJNwelFzDV4fF8nmWcI5ski2yS1xyRMrkjFRIlVASkAfySJ6sZ+vVerPev6xTVnZng/wq6+MTWeKuow==</latexit><latexit sha1_base64="Y6wbhVQoNgh0slkcyfovbmbl62Y=">AAACPXicfZDNSsNAFIUn/tb6V3XpJlgFESmJCLos6EIEsaK1haaUm+ltOnQyCTMTsYQ+glt9HJ/DB3Anbt06rRG0FS8MfJx7Zube48ecKe04L9bU9Mzs3HxuIb+4tLyyWlhbv1VRIilWacQjWfdBIWcCq5ppjvVYIoQ+x5rfOxn2a3coFYvEje7H2AwhEKzDKGgjXd+3WKtQdErOqOxJcDMokqwqrTVr22tHNAlRaMpBqYbrxLqZgtSMchzkvURhDLQHATYMCghRNdPRrAN7xyhtuxNJc4S2R+rPGymESvVD3zhD0F013huKf/Uaie4cN1Mm4kSjoF8fdRJu68geLm63mUSqed8AUMnMrDbtggSqTTz5vHeKZhmJF+bhyxgl6EjupR7IIGRiYJYLvP0h/WeE+2+jIZOrO57iJNwelFzDV4fF8nmWcI5ski2yS1xyRMrkjFRIlVASkAfySJ6sZ+vVerPev6xTVnZng/wq6+MTWeKuow==</latexit><latexit sha1_base64="Y6wbhVQoNgh0slkcyfovbmbl62Y=">AAACPXicfZDNSsNAFIUn/tb6V3XpJlgFESmJCLos6EIEsaK1haaUm+ltOnQyCTMTsYQ+glt9HJ/DB3Anbt06rRG0FS8MfJx7Zube48ecKe04L9bU9Mzs3HxuIb+4tLyyWlhbv1VRIilWacQjWfdBIWcCq5ppjvVYIoQ+x5rfOxn2a3coFYvEje7H2AwhEKzDKGgjXd+3WKtQdErOqOxJcDMokqwqrTVr22tHNAlRaMpBqYbrxLqZgtSMchzkvURhDLQHATYMCghRNdPRrAN7xyhtuxNJc4S2R+rPGymESvVD3zhD0F013huKf/Uaie4cN1Mm4kSjoF8fdRJu68geLm63mUSqed8AUMnMrDbtggSqTTz5vHeKZhmJF+bhyxgl6EjupR7IIGRiYJYLvP0h/WeE+2+jIZOrO57iJNwelFzDV4fF8nmWcI5ski2yS1xyRMrkjFRIlVASkAfySJ6sZ+vVerPev6xTVnZng/wq6+MTWeKuow==</latexit><latexit sha1_base64="Y6wbhVQoNgh0slkcyfovbmbl62Y=">AAACPXicfZDNSsNAFIUn/tb6V3XpJlgFESmJCLos6EIEsaK1haaUm+ltOnQyCTMTsYQ+glt9HJ/DB3Anbt06rRG0FS8MfJx7Zube48ecKe04L9bU9Mzs3HxuIb+4tLyyWlhbv1VRIilWacQjWfdBIWcCq5ppjvVYIoQ+x5rfOxn2a3coFYvEje7H2AwhEKzDKGgjXd+3WKtQdErOqOxJcDMokqwqrTVr22tHNAlRaMpBqYbrxLqZgtSMchzkvURhDLQHATYMCghRNdPRrAN7xyhtuxNJc4S2R+rPGymESvVD3zhD0F013huKf/Uaie4cN1Mm4kSjoF8fdRJu68geLm63mUSqed8AUMnMrDbtggSqTTz5vHeKZhmJF+bhyxgl6EjupR7IIGRiYJYLvP0h/WeE+2+jIZOrO57iJNwelFzDV4fF8nmWcI5ski2yS1xyRMrkjFRIlVASkAfySJ6sZ+vVerPev6xTVnZng/wq6+MTWeKuow==</latexit>

z.
<latexit sha1_base64="H4cBaQjrQ7CkkeexSelVeQdQl/M=">AAACPHicfZDLSsNAFIYn9V6v1aWbYBVEpCQi6LKgCxHEC7YWmlBOpift4GQSZiZiDX0Dt/o4vod7d+LWtZNaQa14YODjP//MnPMHCWdKO86zVRgbn5icmp4pzs7NLywulZbrKk4lxRqNeSwbASjkTGBNM82xkUiEKOB4FVwf5P2rG5SKxeJS9xL0I+gIFjIK2kgXd5XWUtmpOIOyR8EdQpkM66xVsta9dkzTCIWmHJRquk6i/QykZpRjv+ilChOg19DBpkEBESo/G4zatzeM0rbDWJojtD1Qv9/IIFKqFwXGGYHuqt+9XPyr10x1uO9nTCSpRkE/PwpTbuvYzve220wi1bxnAKhkZlabdkEC1SadYtE7RLOMxBPz8GmCEnQstzIPZCdiom+W63jbOf1nhNsvoyGTq/s7xVGo71Rcw+e75erxMOFpskrWyCZxyR6pkiNyRmqEkpDckwfyaD1ZL9ar9fZpLVjDOyvkR1nvHxwdrgE=</latexit><latexit sha1_base64="H4cBaQjrQ7CkkeexSelVeQdQl/M=">AAACPHicfZDLSsNAFIYn9V6v1aWbYBVEpCQi6LKgCxHEC7YWmlBOpift4GQSZiZiDX0Dt/o4vod7d+LWtZNaQa14YODjP//MnPMHCWdKO86zVRgbn5icmp4pzs7NLywulZbrKk4lxRqNeSwbASjkTGBNM82xkUiEKOB4FVwf5P2rG5SKxeJS9xL0I+gIFjIK2kgXd5XWUtmpOIOyR8EdQpkM66xVsta9dkzTCIWmHJRquk6i/QykZpRjv+ilChOg19DBpkEBESo/G4zatzeM0rbDWJojtD1Qv9/IIFKqFwXGGYHuqt+9XPyr10x1uO9nTCSpRkE/PwpTbuvYzve220wi1bxnAKhkZlabdkEC1SadYtE7RLOMxBPz8GmCEnQstzIPZCdiom+W63jbOf1nhNsvoyGTq/s7xVGo71Rcw+e75erxMOFpskrWyCZxyR6pkiNyRmqEkpDckwfyaD1ZL9ar9fZpLVjDOyvkR1nvHxwdrgE=</latexit><latexit sha1_base64="H4cBaQjrQ7CkkeexSelVeQdQl/M=">AAACPHicfZDLSsNAFIYn9V6v1aWbYBVEpCQi6LKgCxHEC7YWmlBOpift4GQSZiZiDX0Dt/o4vod7d+LWtZNaQa14YODjP//MnPMHCWdKO86zVRgbn5icmp4pzs7NLywulZbrKk4lxRqNeSwbASjkTGBNM82xkUiEKOB4FVwf5P2rG5SKxeJS9xL0I+gIFjIK2kgXd5XWUtmpOIOyR8EdQpkM66xVsta9dkzTCIWmHJRquk6i/QykZpRjv+ilChOg19DBpkEBESo/G4zatzeM0rbDWJojtD1Qv9/IIFKqFwXGGYHuqt+9XPyr10x1uO9nTCSpRkE/PwpTbuvYzve220wi1bxnAKhkZlabdkEC1SadYtE7RLOMxBPz8GmCEnQstzIPZCdiom+W63jbOf1nhNsvoyGTq/s7xVGo71Rcw+e75erxMOFpskrWyCZxyR6pkiNyRmqEkpDckwfyaD1ZL9ar9fZpLVjDOyvkR1nvHxwdrgE=</latexit><latexit sha1_base64="H4cBaQjrQ7CkkeexSelVeQdQl/M=">AAACPHicfZDLSsNAFIYn9V6v1aWbYBVEpCQi6LKgCxHEC7YWmlBOpift4GQSZiZiDX0Dt/o4vod7d+LWtZNaQa14YODjP//MnPMHCWdKO86zVRgbn5icmp4pzs7NLywulZbrKk4lxRqNeSwbASjkTGBNM82xkUiEKOB4FVwf5P2rG5SKxeJS9xL0I+gIFjIK2kgXd5XWUtmpOIOyR8EdQpkM66xVsta9dkzTCIWmHJRquk6i/QykZpRjv+ilChOg19DBpkEBESo/G4zatzeM0rbDWJojtD1Qv9/IIFKqFwXGGYHuqt+9XPyr10x1uO9nTCSpRkE/PwpTbuvYzve220wi1bxnAKhkZlabdkEC1SadYtE7RLOMxBPz8GmCEnQstzIPZCdiom+W63jbOf1nhNsvoyGTq/s7xVGo71Rcw+e75erxMOFpskrWyCZxyR6pkiNyRmqEkpDckwfyaD1ZL9ar9fZpLVjDOyvkR1nvHxwdrgE=</latexit>

p✓(x|z) = N (x; g✓(z),�
2I) =

|X |Y

i=1

N (xi|g✓,i(z),�2).
<latexit sha1_base64="q2Khv6JL64AI/3/Q6lD3nRSZkYs="></latexit><latexit sha1_base64="q2Khv6JL64AI/3/Q6lD3nRSZkYs="></latexit><latexit sha1_base64="q2Khv6JL64AI/3/Q6lD3nRSZkYs="></latexit><latexit sha1_base64="q2Khv6JL64AI/3/Q6lD3nRSZkYs="></latexit>

p✓(x|z) =
|X |Y

i=1

p✓(xi|x<i, z).
<latexit sha1_base64="9leZf+H3rLeyTclGT8owXyXrXfA="></latexit><latexit sha1_base64="9leZf+H3rLeyTclGT8owXyXrXfA="></latexit><latexit sha1_base64="9leZf+H3rLeyTclGT8owXyXrXfA="></latexit><latexit sha1_base64="9leZf+H3rLeyTclGT8owXyXrXfA="></latexit>



PixelVAE

CSE 599I: Generative Models University of WashingtonLecture 8

• Replace with an expressive autoregressive likelihood using NADE?


• Sampling is expensive!              serial calls to the model.


•         serial calls for a conditionally independent decoder.

p✓(x|z) =
|X |Y

i=1

p✓(xi|x<i, z).
<latexit sha1_base64="9leZf+H3rLeyTclGT8owXyXrXfA="></latexit><latexit sha1_base64="9leZf+H3rLeyTclGT8owXyXrXfA="></latexit><latexit sha1_base64="9leZf+H3rLeyTclGT8owXyXrXfA="></latexit><latexit sha1_base64="9leZf+H3rLeyTclGT8owXyXrXfA="></latexit>

O(|X |)
<latexit sha1_base64="lQp3QdPvTtQqZhpjuI9h7rfUgtA="></latexit><latexit sha1_base64="lQp3QdPvTtQqZhpjuI9h7rfUgtA="></latexit><latexit sha1_base64="lQp3QdPvTtQqZhpjuI9h7rfUgtA="></latexit><latexit sha1_base64="lQp3QdPvTtQqZhpjuI9h7rfUgtA="></latexit>

O(1)
<latexit sha1_base64="klIvReimA0eKbB1N2lQ3nLjJqRM=">AAACPnicfZDNSgMxFIUz/tb61+rSzWAVqkiZEUGXBV2IIK1gq9Apcie9bUMzmSHJiGXoK7jVx/E1fAF34talmbaCtuKFwMe5J8m9x484U9pxXq2Z2bn5hcXMUnZ5ZXVtPZffqKswlhRrNOShvPVBIWcCa5ppjreRRAh8jjd+7zTt39yjVCwU17ofYTOAjmBtRkGnUqXo7t3lCk7JGZY9De4YCmRc1bu8teO1QhoHKDTloFTDdSLdTEBqRjkOsl6sMALagw42DAoIUDWT4bADe9coLbsdSnOEtofqzxsJBEr1A984A9BdNdlLxb96jVi3T5oJE1GsUdDRR+2Y2zq0083tFpNINe8bACqZmdWmXZBAtcknm/XO0Cwj8dI8XIlQgg7lfuKB7ARMDMxyHe8gpf+M8PBtNGRydSdTnIb6Yck1fHVUKF+ME86QLbJNisQlx6RMzkmV1AglXfJInsiz9WK9We/Wx8g6Y43vbJJfZX1+AbL0rj4=</latexit><latexit sha1_base64="klIvReimA0eKbB1N2lQ3nLjJqRM=">AAACPnicfZDNSgMxFIUz/tb61+rSzWAVqkiZEUGXBV2IIK1gq9Apcie9bUMzmSHJiGXoK7jVx/E1fAF34talmbaCtuKFwMe5J8m9x484U9pxXq2Z2bn5hcXMUnZ5ZXVtPZffqKswlhRrNOShvPVBIWcCa5ppjreRRAh8jjd+7zTt39yjVCwU17ofYTOAjmBtRkGnUqXo7t3lCk7JGZY9De4YCmRc1bu8teO1QhoHKDTloFTDdSLdTEBqRjkOsl6sMALagw42DAoIUDWT4bADe9coLbsdSnOEtofqzxsJBEr1A984A9BdNdlLxb96jVi3T5oJE1GsUdDRR+2Y2zq0083tFpNINe8bACqZmdWmXZBAtcknm/XO0Cwj8dI8XIlQgg7lfuKB7ARMDMxyHe8gpf+M8PBtNGRydSdTnIb6Yck1fHVUKF+ME86QLbJNisQlx6RMzkmV1AglXfJInsiz9WK9We/Wx8g6Y43vbJJfZX1+AbL0rj4=</latexit><latexit sha1_base64="klIvReimA0eKbB1N2lQ3nLjJqRM=">AAACPnicfZDNSgMxFIUz/tb61+rSzWAVqkiZEUGXBV2IIK1gq9Apcie9bUMzmSHJiGXoK7jVx/E1fAF34talmbaCtuKFwMe5J8m9x484U9pxXq2Z2bn5hcXMUnZ5ZXVtPZffqKswlhRrNOShvPVBIWcCa5ppjreRRAh8jjd+7zTt39yjVCwU17ofYTOAjmBtRkGnUqXo7t3lCk7JGZY9De4YCmRc1bu8teO1QhoHKDTloFTDdSLdTEBqRjkOsl6sMALagw42DAoIUDWT4bADe9coLbsdSnOEtofqzxsJBEr1A984A9BdNdlLxb96jVi3T5oJE1GsUdDRR+2Y2zq0083tFpNINe8bACqZmdWmXZBAtcknm/XO0Cwj8dI8XIlQgg7lfuKB7ARMDMxyHe8gpf+M8PBtNGRydSdTnIb6Yck1fHVUKF+ME86QLbJNisQlx6RMzkmV1AglXfJInsiz9WK9We/Wx8g6Y43vbJJfZX1+AbL0rj4=</latexit><latexit sha1_base64="klIvReimA0eKbB1N2lQ3nLjJqRM=">AAACPnicfZDNSgMxFIUz/tb61+rSzWAVqkiZEUGXBV2IIK1gq9Apcie9bUMzmSHJiGXoK7jVx/E1fAF34talmbaCtuKFwMe5J8m9x484U9pxXq2Z2bn5hcXMUnZ5ZXVtPZffqKswlhRrNOShvPVBIWcCa5ppjreRRAh8jjd+7zTt39yjVCwU17ofYTOAjmBtRkGnUqXo7t3lCk7JGZY9De4YCmRc1bu8teO1QhoHKDTloFTDdSLdTEBqRjkOsl6sMALagw42DAoIUDWT4bADe9coLbsdSnOEtofqzxsJBEr1A984A9BdNdlLxb96jVi3T5oJE1GsUdDRR+2Y2zq0083tFpNINe8bACqZmdWmXZBAtcknm/XO0Cwj8dI8XIlQgg7lfuKB7ARMDMxyHe8gpf+M8PBtNGRydSdTnIb6Yck1fHVUKF+ME86QLbJNisQlx6RMzkmV1AglXfJInsiz9WK9We/Wx8g6Y43vbJJfZX1+AbL0rj4=</latexit>



An AR Models for Images

CSE 599I: Generative Models University of WashingtonLecture 8

• Assign an (arbitrary) order the pixels, e.g. 
left-to-right, top-to-bottom:


• Does order matter?


• Doesn’t seem so.


• Mask the observations so                              
only sees the history.


• I.e. 

g✓ : (X ,Z) ! X
<latexit sha1_base64="umFN+Aoo/xttAyQrTE/Yr1JJu+k="></latexit><latexit sha1_base64="umFN+Aoo/xttAyQrTE/Yr1JJu+k="></latexit><latexit sha1_base64="umFN+Aoo/xttAyQrTE/Yr1JJu+k="></latexit><latexit sha1_base64="PrRi29YejTyF/IK5dSSi3guuJYY=">AAACLHicfZHPSsNAEMY39V+NVduzl2AVRKQkXvQo6MGLWMHWQhPKZDNtl242YXcjltAX8Orj+CQevYlP4aatoK04sPDjm9nZmW/DlDOlXffNKq2srq1vlDftrYq9vbNbrbRVkkmKLZrwRHZCUMiZwJZmmmMnlQhxyPEhHF0W+YdHlIol4l6PUwxiGAjWZxS0kZq9at1tuNNwlsGbQ53Mo1ezDvwooVmMQlMOSnU9N9VBDlIzynFi+5nCFOgIBtg1KCBGFeTTOSfOoVEip59Ic4R2purPGznESo3j0FTGoIdqMVeIf+W6me6fBzkTaaZR0NlD/Yw7OnGKpZ2ISaSajw0AlczM6tAhSKDaWGPb/hWaZSTemMa3KUrQiTzOfZCDmImJWW7gnxT0XyE8fRcaMrZ6iyYuQ/u04Rm+c0mZ7JF9ckQ8ckYuyDVpkhahJCLP5MV6td6tj5n9JWv+DzXyK6zPLwc3qqg=</latexit><latexit sha1_base64="pYqM7pT8KrYZ62sb8GmHnBN11VU="></latexit><latexit sha1_base64="pYqM7pT8KrYZ62sb8GmHnBN11VU="></latexit><latexit sha1_base64="6ziQ4CnUw03MrZP3S/5cJrr4gOc="></latexit><latexit sha1_base64="umFN+Aoo/xttAyQrTE/Yr1JJu+k="></latexit><latexit sha1_base64="umFN+Aoo/xttAyQrTE/Yr1JJu+k="></latexit><latexit sha1_base64="umFN+Aoo/xttAyQrTE/Yr1JJu+k="></latexit><latexit sha1_base64="umFN+Aoo/xttAyQrTE/Yr1JJu+k="></latexit><latexit sha1_base64="umFN+Aoo/xttAyQrTE/Yr1JJu+k="></latexit><latexit sha1_base64="umFN+Aoo/xttAyQrTE/Yr1JJu+k="></latexit>

g✓,i(x1, . . . , xn⇥n) = g✓,i(x1, . . . , x<i).
<latexit sha1_base64="/9/cSWWZ6vuan4Ayl8A07rP0kSw="></latexit><latexit sha1_base64="/9/cSWWZ6vuan4Ayl8A07rP0kSw="></latexit><latexit sha1_base64="/9/cSWWZ6vuan4Ayl8A07rP0kSw="></latexit><latexit sha1_base64="PrRi29YejTyF/IK5dSSi3guuJYY=">AAACLHicfZHPSsNAEMY39V+NVduzl2AVRKQkXvQo6MGLWMHWQhPKZDNtl242YXcjltAX8Orj+CQevYlP4aatoK04sPDjm9nZmW/DlDOlXffNKq2srq1vlDftrYq9vbNbrbRVkkmKLZrwRHZCUMiZwJZmmmMnlQhxyPEhHF0W+YdHlIol4l6PUwxiGAjWZxS0kZq9at1tuNNwlsGbQ53Mo1ezDvwooVmMQlMOSnU9N9VBDlIzynFi+5nCFOgIBtg1KCBGFeTTOSfOoVEip59Ic4R2purPGznESo3j0FTGoIdqMVeIf+W6me6fBzkTaaZR0NlD/Yw7OnGKpZ2ISaSajw0AlczM6tAhSKDaWGPb/hWaZSTemMa3KUrQiTzOfZCDmImJWW7gnxT0XyE8fRcaMrZ6iyYuQ/u04Rm+c0mZ7JF9ckQ8ckYuyDVpkhahJCLP5MV6td6tj5n9JWv+DzXyK6zPLwc3qqg=</latexit><latexit sha1_base64="/IQQ9knQgIp9xRyU2inykr7yb18="></latexit><latexit sha1_base64="/IQQ9knQgIp9xRyU2inykr7yb18="></latexit><latexit sha1_base64="vCzYk9OHvqFvjadqWRSBMqzSWCs="></latexit><latexit sha1_base64="/9/cSWWZ6vuan4Ayl8A07rP0kSw="></latexit><latexit sha1_base64="/9/cSWWZ6vuan4Ayl8A07rP0kSw="></latexit><latexit sha1_base64="/9/cSWWZ6vuan4Ayl8A07rP0kSw="></latexit><latexit sha1_base64="/9/cSWWZ6vuan4Ayl8A07rP0kSw="></latexit><latexit sha1_base64="/9/cSWWZ6vuan4Ayl8A07rP0kSw="></latexit><latexit sha1_base64="/9/cSWWZ6vuan4Ayl8A07rP0kSw="></latexit> van den Oord et. al., ICML 2016

Masked Convolutions



PixelCNN

CSE 599I: Generative Models University of WashingtonLecture 8

• Why even bother with latent codes and the ELBO?


• Directly learn an autoregressive model over the observed data.


• This is valid and still achieves SOTA log-likelihoods for tiny images.


• Poor scaling to large images (sampling time; long-range dependencies).

p✓(x|z) =
|X |Y

i=1

p✓(xi|x<i, z) =

|X |Y

i=1

p✓(xi|x<i).
<latexit sha1_base64="18UpOwTwvFvKJ5mvYEcwZe2LpWE="></latexit><latexit sha1_base64="18UpOwTwvFvKJ5mvYEcwZe2LpWE="></latexit><latexit sha1_base64="18UpOwTwvFvKJ5mvYEcwZe2LpWE="></latexit><latexit sha1_base64="18UpOwTwvFvKJ5mvYEcwZe2LpWE="></latexit>



Posterior Collapse

CSE 599I: Generative Models University of WashingtonLecture 8

• Why even bother with latent codes and the ELBO?


• The ELBO is an lower bound, whereas AR likelihoods are exact:


• Optimization will result in                                                      (posterior collapse).

p✓(x|z) =
|X |Y

i=1

p✓(xi|x<i, z) =

|X |Y

i=1

p✓(xi|x<i).
<latexit sha1_base64="18UpOwTwvFvKJ5mvYEcwZe2LpWE="></latexit><latexit sha1_base64="18UpOwTwvFvKJ5mvYEcwZe2LpWE="></latexit><latexit sha1_base64="18UpOwTwvFvKJ5mvYEcwZe2LpWE="></latexit><latexit sha1_base64="18UpOwTwvFvKJ5mvYEcwZe2LpWE="></latexit>

q�(z|x) = r(z), p✓(x|z) = p✓(x)
<latexit sha1_base64="LzEVvKzLjF69U5PVFZnwE0iLLs4="></latexit><latexit sha1_base64="LzEVvKzLjF69U5PVFZnwE0iLLs4="></latexit><latexit sha1_base64="LzEVvKzLjF69U5PVFZnwE0iLLs4="></latexit><latexit sha1_base64="LzEVvKzLjF69U5PVFZnwE0iLLs4="></latexit>

‣ Modeling the distribution with latent codes comes at a cost.


‣ No comparable cost for modeling with sequence history.



5-Minute Break

CSE 599I: Generative Models University of WashingtonLecture 8



Variational Autoencoders

CSE 599I: Generative Models University of WashingtonLecture 8

• Generative model                                      . Learn                       , where


• Estimate the MLE using the ELBO:


• Modeling choices: prior       , likelihood             , and proposal             .


• Any two can be Gaussian without hurting expressivity.

✓̂mle ⌘ argmax
✓

E
x⇠p

log p✓(x) = argmax
✓

sup
q'

E
x⇠p

z⇠q'(·|x)

log
p✓(x, z)

q'(z|x)
.

<latexit sha1_base64="pQaP+ZmFNYKx67c7kYngujZa34Y="></latexit><latexit sha1_base64="pQaP+ZmFNYKx67c7kYngujZa34Y="></latexit><latexit sha1_base64="pQaP+ZmFNYKx67c7kYngujZa34Y="></latexit><latexit sha1_base64="pQaP+ZmFNYKx67c7kYngujZa34Y="></latexit>

p✓(x, z) = p✓(x|z)r(z)
<latexit sha1_base64="+wkqDrhmNMgtoQ3LcPKhU+Z6SXE="></latexit><latexit sha1_base64="+wkqDrhmNMgtoQ3LcPKhU+Z6SXE="></latexit><latexit sha1_base64="+wkqDrhmNMgtoQ3LcPKhU+Z6SXE="></latexit><latexit sha1_base64="+wkqDrhmNMgtoQ3LcPKhU+Z6SXE="></latexit>

p✓(x) ⇡ p(x)
<latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit><latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit><latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit><latexit sha1_base64="tKhBghSiXAhhKhyzE0ZC4qV12CY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhLopMyLosuBGXFWwF2iHIZNm2tDMTEjOSMtQN76KGxeKuPUt3Pk2pu0stPWHwJf/nENy/kAKrsFxvq3Cyura+kZxs7S1vbO7Z+8fNHWSKsoaNBGJagdEM8Fj1gAOgrWlYiQKBGsFw+tpvfXAlOZJfA9jybyI9GMeckrAWL59JP0uDBiQyugMd4mUKhlhaS6+XXaqzkx4GdwcyihX3be/ur2EphGLgQqidcd1JHgZUcCpYJNSN9VMEjokfdYxGJOIaS+bbTDBp8bp4TBR5sSAZ+7viYxEWo+jwHRGBAZ6sTY1/6t1UgivvIzHMgUW0/lDYSowJHgaB+5xxSiIsQFCFTd/xXRAFKFgQiuZENzFlZeheV51Dd9dlGu3eRxFdIxOUAW56BLV0A2qowai6BE9o1f0Zj1ZL9a79TFvLVj5zCH6I+vzBzwnlhw=</latexit>

p✓(x) = Ez⇠r[p✓(x|z)] =
Z

Z
p✓(x|z)r(z) dz.

<latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit><latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit><latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit><latexit sha1_base64="mLvz8b3FQo8+Wf82jdJPv1JUY+o="></latexit>

r(z)
<latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit><latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit><latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit><latexit sha1_base64="2nNlnCBvJpUWt3QNHDqex2DgdZM="></latexit>

p✓(x|z)
<latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit><latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit><latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit><latexit sha1_base64="gVE8gmEltpJ4Fo8vK1IBOPL04sg="></latexit>

q'(z|x)
<latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit><latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit><latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit><latexit sha1_base64="6kQenAtRlgsvlhPitp+yckldlqw="></latexit>



Expressive Prior

CSE 599I: Generative Models University of WashingtonLecture 8

• Generative model                                            . Learn                         , where


• Estimate the MLE using the ELBO:


• No tricks needed to optimize the prior.


• How to model the prior? An autoregressive model? Slow to sample.

p✓, (x, z) = p✓(x|z)r (z)
<latexit sha1_base64="341Xznzs7V30eeFckYGyDlUe9h0="></latexit><latexit sha1_base64="341Xznzs7V30eeFckYGyDlUe9h0="></latexit><latexit sha1_base64="341Xznzs7V30eeFckYGyDlUe9h0="></latexit><latexit sha1_base64="341Xznzs7V30eeFckYGyDlUe9h0="></latexit>

p✓, (x) ⇡ p(x)
<latexit sha1_base64="H21QEo3OD/oN80keg4n4UGqYdwA="></latexit><latexit sha1_base64="H21QEo3OD/oN80keg4n4UGqYdwA="></latexit><latexit sha1_base64="H21QEo3OD/oN80keg4n4UGqYdwA="></latexit><latexit sha1_base64="H21QEo3OD/oN80keg4n4UGqYdwA="></latexit>

p✓(x) = Ez⇠r [p✓(x|z)] =
Z

Z
p✓(x|z)r (z) dz.

<latexit sha1_base64="rtpZDOFlrq5AE7kVmY3pnjQrc+c="></latexit><latexit sha1_base64="rtpZDOFlrq5AE7kVmY3pnjQrc+c="></latexit><latexit sha1_base64="rtpZDOFlrq5AE7kVmY3pnjQrc+c="></latexit><latexit sha1_base64="rtpZDOFlrq5AE7kVmY3pnjQrc+c="></latexit>

✓̂mle ⌘ argmax
✓

E
x⇠p

log p✓(x) = argmax
✓, 

sup
q�

E
x⇠p

z⇠q�(·|x)

log
p✓(x|z)r (z)

q�(z|x)
.

<latexit sha1_base64="tQW9vhLp6abp6/0ldDzZ2fcS4E8="></latexit><latexit sha1_base64="tQW9vhLp6abp6/0ldDzZ2fcS4E8="></latexit><latexit sha1_base64="tQW9vhLp6abp6/0ldDzZ2fcS4E8="></latexit><latexit sha1_base64="tQW9vhLp6abp6/0ldDzZ2fcS4E8="></latexit>



Inference Suboptimality

CSE 599I: Generative Models University of WashingtonLecture 8

• No reason for the true posterior distribution              to be Gaussian!


• The ELBO is loose no matter how well we optimize the proposal:


• With a Gaussian proposal family, we won’t be able to learn the MLE:

p✓(z|x)
<latexit sha1_base64="T8Eu5EDC5GThlC/3rQf4PtO22bc="></latexit><latexit sha1_base64="T8Eu5EDC5GThlC/3rQf4PtO22bc="></latexit><latexit sha1_base64="T8Eu5EDC5GThlC/3rQf4PtO22bc="></latexit><latexit sha1_base64="T8Eu5EDC5GThlC/3rQf4PtO22bc="></latexit>

E
x⇠p

log p✓(x) > sup
q�

E
x⇠p

z⇠q�(·|x)

log
p✓(x, z)

q�(z|x)
.

<latexit sha1_base64="Of9mYHKJBiRBYLDXusG00fBGXeQ="></latexit><latexit sha1_base64="Of9mYHKJBiRBYLDXusG00fBGXeQ="></latexit><latexit sha1_base64="Of9mYHKJBiRBYLDXusG00fBGXeQ="></latexit><latexit sha1_base64="Of9mYHKJBiRBYLDXusG00fBGXeQ="></latexit>

✓̂mle ⌘ argmax
✓

E
x⇠p

log p✓(x) 6= argmax
✓

sup
q�

E
x⇠p

z⇠q�(·|x)

log
p✓(x, z)

q�(z|x)
.

<latexit sha1_base64="PTu3b+3y2E2yyUzqly7ULpf80jU="></latexit><latexit sha1_base64="PTu3b+3y2E2yyUzqly7ULpf80jU="></latexit><latexit sha1_base64="PTu3b+3y2E2yyUzqly7ULpf80jU="></latexit><latexit sha1_base64="PTu3b+3y2E2yyUzqly7ULpf80jU="></latexit>



Visualizing Suboptimality

CSE 599I: Generative Models University of WashingtonLecture 8

• Two VAE’s fit to a dataset with four datapoints.


• Each color cloud corresponds to the proposal distribution for a datapoint.

Kingma et. al., Neurips 2016



Expressive Proposal

CSE 599I: Generative Models University of WashingtonLecture 8

• Use an autoregressive proposal?


• The usual problem: sampling is slow. 


• We need to sample during training.

q�(z|x) =
|Z|Y

i=1

q�(zi|z<i, x).
<latexit sha1_base64="5AJU3gmnn3BNjiZTQZORJKtYK+E="></latexit><latexit sha1_base64="5AJU3gmnn3BNjiZTQZORJKtYK+E="></latexit><latexit sha1_base64="5AJU3gmnn3BNjiZTQZORJKtYK+E="></latexit><latexit sha1_base64="5AJU3gmnn3BNjiZTQZORJKtYK+E="></latexit>



Normalizing Flows

CSE 599I: Generative Models University of WashingtonLecture 8

• Build a series of transformations of our initial proposal 


• Let                     and define 


• The log-density of the pushfoward distribution on     is given by


• Choose functions      so that                                    is easy to calculate.   

gs : Z ! Z
<latexit sha1_base64="jlE5GPVRim+IbPXULBUbcDxnNkM="></latexit><latexit sha1_base64="jlE5GPVRim+IbPXULBUbcDxnNkM="></latexit><latexit sha1_base64="jlE5GPVRim+IbPXULBUbcDxnNkM="></latexit><latexit sha1_base64="jlE5GPVRim+IbPXULBUbcDxnNkM="></latexit>

z0 ⇠ q�(·|x).
<latexit sha1_base64="RHwwvqPuvYeceyR7iKASWe8pZ3o="></latexit><latexit sha1_base64="RHwwvqPuvYeceyR7iKASWe8pZ3o="></latexit><latexit sha1_base64="RHwwvqPuvYeceyR7iKASWe8pZ3o="></latexit><latexit sha1_base64="RHwwvqPuvYeceyR7iKASWe8pZ3o="></latexit>

zt = gt � · · · � g1(z0).
<latexit sha1_base64="KlhT4tRwQNkOMYE5yW4XXfHG5UA="></latexit><latexit sha1_base64="KlhT4tRwQNkOMYE5yW4XXfHG5UA="></latexit><latexit sha1_base64="KlhT4tRwQNkOMYE5yW4XXfHG5UA="></latexit><latexit sha1_base64="KlhT4tRwQNkOMYE5yW4XXfHG5UA="></latexit>

log qt(zt) = log q0(z0)�
tX

s=1

logdet

✓
@gs(zt�1)

@zt�1

◆
.

<latexit sha1_base64="3A8LgRLcRktXE/pyaO6TFbJWg+Q="></latexit><latexit sha1_base64="3A8LgRLcRktXE/pyaO6TFbJWg+Q="></latexit><latexit sha1_base64="3A8LgRLcRktXE/pyaO6TFbJWg+Q="></latexit><latexit sha1_base64="3A8LgRLcRktXE/pyaO6TFbJWg+Q="></latexit>

zt
<latexit sha1_base64="AdS++CaHeKfocGf2RC3J9Z2Y7a0="></latexit><latexit sha1_base64="AdS++CaHeKfocGf2RC3J9Z2Y7a0="></latexit><latexit sha1_base64="AdS++CaHeKfocGf2RC3J9Z2Y7a0="></latexit><latexit sha1_base64="AdS++CaHeKfocGf2RC3J9Z2Y7a0="></latexit>

gs
<latexit sha1_base64="44XVqB03VQMfFCf8KTboK7mvROo="></latexit><latexit sha1_base64="44XVqB03VQMfFCf8KTboK7mvROo="></latexit><latexit sha1_base64="44XVqB03VQMfFCf8KTboK7mvROo="></latexit><latexit sha1_base64="44XVqB03VQMfFCf8KTboK7mvROo="></latexit>

logdet

✓
@gs(zt�1)

@zt�1

◆

<latexit sha1_base64="+MRMXw/6OGTEw33dTD6jqzY9qZY="></latexit><latexit sha1_base64="+MRMXw/6OGTEw33dTD6jqzY9qZY="></latexit><latexit sha1_base64="+MRMXw/6OGTEw33dTD6jqzY9qZY="></latexit><latexit sha1_base64="+MRMXw/6OGTEw33dTD6jqzY9qZY="></latexit>


