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A Small Clarification

CSE 599I: Generative Models University of WashingtonLecture 3

• A formal course in probability will carefully distinguish between


• I will regularly blur the distinction between these objects.


• If it helps, I will never talk about the formal construction     in this course. 

1. Random variables, e.g. 


2. Samples, e.g. x1, . . . , xn 2 Rd.
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X : ⌦ ! Rd.
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⌦
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The Sequential Setting
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• Vector sequences                   where               is the value at time  


• Given sequences                          , estimate  


• Ignore temporal structure? Treat the sequences as vectors 

x 2 RT⇥d
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xt 2 Rd
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x1, . . . ,xn ⇠ p
<latexit sha1_base64="OPe2HDnEgShX4zXy02wD801+NAI="></latexit><latexit sha1_base64="OPe2HDnEgShX4zXy02wD801+NAI="></latexit><latexit sha1_base64="OPe2HDnEgShX4zXy02wD801+NAI="></latexit><latexit sha1_base64="OPe2HDnEgShX4zXy02wD801+NAI="></latexit>

p.
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t.
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x 2 RTd?
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‣ What if     varies for each sequence


‣ Can temporal structure help us learn?


‣ What if we only have n=1 very long sequence? Can we still learn?
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Autoregressive Modeling
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• Factor the joint distribution into conditionals:


• Learn the conditional distributions


• Iteratively sample                        to construct

p(x) =
TY

t=1

p(xt|x<t).
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p̂(xt|x<t).
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x̂ ⇠ p̂.
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x̂t ⇠ p̂(·|x̂<t)
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Linear Autoregressive Models
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• Scalar linear autoregressive model of order 1: 


• Randomness is driven by white noise


• Model is defined by linear dynamics, with parameters               : 


• Markov model: 

x 2 RT⇥1.
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"t ⇠ N (0,�2).
<latexit sha1_base64="+b9uP6ETv1/s9kFiJX4updOeUuQ="></latexit><latexit sha1_base64="+b9uP6ETv1/s9kFiJX4updOeUuQ="></latexit><latexit sha1_base64="+b9uP6ETv1/s9kFiJX4updOeUuQ="></latexit><latexit sha1_base64="+b9uP6ETv1/s9kFiJX4updOeUuQ="></latexit>

xt = ⇢(xt�1 � µ) + µ+ "t,

x1 = µ+ "0.
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µ, ⇢ 2 R
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p(xt|x<t) = p(xt|xt�1) = N (⇢(xt�1 � µ) + µ,�2).
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Stationary Moments
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• Scalar AR(1) model:


• The 1’st moment (mean) of an AR(1) model is stationary:                 .

xt = ⇢(xt�1 � µ) + µ+ "t,

x1 = µ+ "0.
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E[xt] = µ
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Estimating the Mean
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• Suppose we want to estimate the mean of process given a sample                    .


• Assume that    has stationary mean   


• Use the sample mean as an estimator? 


• Is it consistent? I.e. does 

µ̂ =
1

T

TX

t=1

xt.
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lim
T!1

µ̂ = µ?
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x 2 RT⇥1
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x
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E[x] = E[xt] = µ.
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Estimating the Mean
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• Is the sample mean consistent? I.e. does 


• Chebyshev’s inequality: 


• But what about the variance?

P (|µ̂� µ| � �)  Var(µ̂)

�2
.
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Var(µ̂) =
1

T 2

0

@
TX

t=1

Var(xt) + 2
X

1s<tT

Cov(xs, xt)

1

A .
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lim
T!1

µ̂ = µ?
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Wide-Sense Stationarity
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Var(µ̂) =
1

T 2

 
T�(0) + 2
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✓
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◆
�(k)  �(0)
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k=1

�(k).
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• Putting it all together: 


• If                          then 


• The faster the autocovariance decays, the easier it is to learn.

P (|µ̂� µ| � �)  Var(µ̂)

�2
 �(0)

T
+

2

T

TX

k=1

�(k).
<latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="Qb7TUf6Uk4F3xkE6m4xbXTakFNk="></latexit><latexit sha1_base64="coReF4eJkffnffqaBlkjZa+SpKc="></latexit><latexit sha1_base64="coReF4eJkffnffqaBlkjZa+SpKc="></latexit><latexit sha1_base64="OTSsyiNfdtFq0eaO5Z7vl/xL5mI="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="Qb7TUf6Uk4F3xkE6m4xbXTakFNk="></latexit><latexit sha1_base64="coReF4eJkffnffqaBlkjZa+SpKc="></latexit><latexit sha1_base64="coReF4eJkffnffqaBlkjZa+SpKc="></latexit><latexit sha1_base64="OTSsyiNfdtFq0eaO5Z7vl/xL5mI="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit><latexit sha1_base64="ruWwQlRdUrb2ZZQ4unTNkq9BM94="></latexit>

1X

k=1

�(k) < 1
<latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="Qb7TUf6Uk4F3xkE6m4xbXTakFNk="></latexit><latexit sha1_base64="CKXLth7wceQZJdDeR8vcip0EmWM="></latexit><latexit sha1_base64="CKXLth7wceQZJdDeR8vcip0EmWM="></latexit><latexit sha1_base64="5TKNYSJrLQsb7dQV3UFwHmQap0U="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit>

Var(µ̂) = O(1/T ).
<latexit sha1_base64="xSgp193qsob0kzL4oFf2cDRwJOg="></latexit><latexit sha1_base64="xSgp193qsob0kzL4oFf2cDRwJOg="></latexit><latexit sha1_base64="xSgp193qsob0kzL4oFf2cDRwJOg="></latexit><latexit sha1_base64="xSgp193qsob0kzL4oFf2cDRwJOg="></latexit>



Estimating the Mean: AR(1)
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• Recall the scalar AR(1) model:


• For an AR(1) process                 : 


• So    has stationary variance iff            , in which case


• By induction,                         and it follows that                         .  

xt = ⇢(xt�1 � µ) + µ+ "t,

x1 = µ+ "0.
<latexit sha1_base64="pOBjQ86VvAfXeoNbhv3wVxNksqI="></latexit><latexit sha1_base64="pOBjQ86VvAfXeoNbhv3wVxNksqI="></latexit><latexit sha1_base64="pOBjQ86VvAfXeoNbhv3wVxNksqI="></latexit><latexit sha1_base64="pOBjQ86VvAfXeoNbhv3wVxNksqI="></latexit>

x 2 RT⇥1.
<latexit sha1_base64="AZT+Bkh4e4ypZh8dOG4Kj0MRGEs="></latexit><latexit sha1_base64="AZT+Bkh4e4ypZh8dOG4Kj0MRGEs="></latexit><latexit sha1_base64="AZT+Bkh4e4ypZh8dOG4Kj0MRGEs="></latexit><latexit sha1_base64="AZT+Bkh4e4ypZh8dOG4Kj0MRGEs="></latexit>

Var[xt] = ⇢2 Var[xt�1] + �2.
<latexit sha1_base64="Q/pfLYJhAKtfIz4kHNGyfjIq9yg="></latexit><latexit sha1_base64="Q/pfLYJhAKtfIz4kHNGyfjIq9yg="></latexit><latexit sha1_base64="Q/pfLYJhAKtfIz4kHNGyfjIq9yg="></latexit><latexit sha1_base64="Q/pfLYJhAKtfIz4kHNGyfjIq9yg="></latexit>

x
<latexit sha1_base64="5z17YC+Oj7uzUfq3w+n9eqgoISE="></latexit><latexit sha1_base64="5z17YC+Oj7uzUfq3w+n9eqgoISE="></latexit><latexit sha1_base64="5z17YC+Oj7uzUfq3w+n9eqgoISE="></latexit><latexit sha1_base64="5z17YC+Oj7uzUfq3w+n9eqgoISE="></latexit> |⇢| < 1

<latexit sha1_base64="S+OsecqBtmHCGRJRSCsAnzBgDFE="></latexit><latexit sha1_base64="S+OsecqBtmHCGRJRSCsAnzBgDFE="></latexit><latexit sha1_base64="S+OsecqBtmHCGRJRSCsAnzBgDFE="></latexit><latexit sha1_base64="S+OsecqBtmHCGRJRSCsAnzBgDFE="></latexit>

Var[x] =
�2

1� ⇢2
.

<latexit sha1_base64="xrBVXlh7ZBd1OD70AwDnApq6zvk="></latexit><latexit sha1_base64="xrBVXlh7ZBd1OD70AwDnApq6zvk="></latexit><latexit sha1_base64="xrBVXlh7ZBd1OD70AwDnApq6zvk="></latexit><latexit sha1_base64="xrBVXlh7ZBd1OD70AwDnApq6zvk="></latexit>

1X

k=1

�(k) < 1
<latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="Qb7TUf6Uk4F3xkE6m4xbXTakFNk="></latexit><latexit sha1_base64="CKXLth7wceQZJdDeR8vcip0EmWM="></latexit><latexit sha1_base64="CKXLth7wceQZJdDeR8vcip0EmWM="></latexit><latexit sha1_base64="5TKNYSJrLQsb7dQV3UFwHmQap0U="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit><latexit sha1_base64="4T2X0LqK3tllgbKeaJ89FnkvlOo="></latexit>

�(k) =
⇢k�2

1� ⇢2
<latexit sha1_base64="LvzMa/Jq2Xga9A7rQaigmMv1C0Q="></latexit><latexit sha1_base64="LvzMa/Jq2Xga9A7rQaigmMv1C0Q="></latexit><latexit sha1_base64="LvzMa/Jq2Xga9A7rQaigmMv1C0Q="></latexit><latexit sha1_base64="LvzMa/Jq2Xga9A7rQaigmMv1C0Q="></latexit>



5-Minute Break
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Vector Autoregression

CSE 599I: Generative Models University of WashingtonLecture 3

• We can generalize scalar autoregression to vectors:


• We can also generalize to condition on more history.


• Vector autoregressive model with order p:

x 2 RT⇥d, µ 2 Rd, "t ⇠ N (0,�2I).
<latexit sha1_base64="M8o+nmQfq9wuKqdJiVCXDd+hum0="></latexit><latexit sha1_base64="M8o+nmQfq9wuKqdJiVCXDd+hum0="></latexit><latexit sha1_base64="M8o+nmQfq9wuKqdJiVCXDd+hum0="></latexit><latexit sha1_base64="M8o+nmQfq9wuKqdJiVCXDd+hum0="></latexit>

xt =
pX

k=1

⇢k(xt�k � µ) + µ+ "t,

x1 = µ+ "0.
<latexit sha1_base64="Y2CyHoe8PWrqUlaEWPPZ8+ikdbA="></latexit><latexit sha1_base64="Y2CyHoe8PWrqUlaEWPPZ8+ikdbA="></latexit><latexit sha1_base64="Y2CyHoe8PWrqUlaEWPPZ8+ikdbA="></latexit><latexit sha1_base64="Y2CyHoe8PWrqUlaEWPPZ8+ikdbA="></latexit>



Parameter Estimation
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• Vector AR(p) model:


• How to estimate the regression coefficients 


• Maximize the conditional likelihood:


• This is just a least-squares problem!

⇢ 2 Rp?
<latexit sha1_base64="Kt4R/dP6IRk+2TQQFxGFZ2yUNEU="></latexit><latexit sha1_base64="Kt4R/dP6IRk+2TQQFxGFZ2yUNEU="></latexit><latexit sha1_base64="Kt4R/dP6IRk+2TQQFxGFZ2yUNEU="></latexit><latexit sha1_base64="Kt4R/dP6IRk+2TQQFxGFZ2yUNEU="></latexit>

xt =
pX

k=1

⇢k(xt�1 � µ) + µ+ "t,

x1 = µ+ "0.
<latexit sha1_base64="4AlTdV26cIYL7LTEcpBwYbauU6E="></latexit><latexit sha1_base64="4AlTdV26cIYL7LTEcpBwYbauU6E="></latexit><latexit sha1_base64="4AlTdV26cIYL7LTEcpBwYbauU6E="></latexit><latexit sha1_base64="4AlTdV26cIYL7LTEcpBwYbauU6E="></latexit>

p(xt|xt�p, . . . , xt�1).
<latexit sha1_base64="fN0PpqfjydMyPaHNa0efOl5d4eE="></latexit><latexit sha1_base64="fN0PpqfjydMyPaHNa0efOl5d4eE="></latexit><latexit sha1_base64="fN0PpqfjydMyPaHNa0efOl5d4eE="></latexit><latexit sha1_base64="fN0PpqfjydMyPaHNa0efOl5d4eE="></latexit>



Discrete Sequence Modeling
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• What about discrete sequences              ?  


• Tokens              for some finite vocabulary    .


• Tabulate the probability of each sequence? (Large or countable space)


• Tabulate the probability of conditional distributions                  ?

w 2 VT
<latexit sha1_base64="mSF3xz8cosRYrfwUT5ovd3zc0vI="></latexit><latexit sha1_base64="mSF3xz8cosRYrfwUT5ovd3zc0vI="></latexit><latexit sha1_base64="mSF3xz8cosRYrfwUT5ovd3zc0vI="></latexit><latexit sha1_base64="Qb7TUf6Uk4F3xkE6m4xbXTakFNk="></latexit><latexit sha1_base64="YMoqzwplDH88IjcfEBQ/EvqTaR8="></latexit><latexit sha1_base64="YMoqzwplDH88IjcfEBQ/EvqTaR8="></latexit><latexit sha1_base64="MGg8IECgGkzET4SD68Qs7QIw2dc="></latexit><latexit sha1_base64="mSF3xz8cosRYrfwUT5ovd3zc0vI="></latexit><latexit sha1_base64="mSF3xz8cosRYrfwUT5ovd3zc0vI="></latexit><latexit sha1_base64="mSF3xz8cosRYrfwUT5ovd3zc0vI="></latexit><latexit sha1_base64="mSF3xz8cosRYrfwUT5ovd3zc0vI="></latexit><latexit sha1_base64="mSF3xz8cosRYrfwUT5ovd3zc0vI="></latexit><latexit sha1_base64="mSF3xz8cosRYrfwUT5ovd3zc0vI="></latexit>

wt 2 V
<latexit sha1_base64="bOjEstcXzeoeRvOKidhA5OAki3w="></latexit><latexit sha1_base64="bOjEstcXzeoeRvOKidhA5OAki3w="></latexit><latexit sha1_base64="bOjEstcXzeoeRvOKidhA5OAki3w="></latexit><latexit sha1_base64="bOjEstcXzeoeRvOKidhA5OAki3w="></latexit>

V
<latexit sha1_base64="CYTh3Fvuu28naYlh7bQW7jfGTLU="></latexit><latexit sha1_base64="CYTh3Fvuu28naYlh7bQW7jfGTLU="></latexit><latexit sha1_base64="CYTh3Fvuu28naYlh7bQW7jfGTLU="></latexit><latexit sha1_base64="CYTh3Fvuu28naYlh7bQW7jfGTLU="></latexit>

p(wt|w<t)
<latexit sha1_base64="GBvTF7rbpkyAOCmeEDhcdo39MK4="></latexit><latexit sha1_base64="GBvTF7rbpkyAOCmeEDhcdo39MK4="></latexit><latexit sha1_base64="GBvTF7rbpkyAOCmeEDhcdo39MK4="></latexit><latexit sha1_base64="GBvTF7rbpkyAOCmeEDhcdo39MK4="></latexit>



n-gram Modeling
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• Tabulate the probability of conditional distributions                  ?


• Just      items in our table for each conditional, but               conditionals.  


• Truncate the history: model


• Only                   conditionals to learn: much more reasonable.


• Compare to AR(p)!

p(wt|w<t)
<latexit sha1_base64="GBvTF7rbpkyAOCmeEDhcdo39MK4="></latexit><latexit sha1_base64="GBvTF7rbpkyAOCmeEDhcdo39MK4="></latexit><latexit sha1_base64="GBvTF7rbpkyAOCmeEDhcdo39MK4="></latexit><latexit sha1_base64="GBvTF7rbpkyAOCmeEDhcdo39MK4="></latexit>

|V|
<latexit sha1_base64="uJ7vYoR4Xkw5rUywU6EhJq2X8V8="></latexit><latexit sha1_base64="uJ7vYoR4Xkw5rUywU6EhJq2X8V8="></latexit><latexit sha1_base64="uJ7vYoR4Xkw5rUywU6EhJq2X8V8="></latexit><latexit sha1_base64="uJ7vYoR4Xkw5rUywU6EhJq2X8V8="></latexit>

O(|Vn�1|)
<latexit sha1_base64="wV/p3e2aPAE6woyxZKm0/kSxA0o="></latexit><latexit sha1_base64="wV/p3e2aPAE6woyxZKm0/kSxA0o="></latexit><latexit sha1_base64="wV/p3e2aPAE6woyxZKm0/kSxA0o="></latexit><latexit sha1_base64="wV/p3e2aPAE6woyxZKm0/kSxA0o="></latexit>

O(|VT |)
<latexit sha1_base64="kPa7gGayd1kffoWER817Se2CVc8="></latexit><latexit sha1_base64="kPa7gGayd1kffoWER817Se2CVc8="></latexit><latexit sha1_base64="kPa7gGayd1kffoWER817Se2CVc8="></latexit><latexit sha1_base64="kPa7gGayd1kffoWER817Se2CVc8="></latexit>

p(wt|wt�n+1, . . . , wt�1).
<latexit sha1_base64="YS2L38QHdPOfy+mOCLtyiOM21Fo="></latexit><latexit sha1_base64="YS2L38QHdPOfy+mOCLtyiOM21Fo="></latexit><latexit sha1_base64="YS2L38QHdPOfy+mOCLtyiOM21Fo="></latexit><latexit sha1_base64="YS2L38QHdPOfy+mOCLtyiOM21Fo="></latexit>



n-gram Assumptions
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• In n-gram modeling, we make two (false) assumptions about the data.

• Strict stationarity is equivalent to n’th moment stationarity for all moments n.

• n'th order Markov is equivalent to the order p assumption in an AR(p) model.



Preview of Upcoming Topics
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• Unify the discrete and continuous sequence modeling perspectives.


• Replace linear AR(p) parameterization with neural parameterizations using a 
paradigm called the Neural Autoregressive Distribution Estimation (NADE).


• Dig into the details of how to parameterize a NADE.


• Homework 1 goes out later today (on the website).


