Seguence Models

Instructor: John Thickstun

Discussion Board: Available on Ed!
Zoom Link: Available on Canvas
Instructor Contact: thickstn@cs.washington.edu

Course Webpage: https://courses.cs.washington.edu/courses/cse599i/20au/
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A Small Clarification

* A formal course in probability will carefully distinguish between

1. Random variables, e.g. X : Q — R%,

2. Samples, e.qg. 1,...,Ty € R,

* | will regularly blur the distinction between these objects.

o [f it helps, | will never talk about the formal construction €2 in this course.
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The Sequential Setting

* \ector sequences x & R %9 where z; € R%is the value at time t.

1

e Given sequences X*,...,X "' ~ p, estimate p.

e |gnore temporal structure”? Treat the sequences as vectors x & RL4?

> What if /" varies for each sequence
> Can temporal structure help us learn?

> What if we only have n=1 very long sequence? Can we still learn?

CSE 599I: Generative Models Lecture 3 University of Washington



Autoregressive Modeling

* Factor the joint distribution into conditionals:
T
p(Xx) = Hp($t|$<t)-
t=1
* Learn the conditional distributions p(x;|x ;).

» |teratively sample z; ~ p(:|Z<;) to construct x ~ p.
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Linear Autoregressive Models

e Scalar linear autoregressive model of order 1: x & R >
+ Randomness is driven by white noise &, ~ N (0, o°).

 Model is defined by linear dynamics, with parameters u, p € R:

Lt — ,0(5'315—1 — ,u) T [T Et,
L1 — ,u+€().

o Markov model: p(z:|z<:) = p(ai|zi—1) = N(p(xi—1 — p) + @, 0%).
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Stationary Moments

Definition. A time series © has stationary p’th moment if E[z}] is constant, for all t € N.

e Scalar AR(1) model:

Ty = p(Ti—1 — p) + p+ &y,
L1 — ,u—l—e().

» The 1’st moment (mean) of an AR(1) model is stationary: E|x;| = p.
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Estimating the Mean

 Suppose we want to estimate the mean of process given a sample X & R L

» Assume that X has stationary mean E|x| = E|z;| = p.

T
R 1
 Use the sample mean as an estimator? [ = T Z Tt.
t=1

A

+ |s it consistent? l.e. does lim 1 = pu?
1T'— o0
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Estimating the Mean

A

* |s the sample mean consistent? l.e. does lim i = u?

T— o0
» Chebyshev’s inequality: P(|i — pu| > 9) < Va;(ﬂ).
« But what about the variance?
Var( i Z\/ar Ti) + 2 Z Cov(xs, T¢)
1<s<t<T
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Wide-Sense Stationarity

Definition. A time series X is wide-sense stationary if it has stationary mean and
Cov(zs, xi—1) = Cov(xs, Ts_), Vs, t, k € N.
In this case, we define the autocovariance function v: N — R by

v(k) = Cov(zgi1,x1).
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Estimating the Mean

Var(ii) _ v(0) 2 <
e Putti It all t ther: P(| — > 0) < < .
utting it all together: P(|4 — u| > 6) < —5= < =+ =% (k)

o If iv(k) < oo then Var(ji) = O(1/T).
k=1

* The faster the autocovariance decays, the easier it is to learn.
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Estimating the Mean: AR(1)

* Recall the scalar AR(1) model:

Ty = p(Te—1 — p) + p+ &,

L1 = U €0-

» For an AR(1) process x € R* *': Var[z,] = p° Var[z,_1] + o°.

» So x has stationary variance iff |p| < 1, in which case Var|x] 1—
k2

1'0 Z - and it follows that Zv(k) < 00,
— P k=1

« By induction,v(k) =
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5-Minute Break
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Vector Autoregression

* \We can generalize scalar autoregression to vectors:
x € R4 e R e ~N(0,0%]).
 \We can also generalize to condition on more history.

* \ector autoregressive model with order p:

p
Ty = Zpk(xt_k — ) + 1+ e,
k=1

r1 = U+ €p.
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Parameter Estimation

e Vector AR(p) model:

p
rr =) pr(wi1 —p) +pt e,
k=1

371:,u—|—8().

» How to estimate the regression coefficients p € R"?
» Maximize the conditional likelihood: p(x¢|Ti—p, ..., Tt—1).

 Thisis just a least-squares problem!
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Discrete Sequence Modeling

 \What about discrete sequences w & 1%,
 Tokens w; € V for some finite vocabulary ).
* Tabulate the probability of each sequence? (Large or countable space)

» Tabulate the probability of conditional distributions p(wy|w<¢)?
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n-gram Modeling

e Tabulate the probability of conditional distributions p(w;|w<¢)?

- Just|V|items in our table for each conditional, but O(|V* |) conditionals.
» Truncate the history: model p(w:|w_pa1, ..., we_1).

» Only O(|V™ ) conditionals to learn: much more reasonable.

 Compare to AR(p)!
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n-gram Assumptions

* |[n n-gram modeling, we make two (false) assumptions about the data.

Definition. A process is strictly stationary if its joint distribution is invariant to time shifts:

p(we, ..., Wern) = p(Ws, ..., Wstp), for all s,t,n € N.

o Strict stationarity is equivalent to n’th moment stationarity for all moments n.

Definition. A process is n’th order Markov if it has limited-horizon temporal dependencies:

p(wt‘w<t) — p(wt|wt—n+17 2O )wt—l)a fOT all t € N.

* n'th order Markov is equivalent to the order p assumption in an AR(p) model.
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Preview of Upcoming lopics

* Unify the discrete and continuous sequence modeling perspectives.

 Replace linear AR(p) parameterization with neural parameterizations using a

paradigm called the Neural Autoregressive Distribution Estimation (NADE).
* Dig into the details of how to parameterize a NADE.

« Homework 1 goes out later today (on the website).
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