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Course Overview
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• Autoregressive Models 

• Variational Autoencoders


• Generative Adversarial Nets


• Generative Flow


• Energy-Based Models

Parmar et. al. (ICML, 2018) 
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Vahdat and Kautz (Preprint 2020) 

• Autoregressive Models


• Variational Autoencoders 

• Generative Adversarial Nets


• Generative Flow


• Energy-Based Models
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Brock et. al. (ICLR, 2019) 

• Autoregressive Models


• Variational Autoencoders


• Generative Adversarial Nets 

• Generative Flow


• Energy-Based Models
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Ma et. al. (Neurips, 2019) 

• Autoregressive Models


• Variational Autoencoders


• Generative Adversarial Nets


• Generative Flow 

• Energy-Based Models
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Song and Ermon (ICML, 2018) 

• Autoregressive Models


• Variational Autoencoders


• Generative Adversarial Nets


• Generative Flow


• Energy-Based Models



Computing Resources
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NVAE: Vahdat and Kautz (Preprint 2020) 



Class Computing Resources
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• https://colab.research.google.com/


• 1 GPU (probably a K80) or TPU per person


• Homeworks are designed to run in Colab with Python and PyTorch 


• Homework 0: 


➡ Familiarize yourself with Google Colab


➡ Familiarize yourself with PyTorch

https://colab.research.google.com/


Expectations
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• Generative models are an active area of research.

• Lectures will give a high-level sketch of ideas.

• Lecture notes (website) will give a more complete treatment, with references.

• I’ll try to present a clear picture of what’s going on mathematically.

• We’ll also try to understand how these ideas are put into practice at scale.

• There will be a lot of content in this class:


‣ If you want to focus more on either the theory or empirical side, that’s fine.

‣ If certain topics interest you more than others: also fine.



Course Project

CSE 599I: Generative Models University of WashingtonLecture 1

• Anything related to generative models, theoretical or applied.

• Partner with up to 4 people.

• Consider what computing resources you might need and plan ahead.

• Examples of possible projects:


‣ An application of generative models to your own research.

‣ Reproduction of empirical results reported in a recent paper.

‣ Exposition or extension of a technical theoretical result in a recent paper.

‣ Application of generative modeling techniques to a novel dataset.



5-Minute Break
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Generative Modeling
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• Given finite samples                       , and unlimited samples          . 


• Learn a function                  , which induces a distribution     on    . 


• E.g. if                                     and                    then  


• Learn the parameters so that            .


• Generate samples                          .            

x1, . . . , xn ⇠ p
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Lecture 1

z ⇠ q
<latexit sha1_base64="/xO0XB1Kb2er1Y1EQZaisiYTbPs=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOG5jJNMkId+hJuXCji1tdx59uYtrPQ1h8CH/85h5zzRwlnxvr+t1dYW9/Y3Cpul3Z29/YPyodHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0up3VW49UG6bkg50kNBR4IFnMCLbOaj+hrmECjXvlil/150KrEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFrqpoYmmIzwgHYcSiyoCbP5vlN05pw+ipV2T1o0d39PZFgYMxGR6xTYDs1ybWb+V+ukNr4OMyaT1FJJFh/FKUdWodnxqM80JZZPHGCimdsVkSHWmFgXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gACHZ3iFN2/svXjv3seiteDlM8fwR97nD4Avj5o=</latexit><latexit sha1_base64="/xO0XB1Kb2er1Y1EQZaisiYTbPs=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOG5jJNMkId+hJuXCji1tdx59uYtrPQ1h8CH/85h5zzRwlnxvr+t1dYW9/Y3Cpul3Z29/YPyodHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0up3VW49UG6bkg50kNBR4IFnMCLbOaj+hrmECjXvlil/150KrEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFrqpoYmmIzwgHYcSiyoCbP5vlN05pw+ipV2T1o0d39PZFgYMxGR6xTYDs1ybWb+V+ukNr4OMyaT1FJJFh/FKUdWodnxqM80JZZPHGCimdsVkSHWmFgXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gACHZ3iFN2/svXjv3seiteDlM8fwR97nD4Avj5o=</latexit><latexit sha1_base64="/xO0XB1Kb2er1Y1EQZaisiYTbPs=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOG5jJNMkId+hJuXCji1tdx59uYtrPQ1h8CH/85h5zzRwlnxvr+t1dYW9/Y3Cpul3Z29/YPyodHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0up3VW49UG6bkg50kNBR4IFnMCLbOaj+hrmECjXvlil/150KrEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFrqpoYmmIzwgHYcSiyoCbP5vlN05pw+ipV2T1o0d39PZFgYMxGR6xTYDs1ybWb+V+ukNr4OMyaT1FJJFh/FKUdWodnxqM80JZZPHGCimdsVkSHWmFgXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gACHZ3iFN2/svXjv3seiteDlM8fwR97nD4Avj5o=</latexit><latexit sha1_base64="/xO0XB1Kb2er1Y1EQZaisiYTbPs=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOG5jJNMkId+hJuXCji1tdx59uYtrPQ1h8CH/85h5zzRwlnxvr+t1dYW9/Y3Cpul3Z29/YPyodHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0up3VW49UG6bkg50kNBR4IFnMCLbOaj+hrmECjXvlil/150KrEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFrqpoYmmIzwgHYcSiyoCbP5vlN05pw+ipV2T1o0d39PZFgYMxGR6xTYDs1ybWb+V+ukNr4OMyaT1FJJFh/FKUdWodnxqM80JZZPHGCimdsVkSHWmFgXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gACHZ3iFN2/svXjv3seiteDlM8fwR97nD4Avj5o=</latexit>

x = g✓(z) ⇠ p✓
<latexit sha1_base64="b0xMpPd6FjchaoaX7D0jdxROG1c=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuimJCLoRCm7EVQV7gTaEyXTSDp1JwsyJWENXbnwVNy4UceszuPNtnLZZaOsPAx//OYcz5w8SwTU4zre1sLi0vLJaWCuub2xubds7uw0dp4qyOo1FrFoB0UzwiNWBg2CtRDEiA8GaweByXG/eMaV5HN3CMGGeJL2Ih5wSMJZvH9zjC9zzO9BnQMoPx7ijucRJbvh2yak4E+F5cHMooVw13/7qdGOaShYBFUTrtusk4GVEAaeCjYqdVLOE0AHpsbbBiEimvWxyxggfGaeLw1iZFwGeuL8nMiK1HsrAdEoCfT1bG5v/1dophOdexqMkBRbR6aIwFRhiPM4Ed7liFMTQAKGKm79i2ieKUDDJFU0I7uzJ89A4qbiGb05L1es8jgLaR4eojFx0hqroCtVQHVH0iJ7RK3qznqwX6936mLYuWPnMHvoj6/MHlWmX8w==</latexit><latexit sha1_base64="b0xMpPd6FjchaoaX7D0jdxROG1c=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuimJCLoRCm7EVQV7gTaEyXTSDp1JwsyJWENXbnwVNy4UceszuPNtnLZZaOsPAx//OYcz5w8SwTU4zre1sLi0vLJaWCuub2xubds7uw0dp4qyOo1FrFoB0UzwiNWBg2CtRDEiA8GaweByXG/eMaV5HN3CMGGeJL2Ih5wSMJZvH9zjC9zzO9BnQMoPx7ijucRJbvh2yak4E+F5cHMooVw13/7qdGOaShYBFUTrtusk4GVEAaeCjYqdVLOE0AHpsbbBiEimvWxyxggfGaeLw1iZFwGeuL8nMiK1HsrAdEoCfT1bG5v/1dophOdexqMkBRbR6aIwFRhiPM4Ed7liFMTQAKGKm79i2ieKUDDJFU0I7uzJ89A4qbiGb05L1es8jgLaR4eojFx0hqroCtVQHVH0iJ7RK3qznqwX6936mLYuWPnMHvoj6/MHlWmX8w==</latexit><latexit sha1_base64="b0xMpPd6FjchaoaX7D0jdxROG1c=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuimJCLoRCm7EVQV7gTaEyXTSDp1JwsyJWENXbnwVNy4UceszuPNtnLZZaOsPAx//OYcz5w8SwTU4zre1sLi0vLJaWCuub2xubds7uw0dp4qyOo1FrFoB0UzwiNWBg2CtRDEiA8GaweByXG/eMaV5HN3CMGGeJL2Ih5wSMJZvH9zjC9zzO9BnQMoPx7ijucRJbvh2yak4E+F5cHMooVw13/7qdGOaShYBFUTrtusk4GVEAaeCjYqdVLOE0AHpsbbBiEimvWxyxggfGaeLw1iZFwGeuL8nMiK1HsrAdEoCfT1bG5v/1dophOdexqMkBRbR6aIwFRhiPM4Ed7liFMTQAKGKm79i2ieKUDDJFU0I7uzJ89A4qbiGb05L1es8jgLaR4eojFx0hqroCtVQHVH0iJ7RK3qznqwX6936mLYuWPnMHvoj6/MHlWmX8w==</latexit><latexit sha1_base64="b0xMpPd6FjchaoaX7D0jdxROG1c=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuimJCLoRCm7EVQV7gTaEyXTSDp1JwsyJWENXbnwVNy4UceszuPNtnLZZaOsPAx//OYcz5w8SwTU4zre1sLi0vLJaWCuub2xubds7uw0dp4qyOo1FrFoB0UzwiNWBg2CtRDEiA8GaweByXG/eMaV5HN3CMGGeJL2Ih5wSMJZvH9zjC9zzO9BnQMoPx7ijucRJbvh2yak4E+F5cHMooVw13/7qdGOaShYBFUTrtusk4GVEAaeCjYqdVLOE0AHpsbbBiEimvWxyxggfGaeLw1iZFwGeuL8nMiK1HsrAdEoCfT1bG5v/1dophOdexqMkBRbR6aIwFRhiPM4Ed7liFMTQAKGKm79i2ieKUDDJFU0I7uzJ89A4qbiGb05L1es8jgLaR4eojFx0hqroCtVQHVH0iJ7RK3qznqwX6936mLYuWPnMHvoj6/MHlWmX8w==</latexit>

p✓(x) = Uniform(0, ✓).
<latexit sha1_base64="RtfuwmazyDFrJXsLZYHTsbHcwVM=">AAACEHicbVC7SgNBFJ31GeMramkzGMQEJOyKoI0QsBGrCOYB2SXMTm6SIbMPZu5KwpJPsPFXbCwUsbW082+cPApNPDBwOOdc5t7jx1JotO1va2l5ZXVtPbOR3dza3tnN7e3XdJQoDlUeyUg1fKZBihCqKFBCI1bAAl9C3e9fj/36AygtovAehzF4AeuGoiM4QyO1cidxy8UeICsMivSKuggDTKsmEalgVLBPp2ax1Mrl7ZI9AV0kzozkyQyVVu7LbUc8CSBELpnWTceO0UuZQsEljLJuoiFmvM+60DQ0ZAFoL50cNKLHRmlTs4N5IdKJ+nsiZYHWw8A3yYBhT897Y/E/r5lg59JLRRgnCCGfftRJJMWIjtuhbaGAoxwawrgSZlfKe0wxjqbDrCnBmT95kdTOSo7hd+f58u2sjgw5JEekQBxyQcrkhlRIlXDySJ7JK3mznqwX6936mEaXrNnMAfkD6/MHJGqcBg==</latexit><latexit sha1_base64="RtfuwmazyDFrJXsLZYHTsbHcwVM=">AAACEHicbVC7SgNBFJ31GeMramkzGMQEJOyKoI0QsBGrCOYB2SXMTm6SIbMPZu5KwpJPsPFXbCwUsbW082+cPApNPDBwOOdc5t7jx1JotO1va2l5ZXVtPbOR3dza3tnN7e3XdJQoDlUeyUg1fKZBihCqKFBCI1bAAl9C3e9fj/36AygtovAehzF4AeuGoiM4QyO1cidxy8UeICsMivSKuggDTKsmEalgVLBPp2ax1Mrl7ZI9AV0kzozkyQyVVu7LbUc8CSBELpnWTceO0UuZQsEljLJuoiFmvM+60DQ0ZAFoL50cNKLHRmlTs4N5IdKJ+nsiZYHWw8A3yYBhT897Y/E/r5lg59JLRRgnCCGfftRJJMWIjtuhbaGAoxwawrgSZlfKe0wxjqbDrCnBmT95kdTOSo7hd+f58u2sjgw5JEekQBxyQcrkhlRIlXDySJ7JK3mznqwX6936mEaXrNnMAfkD6/MHJGqcBg==</latexit><latexit sha1_base64="RtfuwmazyDFrJXsLZYHTsbHcwVM=">AAACEHicbVC7SgNBFJ31GeMramkzGMQEJOyKoI0QsBGrCOYB2SXMTm6SIbMPZu5KwpJPsPFXbCwUsbW082+cPApNPDBwOOdc5t7jx1JotO1va2l5ZXVtPbOR3dza3tnN7e3XdJQoDlUeyUg1fKZBihCqKFBCI1bAAl9C3e9fj/36AygtovAehzF4AeuGoiM4QyO1cidxy8UeICsMivSKuggDTKsmEalgVLBPp2ax1Mrl7ZI9AV0kzozkyQyVVu7LbUc8CSBELpnWTceO0UuZQsEljLJuoiFmvM+60DQ0ZAFoL50cNKLHRmlTs4N5IdKJ+nsiZYHWw8A3yYBhT897Y/E/r5lg59JLRRgnCCGfftRJJMWIjtuhbaGAoxwawrgSZlfKe0wxjqbDrCnBmT95kdTOSo7hd+f58u2sjgw5JEekQBxyQcrkhlRIlXDySJ7JK3mznqwX6936mEaXrNnMAfkD6/MHJGqcBg==</latexit><latexit sha1_base64="RtfuwmazyDFrJXsLZYHTsbHcwVM=">AAACEHicbVC7SgNBFJ31GeMramkzGMQEJOyKoI0QsBGrCOYB2SXMTm6SIbMPZu5KwpJPsPFXbCwUsbW082+cPApNPDBwOOdc5t7jx1JotO1va2l5ZXVtPbOR3dza3tnN7e3XdJQoDlUeyUg1fKZBihCqKFBCI1bAAl9C3e9fj/36AygtovAehzF4AeuGoiM4QyO1cidxy8UeICsMivSKuggDTKsmEalgVLBPp2ax1Mrl7ZI9AV0kzozkyQyVVu7LbUc8CSBELpnWTceO0UuZQsEljLJuoiFmvM+60DQ0ZAFoL50cNKLHRmlTs4N5IdKJ+nsiZYHWw8A3yYBhT897Y/E/r5lg59JLRRgnCCGfftRJJMWIjtuhbaGAoxwawrgSZlfKe0wxjqbDrCnBmT95kdTOSo7hd+f58u2sjgw5JEekQBxyQcrkhlRIlXDySJ7JK3mznqwX6936mEaXrNnMAfkD6/MHJGqcBg==</latexit>

g✓(z) = ✓z
<latexit sha1_base64="5lospUB6Bbc26a4qsN/9Ab9xRD0=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUDclEUE3QsGNuKpgL9CGMJlO2qGTSZg5EdrYha/ixoUibn0Nd76N0zYLbf1h4OM/53DO/EEiuAbH+baWlldW19YLG8XNre2dXXtvv6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgzGFxP6s0HpjSP5T0ME+ZFpCd5yCkBY/n2Yc/vQJ8BKY9O8RWeMR75dsmpOFPhRXBzKKFcNd/+6nRjmkZMAhVE67brJOBlRAGngo2LnVSzhNAB6bG2QUkipr1sev8Ynxini8NYmScBT93fExmJtB5GgemMCPT1fG1i/ldrpxBeehmXSQpM0tmiMBUYYjwJA3e5YhTE0AChiptbMe0TRSiYyIomBHf+y4vQOKu4hu/OS9XbPI4COkLHqIxcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi1Lln5zAH6I+vzB3XllRs=</latexit><latexit sha1_base64="5lospUB6Bbc26a4qsN/9Ab9xRD0=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUDclEUE3QsGNuKpgL9CGMJlO2qGTSZg5EdrYha/ixoUibn0Nd76N0zYLbf1h4OM/53DO/EEiuAbH+baWlldW19YLG8XNre2dXXtvv6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgzGFxP6s0HpjSP5T0ME+ZFpCd5yCkBY/n2Yc/vQJ8BKY9O8RWeMR75dsmpOFPhRXBzKKFcNd/+6nRjmkZMAhVE67brJOBlRAGngo2LnVSzhNAB6bG2QUkipr1sev8Ynxini8NYmScBT93fExmJtB5GgemMCPT1fG1i/ldrpxBeehmXSQpM0tmiMBUYYjwJA3e5YhTE0AChiptbMe0TRSiYyIomBHf+y4vQOKu4hu/OS9XbPI4COkLHqIxcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi1Lln5zAH6I+vzB3XllRs=</latexit><latexit sha1_base64="5lospUB6Bbc26a4qsN/9Ab9xRD0=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUDclEUE3QsGNuKpgL9CGMJlO2qGTSZg5EdrYha/ixoUibn0Nd76N0zYLbf1h4OM/53DO/EEiuAbH+baWlldW19YLG8XNre2dXXtvv6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgzGFxP6s0HpjSP5T0ME+ZFpCd5yCkBY/n2Yc/vQJ8BKY9O8RWeMR75dsmpOFPhRXBzKKFcNd/+6nRjmkZMAhVE67brJOBlRAGngo2LnVSzhNAB6bG2QUkipr1sev8Ynxini8NYmScBT93fExmJtB5GgemMCPT1fG1i/ldrpxBeehmXSQpM0tmiMBUYYjwJA3e5YhTE0AChiptbMe0TRSiYyIomBHf+y4vQOKu4hu/OS9XbPI4COkLHqIxcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi1Lln5zAH6I+vzB3XllRs=</latexit><latexit sha1_base64="5lospUB6Bbc26a4qsN/9Ab9xRD0=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUDclEUE3QsGNuKpgL9CGMJlO2qGTSZg5EdrYha/ixoUibn0Nd76N0zYLbf1h4OM/53DO/EEiuAbH+baWlldW19YLG8XNre2dXXtvv6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgzGFxP6s0HpjSP5T0ME+ZFpCd5yCkBY/n2Yc/vQJ8BKY9O8RWeMR75dsmpOFPhRXBzKKFcNd/+6nRjmkZMAhVE67brJOBlRAGngo2LnVSzhNAB6bG2QUkipr1sev8Ynxini8NYmScBT93fExmJtB5GgemMCPT1fG1i/ldrpxBeehmXSQpM0tmiMBUYYjwJA3e5YhTE0AChiptbMe0TRSiYyIomBHf+y4vQOKu4hu/OS9XbPI4COkLHqIxcdIGq6AbVUB1R9Iie0St6s56sF+vd+pi1Lln5zAH6I+vzB3XllRs=</latexit>

q(z) = Uniform(0, 1)
<latexit sha1_base64="wBvOqHlaB10+gTL4m8EsGUUJaD0=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjAi6EQpuxFUFpy20Q8mkaRuazIzJGbEOBTe+ihsXirj1Jdz5NqaXhbYeCHz8/zmcnD+IBdfgON9WZmFxaXklu5pbW9/Y3LK3d6o6ShRlHo1EpOoB0UzwkHnAQbB6rBiRgWC1oH8x8mt3TGkehTcwiJkvSTfkHU4JGKll790WHor4HDeB3UPqGStSclhwjtxiy847JWdceB7cKeTRtCot+6vZjmgiWQhUEK0brhODnxIFnAo2zDUTzWJC+6TLGgZDIpn20/ENQ3xolDY2280LAY/V3xMpkVoPZGA6JYGenvVG4n9eI4HOmZ/yME6AhXSyqJMIDBEeBYLbXDEKYmCAUMXNXzHtEUUomNhyJgR39uR5qB6XXMPXJ/ny1TSOLNpHB6iAXHSKyugSVZCHKHpEz+gVvVlP1ov1bn1MWjPWdGYX/Snr8wewgJZH</latexit><latexit sha1_base64="wBvOqHlaB10+gTL4m8EsGUUJaD0=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjAi6EQpuxFUFpy20Q8mkaRuazIzJGbEOBTe+ihsXirj1Jdz5NqaXhbYeCHz8/zmcnD+IBdfgON9WZmFxaXklu5pbW9/Y3LK3d6o6ShRlHo1EpOoB0UzwkHnAQbB6rBiRgWC1oH8x8mt3TGkehTcwiJkvSTfkHU4JGKll790WHor4HDeB3UPqGStSclhwjtxiy847JWdceB7cKeTRtCot+6vZjmgiWQhUEK0brhODnxIFnAo2zDUTzWJC+6TLGgZDIpn20/ENQ3xolDY2280LAY/V3xMpkVoPZGA6JYGenvVG4n9eI4HOmZ/yME6AhXSyqJMIDBEeBYLbXDEKYmCAUMXNXzHtEUUomNhyJgR39uR5qB6XXMPXJ/ny1TSOLNpHB6iAXHSKyugSVZCHKHpEz+gVvVlP1ov1bn1MWjPWdGYX/Snr8wewgJZH</latexit><latexit sha1_base64="wBvOqHlaB10+gTL4m8EsGUUJaD0=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjAi6EQpuxFUFpy20Q8mkaRuazIzJGbEOBTe+ihsXirj1Jdz5NqaXhbYeCHz8/zmcnD+IBdfgON9WZmFxaXklu5pbW9/Y3LK3d6o6ShRlHo1EpOoB0UzwkHnAQbB6rBiRgWC1oH8x8mt3TGkehTcwiJkvSTfkHU4JGKll790WHor4HDeB3UPqGStSclhwjtxiy847JWdceB7cKeTRtCot+6vZjmgiWQhUEK0brhODnxIFnAo2zDUTzWJC+6TLGgZDIpn20/ENQ3xolDY2280LAY/V3xMpkVoPZGA6JYGenvVG4n9eI4HOmZ/yME6AhXSyqJMIDBEeBYLbXDEKYmCAUMXNXzHtEUUomNhyJgR39uR5qB6XXMPXJ/ny1TSOLNpHB6iAXHSKyugSVZCHKHpEz+gVvVlP1ov1bn1MWjPWdGYX/Snr8wewgJZH</latexit><latexit sha1_base64="wBvOqHlaB10+gTL4m8EsGUUJaD0=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjAi6EQpuxFUFpy20Q8mkaRuazIzJGbEOBTe+ihsXirj1Jdz5NqaXhbYeCHz8/zmcnD+IBdfgON9WZmFxaXklu5pbW9/Y3LK3d6o6ShRlHo1EpOoB0UzwkHnAQbB6rBiRgWC1oH8x8mt3TGkehTcwiJkvSTfkHU4JGKll790WHor4HDeB3UPqGStSclhwjtxiy847JWdceB7cKeTRtCot+6vZjmgiWQhUEK0brhODnxIFnAo2zDUTzWJC+6TLGgZDIpn20/ENQ3xolDY2280LAY/V3xMpkVoPZGA6JYGenvVG4n9eI4HOmZ/yME6AhXSyqJMIDBEeBYLbXDEKYmCAUMXNXzHtEUUomNhyJgR39uR5qB6XXMPXJ/ny1TSOLNpHB6iAXHSKyugSVZCHKHpEz+gVvVlP1ov1bn1MWjPWdGYX/Snr8wewgJZH</latexit>



Sampling from a Gaussian

CSE 599I: Generative Models University of WashingtonLecture 1

• Given samples                                      , and unlimited samples                    . 


• Estimate the mean and variance:                                                             . 


• Define                         . 


• Generate samples                                   .            

x1, . . . , xn ⇠ N (µ,�2)
<latexit sha1_base64="Io6UvoXBeLnDeUVs94LYnBrJjYA=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyxChVJmiqDLghtxIRXsBTpjyaSZNjTJDElGLENfwo2v4saFIm4Fd76NmXYW2nog8PGfS875g5hRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6CLLt++JVDQSt3ocE5+jgaAhxUgbqWdXHnpuxetHWhkS0FOUQ48jPcSIpdeTsseTihEHHN3VTnp2yak604CL4OZQAnk0evaXGY0TToTGDCnVdZ1Y+ymSmmJGJkUvUSRGeIQGpGtQIE6Un06vmsBjo/RhGEnzhIZT9XdHirhSYx6YymxhNZ/LxP9y3USH535KRZxoIvDsozBhUEcwswj2qSRYs7EBhCU1u0I8RBJhbYwsGhPc+ZMXoVWruoZvTkv1q9yOAjgER6AMXHAG6uASNEATYPAInsEreLOerBfr3fqYlS5Zec8B+BPW5w88r54/</latexit><latexit sha1_base64="Io6UvoXBeLnDeUVs94LYnBrJjYA=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyxChVJmiqDLghtxIRXsBTpjyaSZNjTJDElGLENfwo2v4saFIm4Fd76NmXYW2nog8PGfS875g5hRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6CLLt++JVDQSt3ocE5+jgaAhxUgbqWdXHnpuxetHWhkS0FOUQ48jPcSIpdeTsseTihEHHN3VTnp2yak604CL4OZQAnk0evaXGY0TToTGDCnVdZ1Y+ymSmmJGJkUvUSRGeIQGpGtQIE6Un06vmsBjo/RhGEnzhIZT9XdHirhSYx6YymxhNZ/LxP9y3USH535KRZxoIvDsozBhUEcwswj2qSRYs7EBhCU1u0I8RBJhbYwsGhPc+ZMXoVWruoZvTkv1q9yOAjgER6AMXHAG6uASNEATYPAInsEreLOerBfr3fqYlS5Zec8B+BPW5w88r54/</latexit><latexit sha1_base64="Io6UvoXBeLnDeUVs94LYnBrJjYA=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyxChVJmiqDLghtxIRXsBTpjyaSZNjTJDElGLENfwo2v4saFIm4Fd76NmXYW2nog8PGfS875g5hRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6CLLt++JVDQSt3ocE5+jgaAhxUgbqWdXHnpuxetHWhkS0FOUQ48jPcSIpdeTsseTihEHHN3VTnp2yak604CL4OZQAnk0evaXGY0TToTGDCnVdZ1Y+ymSmmJGJkUvUSRGeIQGpGtQIE6Un06vmsBjo/RhGEnzhIZT9XdHirhSYx6YymxhNZ/LxP9y3USH535KRZxoIvDsozBhUEcwswj2qSRYs7EBhCU1u0I8RBJhbYwsGhPc+ZMXoVWruoZvTkv1q9yOAjgER6AMXHAG6uASNEATYPAInsEreLOerBfr3fqYlS5Zec8B+BPW5w88r54/</latexit><latexit sha1_base64="Io6UvoXBeLnDeUVs94LYnBrJjYA=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyxChVJmiqDLghtxIRXsBTpjyaSZNjTJDElGLENfwo2v4saFIm4Fd76NmXYW2nog8PGfS875g5hRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6CLLt++JVDQSt3ocE5+jgaAhxUgbqWdXHnpuxetHWhkS0FOUQ48jPcSIpdeTsseTihEHHN3VTnp2yak604CL4OZQAnk0evaXGY0TToTGDCnVdZ1Y+ymSmmJGJkUvUSRGeIQGpGtQIE6Un06vmsBjo/RhGEnzhIZT9XdHirhSYx6YymxhNZ/LxP9y3USH535KRZxoIvDsozBhUEcwswj2qSRYs7EBhCU1u0I8RBJhbYwsGhPc+ZMXoVWruoZvTkv1q9yOAjgER6AMXHAG6uASNEATYPAInsEreLOerBfr3fqYlS5Zec8B+BPW5w88r54/</latexit>

z ⇠ N (0, 1)
<latexit sha1_base64="8ccQLBl9w7OI2qczzBOy5TueWDw=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIlSQkoigy4IbcSEV7AWaUCbTSTt0ZhJmJkIN2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5zzh/EjCrtON9WaWl5ZXWtvF7Z2Nza3rF399oqSiQmLRyxSHYDpAijgrQ01Yx0Y0kQDxjpBOOrvN55IFLRSNzrSUx8joaChhQjbay+ffAIPUU59DjSI4xYepvVnFP3pG9XnbozFVwEt4AqKNTs21/eIMIJJ0JjhpTquU6s/RRJTTEjWcVLFIkRHqMh6RkUiBPlp9MDMnhsnAEMI2me0HDq/p5IEVdqwgPTme+p5mu5+V+tl+jw0k+piBNNBJ59FCYM6gjmacABlQRrNjGAsKRmV4hHSCKsTWYVE4I7f/IitM/qruG782rjpoijDA7BEagBF1yABrgGTdACGGTgGbyCN+vJerHerY9Za8kqZvbBH1mfP+nAlVI=</latexit><latexit sha1_base64="8ccQLBl9w7OI2qczzBOy5TueWDw=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIlSQkoigy4IbcSEV7AWaUCbTSTt0ZhJmJkIN2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5zzh/EjCrtON9WaWl5ZXWtvF7Z2Nza3rF399oqSiQmLRyxSHYDpAijgrQ01Yx0Y0kQDxjpBOOrvN55IFLRSNzrSUx8joaChhQjbay+ffAIPUU59DjSI4xYepvVnFP3pG9XnbozFVwEt4AqKNTs21/eIMIJJ0JjhpTquU6s/RRJTTEjWcVLFIkRHqMh6RkUiBPlp9MDMnhsnAEMI2me0HDq/p5IEVdqwgPTme+p5mu5+V+tl+jw0k+piBNNBJ59FCYM6gjmacABlQRrNjGAsKRmV4hHSCKsTWYVE4I7f/IitM/qruG782rjpoijDA7BEagBF1yABrgGTdACGGTgGbyCN+vJerHerY9Za8kqZvbBH1mfP+nAlVI=</latexit><latexit sha1_base64="8ccQLBl9w7OI2qczzBOy5TueWDw=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIlSQkoigy4IbcSEV7AWaUCbTSTt0ZhJmJkIN2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5zzh/EjCrtON9WaWl5ZXWtvF7Z2Nza3rF399oqSiQmLRyxSHYDpAijgrQ01Yx0Y0kQDxjpBOOrvN55IFLRSNzrSUx8joaChhQjbay+ffAIPUU59DjSI4xYepvVnFP3pG9XnbozFVwEt4AqKNTs21/eIMIJJ0JjhpTquU6s/RRJTTEjWcVLFIkRHqMh6RkUiBPlp9MDMnhsnAEMI2me0HDq/p5IEVdqwgPTme+p5mu5+V+tl+jw0k+piBNNBJ59FCYM6gjmacABlQRrNjGAsKRmV4hHSCKsTWYVE4I7f/IitM/qruG782rjpoijDA7BEagBF1yABrgGTdACGGTgGbyCN+vJerHerY9Za8kqZvbBH1mfP+nAlVI=</latexit><latexit sha1_base64="8ccQLBl9w7OI2qczzBOy5TueWDw=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIlSQkoigy4IbcSEV7AWaUCbTSTt0ZhJmJkIN2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5zzh/EjCrtON9WaWl5ZXWtvF7Z2Nza3rF399oqSiQmLRyxSHYDpAijgrQ01Yx0Y0kQDxjpBOOrvN55IFLRSNzrSUx8joaChhQjbay+ffAIPUU59DjSI4xYepvVnFP3pG9XnbozFVwEt4AqKNTs21/eIMIJJ0JjhpTquU6s/RRJTTEjWcVLFIkRHqMh6RkUiBPlp9MDMnhsnAEMI2me0HDq/p5IEVdqwgPTme+p5mu5+V+tl+jw0k+piBNNBJ59FCYM6gjmacABlQRrNjGAsKRmV4hHSCKsTWYVE4I7f/IitM/qruG782rjpoijDA7BEagBF1yABrgGTdACGGTgGbyCN+vJerHerY9Za8kqZvbBH1mfP+nAlVI=</latexit>

µ̂ =
1

n

nX

i=1

xi, �̂2 =
1

n

nX

i=1

(xi � µ̂)2

<latexit sha1_base64="l4aAyCGmJOT4SsE1n5l4zc6p0pA="></latexit><latexit sha1_base64="l4aAyCGmJOT4SsE1n5l4zc6p0pA="></latexit><latexit sha1_base64="l4aAyCGmJOT4SsE1n5l4zc6p0pA="></latexit><latexit sha1_base64="l4aAyCGmJOT4SsE1n5l4zc6p0pA="></latexit>

g(z) = µ̂+ �̂z
<latexit sha1_base64="yEd02Mdu3/YWA7z6L2HkjpnmT5g=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiVIQyI4JuhIIbcVXBXqAzlEyamYYmmSHJCO3QlRtfxY0LRdz6DO58G9N2Ftr6Q+DjP+dwcv4gYVRpx/m2CkvLK6trxfXSxubW9o69u9dUcSoxaeCYxbIdIEUYFaShqWaknUiCeMBIKxhcT+qtByIVjcW9HibE5ygSNKQYaWN17cOoMjqBV9DrI+3xFJ7OSNGIIzjq2mWn6kwFF8HNoQxy1bv2l9eLccqJ0JghpTquk2g/Q1JTzMi45KWKJAgPUEQ6BgXiRPnZ9IwxPDZOD4axNE9oOHV/T2SIKzXkgenkSPfVfG1i/lfrpDq89DMqklQTgWeLwpRBHcNJJrBHJcGaDQ0gLKn5K8R9JBHWJrmSCcGdP3kRmmdV1/Ddebl2m8dRBAfgCFSACy5ADdyAOmgADB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7I+fwC2XZdm</latexit><latexit sha1_base64="yEd02Mdu3/YWA7z6L2HkjpnmT5g=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiVIQyI4JuhIIbcVXBXqAzlEyamYYmmSHJCO3QlRtfxY0LRdz6DO58G9N2Ftr6Q+DjP+dwcv4gYVRpx/m2CkvLK6trxfXSxubW9o69u9dUcSoxaeCYxbIdIEUYFaShqWaknUiCeMBIKxhcT+qtByIVjcW9HibE5ygSNKQYaWN17cOoMjqBV9DrI+3xFJ7OSNGIIzjq2mWn6kwFF8HNoQxy1bv2l9eLccqJ0JghpTquk2g/Q1JTzMi45KWKJAgPUEQ6BgXiRPnZ9IwxPDZOD4axNE9oOHV/T2SIKzXkgenkSPfVfG1i/lfrpDq89DMqklQTgWeLwpRBHcNJJrBHJcGaDQ0gLKn5K8R9JBHWJrmSCcGdP3kRmmdV1/Ddebl2m8dRBAfgCFSACy5ADdyAOmgADB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7I+fwC2XZdm</latexit><latexit sha1_base64="yEd02Mdu3/YWA7z6L2HkjpnmT5g=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiVIQyI4JuhIIbcVXBXqAzlEyamYYmmSHJCO3QlRtfxY0LRdz6DO58G9N2Ftr6Q+DjP+dwcv4gYVRpx/m2CkvLK6trxfXSxubW9o69u9dUcSoxaeCYxbIdIEUYFaShqWaknUiCeMBIKxhcT+qtByIVjcW9HibE5ygSNKQYaWN17cOoMjqBV9DrI+3xFJ7OSNGIIzjq2mWn6kwFF8HNoQxy1bv2l9eLccqJ0JghpTquk2g/Q1JTzMi45KWKJAgPUEQ6BgXiRPnZ9IwxPDZOD4axNE9oOHV/T2SIKzXkgenkSPfVfG1i/lfrpDq89DMqklQTgWeLwpRBHcNJJrBHJcGaDQ0gLKn5K8R9JBHWJrmSCcGdP3kRmmdV1/Ddebl2m8dRBAfgCFSACy5ADdyAOmgADB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7I+fwC2XZdm</latexit><latexit sha1_base64="yEd02Mdu3/YWA7z6L2HkjpnmT5g=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiVIQyI4JuhIIbcVXBXqAzlEyamYYmmSHJCO3QlRtfxY0LRdz6DO58G9N2Ftr6Q+DjP+dwcv4gYVRpx/m2CkvLK6trxfXSxubW9o69u9dUcSoxaeCYxbIdIEUYFaShqWaknUiCeMBIKxhcT+qtByIVjcW9HibE5ygSNKQYaWN17cOoMjqBV9DrI+3xFJ7OSNGIIzjq2mWn6kwFF8HNoQxy1bv2l9eLccqJ0JghpTquk2g/Q1JTzMi45KWKJAgPUEQ6BgXiRPnZ9IwxPDZOD4axNE9oOHV/T2SIKzXkgenkSPfVfG1i/lfrpDq89DMqklQTgWeLwpRBHcNJJrBHJcGaDQ0gLKn5K8R9JBHWJrmSCcGdP3kRmmdV1/Ddebl2m8dRBAfgCFSACy5ADdyAOmgADB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7I+fwC2XZdm</latexit>

x = g(z) ⇠ N (µ̂, �̂2)
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Pushforward Distributions

CSE 599I: Generative Models University of WashingtonLecture 1

• If     and     are both discrete spaces:  


• Suppose                                and                      , then   
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Pr(A) =
X

z : g(z)2A

q(z).

<latexit sha1_base64="FgjyjLCrI6hr/GtCGLjTBnvJrCs=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAILZQyI4IiCC1uxFUFe4FOKZk0bUMzmTE5I7ZD38KNr+LGhSJudefbmF4W2vpD4OM/53Byfi8UXINtf1uJpeWV1bXkempjc2t7J727V9VBpCir0EAEqu4RzQSXrAIcBKuHihHfE6zm9S/H9do9U5oH8hYGIWv6pCt5h1MCxmqlCy6wB4jLapQt5fAFdnXkt+IhdvPnbh53s8McdrnEpRG+M1xopTN2wZ4IL4IzgwyaqdxKf7ntgEY+k0AF0brh2CE0Y6KAU8FGKTfSLCS0T7qsYVASn+lmPLlrhI+M08adQJknAU/c3xMx8bUe+J7p9An09HxtbP5Xa0TQOWvGXIYRMEmnizqRwBDgcUi4zRWjIAYGCFXc/BXTHlGEgokyZUJw5k9ehOpxwTF8c5IpXs/iSKIDdIiyyEGnqIiuUBlVEEWP6Bm9ojfryXqx3q2PaWvCms3soz+yPn8AYIKc5Q==</latexit><latexit sha1_base64="FgjyjLCrI6hr/GtCGLjTBnvJrCs=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAILZQyI4IiCC1uxFUFe4FOKZk0bUMzmTE5I7ZD38KNr+LGhSJudefbmF4W2vpD4OM/53Byfi8UXINtf1uJpeWV1bXkempjc2t7J727V9VBpCir0EAEqu4RzQSXrAIcBKuHihHfE6zm9S/H9do9U5oH8hYGIWv6pCt5h1MCxmqlCy6wB4jLapQt5fAFdnXkt+IhdvPnbh53s8McdrnEpRG+M1xopTN2wZ4IL4IzgwyaqdxKf7ntgEY+k0AF0brh2CE0Y6KAU8FGKTfSLCS0T7qsYVASn+lmPLlrhI+M08adQJknAU/c3xMx8bUe+J7p9An09HxtbP5Xa0TQOWvGXIYRMEmnizqRwBDgcUi4zRWjIAYGCFXc/BXTHlGEgokyZUJw5k9ehOpxwTF8c5IpXs/iSKIDdIiyyEGnqIiuUBlVEEWP6Bm9ojfryXqx3q2PaWvCms3soz+yPn8AYIKc5Q==</latexit><latexit sha1_base64="FgjyjLCrI6hr/GtCGLjTBnvJrCs=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAILZQyI4IiCC1uxFUFe4FOKZk0bUMzmTE5I7ZD38KNr+LGhSJudefbmF4W2vpD4OM/53Byfi8UXINtf1uJpeWV1bXkempjc2t7J727V9VBpCir0EAEqu4RzQSXrAIcBKuHihHfE6zm9S/H9do9U5oH8hYGIWv6pCt5h1MCxmqlCy6wB4jLapQt5fAFdnXkt+IhdvPnbh53s8McdrnEpRG+M1xopTN2wZ4IL4IzgwyaqdxKf7ntgEY+k0AF0brh2CE0Y6KAU8FGKTfSLCS0T7qsYVASn+lmPLlrhI+M08adQJknAU/c3xMx8bUe+J7p9An09HxtbP5Xa0TQOWvGXIYRMEmnizqRwBDgcUi4zRWjIAYGCFXc/BXTHlGEgokyZUJw5k9ehOpxwTF8c5IpXs/iSKIDdIiyyEGnqIiuUBlVEEWP6Bm9ojfryXqx3q2PaWvCms3soz+yPn8AYIKc5Q==</latexit><latexit sha1_base64="FgjyjLCrI6hr/GtCGLjTBnvJrCs=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAILZQyI4IiCC1uxFUFe4FOKZk0bUMzmTE5I7ZD38KNr+LGhSJudefbmF4W2vpD4OM/53Byfi8UXINtf1uJpeWV1bXkempjc2t7J727V9VBpCir0EAEqu4RzQSXrAIcBKuHihHfE6zm9S/H9do9U5oH8hYGIWv6pCt5h1MCxmqlCy6wB4jLapQt5fAFdnXkt+IhdvPnbh53s8McdrnEpRG+M1xopTN2wZ4IL4IzgwyaqdxKf7ntgEY+k0AF0brh2CE0Y6KAU8FGKTfSLCS0T7qsYVASn+lmPLlrhI+M08adQJknAU/c3xMx8bUe+J7p9An09HxtbP5Xa0TQOWvGXIYRMEmnizqRwBDgcUi4zRWjIAYGCFXc/BXTHlGEgokyZUJw5k9ehOpxwTF8c5IpXs/iSKIDdIiyyEGnqIiuUBlVEEWP6Bm9ojfryXqx3q2PaWvCms3soz+yPn8AYIKc5Q==</latexit>

z ⇠ Uniform(0, 1)
<latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit><latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit><latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="nLyZNGct4XEAtrh9k3hfFvL2Gsw=">AAAB+HicbZDNSgMxFIXv+Ftr1dGlboJFqCBlxo0uBTcuKzhtoVNKJk3b0GRmSO6IdSi48VXcuFDEJ3Hn25j+LLT1QODjnISbe6JUCoOe9+2srK6tb2wWtorbpZ3dPXe/VDdJphkPWCIT3Yyo4VLEPECBkjdTzamKJG9Ew+tJ3rjn2ogkvsNRytuK9mPRE4yitTru4SMJjVAkRP6AeWCjRKtxxTvzTztu2at6U5Fl8OdQhrlqHfcr7CYsUzxGJqkxLd9LsZ1TjYJJPi6GmeEpZUPa5y2LMVXctPPpDmNyYp0usdPtiZFM3d8vcqqMGanI3lQUB2Yxm5j/Za0Me5ftXMRphjxms0G9TBJMyKQQ0hWaM5QjC5RpYf9K2IBqytDWVrQl+IsrL0P9vOpbvvWgAEdwDBXw4QKu4AZqEACDJ3iBN3h3np1X52NW14oz7+0A/sj5/AE6eJV3</latexit><latexit sha1_base64="nLyZNGct4XEAtrh9k3hfFvL2Gsw=">AAAB+HicbZDNSgMxFIXv+Ftr1dGlboJFqCBlxo0uBTcuKzhtoVNKJk3b0GRmSO6IdSi48VXcuFDEJ3Hn25j+LLT1QODjnISbe6JUCoOe9+2srK6tb2wWtorbpZ3dPXe/VDdJphkPWCIT3Yyo4VLEPECBkjdTzamKJG9Ew+tJ3rjn2ogkvsNRytuK9mPRE4yitTru4SMJjVAkRP6AeWCjRKtxxTvzTztu2at6U5Fl8OdQhrlqHfcr7CYsUzxGJqkxLd9LsZ1TjYJJPi6GmeEpZUPa5y2LMVXctPPpDmNyYp0usdPtiZFM3d8vcqqMGanI3lQUB2Yxm5j/Za0Me5ftXMRphjxms0G9TBJMyKQQ0hWaM5QjC5RpYf9K2IBqytDWVrQl+IsrL0P9vOpbvvWgAEdwDBXw4QKu4AZqEACDJ3iBN3h3np1X52NW14oz7+0A/sj5/AE6eJV3</latexit><latexit sha1_base64="96qh/QbS7T/EiBbqL+vnKckI0TA=">AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoYKUxI0uC27EVQXTFppQJtNpO3QmCTM3Yg0FN76KGxeKuPUl3Pk2TtsstPXCwMc593LnnjARXIPjfFuFpeWV1bXiemljc2t7x97da+g4VZR5NBaxaoVEM8Ej5gEHwVqJYkSGgjXD4eXEb94xpXkc3cIoYYEk/Yj3OCVgpI598IB9zSX2gd1D5hkrVnJccU7dk45ddqrOtPAiuDmUUV71jv3ld2OaShYBFUTrtuskEGREAaeCjUt+qllC6JD0WdtgRCTTQTa9YYyPjdLFZrt5EeCp+nsiI1LrkQxNpyQw0PPeRPzPa6fQuwgyHiUpsIjOFvVSgSHGk0BwlytGQYwMEKq4+SumA6IIBRNbyYTgzp+8CI2zqmv4xinXrvM4iugQHaEKctE5qqErVEceougRPaNX9GY9WS/Wu/Uxay1Y+cw++lPW5w+4b5bp</latexit><latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit><latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit><latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit><latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit><latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit><latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit>

g(z) = 1z<p
<latexit sha1_base64="xWSJEitjjrqFqZ4LmeSkSDQSwc8=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRNCFQsGNuKpgL9CGMJlO2qGTCzMnYhuCG1/FjQtF3PoU7nwbp20W2vrDwMd/zuHM+b1YcAWW9W0sLC4tr6wW1orrG5tb2+bObkNFiaSsTiMRyZZHFBM8ZHXgIFgrlowEnmBNb3A1rjfvmVQ8Cu9gGDMnIL2Q+5wS0JZr7vfKo2N8iTvAHsDzUztz0xG+wHHmmiWrYk2E58HOoYRy1Vzzq9ONaBKwEKggSrVtKwYnJRI4FSwrdhLFYkIHpMfaGkMSMOWkkxMyfKSdLvYjqV8IeOL+nkhJoNQw8HRnQKCvZmtj879aOwH/3El5GCfAQjpd5CcCQ4THeeAul4yCGGogVHL9V0z7RBIKOrWiDsGePXkeGicVW/Ptaal6k8dRQAfoEJWRjc5QFV2jGqojih7RM3pFb8aT8WK8Gx/T1gUjn9lDf2R8/gBkcpYr</latexit><latexit sha1_base64="xWSJEitjjrqFqZ4LmeSkSDQSwc8=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRNCFQsGNuKpgL9CGMJlO2qGTCzMnYhuCG1/FjQtF3PoU7nwbp20W2vrDwMd/zuHM+b1YcAWW9W0sLC4tr6wW1orrG5tb2+bObkNFiaSsTiMRyZZHFBM8ZHXgIFgrlowEnmBNb3A1rjfvmVQ8Cu9gGDMnIL2Q+5wS0JZr7vfKo2N8iTvAHsDzUztz0xG+wHHmmiWrYk2E58HOoYRy1Vzzq9ONaBKwEKggSrVtKwYnJRI4FSwrdhLFYkIHpMfaGkMSMOWkkxMyfKSdLvYjqV8IeOL+nkhJoNQw8HRnQKCvZmtj879aOwH/3El5GCfAQjpd5CcCQ4THeeAul4yCGGogVHL9V0z7RBIKOrWiDsGePXkeGicVW/Ptaal6k8dRQAfoEJWRjc5QFV2jGqojih7RM3pFb8aT8WK8Gx/T1gUjn9lDf2R8/gBkcpYr</latexit><latexit sha1_base64="xWSJEitjjrqFqZ4LmeSkSDQSwc8=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRNCFQsGNuKpgL9CGMJlO2qGTCzMnYhuCG1/FjQtF3PoU7nwbp20W2vrDwMd/zuHM+b1YcAWW9W0sLC4tr6wW1orrG5tb2+bObkNFiaSsTiMRyZZHFBM8ZHXgIFgrlowEnmBNb3A1rjfvmVQ8Cu9gGDMnIL2Q+5wS0JZr7vfKo2N8iTvAHsDzUztz0xG+wHHmmiWrYk2E58HOoYRy1Vzzq9ONaBKwEKggSrVtKwYnJRI4FSwrdhLFYkIHpMfaGkMSMOWkkxMyfKSdLvYjqV8IeOL+nkhJoNQw8HRnQKCvZmtj879aOwH/3El5GCfAQjpd5CcCQ4THeeAul4yCGGogVHL9V0z7RBIKOrWiDsGePXkeGicVW/Ptaal6k8dRQAfoEJWRjc5QFV2jGqojih7RM3pFb8aT8WK8Gx/T1gUjn9lDf2R8/gBkcpYr</latexit><latexit sha1_base64="xWSJEitjjrqFqZ4LmeSkSDQSwc8=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRNCFQsGNuKpgL9CGMJlO2qGTCzMnYhuCG1/FjQtF3PoU7nwbp20W2vrDwMd/zuHM+b1YcAWW9W0sLC4tr6wW1orrG5tb2+bObkNFiaSsTiMRyZZHFBM8ZHXgIFgrlowEnmBNb3A1rjfvmVQ8Cu9gGDMnIL2Q+5wS0JZr7vfKo2N8iTvAHsDzUztz0xG+wHHmmiWrYk2E58HOoYRy1Vzzq9ONaBKwEKggSrVtKwYnJRI4FSwrdhLFYkIHpMfaGkMSMOWkkxMyfKSdLvYjqV8IeOL+nkhJoNQw8HRnQKCvZmtj879aOwH/3El5GCfAQjpd5CcCQ4THeeAul4yCGGogVHL9V0z7RBIKOrWiDsGePXkeGicVW/Ptaal6k8dRQAfoEJWRjc5QFV2jGqojih7RM3pFb8aT8WK8Gx/T1gUjn9lDf2R8/gBkcpYr</latexit>

g(z) ⇠ Bernoulli(p).
<latexit sha1_base64="0IDY+HVLK49skFvwQdiSCIxU7Tc=">AAACB3icbZC7SgNBFIZn4y3GW9RSkMEgJE3YFUHLoI1YRTAXSEKYnZwkQ2Znl5mzYlzS2fgqNhaK2PoKdr6Nk0uhiT8MfPznHM6c34+kMOi6305qaXlldS29ntnY3Nreye7uVU0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeYPLsf12h1oI0J1i8MIWgHrKdEVnKG12tnDXv6hQJtGBLSJcI/JBWgVxlKKUT4qFNvZnFt0J6KL4M0gR2Yqt7NfzU7I4wAUcsmMaXhuhK2EaRRcwijTjA1EjA9YDxoWFQvAtJLJHSN6bJ0O7YbaPoV04v6eSFhgzDDwbWfAsG/ma2Pzv1ojxu55KxEqihEUny7qxpJiSMeh0I7QwFEOLTCuhf0r5X2mGUcbXcaG4M2fvAjVk6Jn+eY0V7qexZEmB+SI5IlHzkiJXJEyqRBOHskzeSVvzpPz4rw7H9PWlDOb2Sd/5Hz+ANRbmKo=</latexit><latexit sha1_base64="0IDY+HVLK49skFvwQdiSCIxU7Tc=">AAACB3icbZC7SgNBFIZn4y3GW9RSkMEgJE3YFUHLoI1YRTAXSEKYnZwkQ2Znl5mzYlzS2fgqNhaK2PoKdr6Nk0uhiT8MfPznHM6c34+kMOi6305qaXlldS29ntnY3Nreye7uVU0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeYPLsf12h1oI0J1i8MIWgHrKdEVnKG12tnDXv6hQJtGBLSJcI/JBWgVxlKKUT4qFNvZnFt0J6KL4M0gR2Yqt7NfzU7I4wAUcsmMaXhuhK2EaRRcwijTjA1EjA9YDxoWFQvAtJLJHSN6bJ0O7YbaPoV04v6eSFhgzDDwbWfAsG/ma2Pzv1ojxu55KxEqihEUny7qxpJiSMeh0I7QwFEOLTCuhf0r5X2mGUcbXcaG4M2fvAjVk6Jn+eY0V7qexZEmB+SI5IlHzkiJXJEyqRBOHskzeSVvzpPz4rw7H9PWlDOb2Sd/5Hz+ANRbmKo=</latexit><latexit sha1_base64="0IDY+HVLK49skFvwQdiSCIxU7Tc=">AAACB3icbZC7SgNBFIZn4y3GW9RSkMEgJE3YFUHLoI1YRTAXSEKYnZwkQ2Znl5mzYlzS2fgqNhaK2PoKdr6Nk0uhiT8MfPznHM6c34+kMOi6305qaXlldS29ntnY3Nreye7uVU0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeYPLsf12h1oI0J1i8MIWgHrKdEVnKG12tnDXv6hQJtGBLSJcI/JBWgVxlKKUT4qFNvZnFt0J6KL4M0gR2Yqt7NfzU7I4wAUcsmMaXhuhK2EaRRcwijTjA1EjA9YDxoWFQvAtJLJHSN6bJ0O7YbaPoV04v6eSFhgzDDwbWfAsG/ma2Pzv1ojxu55KxEqihEUny7qxpJiSMeh0I7QwFEOLTCuhf0r5X2mGUcbXcaG4M2fvAjVk6Jn+eY0V7qexZEmB+SI5IlHzkiJXJEyqRBOHskzeSVvzpPz4rw7H9PWlDOb2Sd/5Hz+ANRbmKo=</latexit><latexit sha1_base64="0IDY+HVLK49skFvwQdiSCIxU7Tc=">AAACB3icbZC7SgNBFIZn4y3GW9RSkMEgJE3YFUHLoI1YRTAXSEKYnZwkQ2Znl5mzYlzS2fgqNhaK2PoKdr6Nk0uhiT8MfPznHM6c34+kMOi6305qaXlldS29ntnY3Nreye7uVU0Yaw4VHspQ131mQAoFFRQooR5pYIEvoeYPLsf12h1oI0J1i8MIWgHrKdEVnKG12tnDXv6hQJtGBLSJcI/JBWgVxlKKUT4qFNvZnFt0J6KL4M0gR2Yqt7NfzU7I4wAUcsmMaXhuhK2EaRRcwijTjA1EjA9YDxoWFQvAtJLJHSN6bJ0O7YbaPoV04v6eSFhgzDDwbWfAsG/ma2Pzv1ojxu55KxEqihEUny7qxpJiSMeh0I7QwFEOLTCuhf0r5X2mGUcbXcaG4M2fvAjVk6Jn+eY0V7qexZEmB+SI5IlHzkiJXJEyqRBOHskzeSVvzpPz4rw7H9PWlDOb2Sd/5Hz+ANRbmKo=</latexit>



Inverse Transform Sampling

CSE 599I: Generative Models University of Washington

• I have samples from                        . I want samples with CDF    .


• Define a generator (the inverse CDF) 


• If                               , then          is distributed according to   . 


• Convert samples from the uniform distribution to an arbitrary distribution!

Lecture 1

Uniform(0, 1)
<latexit sha1_base64="vJ5jdThhu7KDigyqXOI1TjJ9euY=">AAAB/HicbZDNSgMxFIUz/tb6V+3STbAIFaTMiKDLghtxVcFpC+1QMmnahiaZIbkjDkN9FTcuFHHrg7jzbUzbWWjrgcDHufdyb04YC27Adb+dldW19Y3NwlZxe2d3b790cNg0UaIp82kkIt0OiWGCK+YDB8HasWZEhoK1wvH1tN56YNrwSN1DGrNAkqHiA04JWKtXKneBPULmWy/SclJ1z7zTXqni1tyZ8DJ4OVRQrkav9NXtRzSRTAEVxJiO58YQZEQDp4JNit3EsJjQMRmyjkVFJDNBNjt+gk+s08d2u30K8Mz9PZERaUwqQ9spCYzMYm1q/lfrJDC4CjKu4gSYovNFg0RgiPA0CdznmlEQqQVCNbe3YjoimlCweRVtCN7il5eheV7zLN9dVOq3eRwFdISOURV56BLV0Q1qIB9RlKJn9IrenCfnxXl3PuatK04+U0Z/5Hz+AOiclEg=</latexit><latexit sha1_base64="vJ5jdThhu7KDigyqXOI1TjJ9euY=">AAAB/HicbZDNSgMxFIUz/tb6V+3STbAIFaTMiKDLghtxVcFpC+1QMmnahiaZIbkjDkN9FTcuFHHrg7jzbUzbWWjrgcDHufdyb04YC27Adb+dldW19Y3NwlZxe2d3b790cNg0UaIp82kkIt0OiWGCK+YDB8HasWZEhoK1wvH1tN56YNrwSN1DGrNAkqHiA04JWKtXKneBPULmWy/SclJ1z7zTXqni1tyZ8DJ4OVRQrkav9NXtRzSRTAEVxJiO58YQZEQDp4JNit3EsJjQMRmyjkVFJDNBNjt+gk+s08d2u30K8Mz9PZERaUwqQ9spCYzMYm1q/lfrJDC4CjKu4gSYovNFg0RgiPA0CdznmlEQqQVCNbe3YjoimlCweRVtCN7il5eheV7zLN9dVOq3eRwFdISOURV56BLV0Q1qIB9RlKJn9IrenCfnxXl3PuatK04+U0Z/5Hz+AOiclEg=</latexit><latexit sha1_base64="vJ5jdThhu7KDigyqXOI1TjJ9euY=">AAAB/HicbZDNSgMxFIUz/tb6V+3STbAIFaTMiKDLghtxVcFpC+1QMmnahiaZIbkjDkN9FTcuFHHrg7jzbUzbWWjrgcDHufdyb04YC27Adb+dldW19Y3NwlZxe2d3b790cNg0UaIp82kkIt0OiWGCK+YDB8HasWZEhoK1wvH1tN56YNrwSN1DGrNAkqHiA04JWKtXKneBPULmWy/SclJ1z7zTXqni1tyZ8DJ4OVRQrkav9NXtRzSRTAEVxJiO58YQZEQDp4JNit3EsJjQMRmyjkVFJDNBNjt+gk+s08d2u30K8Mz9PZERaUwqQ9spCYzMYm1q/lfrJDC4CjKu4gSYovNFg0RgiPA0CdznmlEQqQVCNbe3YjoimlCweRVtCN7il5eheV7zLN9dVOq3eRwFdISOURV56BLV0Q1qIB9RlKJn9IrenCfnxXl3PuatK04+U0Z/5Hz+AOiclEg=</latexit><latexit sha1_base64="vJ5jdThhu7KDigyqXOI1TjJ9euY=">AAAB/HicbZDNSgMxFIUz/tb6V+3STbAIFaTMiKDLghtxVcFpC+1QMmnahiaZIbkjDkN9FTcuFHHrg7jzbUzbWWjrgcDHufdyb04YC27Adb+dldW19Y3NwlZxe2d3b790cNg0UaIp82kkIt0OiWGCK+YDB8HasWZEhoK1wvH1tN56YNrwSN1DGrNAkqHiA04JWKtXKneBPULmWy/SclJ1z7zTXqni1tyZ8DJ4OVRQrkav9NXtRzSRTAEVxJiO58YQZEQDp4JNit3EsJjQMRmyjkVFJDNBNjt+gk+s08d2u30K8Mz9PZERaUwqQ9spCYzMYm1q/lfrJDC4CjKu4gSYovNFg0RgiPA0CdznmlEQqQVCNbe3YjoimlCweRVtCN7il5eheV7zLN9dVOq3eRwFdISOURV56BLV0Q1qIB9RlKJn9IrenCfnxXl3PuatK04+U0Z/5Hz+AOiclEg=</latexit>

z ⇠ Uniform(0, 1)
<latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit><latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit><latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit><latexit sha1_base64="ct84l+HWGhPHwCnilmw/Jht5fps=">AAACA3icbZDNSsNAFIUn/tb6F3Wnm8EiVJCSiKDLghtxVcG0hSaUyXTaDp1JwsyNWEPBja/ixoUibn0Jd76N0zYLbb0w8HHOvdy5J0wE1+A439bC4tLyymphrbi+sbm1be/s1nWcKso8GotYNUOimeAR84CDYM1EMSJDwRrh4HLsN+6Y0jyObmGYsECSXsS7nBIwUtvef8C+5hL7wO4h84wVKzkqOyfucdsuORVnUnge3BxKKK9a2/7yOzFNJYuACqJ1y3USCDKigFPBRkU/1SwhdEB6rGUwIpLpIJvcMMJHRulgs928CPBE/T2REan1UIamUxLo61lvLP7ntVLoXgQZj5IUWESni7qpwBDjcSC4wxWjIIYGCFXc/BXTPlGEgomtaEJwZ0+eh/ppxTV8c1aqXudxFNABOkRl5KJzVEVXqIY8RNEjekav6M16sl6sd+tj2rpg5TN76E9Znz+5r5bt</latexit>

F<latexit sha1_base64="SRSKEcnjyhmdhCy2SfpJLqHlIoA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYEEQ8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYW19Y3OruF3a2d3bPygfHrV0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6Z1dtPqDSP5YOZJOhHdCh5yBk11mrc9ssVt+rORVbBy6ECuer98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQuxYljVD72XzRKTmzzoCEsbJPGjJ3f09kNNJ6EgW2M6JmpJdrM/O/Wjc14bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxQJnidlfCRlRRZmw2JRuCt3zyKrQuqp7lxmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuGPnM8fnNuM0g==</latexit><latexit sha1_base64="SRSKEcnjyhmdhCy2SfpJLqHlIoA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYEEQ8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYW19Y3OruF3a2d3bPygfHrV0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6Z1dtPqDSP5YOZJOhHdCh5yBk11mrc9ssVt+rORVbBy6ECuer98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQuxYljVD72XzRKTmzzoCEsbJPGjJ3f09kNNJ6EgW2M6JmpJdrM/O/Wjc14bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxQJnidlfCRlRRZmw2JRuCt3zyKrQuqp7lxmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuGPnM8fnNuM0g==</latexit><latexit sha1_base64="SRSKEcnjyhmdhCy2SfpJLqHlIoA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYEEQ8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYW19Y3OruF3a2d3bPygfHrV0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6Z1dtPqDSP5YOZJOhHdCh5yBk11mrc9ssVt+rORVbBy6ECuer98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQuxYljVD72XzRKTmzzoCEsbJPGjJ3f09kNNJ6EgW2M6JmpJdrM/O/Wjc14bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxQJnidlfCRlRRZmw2JRuCt3zyKrQuqp7lxmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuGPnM8fnNuM0g==</latexit><latexit sha1_base64="SRSKEcnjyhmdhCy2SfpJLqHlIoA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYEEQ8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYW19Y3OruF3a2d3bPygfHrV0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6Z1dtPqDSP5YOZJOhHdCh5yBk11mrc9ssVt+rORVbBy6ECuer98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQuxYljVD72XzRKTmzzoCEsbJPGjJ3f09kNNJ6EgW2M6JmpJdrM/O/Wjc14bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxQJnidlfCRlRRZmw2JRuCt3zyKrQuqp7lxmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuGPnM8fnNuM0g==</latexit>

F<latexit sha1_base64="SRSKEcnjyhmdhCy2SfpJLqHlIoA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYEEQ8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYW19Y3OruF3a2d3bPygfHrV0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6Z1dtPqDSP5YOZJOhHdCh5yBk11mrc9ssVt+rORVbBy6ECuer98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQuxYljVD72XzRKTmzzoCEsbJPGjJ3f09kNNJ6EgW2M6JmpJdrM/O/Wjc14bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxQJnidlfCRlRRZmw2JRuCt3zyKrQuqp7lxmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuGPnM8fnNuM0g==</latexit><latexit sha1_base64="SRSKEcnjyhmdhCy2SfpJLqHlIoA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYEEQ8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYW19Y3OruF3a2d3bPygfHrV0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6Z1dtPqDSP5YOZJOhHdCh5yBk11mrc9ssVt+rORVbBy6ECuer98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQuxYljVD72XzRKTmzzoCEsbJPGjJ3f09kNNJ6EgW2M6JmpJdrM/O/Wjc14bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxQJnidlfCRlRRZmw2JRuCt3zyKrQuqp7lxmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuGPnM8fnNuM0g==</latexit><latexit sha1_base64="SRSKEcnjyhmdhCy2SfpJLqHlIoA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYEEQ8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYW19Y3OruF3a2d3bPygfHrV0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6Z1dtPqDSP5YOZJOhHdCh5yBk11mrc9ssVt+rORVbBy6ECuer98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQuxYljVD72XzRKTmzzoCEsbJPGjJ3f09kNNJ6EgW2M6JmpJdrM/O/Wjc14bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxQJnidlfCRlRRZmw2JRuCt3zyKrQuqp7lxmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuGPnM8fnNuM0g==</latexit><latexit sha1_base64="SRSKEcnjyhmdhCy2SfpJLqHlIoA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRYEEQ8tWA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYW19Y3OruF3a2d3bPygfHrV0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6Z1dtPqDSP5YOZJOhHdCh5yBk11mrc9ssVt+rORVbBy6ECuer98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQuxYljVD72XzRKTmzzoCEsbJPGjJ3f09kNNJ6EgW2M6JmpJdrM/O/Wjc14bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxQJnidlfCRlRRZmw2JRuCt3zyKrQuqp7lxmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuGPnM8fnNuM0g==</latexit>

g(z) = inf{x : F (x) � z}.
<latexit sha1_base64="bOIjbGpxyRao8JdBOrXvgF2lhDU=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAI7aYkIiiCUBBEXFWwF2hCmUwn6dDJJM5MpG3o0o2v4saFIm59BHe+jdM2C239YeDjP+dw5vxezKhUlvVtLCwuLa+s5tby6xubW9vmzm5dRonApIYjFommhyRhlJOaooqRZiwICj1GGl7vclxvPBAhacTv1CAmbogCTn2KkdJW2zwIisMSvIAO5b6T9uE5vCr2S9AJyD0cOqNy2yxYZWsiOA92BgWQqdo2v5xOhJOQcIUZkrJlW7FyUyQUxYyM8k4iSYxwDwWkpZGjkEg3nRwygkfa6UA/EvpxBSfu74kUhVIOQk93hkh15WxtbP5XayXKP3NTyuNEEY6ni/yEQRXBcSqwQwXBig00ICyo/ivEXSQQVjq7vA7Bnj15HurHZVvz7UmhcpPFkQP74BAUgQ1OQQVcgyqoAQwewTN4BW/Gk/FivBsf09YFI5vZA39kfP4A6pyXYw==</latexit><latexit sha1_base64="bOIjbGpxyRao8JdBOrXvgF2lhDU=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAI7aYkIiiCUBBEXFWwF2hCmUwn6dDJJM5MpG3o0o2v4saFIm59BHe+jdM2C239YeDjP+dw5vxezKhUlvVtLCwuLa+s5tby6xubW9vmzm5dRonApIYjFommhyRhlJOaooqRZiwICj1GGl7vclxvPBAhacTv1CAmbogCTn2KkdJW2zwIisMSvIAO5b6T9uE5vCr2S9AJyD0cOqNy2yxYZWsiOA92BgWQqdo2v5xOhJOQcIUZkrJlW7FyUyQUxYyM8k4iSYxwDwWkpZGjkEg3nRwygkfa6UA/EvpxBSfu74kUhVIOQk93hkh15WxtbP5XayXKP3NTyuNEEY6ni/yEQRXBcSqwQwXBig00ICyo/ivEXSQQVjq7vA7Bnj15HurHZVvz7UmhcpPFkQP74BAUgQ1OQQVcgyqoAQwewTN4BW/Gk/FivBsf09YFI5vZA39kfP4A6pyXYw==</latexit><latexit sha1_base64="bOIjbGpxyRao8JdBOrXvgF2lhDU=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAI7aYkIiiCUBBEXFWwF2hCmUwn6dDJJM5MpG3o0o2v4saFIm59BHe+jdM2C239YeDjP+dw5vxezKhUlvVtLCwuLa+s5tby6xubW9vmzm5dRonApIYjFommhyRhlJOaooqRZiwICj1GGl7vclxvPBAhacTv1CAmbogCTn2KkdJW2zwIisMSvIAO5b6T9uE5vCr2S9AJyD0cOqNy2yxYZWsiOA92BgWQqdo2v5xOhJOQcIUZkrJlW7FyUyQUxYyM8k4iSYxwDwWkpZGjkEg3nRwygkfa6UA/EvpxBSfu74kUhVIOQk93hkh15WxtbP5XayXKP3NTyuNEEY6ni/yEQRXBcSqwQwXBig00ICyo/ivEXSQQVjq7vA7Bnj15HurHZVvz7UmhcpPFkQP74BAUgQ1OQQVcgyqoAQwewTN4BW/Gk/FivBsf09YFI5vZA39kfP4A6pyXYw==</latexit><latexit sha1_base64="bOIjbGpxyRao8JdBOrXvgF2lhDU=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAI7aYkIiiCUBBEXFWwF2hCmUwn6dDJJM5MpG3o0o2v4saFIm59BHe+jdM2C239YeDjP+dw5vxezKhUlvVtLCwuLa+s5tby6xubW9vmzm5dRonApIYjFommhyRhlJOaooqRZiwICj1GGl7vclxvPBAhacTv1CAmbogCTn2KkdJW2zwIisMSvIAO5b6T9uE5vCr2S9AJyD0cOqNy2yxYZWsiOA92BgWQqdo2v5xOhJOQcIUZkrJlW7FyUyQUxYyM8k4iSYxwDwWkpZGjkEg3nRwygkfa6UA/EvpxBSfu74kUhVIOQk93hkh15WxtbP5XayXKP3NTyuNEEY6ni/yEQRXBcSqwQwXBig00ICyo/ivEXSQQVjq7vA7Bnj15HurHZVvz7UmhcpPFkQP74BAUgQ1OQQVcgyqoAQwewTN4BW/Gk/FivBsf09YFI5vZA39kfP4A6pyXYw==</latexit>

g(z)
<latexit sha1_base64="IbgBGMR/kP0UoEvqID+C4laczwA=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMUIe+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJrdG9afzQbXmNty50Cp4BdSgUGtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEexYlFlQH2XzXGTqzzhBFsbJPGjR3f09kWGg9FaHtFNiM9XItN/+r9VITXQcZk0lqqCSLj6KUIxOj/HA0ZIoSw6cWMFHM7orIGCtMjI2nYkPwlk9ehfZFw7N8f1lr3hVxlOEETqEOHlxBE26hBT4QGMMzvMKbI5wX5935WLSWnGLmGP7I+fwBc1qN3A==</latexit><latexit sha1_base64="IbgBGMR/kP0UoEvqID+C4laczwA=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMUIe+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJrdG9afzQbXmNty50Cp4BdSgUGtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEexYlFlQH2XzXGTqzzhBFsbJPGjR3f09kWGg9FaHtFNiM9XItN/+r9VITXQcZk0lqqCSLj6KUIxOj/HA0ZIoSw6cWMFHM7orIGCtMjI2nYkPwlk9ehfZFw7N8f1lr3hVxlOEETqEOHlxBE26hBT4QGMMzvMKbI5wX5935WLSWnGLmGP7I+fwBc1qN3A==</latexit><latexit sha1_base64="IbgBGMR/kP0UoEvqID+C4laczwA=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMUIe+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJrdG9afzQbXmNty50Cp4BdSgUGtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEexYlFlQH2XzXGTqzzhBFsbJPGjR3f09kWGg9FaHtFNiM9XItN/+r9VITXQcZk0lqqCSLj6KUIxOj/HA0ZIoSw6cWMFHM7orIGCtMjI2nYkPwlk9ehfZFw7N8f1lr3hVxlOEETqEOHlxBE26hBT4QGMMzvMKbI5wX5935WLSWnGLmGP7I+fwBc1qN3A==</latexit><latexit sha1_base64="IbgBGMR/kP0UoEvqID+C4laczwA=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMUIe+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJrdG9afzQbXmNty50Cp4BdSgUGtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEexYlFlQH2XzXGTqzzhBFsbJPGjR3f09kWGg9FaHtFNiM9XItN/+r9VITXQcZk0lqqCSLj6KUIxOj/HA0ZIoSw6cWMFHM7orIGCtMjI2nYkPwlk9ehfZFw7N8f1lr3hVxlOEETqEOHlxBE26hBT4QGMMzvMKbI5wX5935WLSWnGLmGP7I+fwBc1qN3A==</latexit>



Finite Generative Modeling

CSE 599I: Generative Models University of WashingtonLecture 1

• Given finite samples                        from a finite space    .


• Estimate the probability mass      of each element of    . 


• Sample from the distribution                  using Inverse Transform Sampling.


• What’s a good estimate         of the probability mass function        ?      

x1, . . . , xn ⇠ p
<latexit sha1_base64="sHutXi237a5jqKGi7cR0t69SFyY=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsgotSZkTQZcFNlxXsBdphyKSZNjSTGZKMtA7FV3HjQhG3voc738a0nYW2Hgh8/P85yckfJJwp7TjfVmFtfWNzq7hd2tnd2z+wD49aKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GtzO//UClYrG415OEehEeCBYygrWRfPtk7LuVXj/WqjL2BeopFqHEt8tO1ZkXWgU3hzLk1fDtL3MFSSMqNOFYqa7rJNrLsNSMcDot9VJFE0xGeEC7BgWOqPKy+fZTdG6UPgpjaY7QaK7+nshwpNQkCkxnhPVQLXsz8T+vm+rwxsuYSFJNBVk8FKYc6RjNokB9JinRfGIAE8nMrogMscREm8BKJgR3+cur0Lqsuobvrsq1eh5HEU7hDC7AhWuoQR0a0AQCj/AMr/BmPVkv1rv1sWgtWPnMMfwp6/MHYLuUiQ==</latexit><latexit sha1_base64="sHutXi237a5jqKGi7cR0t69SFyY=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsgotSZkTQZcFNlxXsBdphyKSZNjSTGZKMtA7FV3HjQhG3voc738a0nYW2Hgh8/P85yckfJJwp7TjfVmFtfWNzq7hd2tnd2z+wD49aKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GtzO//UClYrG415OEehEeCBYygrWRfPtk7LuVXj/WqjL2BeopFqHEt8tO1ZkXWgU3hzLk1fDtL3MFSSMqNOFYqa7rJNrLsNSMcDot9VJFE0xGeEC7BgWOqPKy+fZTdG6UPgpjaY7QaK7+nshwpNQkCkxnhPVQLXsz8T+vm+rwxsuYSFJNBVk8FKYc6RjNokB9JinRfGIAE8nMrogMscREm8BKJgR3+cur0Lqsuobvrsq1eh5HEU7hDC7AhWuoQR0a0AQCj/AMr/BmPVkv1rv1sWgtWPnMMfwp6/MHYLuUiQ==</latexit><latexit sha1_base64="sHutXi237a5jqKGi7cR0t69SFyY=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsgotSZkTQZcFNlxXsBdphyKSZNjSTGZKMtA7FV3HjQhG3voc738a0nYW2Hgh8/P85yckfJJwp7TjfVmFtfWNzq7hd2tnd2z+wD49aKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GtzO//UClYrG415OEehEeCBYygrWRfPtk7LuVXj/WqjL2BeopFqHEt8tO1ZkXWgU3hzLk1fDtL3MFSSMqNOFYqa7rJNrLsNSMcDot9VJFE0xGeEC7BgWOqPKy+fZTdG6UPgpjaY7QaK7+nshwpNQkCkxnhPVQLXsz8T+vm+rwxsuYSFJNBVk8FKYc6RjNokB9JinRfGIAE8nMrogMscREm8BKJgR3+cur0Lqsuobvrsq1eh5HEU7hDC7AhWuoQR0a0AQCj/AMr/BmPVkv1rv1sWgtWPnMMfwp6/MHYLuUiQ==</latexit><latexit sha1_base64="sHutXi237a5jqKGi7cR0t69SFyY=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsgotSZkTQZcFNlxXsBdphyKSZNjSTGZKMtA7FV3HjQhG3voc738a0nYW2Hgh8/P85yckfJJwp7TjfVmFtfWNzq7hd2tnd2z+wD49aKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GtzO//UClYrG415OEehEeCBYygrWRfPtk7LuVXj/WqjL2BeopFqHEt8tO1ZkXWgU3hzLk1fDtL3MFSSMqNOFYqa7rJNrLsNSMcDot9VJFE0xGeEC7BgWOqPKy+fZTdG6UPgpjaY7QaK7+nshwpNQkCkxnhPVQLXsz8T+vm+rwxsuYSFJNBVk8FKYc6RjNokB9JinRfGIAE8nMrogMscREm8BKJgR3+cur0Lqsuobvrsq1eh5HEU7hDC7AhWuoQR0a0AQCj/AMr/BmPVkv1rv1sWgtWPnMMfwp6/MHYLuUiQ==</latexit>

X<latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit>

X<latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit>

p̂(x)
<latexit sha1_base64="WuomrVIUXCQLc6cPGeCP/1qzsJk=">AAAB8HicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY8CKeKtgPaUPZbDft0t0k7E7EEvorvHhQxKs/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh00Tp5rxBotlrNsBNVyKiDdQoOTtRHOqAslbweh6Wm89cm1EHN3jOOG+ooNIhIJRtNZDd0iRJJWns16p7FbdmcgyeDmUIVe9V/rq9mOWKh4hk9SYjucm6GdUo2CST4rd1PCEshEd8I7FiCpu/Gy28IScWqdPwljbFyGZub8nMqqMGavAdiqKQ7NYm5r/1Tophld+JqIkRR6x+UdhKgnGZHo96QvNGcqxBcq0sLsSNqSaMrQZFW0I3uLJy9A8r3qW7y7Ktds8jgIcwwlUwINLqMEN1KEBDBQ8wyu8Odp5cd6dj3nripPPHMEfOZ8/3giPzg==</latexit><latexit sha1_base64="WuomrVIUXCQLc6cPGeCP/1qzsJk=">AAAB8HicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY8CKeKtgPaUPZbDft0t0k7E7EEvorvHhQxKs/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh00Tp5rxBotlrNsBNVyKiDdQoOTtRHOqAslbweh6Wm89cm1EHN3jOOG+ooNIhIJRtNZDd0iRJJWns16p7FbdmcgyeDmUIVe9V/rq9mOWKh4hk9SYjucm6GdUo2CST4rd1PCEshEd8I7FiCpu/Gy28IScWqdPwljbFyGZub8nMqqMGavAdiqKQ7NYm5r/1Tophld+JqIkRR6x+UdhKgnGZHo96QvNGcqxBcq0sLsSNqSaMrQZFW0I3uLJy9A8r3qW7y7Ktds8jgIcwwlUwINLqMEN1KEBDBQ8wyu8Odp5cd6dj3nripPPHMEfOZ8/3giPzg==</latexit><latexit sha1_base64="WuomrVIUXCQLc6cPGeCP/1qzsJk=">AAAB8HicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY8CKeKtgPaUPZbDft0t0k7E7EEvorvHhQxKs/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh00Tp5rxBotlrNsBNVyKiDdQoOTtRHOqAslbweh6Wm89cm1EHN3jOOG+ooNIhIJRtNZDd0iRJJWns16p7FbdmcgyeDmUIVe9V/rq9mOWKh4hk9SYjucm6GdUo2CST4rd1PCEshEd8I7FiCpu/Gy28IScWqdPwljbFyGZub8nMqqMGavAdiqKQ7NYm5r/1Tophld+JqIkRR6x+UdhKgnGZHo96QvNGcqxBcq0sLsSNqSaMrQZFW0I3uLJy9A8r3qW7y7Ktds8jgIcwwlUwINLqMEN1KEBDBQ8wyu8Odp5cd6dj3nripPPHMEfOZ8/3giPzg==</latexit><latexit sha1_base64="WuomrVIUXCQLc6cPGeCP/1qzsJk=">AAAB8HicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY8CKeKtgPaUPZbDft0t0k7E7EEvorvHhQxKs/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh00Tp5rxBotlrNsBNVyKiDdQoOTtRHOqAslbweh6Wm89cm1EHN3jOOG+ooNIhIJRtNZDd0iRJJWns16p7FbdmcgyeDmUIVe9V/rq9mOWKh4hk9SYjucm6GdUo2CST4rd1PCEshEd8I7FiCpu/Gy28IScWqdPwljbFyGZub8nMqqMGavAdiqKQ7NYm5r/1Tophld+JqIkRR6x+UdhKgnGZHo96QvNGcqxBcq0sLsSNqSaMrQZFW0I3uLJy9A8r3qW7y7Ktds8jgIcwwlUwINLqMEN1KEBDBQ8wyu8Odp5cd6dj3nripPPHMEfOZ8/3giPzg==</latexit>

p(x)
<latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit>

⇡̂x
<latexit sha1_base64="2vFuM/jMY+E18FoewmAOtLoCeyM=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8CKeKthWbELZbDft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7a+sPDwzgw784apFAZd99sprayurW+UNytb2zu7e9X9g7ZJMs14iyUy0fchNVwKxVsoUPL7VHMah5J3wtHVtN555NqIRN3hOOVBTAdKRIJRtNaDP6RI/FT0nnrVmlt3ZyLL4BVQg0LNXvXL7ycsi7lCJqkxXc9NMcipRsEkn1T8zPCUshEd8K5FRWNugny28YScWKdPokTbp5DM3N8TOY2NGceh7YwpDs1ibWr+V+tmGF0GuVBphlyx+UdRJgkmZHo+6QvNGcqxBcq0sLsSNqSaMrQhVWwI3uLJy9A+q3uWb89rjZsijjIcwTGcggcX0IBraEILGCh4hld4c4zz4rw7H/PWklPMHMIfOZ8/RniQqw==</latexit><latexit sha1_base64="2vFuM/jMY+E18FoewmAOtLoCeyM=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8CKeKthWbELZbDft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7a+sPDwzgw784apFAZd99sprayurW+UNytb2zu7e9X9g7ZJMs14iyUy0fchNVwKxVsoUPL7VHMah5J3wtHVtN555NqIRN3hOOVBTAdKRIJRtNaDP6RI/FT0nnrVmlt3ZyLL4BVQg0LNXvXL7ycsi7lCJqkxXc9NMcipRsEkn1T8zPCUshEd8K5FRWNugny28YScWKdPokTbp5DM3N8TOY2NGceh7YwpDs1ibWr+V+tmGF0GuVBphlyx+UdRJgkmZHo+6QvNGcqxBcq0sLsSNqSaMrQhVWwI3uLJy9A+q3uWb89rjZsijjIcwTGcggcX0IBraEILGCh4hld4c4zz4rw7H/PWklPMHMIfOZ8/RniQqw==</latexit><latexit sha1_base64="2vFuM/jMY+E18FoewmAOtLoCeyM=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8CKeKthWbELZbDft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7a+sPDwzgw784apFAZd99sprayurW+UNytb2zu7e9X9g7ZJMs14iyUy0fchNVwKxVsoUPL7VHMah5J3wtHVtN555NqIRN3hOOVBTAdKRIJRtNaDP6RI/FT0nnrVmlt3ZyLL4BVQg0LNXvXL7ycsi7lCJqkxXc9NMcipRsEkn1T8zPCUshEd8K5FRWNugny28YScWKdPokTbp5DM3N8TOY2NGceh7YwpDs1ibWr+V+tmGF0GuVBphlyx+UdRJgkmZHo+6QvNGcqxBcq0sLsSNqSaMrQhVWwI3uLJy9A+q3uWb89rjZsijjIcwTGcggcX0IBraEILGCh4hld4c4zz4rw7H/PWklPMHMIfOZ8/RniQqw==</latexit><latexit sha1_base64="2vFuM/jMY+E18FoewmAOtLoCeyM=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8CKeKthWbELZbDft0s0m7E7EEvovvHhQxKv/xpv/xm2bg7a+sPDwzgw784apFAZd99sprayurW+UNytb2zu7e9X9g7ZJMs14iyUy0fchNVwKxVsoUPL7VHMah5J3wtHVtN555NqIRN3hOOVBTAdKRIJRtNaDP6RI/FT0nnrVmlt3ZyLL4BVQg0LNXvXL7ycsi7lCJqkxXc9NMcipRsEkn1T8zPCUshEd8K5FRWNugny28YScWKdPokTbp5DM3N8TOY2NGceh7YwpDs1ibWr+V+tmGF0GuVBphlyx+UdRJgkmZHo+6QvNGcqxBcq0sLsSNqSaMrQhVWwI3uLJy9A+q3uWb89rjZsijjIcwTGcggcX0IBraEILGCh4hld4c4zz4rw7H/PWklPMHMIfOZ8/RniQqw==</latexit>

p̂(x) = ⇡̂x
<latexit sha1_base64="+v/OduzII/vD28gNgU4HYR3AZ84=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUDclEUE3QsGNuKpgL9CEMJlO2qGTyTAzkZbYha/ixoUibn0Nd76N0zQLbf1h4OM/53DO/KFgVGnH+baWlldW19ZLG+XNre2dXXtvv6WSVGLSxAlLZCdEijDKSVNTzUhHSILikJF2OLye1tsPRCqa8Hs9FsSPUZ/TiGKkjRXYh94AaSiqo1N4BXP2BA1GgV1xak4uuAhuARVQqBHYX14vwWlMuMYMKdV1HaH9DElNMSOTspcqIhAeoj7pGuQoJsrP8vsn8MQ4PRgl0jyuYe7+nshQrNQ4Dk1njPRAzdem5n+1bqqjSz+jXKSacDxbFKUM6gROw4A9KgnWbGwAYUnNrRAPkERYm8jKJgR3/suL0DqruYbvziv12yKOEjgCx6AKXHAB6uAGNEATYPAInsEreLOerBfr3fqYtS5ZxcwB+CPr8wfoOpTD</latexit><latexit sha1_base64="+v/OduzII/vD28gNgU4HYR3AZ84=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUDclEUE3QsGNuKpgL9CEMJlO2qGTyTAzkZbYha/ixoUibn0Nd76N0zQLbf1h4OM/53DO/KFgVGnH+baWlldW19ZLG+XNre2dXXtvv6WSVGLSxAlLZCdEijDKSVNTzUhHSILikJF2OLye1tsPRCqa8Hs9FsSPUZ/TiGKkjRXYh94AaSiqo1N4BXP2BA1GgV1xak4uuAhuARVQqBHYX14vwWlMuMYMKdV1HaH9DElNMSOTspcqIhAeoj7pGuQoJsrP8vsn8MQ4PRgl0jyuYe7+nshQrNQ4Dk1njPRAzdem5n+1bqqjSz+jXKSacDxbFKUM6gROw4A9KgnWbGwAYUnNrRAPkERYm8jKJgR3/suL0DqruYbvziv12yKOEjgCx6AKXHAB6uAGNEATYPAInsEreLOerBfr3fqYtS5ZxcwB+CPr8wfoOpTD</latexit><latexit sha1_base64="+v/OduzII/vD28gNgU4HYR3AZ84=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUDclEUE3QsGNuKpgL9CEMJlO2qGTyTAzkZbYha/ixoUibn0Nd76N0zQLbf1h4OM/53DO/KFgVGnH+baWlldW19ZLG+XNre2dXXtvv6WSVGLSxAlLZCdEijDKSVNTzUhHSILikJF2OLye1tsPRCqa8Hs9FsSPUZ/TiGKkjRXYh94AaSiqo1N4BXP2BA1GgV1xak4uuAhuARVQqBHYX14vwWlMuMYMKdV1HaH9DElNMSOTspcqIhAeoj7pGuQoJsrP8vsn8MQ4PRgl0jyuYe7+nshQrNQ4Dk1njPRAzdem5n+1bqqjSz+jXKSacDxbFKUM6gROw4A9KgnWbGwAYUnNrRAPkERYm8jKJgR3/suL0DqruYbvziv12yKOEjgCx6AKXHAB6uAGNEATYPAInsEreLOerBfr3fqYtS5ZxcwB+CPr8wfoOpTD</latexit><latexit sha1_base64="+v/OduzII/vD28gNgU4HYR3AZ84=">AAAB/3icbZDLSsNAFIYnXmu9RQU3bgaLUDclEUE3QsGNuKpgL9CEMJlO2qGTyTAzkZbYha/ixoUibn0Nd76N0zQLbf1h4OM/53DO/KFgVGnH+baWlldW19ZLG+XNre2dXXtvv6WSVGLSxAlLZCdEijDKSVNTzUhHSILikJF2OLye1tsPRCqa8Hs9FsSPUZ/TiGKkjRXYh94AaSiqo1N4BXP2BA1GgV1xak4uuAhuARVQqBHYX14vwWlMuMYMKdV1HaH9DElNMSOTspcqIhAeoj7pGuQoJsrP8vsn8MQ4PRgl0jyuYe7+nshQrNQ4Dk1njPRAzdem5n+1bqqjSz+jXKSacDxbFKUM6gROw4A9KgnWbGwAYUnNrRAPkERYm8jKJgR3/suL0DqruYbvziv12yKOEjgCx6AKXHAB6uAGNEATYPAInsEreLOerBfr3fqYtS5ZxcwB+CPr8wfoOpTD</latexit>



Maximum Likelihood Estimation

CSE 599I: Generative Models University of WashingtonLecture 1

• What’s a good estimate         of the probability mass function        ?      


• What about count statistics (the MLE)?


• What happens if              ? 


• I.e. if the size of     is larger than the number of observed samples.

p̂(x)
<latexit sha1_base64="WuomrVIUXCQLc6cPGeCP/1qzsJk=">AAAB8HicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY8CKeKtgPaUPZbDft0t0k7E7EEvorvHhQxKs/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh00Tp5rxBotlrNsBNVyKiDdQoOTtRHOqAslbweh6Wm89cm1EHN3jOOG+ooNIhIJRtNZDd0iRJJWns16p7FbdmcgyeDmUIVe9V/rq9mOWKh4hk9SYjucm6GdUo2CST4rd1PCEshEd8I7FiCpu/Gy28IScWqdPwljbFyGZub8nMqqMGavAdiqKQ7NYm5r/1Tophld+JqIkRR6x+UdhKgnGZHo96QvNGcqxBcq0sLsSNqSaMrQZFW0I3uLJy9A8r3qW7y7Ktds8jgIcwwlUwINLqMEN1KEBDBQ8wyu8Odp5cd6dj3nripPPHMEfOZ8/3giPzg==</latexit><latexit sha1_base64="WuomrVIUXCQLc6cPGeCP/1qzsJk=">AAAB8HicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY8CKeKtgPaUPZbDft0t0k7E7EEvorvHhQxKs/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh00Tp5rxBotlrNsBNVyKiDdQoOTtRHOqAslbweh6Wm89cm1EHN3jOOG+ooNIhIJRtNZDd0iRJJWns16p7FbdmcgyeDmUIVe9V/rq9mOWKh4hk9SYjucm6GdUo2CST4rd1PCEshEd8I7FiCpu/Gy28IScWqdPwljbFyGZub8nMqqMGavAdiqKQ7NYm5r/1Tophld+JqIkRR6x+UdhKgnGZHo96QvNGcqxBcq0sLsSNqSaMrQZFW0I3uLJy9A8r3qW7y7Ktds8jgIcwwlUwINLqMEN1KEBDBQ8wyu8Odp5cd6dj3nripPPHMEfOZ8/3giPzg==</latexit><latexit sha1_base64="WuomrVIUXCQLc6cPGeCP/1qzsJk=">AAAB8HicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY8CKeKtgPaUPZbDft0t0k7E7EEvorvHhQxKs/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh00Tp5rxBotlrNsBNVyKiDdQoOTtRHOqAslbweh6Wm89cm1EHN3jOOG+ooNIhIJRtNZDd0iRJJWns16p7FbdmcgyeDmUIVe9V/rq9mOWKh4hk9SYjucm6GdUo2CST4rd1PCEshEd8I7FiCpu/Gy28IScWqdPwljbFyGZub8nMqqMGavAdiqKQ7NYm5r/1Tophld+JqIkRR6x+UdhKgnGZHo96QvNGcqxBcq0sLsSNqSaMrQZFW0I3uLJy9A8r3qW7y7Ktds8jgIcwwlUwINLqMEN1KEBDBQ8wyu8Odp5cd6dj3nripPPHMEfOZ8/3giPzg==</latexit><latexit sha1_base64="WuomrVIUXCQLc6cPGeCP/1qzsJk=">AAAB8HicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY8CKeKtgPaUPZbDft0t0k7E7EEvorvHhQxKs/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh00Tp5rxBotlrNsBNVyKiDdQoOTtRHOqAslbweh6Wm89cm1EHN3jOOG+ooNIhIJRtNZDd0iRJJWns16p7FbdmcgyeDmUIVe9V/rq9mOWKh4hk9SYjucm6GdUo2CST4rd1PCEshEd8I7FiCpu/Gy28IScWqdPwljbFyGZub8nMqqMGavAdiqKQ7NYm5r/1Tophld+JqIkRR6x+UdhKgnGZHo96QvNGcqxBcq0sLsSNqSaMrQZFW0I3uLJy9A8r3qW7y7Ktds8jgIcwwlUwINLqMEN1KEBDBQ8wyu8Odp5cd6dj3nripPPHMEfOZ8/3giPzg==</latexit>

p(x)
<latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit>

“d > n”
<latexit sha1_base64="fhREYf3QyCITypbrw6MbEeaU5xM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm9AiuCozIuhKCm7EVQV7gXZoM5lMG5rJjElGKENfwo0LRdz6Ou58G9N2Ftr6Q+DjP+eQc34/EVwbx/lGhbX1jc2t4nZpZ3dv/6B8eNTScaooa9JYxKrjE80El6xpuBGskyhGIl+wtj++mdXbT0xpHssHM0mYF5Gh5CGnxFirMxgE+BrLSr9cdWrOXHgV3ByqkKvRL3/1gpimEZOGCqJ113US42VEGU4Fm5Z6qWYJoWMyZF2LkkRMe9l83yk+tU6Aw1jZJw2eu78nMhJpPYl82xkRM9LLtZn5X62bmvDKy7hMUsMkXXwUpgKbGM+OxwFXjBoxsUCo4nZXTEdEEWpsRCUbgrt88iq0zmuu5fuLav0uj6MIJ1CBM3DhEupwCw1oAgUBz/AKb+gRvaB39LFoLaB85hj+CH3+AJHpjwQ=</latexit><latexit sha1_base64="fhREYf3QyCITypbrw6MbEeaU5xM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm9AiuCozIuhKCm7EVQV7gXZoM5lMG5rJjElGKENfwo0LRdz6Ou58G9N2Ftr6Q+DjP+eQc34/EVwbx/lGhbX1jc2t4nZpZ3dv/6B8eNTScaooa9JYxKrjE80El6xpuBGskyhGIl+wtj++mdXbT0xpHssHM0mYF5Gh5CGnxFirMxgE+BrLSr9cdWrOXHgV3ByqkKvRL3/1gpimEZOGCqJ113US42VEGU4Fm5Z6qWYJoWMyZF2LkkRMe9l83yk+tU6Aw1jZJw2eu78nMhJpPYl82xkRM9LLtZn5X62bmvDKy7hMUsMkXXwUpgKbGM+OxwFXjBoxsUCo4nZXTEdEEWpsRCUbgrt88iq0zmuu5fuLav0uj6MIJ1CBM3DhEupwCw1oAgUBz/AKb+gRvaB39LFoLaB85hj+CH3+AJHpjwQ=</latexit><latexit sha1_base64="fhREYf3QyCITypbrw6MbEeaU5xM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm9AiuCozIuhKCm7EVQV7gXZoM5lMG5rJjElGKENfwo0LRdz6Ou58G9N2Ftr6Q+DjP+eQc34/EVwbx/lGhbX1jc2t4nZpZ3dv/6B8eNTScaooa9JYxKrjE80El6xpuBGskyhGIl+wtj++mdXbT0xpHssHM0mYF5Gh5CGnxFirMxgE+BrLSr9cdWrOXHgV3ByqkKvRL3/1gpimEZOGCqJ113US42VEGU4Fm5Z6qWYJoWMyZF2LkkRMe9l83yk+tU6Aw1jZJw2eu78nMhJpPYl82xkRM9LLtZn5X62bmvDKy7hMUsMkXXwUpgKbGM+OxwFXjBoxsUCo4nZXTEdEEWpsRCUbgrt88iq0zmuu5fuLav0uj6MIJ1CBM3DhEupwCw1oAgUBz/AKb+gRvaB39LFoLaB85hj+CH3+AJHpjwQ=</latexit><latexit sha1_base64="fhREYf3QyCITypbrw6MbEeaU5xM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm9AiuCozIuhKCm7EVQV7gXZoM5lMG5rJjElGKENfwo0LRdz6Ou58G9N2Ftr6Q+DjP+eQc34/EVwbx/lGhbX1jc2t4nZpZ3dv/6B8eNTScaooa9JYxKrjE80El6xpuBGskyhGIl+wtj++mdXbT0xpHssHM0mYF5Gh5CGnxFirMxgE+BrLSr9cdWrOXHgV3ByqkKvRL3/1gpimEZOGCqJ113US42VEGU4Fm5Z6qWYJoWMyZF2LkkRMe9l83yk+tU6Aw1jZJw2eu78nMhJpPYl82xkRM9LLtZn5X62bmvDKy7hMUsMkXXwUpgKbGM+OxwFXjBoxsUCo4nZXTEdEEWpsRCUbgrt88iq0zmuu5fuLav0uj6MIJ1CBM3DhEupwCw1oAgUBz/AKb+gRvaB39LFoLaB85hj+CH3+AJHpjwQ=</latexit>

X<latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit>

⇡̂x =
1

n

nX

i=1

1xi=x.
<latexit sha1_base64="XFwsHY+2kpaLyeywiWMLv5vPjdg="></latexit><latexit sha1_base64="XFwsHY+2kpaLyeywiWMLv5vPjdg="></latexit><latexit sha1_base64="XFwsHY+2kpaLyeywiWMLv5vPjdg="></latexit><latexit sha1_base64="XFwsHY+2kpaLyeywiWMLv5vPjdg="></latexit>



Continuous Modeling

CSE 599I: Generative Models University of WashingtonLecture 1

• Given finite samples                        from a continuous distribution 


• Estimate the probability of each element of    ?


• Using the MLE?

x1, . . . , xn ⇠ p
<latexit sha1_base64="sHutXi237a5jqKGi7cR0t69SFyY=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsgotSZkTQZcFNlxXsBdphyKSZNjSTGZKMtA7FV3HjQhG3voc738a0nYW2Hgh8/P85yckfJJwp7TjfVmFtfWNzq7hd2tnd2z+wD49aKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GtzO//UClYrG415OEehEeCBYygrWRfPtk7LuVXj/WqjL2BeopFqHEt8tO1ZkXWgU3hzLk1fDtL3MFSSMqNOFYqa7rJNrLsNSMcDot9VJFE0xGeEC7BgWOqPKy+fZTdG6UPgpjaY7QaK7+nshwpNQkCkxnhPVQLXsz8T+vm+rwxsuYSFJNBVk8FKYc6RjNokB9JinRfGIAE8nMrogMscREm8BKJgR3+cur0Lqsuobvrsq1eh5HEU7hDC7AhWuoQR0a0AQCj/AMr/BmPVkv1rv1sWgtWPnMMfwp6/MHYLuUiQ==</latexit><latexit sha1_base64="sHutXi237a5jqKGi7cR0t69SFyY=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsgotSZkTQZcFNlxXsBdphyKSZNjSTGZKMtA7FV3HjQhG3voc738a0nYW2Hgh8/P85yckfJJwp7TjfVmFtfWNzq7hd2tnd2z+wD49aKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GtzO//UClYrG415OEehEeCBYygrWRfPtk7LuVXj/WqjL2BeopFqHEt8tO1ZkXWgU3hzLk1fDtL3MFSSMqNOFYqa7rJNrLsNSMcDot9VJFE0xGeEC7BgWOqPKy+fZTdG6UPgpjaY7QaK7+nshwpNQkCkxnhPVQLXsz8T+vm+rwxsuYSFJNBVk8FKYc6RjNokB9JinRfGIAE8nMrogMscREm8BKJgR3+cur0Lqsuobvrsq1eh5HEU7hDC7AhWuoQR0a0AQCj/AMr/BmPVkv1rv1sWgtWPnMMfwp6/MHYLuUiQ==</latexit><latexit sha1_base64="sHutXi237a5jqKGi7cR0t69SFyY=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsgotSZkTQZcFNlxXsBdphyKSZNjSTGZKMtA7FV3HjQhG3voc738a0nYW2Hgh8/P85yckfJJwp7TjfVmFtfWNzq7hd2tnd2z+wD49aKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GtzO//UClYrG415OEehEeCBYygrWRfPtk7LuVXj/WqjL2BeopFqHEt8tO1ZkXWgU3hzLk1fDtL3MFSSMqNOFYqa7rJNrLsNSMcDot9VJFE0xGeEC7BgWOqPKy+fZTdG6UPgpjaY7QaK7+nshwpNQkCkxnhPVQLXsz8T+vm+rwxsuYSFJNBVk8FKYc6RjNokB9JinRfGIAE8nMrogMscREm8BKJgR3+cur0Lqsuobvrsq1eh5HEU7hDC7AhWuoQR0a0AQCj/AMr/BmPVkv1rv1sWgtWPnMMfwp6/MHYLuUiQ==</latexit><latexit sha1_base64="sHutXi237a5jqKGi7cR0t69SFyY=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsgotSZkTQZcFNlxXsBdphyKSZNjSTGZKMtA7FV3HjQhG3voc738a0nYW2Hgh8/P85yckfJJwp7TjfVmFtfWNzq7hd2tnd2z+wD49aKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5GtzO//UClYrG415OEehEeCBYygrWRfPtk7LuVXj/WqjL2BeopFqHEt8tO1ZkXWgU3hzLk1fDtL3MFSSMqNOFYqa7rJNrLsNSMcDot9VJFE0xGeEC7BgWOqPKy+fZTdG6UPgpjaY7QaK7+nshwpNQkCkxnhPVQLXsz8T+vm+rwxsuYSFJNBVk8FKYc6RjNokB9JinRfGIAE8nMrogMscREm8BKJgR3+cur0Lqsuobvrsq1eh5HEU7hDC7AhWuoQR0a0AQCj/AMr/BmPVkv1rv1sWgtWPnMMfwp6/MHYLuUiQ==</latexit>

X<latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit><latexit sha1_base64="p1VwIcWWperjIiohbPjNoyvSeP8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0GPBi3iqYGshDWWz3bRLN7th90UooT/DiwdFvPprvPlv3LQ5aOvAwjDzHjtvolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbgr/8Ylpw5V8wGnKwoSMJI85JWiloJ8QHFMi8t5sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOPrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt9fNlp3ZR1VOIFTOAcfrqAFt9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifP5WrkXY=</latexit>

p̂(x) =

(
1
n if x 2 {x1, . . . , xn},
0 otherwise.

<latexit sha1_base64="l3SBGHwvNaW/+mNpoZFFfDBzUao="></latexit><latexit sha1_base64="l3SBGHwvNaW/+mNpoZFFfDBzUao="></latexit><latexit sha1_base64="l3SBGHwvNaW/+mNpoZFFfDBzUao="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="3+ORFdh+G4booPkokmmGh7Jz6zA="></latexit><latexit sha1_base64="3+ORFdh+G4booPkokmmGh7Jz6zA="></latexit><latexit sha1_base64="ZG9INygWT0NU9/Nns64zyJqeGds="></latexit><latexit sha1_base64="l3SBGHwvNaW/+mNpoZFFfDBzUao="></latexit><latexit sha1_base64="l3SBGHwvNaW/+mNpoZFFfDBzUao="></latexit><latexit sha1_base64="l3SBGHwvNaW/+mNpoZFFfDBzUao="></latexit><latexit sha1_base64="l3SBGHwvNaW/+mNpoZFFfDBzUao="></latexit><latexit sha1_base64="l3SBGHwvNaW/+mNpoZFFfDBzUao="></latexit><latexit sha1_base64="l3SBGHwvNaW/+mNpoZFFfDBzUao="></latexit>

p(x).
<latexit sha1_base64="PgyPHUXXDI8CV8Ds2g+TmPbx7U8=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJFqJeyK4IeC17EUwW3LbRLyaazbWg2uyRZsZT+Bi8eFPHqD/LmvzFt96CtLwQe3pkhM2+YCq6N6347hbX1jc2t4nZpZ3dv/6B8eNTUSaYY+iwRiWqHVKPgEn3DjcB2qpDGocBWOLqZ1VuPqDRP5IMZpxjEdCB5xBk11vLT6tN5rVeuuDV3LrIKXg4VyNXolb+6/YRlMUrDBNW647mpCSZUGc4ETkvdTGNK2YgOsGNR0hh1MJkvOyVn1umTKFH2SUPm7u+JCY21Hseh7YypGerl2sz8r9bJTHQdTLhMM4OSLT6KMkFMQmaXkz5XyIwYW6BMcbsrYUOqKDM2n5INwVs+eRWaFzXP8v1lpX6Xx1GEEziFKnhwBXW4hQb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+yPn8Aenqjhs=</latexit><latexit sha1_base64="PgyPHUXXDI8CV8Ds2g+TmPbx7U8=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJFqJeyK4IeC17EUwW3LbRLyaazbWg2uyRZsZT+Bi8eFPHqD/LmvzFt96CtLwQe3pkhM2+YCq6N6347hbX1jc2t4nZpZ3dv/6B8eNTUSaYY+iwRiWqHVKPgEn3DjcB2qpDGocBWOLqZ1VuPqDRP5IMZpxjEdCB5xBk11vLT6tN5rVeuuDV3LrIKXg4VyNXolb+6/YRlMUrDBNW647mpCSZUGc4ETkvdTGNK2YgOsGNR0hh1MJkvOyVn1umTKFH2SUPm7u+JCY21Hseh7YypGerl2sz8r9bJTHQdTLhMM4OSLT6KMkFMQmaXkz5XyIwYW6BMcbsrYUOqKDM2n5INwVs+eRWaFzXP8v1lpX6Xx1GEEziFKnhwBXW4hQb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+yPn8Aenqjhs=</latexit><latexit sha1_base64="PgyPHUXXDI8CV8Ds2g+TmPbx7U8=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJFqJeyK4IeC17EUwW3LbRLyaazbWg2uyRZsZT+Bi8eFPHqD/LmvzFt96CtLwQe3pkhM2+YCq6N6347hbX1jc2t4nZpZ3dv/6B8eNTUSaYY+iwRiWqHVKPgEn3DjcB2qpDGocBWOLqZ1VuPqDRP5IMZpxjEdCB5xBk11vLT6tN5rVeuuDV3LrIKXg4VyNXolb+6/YRlMUrDBNW647mpCSZUGc4ETkvdTGNK2YgOsGNR0hh1MJkvOyVn1umTKFH2SUPm7u+JCY21Hseh7YypGerl2sz8r9bJTHQdTLhMM4OSLT6KMkFMQmaXkz5XyIwYW6BMcbsrYUOqKDM2n5INwVs+eRWaFzXP8v1lpX6Xx1GEEziFKnhwBXW4hQb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+yPn8Aenqjhs=</latexit><latexit sha1_base64="PgyPHUXXDI8CV8Ds2g+TmPbx7U8=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJFqJeyK4IeC17EUwW3LbRLyaazbWg2uyRZsZT+Bi8eFPHqD/LmvzFt96CtLwQe3pkhM2+YCq6N6347hbX1jc2t4nZpZ3dv/6B8eNTUSaYY+iwRiWqHVKPgEn3DjcB2qpDGocBWOLqZ1VuPqDRP5IMZpxjEdCB5xBk11vLT6tN5rVeuuDV3LrIKXg4VyNXolb+6/YRlMUrDBNW647mpCSZUGc4ETkvdTGNK2YgOsGNR0hh1MJkvOyVn1umTKFH2SUPm7u+JCY21Hseh7YypGerl2sz8r9bJTHQdTLhMM4OSLT6KMkFMQmaXkz5XyIwYW6BMcbsrYUOqKDM2n5INwVs+eRWaFzXP8v1lpX6Xx1GEEziFKnhwBXW4hQb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+yPn8Aenqjhs=</latexit>



Parametric Estimation

CSE 599I: Generative Models University of WashingtonLecture 1

• For example, learning a Gaussian.


• Restricting to a parametric family of functions regularizes the problem.


• But we want to learn expressive distributions…


• Parameterize with an expressive family: neural nets!



Maximize the Likelihood?

CSE 599I: Generative Models University of Washington

• Use a neural network to parameterize                   .                    


• Optimize    so the pushforward distribution           approximates        . 


• How do we optimize? Maximize the likelihood?


• How do we compute         ?

sup
✓

E
x⇠p

log p✓(x) ⇡ sup
✓

1

n

nX

i=1

log p✓(xi).
<latexit sha1_base64="4OhiY2BNOInQOUJpVuWTqnaEyWA="></latexit><latexit sha1_base64="4OhiY2BNOInQOUJpVuWTqnaEyWA="></latexit><latexit sha1_base64="4OhiY2BNOInQOUJpVuWTqnaEyWA="></latexit><latexit sha1_base64="4OhiY2BNOInQOUJpVuWTqnaEyWA="></latexit>

Lecture 1

g✓ : Z ! X
<latexit sha1_base64="z5rGrFbjb6mvv7nZAXuv2RLDnp4=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiKC4qrgpssK9oFNCJPppB06eTBzI5SQP3Djr7hxoYhbt+78GydtQG09MHDmnHu59x4/EVyBZX0ZS8srq2vrlY3q5tb2zq65t99RcSopa9NYxLLnE8UEj1gbOAjWSyQjoS9Y1x9fF373nknF4+gWJglzQzKMeMApAS155snQc2DEgOAr7IQERpSI7C7HDsQ//17umTWrbk2BF4ldkhoq0fLMT2cQ0zRkEVBBlOrbVgJuRiRwKlhedVLFEkLHZMj6mkYkZMrNpvfk+FgrAxzEUr8I8FT93ZGRUKlJ6OvKYkU17xXif14/heDSzXiUpMAiOhsUpALrY4tw8IBLRkFMNCFUcr0rpiMiCQUdYVWHYM+fvEg6Z3Vb85vzWqNZxlFBh+gInSIbXaAGaqIWaiOKHtATekGvxqPxbLwZ77PSJaPsOUB/YHx8A6ECnGw=</latexit><latexit sha1_base64="z5rGrFbjb6mvv7nZAXuv2RLDnp4=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiKC4qrgpssK9oFNCJPppB06eTBzI5SQP3Djr7hxoYhbt+78GydtQG09MHDmnHu59x4/EVyBZX0ZS8srq2vrlY3q5tb2zq65t99RcSopa9NYxLLnE8UEj1gbOAjWSyQjoS9Y1x9fF373nknF4+gWJglzQzKMeMApAS155snQc2DEgOAr7IQERpSI7C7HDsQ//17umTWrbk2BF4ldkhoq0fLMT2cQ0zRkEVBBlOrbVgJuRiRwKlhedVLFEkLHZMj6mkYkZMrNpvfk+FgrAxzEUr8I8FT93ZGRUKlJ6OvKYkU17xXif14/heDSzXiUpMAiOhsUpALrY4tw8IBLRkFMNCFUcr0rpiMiCQUdYVWHYM+fvEg6Z3Vb85vzWqNZxlFBh+gInSIbXaAGaqIWaiOKHtATekGvxqPxbLwZ77PSJaPsOUB/YHx8A6ECnGw=</latexit><latexit sha1_base64="z5rGrFbjb6mvv7nZAXuv2RLDnp4=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiKC4qrgpssK9oFNCJPppB06eTBzI5SQP3Djr7hxoYhbt+78GydtQG09MHDmnHu59x4/EVyBZX0ZS8srq2vrlY3q5tb2zq65t99RcSopa9NYxLLnE8UEj1gbOAjWSyQjoS9Y1x9fF373nknF4+gWJglzQzKMeMApAS155snQc2DEgOAr7IQERpSI7C7HDsQ//17umTWrbk2BF4ldkhoq0fLMT2cQ0zRkEVBBlOrbVgJuRiRwKlhedVLFEkLHZMj6mkYkZMrNpvfk+FgrAxzEUr8I8FT93ZGRUKlJ6OvKYkU17xXif14/heDSzXiUpMAiOhsUpALrY4tw8IBLRkFMNCFUcr0rpiMiCQUdYVWHYM+fvEg6Z3Vb85vzWqNZxlFBh+gInSIbXaAGaqIWaiOKHtATekGvxqPxbLwZ77PSJaPsOUB/YHx8A6ECnGw=</latexit><latexit sha1_base64="z5rGrFbjb6mvv7nZAXuv2RLDnp4=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiKC4qrgpssK9oFNCJPppB06eTBzI5SQP3Djr7hxoYhbt+78GydtQG09MHDmnHu59x4/EVyBZX0ZS8srq2vrlY3q5tb2zq65t99RcSopa9NYxLLnE8UEj1gbOAjWSyQjoS9Y1x9fF373nknF4+gWJglzQzKMeMApAS155snQc2DEgOAr7IQERpSI7C7HDsQ//17umTWrbk2BF4ldkhoq0fLMT2cQ0zRkEVBBlOrbVgJuRiRwKlhedVLFEkLHZMj6mkYkZMrNpvfk+FgrAxzEUr8I8FT93ZGRUKlJ6OvKYkU17xXif14/heDSzXiUpMAiOhsUpALrY4tw8IBLRkFMNCFUcr0rpiMiCQUdYVWHYM+fvEg6Z3Vb85vzWqNZxlFBh+gInSIbXaAGaqIWaiOKHtATekGvxqPxbLwZ77PSJaPsOUB/YHx8A6ECnGw=</latexit>

✓
<latexit sha1_base64="cLBiud5ElXGINRP61zyzl+5QNOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYt4qmA/oF1KNk3b2GyyJLNCWfofvHhQxKv/x5v/xrTdg7a+EHh4Z4bMvFEihUXf//YKa+sbm1vF7dLO7t7+QfnwqGl1ahhvMC21aUfUcikUb6BAyduJ4TSOJG9F45tZvfXEjRVaPeAk4WFMh0oMBKPorGYXRxxpr1zxq/5cZBWCHCqQq94rf3X7mqUxV8gktbYT+AmGGTUomOTTUje1PKFsTIe841DRmNswm287JWfO6ZOBNu4pJHP390RGY2snceQ6Y4oju1ybmf/VOikOrsNMqCRFrtjio0EqCWoyO530heEM5cQBZUa4XQkbUUMZuoBKLoRg+eRVaF5UA8f3l5XaXR5HEU7gFM4hgCuowS3UoQEMHuEZXuHN096L9+59LFoLXj5zDH/kff4ApmGPMA==</latexit><latexit sha1_base64="cLBiud5ElXGINRP61zyzl+5QNOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYt4qmA/oF1KNk3b2GyyJLNCWfofvHhQxKv/x5v/xrTdg7a+EHh4Z4bMvFEihUXf//YKa+sbm1vF7dLO7t7+QfnwqGl1ahhvMC21aUfUcikUb6BAyduJ4TSOJG9F45tZvfXEjRVaPeAk4WFMh0oMBKPorGYXRxxpr1zxq/5cZBWCHCqQq94rf3X7mqUxV8gktbYT+AmGGTUomOTTUje1PKFsTIe841DRmNswm287JWfO6ZOBNu4pJHP390RGY2snceQ6Y4oju1ybmf/VOikOrsNMqCRFrtjio0EqCWoyO530heEM5cQBZUa4XQkbUUMZuoBKLoRg+eRVaF5UA8f3l5XaXR5HEU7gFM4hgCuowS3UoQEMHuEZXuHN096L9+59LFoLXj5zDH/kff4ApmGPMA==</latexit><latexit sha1_base64="cLBiud5ElXGINRP61zyzl+5QNOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYt4qmA/oF1KNk3b2GyyJLNCWfofvHhQxKv/x5v/xrTdg7a+EHh4Z4bMvFEihUXf//YKa+sbm1vF7dLO7t7+QfnwqGl1ahhvMC21aUfUcikUb6BAyduJ4TSOJG9F45tZvfXEjRVaPeAk4WFMh0oMBKPorGYXRxxpr1zxq/5cZBWCHCqQq94rf3X7mqUxV8gktbYT+AmGGTUomOTTUje1PKFsTIe841DRmNswm287JWfO6ZOBNu4pJHP390RGY2snceQ6Y4oju1ybmf/VOikOrsNMqCRFrtjio0EqCWoyO530heEM5cQBZUa4XQkbUUMZuoBKLoRg+eRVaF5UA8f3l5XaXR5HEU7gFM4hgCuowS3UoQEMHuEZXuHN096L9+59LFoLXj5zDH/kff4ApmGPMA==</latexit><latexit sha1_base64="cLBiud5ElXGINRP61zyzl+5QNOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYt4qmA/oF1KNk3b2GyyJLNCWfofvHhQxKv/x5v/xrTdg7a+EHh4Z4bMvFEihUXf//YKa+sbm1vF7dLO7t7+QfnwqGl1ahhvMC21aUfUcikUb6BAyduJ4TSOJG9F45tZvfXEjRVaPeAk4WFMh0oMBKPorGYXRxxpr1zxq/5cZBWCHCqQq94rf3X7mqUxV8gktbYT+AmGGTUomOTTUje1PKFsTIe841DRmNswm287JWfO6ZOBNu4pJHP390RGY2snceQ6Y4oju1ybmf/VOikOrsNMqCRFrtjio0EqCWoyO530heEM5cQBZUa4XQkbUUMZuoBKLoRg+eRVaF5UA8f3l5XaXR5HEU7gFM4hgCuowS3UoQEMHuEZXuHN096L9+59LFoLXj5zDH/kff4ApmGPMA==</latexit>

p✓(x)
<latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit><latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit><latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit><latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit>

p(x)
<latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit>

p✓(x)
<latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit><latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit><latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit><latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit>



Calculating the Likelihood?

CSE 599I: Generative Models University of Washington

• How do we compute           defined by pushforward                   ? 

Lecture 1

p✓(x)
<latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit><latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit><latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit><latexit sha1_base64="4wvVJDUMns+Cpw3HhJZl69eqS2Y=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghfxVMF+QBvKZrtpl242YXciltCf4cWDIl79Nd78N27bHLT1hYWHd2bYmTdIpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse4E1HApFG+iQMk7ieY0CiRvB+ObWb39yLURsXrAScL9iA6VCAWjaK1u0u/hiCOtPp33yxW35s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn85Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz+8lAaM5QTixQpoXdlbAR1ZShTalkQ/CWT16F1kXNs3x/Wanf5XEU4QROoQoeXEEdbqEBTWAQwzO8wpuDzovz7nwsWgtOPnMMf+R8/gDZfZD6</latexit>

g✓ : Z ! X
<latexit sha1_base64="z5rGrFbjb6mvv7nZAXuv2RLDnp4=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiKC4qrgpssK9oFNCJPppB06eTBzI5SQP3Djr7hxoYhbt+78GydtQG09MHDmnHu59x4/EVyBZX0ZS8srq2vrlY3q5tb2zq65t99RcSopa9NYxLLnE8UEj1gbOAjWSyQjoS9Y1x9fF373nknF4+gWJglzQzKMeMApAS155snQc2DEgOAr7IQERpSI7C7HDsQ//17umTWrbk2BF4ldkhoq0fLMT2cQ0zRkEVBBlOrbVgJuRiRwKlhedVLFEkLHZMj6mkYkZMrNpvfk+FgrAxzEUr8I8FT93ZGRUKlJ6OvKYkU17xXif14/heDSzXiUpMAiOhsUpALrY4tw8IBLRkFMNCFUcr0rpiMiCQUdYVWHYM+fvEg6Z3Vb85vzWqNZxlFBh+gInSIbXaAGaqIWaiOKHtATekGvxqPxbLwZ77PSJaPsOUB/YHx8A6ECnGw=</latexit><latexit sha1_base64="z5rGrFbjb6mvv7nZAXuv2RLDnp4=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiKC4qrgpssK9oFNCJPppB06eTBzI5SQP3Djr7hxoYhbt+78GydtQG09MHDmnHu59x4/EVyBZX0ZS8srq2vrlY3q5tb2zq65t99RcSopa9NYxLLnE8UEj1gbOAjWSyQjoS9Y1x9fF373nknF4+gWJglzQzKMeMApAS155snQc2DEgOAr7IQERpSI7C7HDsQ//17umTWrbk2BF4ldkhoq0fLMT2cQ0zRkEVBBlOrbVgJuRiRwKlhedVLFEkLHZMj6mkYkZMrNpvfk+FgrAxzEUr8I8FT93ZGRUKlJ6OvKYkU17xXif14/heDSzXiUpMAiOhsUpALrY4tw8IBLRkFMNCFUcr0rpiMiCQUdYVWHYM+fvEg6Z3Vb85vzWqNZxlFBh+gInSIbXaAGaqIWaiOKHtATekGvxqPxbLwZ77PSJaPsOUB/YHx8A6ECnGw=</latexit><latexit sha1_base64="z5rGrFbjb6mvv7nZAXuv2RLDnp4=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiKC4qrgpssK9oFNCJPppB06eTBzI5SQP3Djr7hxoYhbt+78GydtQG09MHDmnHu59x4/EVyBZX0ZS8srq2vrlY3q5tb2zq65t99RcSopa9NYxLLnE8UEj1gbOAjWSyQjoS9Y1x9fF373nknF4+gWJglzQzKMeMApAS155snQc2DEgOAr7IQERpSI7C7HDsQ//17umTWrbk2BF4ldkhoq0fLMT2cQ0zRkEVBBlOrbVgJuRiRwKlhedVLFEkLHZMj6mkYkZMrNpvfk+FgrAxzEUr8I8FT93ZGRUKlJ6OvKYkU17xXif14/heDSzXiUpMAiOhsUpALrY4tw8IBLRkFMNCFUcr0rpiMiCQUdYVWHYM+fvEg6Z3Vb85vzWqNZxlFBh+gInSIbXaAGaqIWaiOKHtATekGvxqPxbLwZ77PSJaPsOUB/YHx8A6ECnGw=</latexit><latexit sha1_base64="z5rGrFbjb6mvv7nZAXuv2RLDnp4=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiKC4qrgpssK9oFNCJPppB06eTBzI5SQP3Djr7hxoYhbt+78GydtQG09MHDmnHu59x4/EVyBZX0ZS8srq2vrlY3q5tb2zq65t99RcSopa9NYxLLnE8UEj1gbOAjWSyQjoS9Y1x9fF373nknF4+gWJglzQzKMeMApAS155snQc2DEgOAr7IQERpSI7C7HDsQ//17umTWrbk2BF4ldkhoq0fLMT2cQ0zRkEVBBlOrbVgJuRiRwKlhedVLFEkLHZMj6mkYkZMrNpvfk+FgrAxzEUr8I8FT93ZGRUKlJ6OvKYkU17xXif14/heDSzXiUpMAiOhsUpALrY4tw8IBLRkFMNCFUcr0rpiMiCQUdYVWHYM+fvEg6Z3Vb85vzWqNZxlFBh+gInSIbXaAGaqIWaiOKHtATekGvxqPxbLwZ77PSJaPsOUB/YHx8A6ECnGw=</latexit>

Pr(A) = Pr(g�1(A)) =

Z

g�1(A)
q(z) dz =

Z

A
q(g�1(x))|rxg

�1(x)| dx.
<latexit sha1_base64="sFTxpSY4Pli3U9GAaXQXMplB/18="></latexit><latexit sha1_base64="sFTxpSY4Pli3U9GAaXQXMplB/18="></latexit><latexit sha1_base64="sFTxpSY4Pli3U9GAaXQXMplB/18="></latexit><latexit sha1_base64="sFTxpSY4Pli3U9GAaXQXMplB/18="></latexit>

• So the density is given by p✓(x) = q(g�1
✓ (x))|rxg

�1
✓ (x)|.

<latexit sha1_base64="6tro1M3cALDfJBS4e8oGBZCYJok=">AAACJnicbZDLSgMxFIYz3q23qks3wSLUhWVGBN0IghtxpWAv0NbhTJq2wUxmTM6IZezTuPFV3LioiLjzUUzbWWjrgcCX/z+H5PxBLIVB1/1yZmbn5hcWl5ZzK6tr6xv5za2KiRLNeJlFMtK1AAyXQvEyCpS8FmsOYSB5Nbg7H/rVB66NiNQN9mLeDKGjRFswQCv5+dPYb2CXIxQf9+kpvS92svtteuD1rbj/1FAQSPAf6aT1VPLzBbfkjopOg5dBgWR15ecHjVbEkpArZBKMqXtujM0UNAomeT/XSAyPgd1Bh9ctKgi5aaajNft0zyot2o60PQrpSP09kUJoTC8MbGcI2DWT3lD8z6sn2D5ppkLFCXLFxg+1E0kxosPMaEtozlD2LADTwv6Vsi5oYGiTzdkQvMmVp6FyWPIsXx8Vzi6zOJbIDtklReKRY3JGLsgVKRNGnskrGZB358V5cz6cz3HrjJPNbJM/5Xz/APVKpD8=</latexit><latexit sha1_base64="6tro1M3cALDfJBS4e8oGBZCYJok=">AAACJnicbZDLSgMxFIYz3q23qks3wSLUhWVGBN0IghtxpWAv0NbhTJq2wUxmTM6IZezTuPFV3LioiLjzUUzbWWjrgcCX/z+H5PxBLIVB1/1yZmbn5hcWl5ZzK6tr6xv5za2KiRLNeJlFMtK1AAyXQvEyCpS8FmsOYSB5Nbg7H/rVB66NiNQN9mLeDKGjRFswQCv5+dPYb2CXIxQf9+kpvS92svtteuD1rbj/1FAQSPAf6aT1VPLzBbfkjopOg5dBgWR15ecHjVbEkpArZBKMqXtujM0UNAomeT/XSAyPgd1Bh9ctKgi5aaajNft0zyot2o60PQrpSP09kUJoTC8MbGcI2DWT3lD8z6sn2D5ppkLFCXLFxg+1E0kxosPMaEtozlD2LADTwv6Vsi5oYGiTzdkQvMmVp6FyWPIsXx8Vzi6zOJbIDtklReKRY3JGLsgVKRNGnskrGZB358V5cz6cz3HrjJPNbJM/5Xz/APVKpD8=</latexit><latexit sha1_base64="6tro1M3cALDfJBS4e8oGBZCYJok=">AAACJnicbZDLSgMxFIYz3q23qks3wSLUhWVGBN0IghtxpWAv0NbhTJq2wUxmTM6IZezTuPFV3LioiLjzUUzbWWjrgcCX/z+H5PxBLIVB1/1yZmbn5hcWl5ZzK6tr6xv5za2KiRLNeJlFMtK1AAyXQvEyCpS8FmsOYSB5Nbg7H/rVB66NiNQN9mLeDKGjRFswQCv5+dPYb2CXIxQf9+kpvS92svtteuD1rbj/1FAQSPAf6aT1VPLzBbfkjopOg5dBgWR15ecHjVbEkpArZBKMqXtujM0UNAomeT/XSAyPgd1Bh9ctKgi5aaajNft0zyot2o60PQrpSP09kUJoTC8MbGcI2DWT3lD8z6sn2D5ppkLFCXLFxg+1E0kxosPMaEtozlD2LADTwv6Vsi5oYGiTzdkQvMmVp6FyWPIsXx8Vzi6zOJbIDtklReKRY3JGLsgVKRNGnskrGZB358V5cz6cz3HrjJPNbJM/5Xz/APVKpD8=</latexit><latexit sha1_base64="6tro1M3cALDfJBS4e8oGBZCYJok=">AAACJnicbZDLSgMxFIYz3q23qks3wSLUhWVGBN0IghtxpWAv0NbhTJq2wUxmTM6IZezTuPFV3LioiLjzUUzbWWjrgcCX/z+H5PxBLIVB1/1yZmbn5hcWl5ZzK6tr6xv5za2KiRLNeJlFMtK1AAyXQvEyCpS8FmsOYSB5Nbg7H/rVB66NiNQN9mLeDKGjRFswQCv5+dPYb2CXIxQf9+kpvS92svtteuD1rbj/1FAQSPAf6aT1VPLzBbfkjopOg5dBgWR15ecHjVbEkpArZBKMqXtujM0UNAomeT/XSAyPgd1Bh9ctKgi5aaajNft0zyot2o60PQrpSP09kUJoTC8MbGcI2DWT3lD8z6sn2D5ppkLFCXLFxg+1E0kxosPMaEtozlD2LADTwv6Vsi5oYGiTzdkQvMmVp6FyWPIsXx8Vzi6zOJbIDtklReKRY3JGLsgVKRNGnskrGZB358V5cz6cz3HrjJPNbJM/5Xz/APVKpD8=</latexit>

• Uh oh.



Density Estimation

CSE 599I: Generative Models University of WashingtonLecture 1

• Approximating the function         is called the density estimation problem.


• Suppose we (somehow) optimize a generator     such that            .


• If we can compute             and                   then we have a density estimator.


• In many cases, generation (sampling) is easier than density estimation.

p(x)
<latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit><latexit sha1_base64="J3nFBlp9T6ZgrwZxafrxWw9N1Ps=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFtyIqwpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSc3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w174o4ynACp1AHD66gCbfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4Afg+N4w==</latexit>

g✓
<latexit sha1_base64="eMyjYF+H8dOeAftQmNNOAMk2i+w=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy4EZcRTAPSIbQ06lJmvQ87K4RQshPuHGhiFt/x51/YyeZhSZeaDjcqqKrbpAqach1v53C2vrG5lZxu7Szu7d/UD48apok0wIbIlGJbgfcoJIxNkiSwnaqkUeBwlYwupnVW0+ojUziBxqn6Ed8EMtQCk7Wag96XRoi8V654lbdudgqeDlUIFe9V/7q9hORRRiTUNyYjuem5E+4JikUTkvdzGDKxYgPsGMx5hEafzLfd8rOrNNnYaLti4nN3d8TEx4ZM44C2xlxGprl2sz8r9bJKLz2JzJOM8JYLD4KM8UoYbPjWV9qFKTGFrjQ0u7KxJBrLshGVLIheMsnr0LzoupZvr+s1O7yOIpwAqdwDh5cQQ1uoQ4NEKDgGV7hzXl0Xpx352PRWnDymWP4I+fzByGAkAo=</latexit><latexit sha1_base64="eMyjYF+H8dOeAftQmNNOAMk2i+w=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy4EZcRTAPSIbQ06lJmvQ87K4RQshPuHGhiFt/x51/YyeZhSZeaDjcqqKrbpAqach1v53C2vrG5lZxu7Szu7d/UD48apok0wIbIlGJbgfcoJIxNkiSwnaqkUeBwlYwupnVW0+ojUziBxqn6Ed8EMtQCk7Wag96XRoi8V654lbdudgqeDlUIFe9V/7q9hORRRiTUNyYjuem5E+4JikUTkvdzGDKxYgPsGMx5hEafzLfd8rOrNNnYaLti4nN3d8TEx4ZM44C2xlxGprl2sz8r9bJKLz2JzJOM8JYLD4KM8UoYbPjWV9qFKTGFrjQ0u7KxJBrLshGVLIheMsnr0LzoupZvr+s1O7yOIpwAqdwDh5cQQ1uoQ4NEKDgGV7hzXl0Xpx352PRWnDymWP4I+fzByGAkAo=</latexit><latexit sha1_base64="eMyjYF+H8dOeAftQmNNOAMk2i+w=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy4EZcRTAPSIbQ06lJmvQ87K4RQshPuHGhiFt/x51/YyeZhSZeaDjcqqKrbpAqach1v53C2vrG5lZxu7Szu7d/UD48apok0wIbIlGJbgfcoJIxNkiSwnaqkUeBwlYwupnVW0+ojUziBxqn6Ed8EMtQCk7Wag96XRoi8V654lbdudgqeDlUIFe9V/7q9hORRRiTUNyYjuem5E+4JikUTkvdzGDKxYgPsGMx5hEafzLfd8rOrNNnYaLti4nN3d8TEx4ZM44C2xlxGprl2sz8r9bJKLz2JzJOM8JYLD4KM8UoYbPjWV9qFKTGFrjQ0u7KxJBrLshGVLIheMsnr0LzoupZvr+s1O7yOIpwAqdwDh5cQQ1uoQ4NEKDgGV7hzXl0Xpx352PRWnDymWP4I+fzByGAkAo=</latexit><latexit sha1_base64="eMyjYF+H8dOeAftQmNNOAMk2i+w=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy4EZcRTAPSIbQ06lJmvQ87K4RQshPuHGhiFt/x51/YyeZhSZeaDjcqqKrbpAqach1v53C2vrG5lZxu7Szu7d/UD48apok0wIbIlGJbgfcoJIxNkiSwnaqkUeBwlYwupnVW0+ojUziBxqn6Ed8EMtQCk7Wag96XRoi8V654lbdudgqeDlUIFe9V/7q9hORRRiTUNyYjuem5E+4JikUTkvdzGDKxYgPsGMx5hEafzLfd8rOrNNnYaLti4nN3d8TEx4ZM44C2xlxGprl2sz8r9bJKLz2JzJOM8JYLD4KM8UoYbPjWV9qFKTGFrjQ0u7KxJBrLshGVLIheMsnr0LzoupZvr+s1O7yOIpwAqdwDh5cQQ1uoQ4NEKDgGV7hzXl0Xpx352PRWnDymWP4I+fzByGAkAo=</latexit>

p✓ ⇡ p
<latexit sha1_base64="+Jw01D8Tp0pTXOWCBSD29Cavx38=">AAAB+3icbZDLSgMxFIYz9VbrbaxLN8EiuCozIuiy4KbLCvYC7TBk0kwbmsmE5Iy0DH0VNy4UceuLuPNtTNtZaOsPgY//nMM5+SMluAHP+3ZKW9s7u3vl/crB4dHxiXta7Zg005S1aSpS3YuIYYJL1gYOgvWUZiSJBOtGk/tFvfvEtOGpfISZYkFCRpLHnBKwVuhWVTiAMQOCB0QpnU6xCt2aV/eWwpvgF1BDhVqh+zUYpjRLmAQqiDF931MQ5EQDp4LNK4PMMEXohIxY36IkCTNBvrx9ji+tM8Rxqu2TgJfu74mcJMbMksh2JgTGZr22MP+r9TOI74KcS5UBk3S1KM4EhhQvgsBDrhkFMbNAqOb2VkzHRBMKNq6KDcFf//ImdK7rvuWHm1qjWcRRRufoAl0hH92iBmqiFmojiqboGb2iN2fuvDjvzseqteQUM2foj5zPH9DQlEw=</latexit><latexit sha1_base64="+Jw01D8Tp0pTXOWCBSD29Cavx38=">AAAB+3icbZDLSgMxFIYz9VbrbaxLN8EiuCozIuiy4KbLCvYC7TBk0kwbmsmE5Iy0DH0VNy4UceuLuPNtTNtZaOsPgY//nMM5+SMluAHP+3ZKW9s7u3vl/crB4dHxiXta7Zg005S1aSpS3YuIYYJL1gYOgvWUZiSJBOtGk/tFvfvEtOGpfISZYkFCRpLHnBKwVuhWVTiAMQOCB0QpnU6xCt2aV/eWwpvgF1BDhVqh+zUYpjRLmAQqiDF931MQ5EQDp4LNK4PMMEXohIxY36IkCTNBvrx9ji+tM8Rxqu2TgJfu74mcJMbMksh2JgTGZr22MP+r9TOI74KcS5UBk3S1KM4EhhQvgsBDrhkFMbNAqOb2VkzHRBMKNq6KDcFf//ImdK7rvuWHm1qjWcRRRufoAl0hH92iBmqiFmojiqboGb2iN2fuvDjvzseqteQUM2foj5zPH9DQlEw=</latexit><latexit sha1_base64="+Jw01D8Tp0pTXOWCBSD29Cavx38=">AAAB+3icbZDLSgMxFIYz9VbrbaxLN8EiuCozIuiy4KbLCvYC7TBk0kwbmsmE5Iy0DH0VNy4UceuLuPNtTNtZaOsPgY//nMM5+SMluAHP+3ZKW9s7u3vl/crB4dHxiXta7Zg005S1aSpS3YuIYYJL1gYOgvWUZiSJBOtGk/tFvfvEtOGpfISZYkFCRpLHnBKwVuhWVTiAMQOCB0QpnU6xCt2aV/eWwpvgF1BDhVqh+zUYpjRLmAQqiDF931MQ5EQDp4LNK4PMMEXohIxY36IkCTNBvrx9ji+tM8Rxqu2TgJfu74mcJMbMksh2JgTGZr22MP+r9TOI74KcS5UBk3S1KM4EhhQvgsBDrhkFMbNAqOb2VkzHRBMKNq6KDcFf//ImdK7rvuWHm1qjWcRRRufoAl0hH92iBmqiFmojiqboGb2iN2fuvDjvzseqteQUM2foj5zPH9DQlEw=</latexit><latexit sha1_base64="+Jw01D8Tp0pTXOWCBSD29Cavx38=">AAAB+3icbZDLSgMxFIYz9VbrbaxLN8EiuCozIuiy4KbLCvYC7TBk0kwbmsmE5Iy0DH0VNy4UceuLuPNtTNtZaOsPgY//nMM5+SMluAHP+3ZKW9s7u3vl/crB4dHxiXta7Zg005S1aSpS3YuIYYJL1gYOgvWUZiSJBOtGk/tFvfvEtOGpfISZYkFCRpLHnBKwVuhWVTiAMQOCB0QpnU6xCt2aV/eWwpvgF1BDhVqh+zUYpjRLmAQqiDF931MQ5EQDp4LNK4PMMEXohIxY36IkCTNBvrx9ji+tM8Rxqu2TgJfu74mcJMbMksh2JgTGZr22MP+r9TOI74KcS5UBk3S1KM4EhhQvgsBDrhkFMbNAqOb2VkzHRBMKNq6KDcFf//ImdK7rvuWHm1qjWcRRRufoAl0hH92iBmqiFmojiqboGb2iN2fuvDjvzseqteQUM2foj5zPH9DQlEw=</latexit>

g�1
✓ (x)

<latexit sha1_base64="3CEl1PJ8r2kB1I+DLpl/Onjt+l4=">AAAB+XicbZDLSgNBEEVrfMb4GnXppjEIcWGYEUGXATfiKoJ5QDIOPZ1O0qTnQXdNMAz5EzcuFHHrn7jzb+wks9DECw2HW1VU9Q0SKTQ6zre1srq2vrFZ2Cpu7+zu7dsHhw0dp4rxOotlrFoB1VyKiNdRoOStRHEaBpI3g+HNtN4ccaVFHD3gOOFeSPuR6AlG0Vi+bff9Dg440sfs3J2Un858u+RUnJnIMrg5lCBXzbe/Ot2YpSGPkEmqddt1EvQyqlAwySfFTqp5QtmQ9nnbYERDrr1sdvmEnBqnS3qxMi9CMnN/T2Q01HocBqYzpDjQi7Wp+V+tnWLv2stElKTIIzZf1EslwZhMYyBdoThDOTZAmRLmVsIGVFGGJqyiCcFd/PIyNC4qruH7y1L1Lo+jAMdwAmVw4QqqcAs1qAODETzDK7xZmfVivVsf89YVK585gj+yPn8AqfOTCA==</latexit><latexit sha1_base64="3CEl1PJ8r2kB1I+DLpl/Onjt+l4=">AAAB+XicbZDLSgNBEEVrfMb4GnXppjEIcWGYEUGXATfiKoJ5QDIOPZ1O0qTnQXdNMAz5EzcuFHHrn7jzb+wks9DECw2HW1VU9Q0SKTQ6zre1srq2vrFZ2Cpu7+zu7dsHhw0dp4rxOotlrFoB1VyKiNdRoOStRHEaBpI3g+HNtN4ccaVFHD3gOOFeSPuR6AlG0Vi+bff9Dg440sfs3J2Un858u+RUnJnIMrg5lCBXzbe/Ot2YpSGPkEmqddt1EvQyqlAwySfFTqp5QtmQ9nnbYERDrr1sdvmEnBqnS3qxMi9CMnN/T2Q01HocBqYzpDjQi7Wp+V+tnWLv2stElKTIIzZf1EslwZhMYyBdoThDOTZAmRLmVsIGVFGGJqyiCcFd/PIyNC4qruH7y1L1Lo+jAMdwAmVw4QqqcAs1qAODETzDK7xZmfVivVsf89YVK585gj+yPn8AqfOTCA==</latexit><latexit sha1_base64="3CEl1PJ8r2kB1I+DLpl/Onjt+l4=">AAAB+XicbZDLSgNBEEVrfMb4GnXppjEIcWGYEUGXATfiKoJ5QDIOPZ1O0qTnQXdNMAz5EzcuFHHrn7jzb+wks9DECw2HW1VU9Q0SKTQ6zre1srq2vrFZ2Cpu7+zu7dsHhw0dp4rxOotlrFoB1VyKiNdRoOStRHEaBpI3g+HNtN4ccaVFHD3gOOFeSPuR6AlG0Vi+bff9Dg440sfs3J2Un858u+RUnJnIMrg5lCBXzbe/Ot2YpSGPkEmqddt1EvQyqlAwySfFTqp5QtmQ9nnbYERDrr1sdvmEnBqnS3qxMi9CMnN/T2Q01HocBqYzpDjQi7Wp+V+tnWLv2stElKTIIzZf1EslwZhMYyBdoThDOTZAmRLmVsIGVFGGJqyiCcFd/PIyNC4qruH7y1L1Lo+jAMdwAmVw4QqqcAs1qAODETzDK7xZmfVivVsf89YVK585gj+yPn8AqfOTCA==</latexit><latexit sha1_base64="3CEl1PJ8r2kB1I+DLpl/Onjt+l4=">AAAB+XicbZDLSgNBEEVrfMb4GnXppjEIcWGYEUGXATfiKoJ5QDIOPZ1O0qTnQXdNMAz5EzcuFHHrn7jzb+wks9DECw2HW1VU9Q0SKTQ6zre1srq2vrFZ2Cpu7+zu7dsHhw0dp4rxOotlrFoB1VyKiNdRoOStRHEaBpI3g+HNtN4ccaVFHD3gOOFeSPuR6AlG0Vi+bff9Dg440sfs3J2Un858u+RUnJnIMrg5lCBXzbe/Ot2YpSGPkEmqddt1EvQyqlAwySfFTqp5QtmQ9nnbYERDrr1sdvmEnBqnS3qxMi9CMnN/T2Q01HocBqYzpDjQi7Wp+V+tnWLv2stElKTIIzZf1EslwZhMYyBdoThDOTZAmRLmVsIGVFGGJqyiCcFd/PIyNC4qruH7y1L1Lo+jAMdwAmVw4QqqcAs1qAODETzDK7xZmfVivVsf89YVK585gj+yPn8AqfOTCA==</latexit>

rxg
�1
✓ (x)

<latexit sha1_base64="xy1EgD+PErO9et2cGxdRWOJtboI=">AAACAnicbZBNS8NAEIY39bt+RT2Jl8Ui1IMlEUGPghfxpGBVaGKYbLft0s0m7E7EEooX/4oXD4p49Vd489+4rT1o6wsLD+/MMDtvnElh0PO+nNLU9Mzs3PxCeXFpeWXVXVu/MmmuGa+zVKb6JgbDpVC8jgIlv8k0hySW/Drungzq13dcG5GqS+xlPEygrURLMEBrRe5moCCWEN3TdhRghyPcFnt+v3q/G7kVr+YNRSfBH0GFjHQeuZ9BM2V5whUyCcY0fC/DsACNgkneLwe54RmwLrR5w6KChJuwGJ7QpzvWadJWqu1TSIfu74kCEmN6SWw7E8COGa8NzP9qjRxbR2EhVJYjV+xnUSuXFFM6yIM2heYMZc8CMC3sXynrgAaGNrWyDcEfP3kSrvZrvuWLg8rx2SiOebJFtkmV+OSQHJNTck7qhJEH8kReyKvz6Dw7b877T2vJGc1skD9yPr4BQryWsw==</latexit><latexit sha1_base64="xy1EgD+PErO9et2cGxdRWOJtboI=">AAACAnicbZBNS8NAEIY39bt+RT2Jl8Ui1IMlEUGPghfxpGBVaGKYbLft0s0m7E7EEooX/4oXD4p49Vd489+4rT1o6wsLD+/MMDtvnElh0PO+nNLU9Mzs3PxCeXFpeWXVXVu/MmmuGa+zVKb6JgbDpVC8jgIlv8k0hySW/Drungzq13dcG5GqS+xlPEygrURLMEBrRe5moCCWEN3TdhRghyPcFnt+v3q/G7kVr+YNRSfBH0GFjHQeuZ9BM2V5whUyCcY0fC/DsACNgkneLwe54RmwLrR5w6KChJuwGJ7QpzvWadJWqu1TSIfu74kCEmN6SWw7E8COGa8NzP9qjRxbR2EhVJYjV+xnUSuXFFM6yIM2heYMZc8CMC3sXynrgAaGNrWyDcEfP3kSrvZrvuWLg8rx2SiOebJFtkmV+OSQHJNTck7qhJEH8kReyKvz6Dw7b877T2vJGc1skD9yPr4BQryWsw==</latexit><latexit sha1_base64="xy1EgD+PErO9et2cGxdRWOJtboI=">AAACAnicbZBNS8NAEIY39bt+RT2Jl8Ui1IMlEUGPghfxpGBVaGKYbLft0s0m7E7EEooX/4oXD4p49Vd489+4rT1o6wsLD+/MMDtvnElh0PO+nNLU9Mzs3PxCeXFpeWXVXVu/MmmuGa+zVKb6JgbDpVC8jgIlv8k0hySW/Drungzq13dcG5GqS+xlPEygrURLMEBrRe5moCCWEN3TdhRghyPcFnt+v3q/G7kVr+YNRSfBH0GFjHQeuZ9BM2V5whUyCcY0fC/DsACNgkneLwe54RmwLrR5w6KChJuwGJ7QpzvWadJWqu1TSIfu74kCEmN6SWw7E8COGa8NzP9qjRxbR2EhVJYjV+xnUSuXFFM6yIM2heYMZc8CMC3sXynrgAaGNrWyDcEfP3kSrvZrvuWLg8rx2SiOebJFtkmV+OSQHJNTck7qhJEH8kReyKvz6Dw7b877T2vJGc1skD9yPr4BQryWsw==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="iUL3EL7cd29tMH4cAwWSR/mRXzA=">AAAB93icbZBLSwMxFIXv1Fetr9GduAmKoAvLjBtdCm5cVrCt0NbhTpq2wUxmSO5Iy1Dc+FfcuFDEf+LOf2Nau/B1IPBxTsLNPXGmpKUg+PBKc/MLi0vl5crK6tr6hr+52rBpbrio81Sl5jpGK5TUok6SlLjOjMAkVqIZ355P8uadMFam+opGmegk2NeyJzmSsyJ/u60xVhgNWT9q00AQ3hRH4fhgeBj5e0E1mIr9hXAGezBTLfLf292U54nQxBVa2wqDjDoFGpJciXGlnVuRIb/Fvmg51JgI2ymmK4zZvnO6rJcadzSxqfv9RYGJtaMkdjcTpIH9nU3M/7JWTr3TTiF1lpPQ/GtQL1eMUjbpg3WlEZzUyAFyI91fGR+gQU6utYorIfy98l9oHFdDx5cBlGEHduEAQjiBM7iAGtSBwz08wjO8eA/ek/f6VVfJm/W2BT/kvX0CxcaVPg==</latexit><latexit sha1_base64="iUL3EL7cd29tMH4cAwWSR/mRXzA=">AAAB93icbZBLSwMxFIXv1Fetr9GduAmKoAvLjBtdCm5cVrCt0NbhTpq2wUxmSO5Iy1Dc+FfcuFDEf+LOf2Nau/B1IPBxTsLNPXGmpKUg+PBKc/MLi0vl5crK6tr6hr+52rBpbrio81Sl5jpGK5TUok6SlLjOjMAkVqIZ355P8uadMFam+opGmegk2NeyJzmSsyJ/u60xVhgNWT9q00AQ3hRH4fhgeBj5e0E1mIr9hXAGezBTLfLf292U54nQxBVa2wqDjDoFGpJciXGlnVuRIb/Fvmg51JgI2ymmK4zZvnO6rJcadzSxqfv9RYGJtaMkdjcTpIH9nU3M/7JWTr3TTiF1lpPQ/GtQL1eMUjbpg3WlEZzUyAFyI91fGR+gQU6utYorIfy98l9oHFdDx5cBlGEHduEAQjiBM7iAGtSBwz08wjO8eA/ek/f6VVfJm/W2BT/kvX0CxcaVPg==</latexit><latexit sha1_base64="z6cKrNNC7ENhKQZVu5LWdyrnbZU=">AAACAnicbZC7SgNBFIZn4y3GW9RKbAaDEAvDro2WARuximAukMTl7GSSDJmdXWbOSsISbHwVGwtFbH0KO9/GyaXQ6A8DH/85hzPnD2IpDLrul5NZWl5ZXcuu5zY2t7Z38rt7NRMlmvEqi2SkGwEYLoXiVRQoeSPWHMJA8nowuJzU6/dcGxGpWxzFvB1CT4muYIDW8vMHLQWBBH9Ie34L+xzhLj31xsXhiZ8vuCV3KvoXvDkUyFwVP//Z6kQsCblCJsGYpufG2E5Bo2CSj3OtxPAY2AB6vGlRQchNO52eMKbH1unQbqTtU0in7s+JFEJjRmFgO0PAvlmsTcz/as0EuxftVKg4Qa7YbFE3kRQjOsmDdoTmDOXIAjAt7F8p64MGhja1nA3BWzz5L9TOSp7lG7dQvp7HkSWH5IgUiUfOSZlckQqpEkYeyBN5Ia/Oo/PsvDnvs9aMM5/ZJ7/kfHwDQXyWrw==</latexit><latexit sha1_base64="xy1EgD+PErO9et2cGxdRWOJtboI=">AAACAnicbZBNS8NAEIY39bt+RT2Jl8Ui1IMlEUGPghfxpGBVaGKYbLft0s0m7E7EEooX/4oXD4p49Vd489+4rT1o6wsLD+/MMDtvnElh0PO+nNLU9Mzs3PxCeXFpeWXVXVu/MmmuGa+zVKb6JgbDpVC8jgIlv8k0hySW/Drungzq13dcG5GqS+xlPEygrURLMEBrRe5moCCWEN3TdhRghyPcFnt+v3q/G7kVr+YNRSfBH0GFjHQeuZ9BM2V5whUyCcY0fC/DsACNgkneLwe54RmwLrR5w6KChJuwGJ7QpzvWadJWqu1TSIfu74kCEmN6SWw7E8COGa8NzP9qjRxbR2EhVJYjV+xnUSuXFFM6yIM2heYMZc8CMC3sXynrgAaGNrWyDcEfP3kSrvZrvuWLg8rx2SiOebJFtkmV+OSQHJNTck7qhJEH8kReyKvz6Dw7b877T2vJGc1skD9yPr4BQryWsw==</latexit><latexit sha1_base64="xy1EgD+PErO9et2cGxdRWOJtboI=">AAACAnicbZBNS8NAEIY39bt+RT2Jl8Ui1IMlEUGPghfxpGBVaGKYbLft0s0m7E7EEooX/4oXD4p49Vd489+4rT1o6wsLD+/MMDtvnElh0PO+nNLU9Mzs3PxCeXFpeWXVXVu/MmmuGa+zVKb6JgbDpVC8jgIlv8k0hySW/Drungzq13dcG5GqS+xlPEygrURLMEBrRe5moCCWEN3TdhRghyPcFnt+v3q/G7kVr+YNRSfBH0GFjHQeuZ9BM2V5whUyCcY0fC/DsACNgkneLwe54RmwLrR5w6KChJuwGJ7QpzvWadJWqu1TSIfu74kCEmN6SWw7E8COGa8NzP9qjRxbR2EhVJYjV+xnUSuXFFM6yIM2heYMZc8CMC3sXynrgAaGNrWyDcEfP3kSrvZrvuWLg8rx2SiOebJFtkmV+OSQHJNTck7qhJEH8kReyKvz6Dw7b877T2vJGc1skD9yPr4BQryWsw==</latexit><latexit sha1_base64="xy1EgD+PErO9et2cGxdRWOJtboI=">AAACAnicbZBNS8NAEIY39bt+RT2Jl8Ui1IMlEUGPghfxpGBVaGKYbLft0s0m7E7EEooX/4oXD4p49Vd489+4rT1o6wsLD+/MMDtvnElh0PO+nNLU9Mzs3PxCeXFpeWXVXVu/MmmuGa+zVKb6JgbDpVC8jgIlv8k0hySW/Drungzq13dcG5GqS+xlPEygrURLMEBrRe5moCCWEN3TdhRghyPcFnt+v3q/G7kVr+YNRSfBH0GFjHQeuZ9BM2V5whUyCcY0fC/DsACNgkneLwe54RmwLrR5w6KChJuwGJ7QpzvWadJWqu1TSIfu74kCEmN6SWw7E8COGa8NzP9qjRxbR2EhVJYjV+xnUSuXFFM6yIM2heYMZc8CMC3sXynrgAaGNrWyDcEfP3kSrvZrvuWLg8rx2SiOebJFtkmV+OSQHJNTck7qhJEH8kReyKvz6Dw7b877T2vJGc1skD9yPr4BQryWsw==</latexit><latexit sha1_base64="xy1EgD+PErO9et2cGxdRWOJtboI=">AAACAnicbZBNS8NAEIY39bt+RT2Jl8Ui1IMlEUGPghfxpGBVaGKYbLft0s0m7E7EEooX/4oXD4p49Vd489+4rT1o6wsLD+/MMDtvnElh0PO+nNLU9Mzs3PxCeXFpeWXVXVu/MmmuGa+zVKb6JgbDpVC8jgIlv8k0hySW/Drungzq13dcG5GqS+xlPEygrURLMEBrRe5moCCWEN3TdhRghyPcFnt+v3q/G7kVr+YNRSfBH0GFjHQeuZ9BM2V5whUyCcY0fC/DsACNgkneLwe54RmwLrR5w6KChJuwGJ7QpzvWadJWqu1TSIfu74kCEmN6SWw7E8COGa8NzP9qjRxbR2EhVJYjV+xnUSuXFFM6yIM2heYMZc8CMC3sXynrgAaGNrWyDcEfP3kSrvZrvuWLg8rx2SiOebJFtkmV+OSQHJNTck7qhJEH8kReyKvz6Dw7b877T2vJGc1skD9yPr4BQryWsw==</latexit><latexit sha1_base64="xy1EgD+PErO9et2cGxdRWOJtboI=">AAACAnicbZBNS8NAEIY39bt+RT2Jl8Ui1IMlEUGPghfxpGBVaGKYbLft0s0m7E7EEooX/4oXD4p49Vd489+4rT1o6wsLD+/MMDtvnElh0PO+nNLU9Mzs3PxCeXFpeWXVXVu/MmmuGa+zVKb6JgbDpVC8jgIlv8k0hySW/Drungzq13dcG5GqS+xlPEygrURLMEBrRe5moCCWEN3TdhRghyPcFnt+v3q/G7kVr+YNRSfBH0GFjHQeuZ9BM2V5whUyCcY0fC/DsACNgkneLwe54RmwLrR5w6KChJuwGJ7QpzvWadJWqu1TSIfu74kCEmN6SWw7E8COGa8NzP9qjRxbR2EhVJYjV+xnUSuXFFM6yIM2heYMZc8CMC3sXynrgAaGNrWyDcEfP3kSrvZrvuWLg8rx2SiOebJFtkmV+OSQHJNTck7qhJEH8kReyKvz6Dw7b877T2vJGc1skD9yPr4BQryWsw==</latexit><latexit sha1_base64="xy1EgD+PErO9et2cGxdRWOJtboI=">AAACAnicbZBNS8NAEIY39bt+RT2Jl8Ui1IMlEUGPghfxpGBVaGKYbLft0s0m7E7EEooX/4oXD4p49Vd489+4rT1o6wsLD+/MMDtvnElh0PO+nNLU9Mzs3PxCeXFpeWXVXVu/MmmuGa+zVKb6JgbDpVC8jgIlv8k0hySW/Drungzq13dcG5GqS+xlPEygrURLMEBrRe5moCCWEN3TdhRghyPcFnt+v3q/G7kVr+YNRSfBH0GFjHQeuZ9BM2V5whUyCcY0fC/DsACNgkneLwe54RmwLrR5w6KChJuwGJ7QpzvWadJWqu1TSIfu74kCEmN6SWw7E8COGa8NzP9qjRxbR2EhVJYjV+xnUSuXFFM6yIM2heYMZc8CMC3sXynrgAaGNrWyDcEfP3kSrvZrvuWLg8rx2SiOebJFtkmV+OSQHJNTck7qhJEH8kReyKvz6Dw7b877T2vJGc1skD9yPr4BQryWsw==</latexit>


