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Announcements

HW3 is graded

HW4 is posted and due on Friday, March 13
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Today’s Agenda

Worst-Case Optimal Join (WCOJ)

Extensions of the AGM bound: adding keys, adding projections
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Worst Case Optimal Joins
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WCOJ Extensions The Trie Fractional Treewidth

Types of Optimality

Q is fixed.
Problem: given D, compute Q(D).

Runtime of algorithm A: TA(D).

An algorithm A is:

Instance Optimal if ∀D and any algorithm B, TA(D) = O(TB (D)).
If Q is acyclic free-connex, Yannakakis’ algorithm is instance optimal.

Worst-Case Optimal if ∀D, ∃D′, |D′ | ≤ |D | s.t. for any B, TA(D) = O(TB (D′)).
If Q is full CQ, then A is WCOJ iff TA(D) = O(AGM (Q)).
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Generic Join

WCOJ algorithms for full conjunctive query:

NPRR: first WCOJ, complex [Ngo et al., 2012].

TrieJoin: developed independently and deployed [Veldhuizen, 2014].

Generic Join (GJ) is a much simplified [Ngo et al., 2013].

GJ is sometimes called WCOJ; we will call it GJ.
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Generic Join (GJ) Overview

Computes a full CQ in time O(AGM (Q,D)).

Consists of k nested loops, one for each query variable Xi , i = 1, k.

Each loop i iterates over the intersection of all columns Xi .
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GJ for the Triangle Query

Q(X ,Y , Z) = R(X ,Y ) ∧ S(Y , Z) ∧ T (Z ,X).

Algorithm 1: Generic Join for the triangle query
for x ∈ R.X ∩ T .X do

for y ∈ R[X = x] .Y ∩ S.Y do

for z ∈ S[Y = y] .Z ∩ T [X = x] .Z do
emit(x, y, z);

Runtime:
T (D) = O(AGM (Q,D)) = min(( |R | · |S | · |T |) 1

2 , |R | · |S |, |R | · |T |, |S | · |T |)

Dan Suciu CSE599d: Advanced QP Winter 2026 8 / 33



WCOJ Extensions The Trie Fractional Treewidth

GJ for the Triangle Query

Q(X ,Y , Z) = R(X ,Y ) ∧ S(Y , Z) ∧ T (Z ,X).

Algorithm 2: Generic Join for the triangle query
for x ∈ R.X ∩ T .X do

for y ∈ R[X = x] .Y ∩ S.Y do

for z ∈ S[Y = y] .Z ∩ T [X = x] .Z do
emit(x, y, z);

Runtime:
T (D) = O(AGM (Q,D)) = min(( |R | · |S | · |T |) 1

2 , |R | · |S |, |R | · |T |, |S | · |T |)

Dan Suciu CSE599d: Advanced QP Winter 2026 8 / 33



WCOJ Extensions The Trie Fractional Treewidth

GJ for the Triangle Query

Q(X ,Y , Z) = R(X ,Y ) ∧ S(Y , Z) ∧ T (Z ,X).

Algorithm 3: Generic Join for the triangle query
for x ∈ R.X ∩ T .X do

for y ∈ R[X = x] .Y ∩ S.Y do
for z ∈ S[Y = y] .Z ∩ T [X = x] .Z do

emit(x, y, z);

Runtime:
T (D) = O(AGM (Q,D)) = min(( |R | · |S | · |T |) 1

2 , |R | · |S |, |R | · |T |, |S | · |T |)

Dan Suciu CSE599d: Advanced QP Winter 2026 8 / 33



WCOJ Extensions The Trie Fractional Treewidth

GJ for the Triangle Query

Q(X ,Y , Z) = R(X ,Y ) ∧ S(Y , Z) ∧ T (Z ,X).

Algorithm 4: Generic Join for the triangle query
for x ∈ R.X ∩ T .X do

for y ∈ R[X = x] .Y ∩ S.Y do
for z ∈ S[Y = y] .Z ∩ T [X = x] .Z do

emit(x, y, z);

Runtime:
T (D) = O(AGM (Q,D)) = min(( |R | · |S | · |T |) 1

2 , |R | · |S |, |R | · |T |, |S | · |T |)

Dan Suciu CSE599d: Advanced QP Winter 2026 8 / 33



WCOJ Extensions The Trie Fractional Treewidth

Notations

To describe GJ in general, we need some notations:

Database instance: D = (RD
1 , . . . ,R

D
m)

Residual relation: RD
j [X = x] :=

{
𝜎X=x (RD

j ) if X ∈ Vars(Rj)
RD

j otherwise

Residual database: D [X = x] = (RD
1 [X = x], . . . ,RD

m [X = x])
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WCOJ Extensions The Trie Fractional Treewidth

GJ for a Full Conjunctive Query

Q(X1, . . . ,Xn) = R1(Y1) ∧ · · · ∧ Rm(Ym)

Order the variables arbitrarily: X1,X2, . . . ,Xn

Algorithm 5: Eval(Dresidual, (x1, . . . , xi−1), i)

if i > n then emit(x1, . . . , xn);

else
for xi ∈

⋂
j:Xi ∈Vars(Rj ) Rj .Xi do

Eval(Dresidual [Xi = xi], (x1, . . . , xi), i + 1);

GJ (D) := Eval(D, ( ), 1)

Runtime: TGJ (D) = O(AGM (Q,D))
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Runtime of GJ

We will prove that the runtime is AGM (Q,D).

Notice that AGM (Q,D) may be smaller than the largest relations!

E.g. for the triangle query, AGM = |S | · |T | when |R | ≫ |S | · |T |

GJ runs in time O( |S | · |T |): does not read entire R!
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Runtime of GJ

Theorem For any fractional edge cover w , TGJ (D) = O
(∏

j=1,m |RD
j |

wj
)

Proof Let Ti (Dresidual) := runtime of Eval(Dresidual, (x1, . . . , xi−1), i)

Ti (Dresidual) =Tintersect +
∑︁

xi

Ti+1 (Dresidual [Xi = xi])

induction
= Tintersect + O ©­«

∑︁
xi

©­«
∏

j:Xi ∈Vars(Rj )
|RD

j [Xi = xi] |wj ·
∏

j:Xi∉Vars(Rj )
|RD

j |
wj ª®¬ª®¬

Hölder
≤ Tintersect + O ©­«

∏
j:Xi ∈Vars(Rj )

(∑︁
xi

|RD
j [Xi = xi] |

)wj

·
∏

j:Xi∉Vars(Rj )
|RD

j |
wj ª®¬

=Tintersect + O ©­«
∏

j=1,m
|RD

j |
wj ª®¬

need
= O ©­«

∏
j=1,m

|RD
j |

wj ª®¬
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WCOJ Extensions The Trie Fractional Treewidth

Intersection

Let S1, . . . ,Sk be sets.

What is the complexity of computing S1 ∩ · · · ∩ Sk?

O(∑i |Si | log |Si |).

If they are already sorted: O(∑i |Si |)

What is the AGM bound of Q(X) = S1(X) ∧ · · · ∧ Sk (X)? mini |Si |

We need to compute the intersection S1 ∩ · · · ∩ Sk in time O(mini |Si |).
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WCOJ Extensions The Trie Fractional Treewidth

Optimal Intersection

Q(X) = S1(X) ∧ · · · ∧ Sk (X)
AGM (Q) = minj |Sj |.

Assume the sets S1, . . . ,Sk are sorted.

Algorithm: iterate over the smallest set Si , probe in the rest.

T = Õ(mini |Si |) where Õ means “plus a log factor”
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Runtime of GJ

To finishing the proof of TGJ (D) = O
(∏

j=1,m |RD
j |

wj
)
,

we need to show Tintersect = O
(∏

j=1,m |RD
j |

wj
)

Tintersect =O
(

min
j:Xi ∈Vars(Rj )

|Rj |
)

w covers Xi
= O ©­«

∏
j:Xi ∈Vars(Rj )

|Rj |wjª®¬ ≤ O ©­«
∏

j=1,m
|Rj |wjª®¬
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Discussion

GJ is different paradigm from query plans using binary joins: difficult to
integrate in a general DBMS [Freitag et al., 2020, Wang et al., 2024].

GJ runs in time O(AGM) for ANY choice of variable order.

In practice, the variable order does affect the runtime
significantly [Wang et al., 2023].
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Extensions of the AGM Bound
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Extensions

Extensions of the AGM bound:

▶ Add functional dependencies and domain cardinalities.

▶ Apply to projections (i.e. Group-by)

Extension of GJ to iterate over tuples instead of values.
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Domain Sizes

If |Dom(X) | is known, simply add it to the hypergraph.

Q(X ,Y , Z) = R(X ,Y ) ∧ S(Y , Z) ∧ T (Z ,X).

We know |R |, |S |, |T |, |Dom(X) |.

Q(X ,Y , Z) = A(X) ∧ R(X ,Y ) ∧ S(Y , Z) ∧ T (Z ,X)

Fractional edge covers: (0, 1
2 ,

1
2 ,

1
2 ) and (1, 0, 1, 0)

AGM (Q) = min(( |R | · |S | · |T |)1/2 , |A| · |S |)
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Simple Functional Dependencies

Given FDs, |Q | ≪ AGM (Q).

E.g. R(X ,Y ) ∧ S(Y , Z): N2 becomes N when Y → Z .

U → V is simple if |U | = 1.

Method [Khamis et al., 2016]:
Expand Q to Q+ by replacing each atom R(Y ) with R′(Y+).

Return AGM (Q+).

This bound is tight. Proof: very useful exercise.
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Example

Q(X ,Y , Z) = R(X ,Y ) ∧ S(Y , Z) ∧ T (Z ,X)
Fractional edge covers: (1, 1, 0), (1, 0, 1), (0, 1, 1), (1/2, 1/2, 1/2)

|Q | ≤ min( |R | · |S |, |R | · |T |, |S | · |T |,
√︁
|R | · |S | · |T |)

Assume that S.Y is a key: Y → Z
Q+(X ,Y , Z) = R′(X ,Y , Z) ∧ S(Y , Z) ∧ T (Z ,X)
Fractional edge covers: (1, 0, 0), (0, 1, 1)

|Q | ≤ min( |R |, |S | · |T |)
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A Generalization of GJ

Was already described in [Ngo et al., 2013]!

Instead of iterating over one variable Xi , iterate over a tuple X .

Compute query Q |X where each Rj is projected on X ∩ Vars(Rj).

For each tuple x, evaluate the query on D [X = x].

Example: Q(X ,Y , Z) = R(X ,Y ) ∧ S(Y , Z) ∧ T (Z ,X):
Compute Q1(X ,Y ) = R(X ,Y ) ∧ S(Y ,−) ∧ T (−,X)
For each (x, y) ∈ Q1, compute Q2(Z) = R(x, y) ∧ S(y, Z) ∧ T (Z , x).
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A Generalization of GJ

Algorithm 11: Eval(Qresidual,Dresidual, z)
if Vars(Qresidual) = ∅ then emit z;
else

Let (X ,Y ) := arbitrary partition of Vars(Qresidual);
for x ∈ Eval(Qresidual |X ,ΠX (Dresidual), ()) do

Eval(Qresidual |Y ,ΠY (Dresidual [X = x]), (z, x));

“Standard” GJ partitions {Xi ,Xi+1, . . . ,Xn} into {Xi} and {Xi+1, . . . ,Xn}.

Proof of T (D) = O(AGM (Q,D)) is the same: replace Hölder with Friedgut.
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Discussion

The expansion procedure Q+ is easy, but limited only to simple FDs:
AGM (Q+) is always an upper bound on Q’s output, but may not be tight.

The Extension of GJ is quite practical, because we can iterate over tuples.
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The Trie
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Motivation

Before we run GJ, we must store the database in a structure that allows us to
compute the intersection in time O

(
minj |RD

j |
)

Options:
Store each RD

j in a Trie [Veldhuizen, 2014].

Sort each RD
j .

Build a B+ tree for RD
j .
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Storing a Relation to a Trie
Fix the order of the attributes of the relation R, e.g. R(X ,Y , Z).

Sort R.X : x1 < x2 < · · ·
For each xi , sort R[X = xi] .Y : y1 < y2 < · · ·
For each xi , yj , sort R[X = xi ,Y = yj] .Z : z1 < z2 < · · ·

R

x1

.

.

.
.
.
.

· · · xi

yi1

.

.

.
.
.
.

· · · yij

zij1 · · · zijn

· · ·

· · ·
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Discussion

Trie indices are computed offline.

When variable order is incompatible with the query, then we must re-index.
Expensive!

Discuss in class how GJ can run in time faster than max( |R |, |S |, |T |).
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The Fractional Tree Width
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The Fractional Treewidth

G = (V ,E) a hypergraph.

Let TD = (T , 𝜒) be a tree decomposition of Q. It’s fractional width is:

ftw(TD) := maxu∈Nodes(T ) 𝜌
∗(𝜒(u))

where 𝜌∗(𝜒(u)) is the fractional edge covering number of the hypergraph
(𝜒(u), {e ∩ 𝜒(u) | e ∈ E})

The fractional tree width of G is:

ftw(G) := minTD ftw(TD)
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Query Evaluation

Q(X1, . . . ,Xn) = R1(Y1) ∧ · · · ∧ Rm(Ym) |RD
1 |, . . . , |R

D
m | ≤ N.

To compute Q(D):

Decompose Q into a tree (T , 𝜒).

Materialize each bag 𝜒(u) using GJ.

Run Yannakakis’ algorithm on the acyclic query consisting of all bags.

Runtime: T (Q,D) = O
(
Nftw(Q) + OUT

)
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Example

Q(X ,Y , Z ,U) = R(X ,Y ) ∧ S(Y , Z) ∧ T (Z ,U) ∧ K (U,X) ∧ L(X , Z)

X Y

ZU

X Y

Z

U

X

Z

ftw = 3/2, runtime T = O
(
N3/2 + OUT

)
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Discussion

The fractional treewidth maxu 𝜌
∗(𝜒(u)) replaces the hypertreewidth

maxu 𝜌(𝜒(u)), because GJ is a better algorithm than joining the atoms of
an edge cover.

Interesting distinction:
▶ For htw we use as few atoms in each bag u as possible, because 𝜌(𝜒(u)) is

the number atoms that cover 𝜒(u).
▶ For ftw we use ALL atoms that contain some variable of 𝜒(u), because the

more we use the smaller 𝜌∗ becomes.

But finding a good TD is difficult:
Given G, checking whether ftw(G) ≤ 2 is NP-complete.
I am not aware of any good heuristics.
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