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Announcements

o HW3 due: Friday Feb. 27
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AGM Bound An Inequality AGM Proof: Upper Bound

Where We Are

@ Tree decomposition of a graph, tree-width Tw(G).
@ Hypertree decomposition of a hypergraph/query, hypertree width HTW(Q).
@ Query evaluation in time O(N"™ + QUT)

o Can we evaluate the bags more efficietly than N*"™?
How large are the bags in the first place? Cardinality estimation?
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AGM Bound An Inequality AGM Proof: Upper Bound AGM Proof: Lower Bot

Outline

Cardinality estimation: critical for query optimization.

Alternative: upper bound on the cardinality.

Today: the AGM Bound.

Monday: Worst Case Optimal Join (WCOJ) a.k.a. Generic Join (GJ).

Later: significant extensions of the AGM bound.
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Motivation
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Motivation for Upper Bound
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Motivation AGM Bound
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Recap: Cardinality Estimation

Given:
@ Statistics on the input relations R, Ro, . . .

@ A selection-join query (same as full conjunctive query) Q

“Estimate”:
@ The size |Q(D)|.
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An Inequality AGM Proof: Upper Bound AGM Proof: Lowe!
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Recap: Cardinality Estimation

Assumptions: uniformity, independence, preservation of values
@ Selection 0 (R):

Est(0p(R)) = 0, - |R|

Opsnps = Op; * Op,

@ Join:

_ |RI-IS]
Est(R(A,B) = S(B,C)) = 1 BomRB) [ 1Dom G BT

@ 1-d histograms address uniformity.
2-d histograms address independence, but rarely used why???
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Motivation AGM Bound
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The Output Bound Problem

Instead of an estimate, compute a guaranteed output bound B:

|Q(D)| <B

Challenge: make B tight (as close as possible to |Q(D)]).
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Simple Examples

Assume |[R| < N, |S| <N, |T| <N.

o Q(X,Y.,Z) = R(X,Y) AS(Y,2). maxp |Q(D)| =?
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Simple Examples
Assume |[R| < N, |S| <N, |T| <N.

o Q(X,Y,2) =R(X,Y) AS(Y,2). maxp |Q(D)| =N?
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Simple Examples
Assume |[R| < N, |S| <N, |T| <N.

o Q(X,Y,2) =R(X,Y) AS(Y,2).

maxp |Q(D)| =N?
If S.Y is a key:

maxp |Q(D)| = N
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Simple Examples
Assume |[R| < N, |S| <N, |T| <N.

o Q(X,Y,2) =R(X,Y) AS(Y,2).

maxp |Q(D)| =N?
If S.Y is a key:

maxp |Q(D)| = N

e QX,Y,Z,U)=RX,Y)ANS(Y,Z) AT(Z,U). maxp |Q(D)| =?
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Simple Examples
Assume |[R| < N, |S| <N, |T| <N.

o Q(X,Y,2) =R(X,Y) AS(Y,2).

maxp |Q(D)| =N?
If S.Y is a key:

maxp |Q(D)| = N

o Q(X,Y,Z,U)=R(X,Y) AS(Y,Z) AT(Z,U). maxp |Q(D)| =N?
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An Inequality AGM Proof: Upper Bounc
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Simple Examples
Assume |[R| < N, |S| <N, |T| <N.

o Q(X,Y,2) =R(X,Y) AS(Y,2).

maxp |Q(D)| =N?
If S.Y is a key:

maxp |Q(D)| = N

e QX,Y,Z,U)=RX,Y)ANS(Y,Z) AT(Z,U). maxp |Q(D)| =N?
Notice the role of an edge cover
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Motivation AGM Bound An Inequality AGM Proof: Upper Bounc

Simple Examples

Assume |[R| < N, |S| <N, |T| <N.

e QX,Y,Z2)=R(X,Y)AS(Y,2). maxp |Q(D)| =N?
If S.Y is a key: maxp |Q(D)| = N
e QX,Y,Z,U)=R(X,Y)AS(Y,Z) AT(Z,U). maxp |Q(D)| =N?

Notice the role of an edge cover

0 QX,Y,Z) = R(X,Y)AS(Y,2) AT(Z,X). maxp |Q(D)| =?

Dan Suciu CSE599d: Advanced QP Winter 2026 9/28



[e]e]ele] J Jele]

Motivation AGM Bound An Inequality AGM Proof: Upper Bound

AGM Proof: Lower Bound

Simple Examples
Assume |[R| < N, |S| <N, |T| <N.

e QX,Y,Z2)=R(X,Y)AS(Y,2). maxp |Q(D)| =N?
If S.Y is a key: maxp |Q(D)| = N

e QX,Y,Z,U)=RX,Y)ANS(Y,Z) AT(Z,U). maxp |Q(D)| =N?
Notice the role of an edge cover

0 QX,Y,Z)=R(X,Y)AS(Y,Z) AT(Z,X). maxp |Q(D)| = N2
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Motivation AGM Bound An Inequality AGM Proof: Upper Bound
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Simple Examples
Assume |[R| < N, |S| < N, |T| <N.

e QX,Y,Z2) =R(X,Y)AS(Y,2).
If S.Y is a key:

e QX,Y,Z,U)=R(X,Y)AS(Y,Z) AT(Z,U).
Notice the role of an edge cover

e QX,Y,Z)=R(X,Y)AS(Y,Z) ANT(Z,X).
Here we use a fractional edge cover

Dan Suciu CSE599d: Advanced QP

AGM Proof: Lower Bound

maxp |Q(D)| =
maxp |[Q(D)| =

maxp |Q(D)| =

maxp |Q(D)| =

Winter 2026
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AGM Bound: The Statement
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Fractional Edge Covers

Query Q to hypegraph G = (V, E). RX,Y)AS(Y,Z) AT(Z,X)
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AGM Bound An quality AGM Proof: Upper Bound

0@0000

Fractional Edge Covers

Query Q to hypegraph G = (V, E). RX,Y)AS(Y,Z) AT(Z,X)

A fractional edge cover is W = (We)eek, We = 0:
Vx eV, ZeeE:xee We 2 1.

Dan Suciu CSE599d: Advanced QP Winter 2026 11/28



AGM Bound An quality AGM Proof: Upper Bound

0@0000

Fractional Edge Covers

Query Q to hypegraph G = (V, E). RX,Y)AS(Y,Z) AT(Z,X)

A fractional edge cover is W = (We)eek, We = 0: iz VA
Vx eV, ZeeE:xee We 2 1.
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The AGM Bound [Atserias et al., 2013]

Q(X) = R1(Y1) ANA Rm(Ym)

The fractional edge covering number is: P =ming (Wq + -+« + Wp) ‘
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AGM Bound An Inequality AGM Proof: Upper Bound
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The AGM Bound [Atserias et al., 2013]

Q(X) = R1(Y1) AR Rm(Ym)

The fractional edge covering number is: ‘ P =ming (Wq + -+« + Wp) ‘

Theorem [Upper Bound] If |R1]|,-- - , |Rm| < N. Then:
Q(D) < NP

Dan Suciu CSE599d: Advanced QP Winter 2026 12/28



Upper Bound AGM Proof: L

\I tivation AGM Bound An In \u]n AGM Proof

[o]e] Je]e]e]

The AGM Bound [Atserias et al., 2013]

Q(X) = R1(Y1) AR Rm(Ym)

The fractional edge covering number is: ‘p* =ming (W1 + -+ wWp) ‘

Theorem [Upper Bound] If |R1]|,-- - , |Rm| < N. Then:
Q(D) < NP

Theorem [Lower Bound] There exists |R1],--- , |Rm| < N and Q(D) > 2|X|

The AGM bound N#" is tight
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Examples
What are w and p*? The AGM bound? Assume |R| =|S|=---=N.
5-cycle: RX,Y)ANS(Y,Z)ANT(Z,U) AK(U,V) AL(V,X)
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Examples

What are w and p*? The AGM bound? Assume |R| =|S|=---=N.

5-cycle: RX.Y) AS(Y.2) AT(Z,U) AK(U V) ALV, X)
W= (3333 2): AGM = N°2,
Ve 3036 s



Dan Suciu CSE599d: Advanced QP

AGM Bound An Inequality

AGM Proof: Upper Bound
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Examples

What are w and p*? The AGM bound? Assume |R| =|S|=---=N.

5-cycle: RX,Y)ANS(Y,Z)AT(Z,U) AK(U,V) AL(V,X)
w= (%3533 AGM = N2,

Loomis-Whitney:

R(X,Y,Z) AS(X,Y,U) AT(X,Z,U) AK(Y,Z,U)
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AGM Bound An Inequality

AGM Proof: Upper Bound
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AGM Proof: Lower Bound

Examples

What are w and p*? The AGM bound? Assume |R| = |S|=--- = N.

5-cycle: RX,Y)AS(Y,Z) AT(Z,U) AK(U,V) AL(V,X)
W= (3333 3) AGM = N°/2,

Loomis-Whitney: RX,Y,Z) ASX,Y,U)AT(X,Z,U) AK(Y,Z,U)
W= (333 3): AGM = N*/3
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AGM Bound An Inequality AGM Proof: Upper Bound AGM Proof: Lower Bound

Examples
What are w and p*? The AGM bound? Assume |R| = |S|=--- = N.
5-cycle: RX,Y)ANS(Y,Z)ANT(Z,U) AK(U,V) AL(V,X)
W= (3333 3) AGM = N°/2,
Loomis-Whitney: RX,Y,2)ASX,Y,U)AT(X,Z,U) AK(Y,Z,U)
W= (333 3): AGM = N*/3
Chain of length 4: RX,Y)AS(Y,Z)ANT(Z,U) AK(U,V)
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AGM Bound An Inequality AGM Proof: Upper Bound AGM Proof: Lower Bound
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Examples

What are w and p*? The AGM bound? Assume |R| = |S|=--- = N.
5-cycle: RX,Y)ANS(Y,Z)ANT(Z,U) AK(U,V) AL(V,X)
W= (3333 3) AGM = N°/2,
Loomis-Whitney: RX,Y,Z)AS(X,Y,U)AT(X,Z,U) NK(Y,Z,U)
w= (%33 3) AGM = N*/3
Chain of length 4: RX,Y)ANS(Y,Z)ANT(Z,U) AK(U, V)
w=(1,0,1,1),0r (1,1,0,1), AGM = N3,
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The General AGM Bound
Q(X) =R1(Y1) A--- ARn(Ym)

Theorem [Upper Bound] For every fractional edge cover w:
QI < [R4]"" - - [Rpm "™
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Motivation AGM Bound An Inequality AGM Proof: Upper Bound

The General AGM Bound
Q(X) =R1(Y1) A--- ARn(Ym)

Theorem [Upper Bound] For every fractional edge cover w:
QI < [R4]"" - - [Rpm "™

Theorem [Lower Bound] | AGM(Q) <" miny |R1|" - - - |[Rm|"m | is “tight”.
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AGM Bound
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An Inequality AGM Proof: Upper Bound

The General AGM Bound

QX)=Ri(Y1)) A+ ARn(Ym)

Theorem [Upper Bound] For every fractional edge cover w:

QI < [R|"" - - - |Rm|""

Theorem [Lower Bound]

AGM Proof: Lower Bound

AGM(Q) &' miny [Ry]™ - - |Rmp|*m

is “tight”.

(IR -1S] -T2
RX.Y) AS(Y.Z) AT(Z.X) AGM(Q) = min :gll : ||$||
IS|-|T|
— 7%
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Proof Outline

@ Proof of upper bound: use an interesting inequality.

@ Proof of lower bound: worst-case database using strong duality.
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An Inequality
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An Inequality
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Review: Cauchy-Schwartz, Holder
Assume non-negative vectors, or matrices a, b, c, . . .

Cauchy-Schwartz: Yxaxbx < (Zy 3)2()1/2 (Zx b§)1/2
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An Inequality
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AGM Proof: Upper Bound

Review: Cauchy-Schwartz, Holder
Assume non-negative vectors, or matrices a, b, c, . . .
Cauchy-Schwartz:

Sy aby < (T a2) "% (3 02)"2

. . 1 1
Holder: 1f:—) + % =1: Sxaxbx < (X &%) e (X bd) 9

Dan Suciu CSE599d: Advanced QP
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Motivation AGM Bound

An Inequality AGM Proof: Upper Bound

AGM Proof: Lower Bound
)00 0@0000 00000

Review: Cauchy-Schwartz, Holder

Assume non-negative vectors, or matrices a, b, c, . . .
Cauchy-Schwartz: Yxaxbx < (Zy 33)1/2 (Zx b§)1/2
Holder: if1+1=1 Seaxby < (T )" (Z,b) "

u v
Equivalently: ifu+v=1, 2xaxby < (ZX a;/u) (Zx b;(/v)
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Motivation AGM Bound

An Inequality AGM Proof: Upper Bound

AGM Proof: Lower Bound
)00 0@0000 00000

Review: Cauchy-Schwartz, Holder

Assume non-negative vectors, or matrices a, b, c, . . .

Cauchy-Schwartz: Yxaxbx < (Zy 33)1/2 (Zx b§)1/2

Holder: if1+1=1 Sranby < (2,8)"7 (2, 6) "
. . 1/u\Y 1/v\Y

Equivalently: ifu+v=1, 2xaxby < (ZX ay ) (Zx by )

Zeaby < (Exa)" (Zybx)”
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Motivation AGM Bound An Inequality AGM Proof: Upper Bound

AGM Proof: Lower Bound
Jele} 0O@0000 00000

Review: Cauchy-Schwartz, Holder

Assume non-negative vectors, or matrices a, b, c, . . .

. 2 1/2 2 1/2
Cauchy-Schwartz: Yxaxbx < (Xxal) T (XxbE)
Holder: if1+1=1 Seaxby < (T )" (Z,b) "

. . 1/u\Y 1/v\Y
Equivalently: ifu+v=1, 2xaxby < (ZX ay ) (Zx by )

Also holds when: u+v>1. Y aby < (Xyan)” (Zybx)”
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Motivation AGM Bound An Inequality AGM Proof: Upper Bound

AGM Proof: Lower Bound
Jele} 0O@0000 00000

Review: Cauchy-Schwartz, Holder

Assume non-negative vectors, or matrices a, b, c, . . .

Cauchy-Schwartz: Sy abx < (I 33)1/2 (3, b§)1/2
Folder: ifp+g =1 Saxhy < (Zxa)'P (S0) "
Equivalently: ifu+v=1, Y axbx < (ZX a;/”)u (ZX b;/v)v
Also holds when: u+v=1. Yxaby < (Xyan)" (Xxbx)"
fu+v+w+-.->1: Yaublel < (Xyan)! (Xibx)’ -
Winter 2026 17/28



An Inequality
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Friedgut’s Inequality [Friedgut, 2004 ]

Hypergraph G = (V = {X1,..., Xa}, E = {€e1,...,em}).
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An Inequality
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Friedgut’s Inequality [Friedgut, 2004 ]
Hypergraph G = (V = {X1,..., Xa}, E = {€e1,...,em}).

. . . e e
N € N, multi-dimensional vectors: a; € RY™', ..., a, e RN,
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Motivation AGM Bound An Inequality AGM Proof: Upper Bound

Friedgut’s Inequality [Friedgut, 2004 ]
Hypergraph G = (V = {X1,..., Xa}, E = {€e1,...,em}).
N € N, multi-dimensional vectors: a; € RN*', ..., a, e RN"".

Fractional edge cover wy, . .., Wp.

wj wj
ZX1,"',Xn l_[j=1,m (aj,nej(x)) S 1_[./ (Zy/ aj’y/)
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AGM Bound An Inequality AGM Proof: Upper Bound
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Friedgut’s Inequality [Friedgut, 2004 ]
Hypergraph G = (V = {X1,..., Xa}, E = {€e1,...,em}).
N € N, multi-dimensional vectors: a; € RN*', ..., a, e RN"".

Fractional edge cover wy, . .., Wp.

wj wj
ZX1,"',Xn l_[j=1,m (aj,nej(x)) = 1_[./ (Zy/ a/’y])

G = ({X,Y,Z}{(XY), (Y2), (ZX)}),
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An Inequality AGM Proof: Upper Bound
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Friedgut’s Inequality [Friedgut, 2004 ]
Hypergraph G = (V = {X1,..., Xa}, E = {€e1,...,em}).
N € N, multi-dimensional vectors: a; € RN*', ..., a, e RN"".

Fractional edge cover wy, . .., Wp.

wj wj
S Wit (Bmg ) < T (S 1)

G = ({X,Y,Z},{(XY), (Y2),(ZX)}),a,b,c € RV, w = (%, 1, %).
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Friedgut’s Inequality [Friedgut, 2004 ]
Hypergraph G = (V = {X1,..., Xa}, E = {€e1,...,em}).
N € N, multi-dimensional vectors: a; € RN*', ..., a, e RN"".

Fractional edge cover wy, . .., Wp.

wj wj
S Wit (Bmg ) < T (S 1)

G = ({X,Y,Z},{(XY), (Y2),(ZX)}),a,b,c € RV, w = (%, 1, %).

=
=

(S byz)? - (Sow Cax)?

11 1
nyz a)%ybfzczzx < (ny axy )
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Friedgut’s Inequality [Friedgut, 2004 ]
Hypergraph G = (V = {X1,..., Xa}, E = {€e1,...,em}).
N € N, multi-dimensional vectors: a; € RN*', ..., a, e RN"".

Fractional edge cover wy, . .., Wp.

wj wj
S Wit (Bmg ) < T (S 1)

G = ({X,Y,Z},{(XY), (Y2),(ZX)}),a,b,c € RV, w = (%, 1, %).

11 1 1 1 1

Yyz agybyCh < (Zay @) ? - (Zyzbyz)? - (Zax €2x) 2
2\3 23 23

nyz axybyzCzx < (ny axy) Z- (Zyz byz) z- (sz sz) :
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An Inequality

Example
11 1 1 1
nyz a)?yb;zczzx < (ny axy) - (Zyz byz) - (sz CZX) 2
vz 12

12

101 1 101 1
2 B2 A2 _— 2 B2 A2
E axybyzczx = E E axybyzczx

Xyz x \yz
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An Inequality
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Example
11 1 1 1
nyz a)?yb;zczzx < (ny axy) - (Zyz byz) - (sz CZX) 2
X
1/2 12

12

12 z E 1/2
12

101 1 i1 1
2 B2 A2 _— 2 B2 A2
E axybyzczx = E E axybyzczx

Xyz x \yz

Dan Suciu CSE599d: Advanced QP Winter 2026 19/28



An Inequality AGM Proof: Upper Bound

[e]e]e] le]e]
Example
11 1 1 1
nyz a)?yb;zczzx < (ny axy) - (Zyz byz) - (sz CZX) 2
X
172 12
1/2

12 z E 1/2
12

111
2 B2 A2 _—
2350 = ), Zaxy j2°

Xyz

SU ag)? - (O be)? - (D car)?
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An Inequality AGM Proof: Upper Bound

[e]e]e] le]e]
Example
11 1 1 1
nyz a)?yb;zczzx < (ny axy) - (Zyz byz) - (sz CZX) 2
X
172 12

12

12 z E 1/2
12

101 1
2 B2 A2 _—
E axybyzczx = § E axy yz

Xyz

SZA (;axy)%-(;byz)%‘(zzlczx)% def ) (AE.B%.CE)
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Example

=

Nl
™M
S

O
N
~
Nl=

111
nyz a)?yb;zczzx < (ny axy) . (Zyz byz)

12 12

12

SZ (Zaxy)% (Zbyz)%.(zczx)% dzefZ(Aé Bz Cé)
S(ZAX)%.B%.(ZCX)%
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Example
111 1 1 1
2ixyz a)?yb;zczzx < (ny axy) z (Zyz byz) 2 (sz CZX) 2
X
172 12

12 z E 1/2
12

Za)%yb}%zcz%x =Z Zaxy y2C. 2

Xyz

=53] ))EER YLRER) R KDy RN
x \y

S(ZAX)%. B:. ZCX%: Zaxy% Zbyz% Zczx%
X
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An Inequality

Proof of Friedgut’s Inequality
W
Zxr g Llj=tm (aj,ne,- (X)) < Ij=1.m (ny' aj,y,.)

i

Induction:
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An Inequality
000080

Proof of Friedgut’s Inequality
Zxr g Llj=tm (aj,ne, (X)) < Tljetm (ny' af’yi)

Induction: remove X; from G to obtain G — {X1}, keep wy, ..., Wp:

i
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An Inequality
000080

Proof of Friedgut’s Inequality
Zxr g Llj=tm (aj,ne, (X)) < Tljetm (ny' af’yi)

Induction: remove X; from G to obtain G — {X1}, keep wy, ..., Wp:

i

@ X iscoveredin G
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Motivation AGM Bound An Inequality AGM Proof: Upper Bound

Proof of Friedgut’s Inequality
W
2ixt g Llj=tm (aj,ne, (X)) < Ij=1.m (ny' af’yi)

Induction: remove X; from G to obtain G — {X1}, keep wy, ..., Wp:

i

@ X iscoveredin G
@ Edgesin G — {Xi}are ey — {X1},...,em — {Xi}; still covered.
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11 \II xm\ An Inequality AGM Proof: Upper Bound M \I |l of: Lower Bound

Proof of Friedgut’s Inequality
W W
2ixt g Llj=tm (aj,ne, (X)) < Ij=1.m (ny' af’yi)

Induction: remove X; from G to obtain G — {X1}, keep wy, ..., Wp:

@ X iscoveredin G
@ Edgesin G — {Xi}are ey — {X1},...,em — {Xi}; still covered.

2 [T {ame)

©Xn j=1,m
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Proof of Friedgut’s Inequality
W W
2ixt g Llj=tm (aj,ne, (X)) < Ij=1.m (ny' af’yi)

Induction: remove X; from G to obtain G — {X1}, keep wy, ..., Wp:

@ X iscoveredin G
@ Edgesin G — {Xi}are ey — {X1},...,em — {Xi}; still covered.

Z ]_[(a,,re(x)) :Z Z n(a/,ne(x))'

©Xn j=1,m <5Xn j=1,m
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Ai \I I xm\ An Inequality AGM Proof: Upper Bound

Proof of Friedgut’s Inequality
W W
2ixt g Llj=tm (aj,ne, (X)) < Ij=1.m (ny af’yi)

Induction: remove X; from G to obtain G — {X1}, keep wy, ..., Wp:

@ Xj is covered in G
@ Edgesin G — {Xi}are ey — {X1},...,em — {Xi}; still covered.

Z l_l(/mx)) :Z Z n(a/,ne(x))'

< Xn j=1,m < Xnj=1,m
Induction Wi
. j
< 202 aw)
X1 \j=1,m y;—{x1}
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An Inequality sM Proof: Upper Bound

Proof of Friedgut’s Inequality
W
2ixt g Llj=tm (aj,ne, (X)) < Ij=1.m (ny af’yi)

Induction: remove X; from G to obtain G — {X1}, keep wy, ..., Wp:

i

@ Xj is covered in G
@ Edgesin G — {Xi}are ey — {X1},...,em — {Xi}; still covered.

wj
T T {amw)” =X 2 T faimw)
an 1 ,m X1 an 1 ,m
Inductlo 2 )VVJ
'.y;
X1 =1,m Y- {X1}
Holder
= (Z 3jy)"
j=t.m y;
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Motivation AGM Bound An Inequality AGM Proof: Upper Bound

[e]e]e]e]e] ]

How To Impress Your Friends Doing ML

Upper bound on the trace of ABC.
Query/hypergraph: A(X,Y) AB(Y,Z) A C(Z,X) w= (%’ %, %)

2

1 1
def 2 2
Tr(a-b-¢) = YNy dybysCo < (ny afy) (Zyzb}zlz) (sz Cfx) = llallz - [[b]]2 - lle]l2
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[e]e]e]e]e] ]

How To Impress Your Friends Doing ML

Upper bound on the trace of ABC.
Query/hypergraph: A(X,Y) AB(Y,Z) A C(Z,X) w= (%, %, %)

2

1 1
def 2 2
Tr(a-b-€) = Ty auybyzCox < (ny afy) (Zyz bﬁz) (sz Cfx) = llallz - [Ibllz2 - llell2

The tensor kernel for Loomis-Whitney:

A(X,Y,Z) AB(Y,Z,U) A C(Z,U,X) AD(U, X, Y) w=(11,11

W=

1
3 3
nyzu AyyzbyzuCruxuxy < (nyz(axyz)s) e (Zuxy(duxy)s) =|lallz - ||blls - llclls - [|d]]s
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AGM Bound An Inequality AGM Proof: Upper Bound

Jele] [e]e]e]e]e] ]

How To Impress Your Friends Doing ML

Upper bound on the trace of ABC.
Query/hypergraph: A(X,Y) AB(Y,Z) A C(Z,X) w= (%, %, %)

2

1 1
def 2 2
Tr(a-b-€) = Ty auybyzCox < (ny afy) (Zyz bﬁz) (sz Cfx) = llallz - [Ibllz2 - llell2

The tensor kernel for Loomis-Whitney:
A(X,Y,Z) AB(Y,Z,U) A C(Z,U,X) AD(U, X, Y) w=(1,3,1 1)

1
3 3
nyzu AyyzbyzuCruxuxy < (nyz(axyz)s) e (Zuxy(duxy)s) =|lallz - ||blls - llclls - [|d]]s

And another one
A(X,U) AB(Y,U) AC(Z,U) AD(X,Y,Z) w=(1.1.4.9)

1 1 2
3 3 3 3 3

Zxyzu BxubyuCzulyyz < (qu agu) (Zyu bﬁu) : (Zzu Cgu) : (nyz d)g/z)
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Proof of the AGM Upper Bound

Q(Xq,...,Xn) =R1(Y1))A--- ARn(Ym)
Theorem For every fractional edge cover w: |Q| < |R1D W1 ... |RD|Wm

Proof

def .
N = number of constants in the database D.

1 ify; e RP
Yy, € [N]9, a ., & S
v € IN] e 0 otherwise

|Q(D)| = Z a1ﬂ'e1(x) am,n9m<x)S(Z o) Zamym "= |RYIM - R
V1

.....
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Motivation AGM Proof: Upper Bound AGM Proof: Lowe
o) ) O 5 . )

[©]

Discussion

e Each fractional edge cover gives us some upper bound on |Q(D)]|.

@ Their minimum is also an upper bound.

o Next: will prove that this minimum is tight.
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AGM Proof: Lower Bound

00000

Proof of the Lower Bound
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AGM Proof: Lower Bound

[e] Jele]e}

Proof of the AGM Lower Bound

By example:
RX,Y)ANS(Y,Z) AT(Z,X) AGM(Q) = miny |R|"A - |S|"s - |T|"T
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AGM Proof: Lower Bound
[e] Jele]e}

Motivation

AGM Bound An Inequality AGM Proof: Upper Bound

Proof of the AGM Lower Bound

By example:
RX,Y)ANS(Y,Z) AT(Z,X) AGM(Q) = miny |R|"A - |S|"s - |T|"T

Primal program:

Minimize

wg log |R| + ws log |S| + wr log | T|
where w is frac. edge cover:

X: wgr+ wr =1
Y : WRr+ Ws >1
Z: ws+ wr =1
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[e] Jele]e}

Proof of the AGM Lower Bound

By example:

R(X,Y)AS(Y,Z) AT(Z,X) AGM(Q) = miny |R|"# - |S|¥s - [T|"T
Primal program: Dual program:
Minimize Maximize
wg log |R| + ws log |S| + wr log | T| Vx +Vy +Vvz

where w is frac. edge cover: where v is “frac. vertex packing’:

X: Wr+ wr =1 R Vx+ Vy < log|R|
Y: wg+ Wws >1 S: vy+ vz <logl|S|
Z: ws+ wr =1 T Vx+ vz <log|T|
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Motivation AGM Bounc

By example:
RX,Y)ANS(Y,Z) AT(Z,X)

An Inequality

Primal program:

Minimize

wg log |R| + ws log |S| + wr log | T|
where w is frac. edge cover:

X: wgr+ wr =1
Y : WRr+ Ws >1
Z: ws+ wr >1

[e] Jele]e}

AGM Proof: Lower Bound

AGM Proof: Upper Bound

Proof of the AGM Lower Bound

AGM(Q) = miny |[R["F - |S|"s - |T|"T

Dual program:
Maximize
Vx +Vy +Vz
where v is “frac. vertex packing”:

R Vx+ Vy < log|R|
S: vy+ vz <logl|S|
T: Vx+ vz <log|T|

Take optimum v, define: Dom(X) <" [|2" |1, Dom(Y) & [|2" |1, Dom(2) &' [12'2]].
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AGM Proof: Lower Bound
[e] Jele]e}

AGM Bounc An Inequality AGM Proof: Upper Bound

Motivation

Proof of the AGM Lower Bound

By example:
RX,Y)ANS(Y,Z) AT(Z,X) AGM(Q) = miny |R|"R - |S|"s - |T|"T

Dual program:

Primal program:
Maximize

Minimize
wg log |R| + ws log |S| + wr log | T|
where w is frac. edge cover:

Vx +Vy +Vz
where v is “frac. vertex packing”:

X: Wr+ wr =1 R Vx+ Vy < log|R|
Y: wg+ Wws >1 S: vy+ vz <logl|S|
Z: ws+ wr =1 T: Vx+ vz <log|T|

Take optimum v, define: Dom(X) <" [|2" |1, Dom(Y) & [|2" |1, Dom(2) &' [12'2]].

Worst-case instance (cartesian products): R* f Dom(X) x Dom(Y), S*, T* e
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AGM Proof: Lower Bound
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AGM Bounc An Inequality AGM Proof: Upper Bound

Motivation

Proof of the AGM Lower Bound

By example:
RX,Y)ANS(Y,Z) AT(Z,X) AGM(Q) = miny |R|"R - |S|"s - |T|"T

Dual program:

Primal program:
Maximize

Minimize
wg log |R| + ws log |S| + wr log | T|
where w is frac. edge cover:

Vx +Vy +Vz
where v is “frac. vertex packing”:

X: Wr+ wr =1 R Vx+ Vy < log|R|
Y: wg+ Wws >1 S: vy+ vz <logl|S|
Z: ws+ wr =1 T: Vx+ vz <log|T|

Take optimum v, define: Dom(X) <" [|2" |1, Dom(Y) & [|2" |1, Dom(2) &' [12'2]].
Worst-case instance (cartesian products): R* f Dom(X) x Dom(Y), S*, T* e

|Q| = |2 | - |27 ] - [22] > %2!/)(+Vy+v2
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AGM Proof: Upper Bound AGM Proof: Lower Bound

[e] Jele]e}

Motivation AGM Bound An Inequality

Proof of the AGM Lower Bound

By example:
RX,Y)ANS(Y,Z) AT(Z,X) AGM(Q) = miny |R|"R - |S|"s - |T|"T

Dual program:

Primal program:
Maximize

Minimize
wg log |R| + ws log |S| + wr log | T|
where w is frac. edge cover:

Vx +Vy +Vz
where v is “frac. vertex packing”:

X: Wr+ wr =1 R Vx+ Vy < log|R|
Y: wg+ Wws >1 S: vy+ vz <logl|S|
Z: ws+ wr =1 T: Vx+ vz <log|T|

Take optimum v, define: Dom(X) <" [|2" |1, Dom(Y) & [|2" |1, Dom(2) &' [12'2]].

Worst-case instance (cartesian products): R* f Dom(X) x Dom(Y), S*, T* e

ow; log |R|+w} Iog;|S|+W3 log|T| _ %AGM(O)

o]

|Q* = [2% | - |2"Y ] - |22 ] > %ZVX+Vy+Vz —
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AGM Proof: Lower Bound

[e]e] le]e}

Special Case: |R| =|S|=---=N

Fix a hypergraph (V, E); (vx)xev € RL‘/' is a fractional vertex packing if:
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AGM Bounc

An I

AGM Proof: Upper Bound AGM Proof: Lower Bound
00 00000

Special Case: |R| =|S|=---=N

Fix a hypergraph (V, E); (vx)xev € RL‘/' is a fractional vertex packing if:

When |R| = |S| =--- = N, then replace
VR + vs <log N Vg + Vs <1

Vg + vy <logN with Vg + vy <1 times log .
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AGM Bound An Inequality AGM Proof: Upper Bound AGM Proof: Lower Bound

[e]e] le]e}

Special Case: |R| =|S|=---=N

Fix a hypergraph (V, E); (vx)xev € RL‘/' is a fractional vertex packing if:

When |R| = |S| =--- = N, then replace

VR + vs <log N Vg + Vs <1

Vg + vy <logN with Vg + vy <1 times log .
Then: R =[N"] x [NYY],8 = [N"] x [N"Z], T = [N"X] x [N"Z].

Q= [N*] x [N"] x [N*]
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AGM Proof: Lower Bound

0O00e0

Examples

IRl =S| =+ =N

R(X,Y)AS(Y,Z) AT(Z,U)
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AGM Proof: Lower Bound

Examples

IR =|S|=---=N

R(X,Y)AS(Y,Z) AT(Z,U) 0o G
1 0 0 1
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AGM Proof: Lower Bound

Examples

IR =|S|=---=N

R(X,Y)AS(Y,Z) AT(Z,U) RPN
R=[NIx[1,S=[1x[1,T=[Ix[N. ¥ o 5 5

Dan Suciu CSE599d: Advanced QP Winter 2026 27128



AGM Proof: Lower Bound

0O00e0

Examples

IR =|S|=---=N

R(X,Y)AS(Y,Z) AT(Z,U) — ") s
R=[NIx[1,S=[1x[1,T=[Ix[N. ¥ o 5 5

RX,Y)AS(Y,Z) AT(Z,U) AK(U, V)
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An Inequality

AGM Proof: Upper Bound AGM Proof: Lower Bound
00 00080

Examples

IRl =S| =+ =N

R(X,Y)AS(Y,Z) AT(Z,U) RPN
R=[NIx[1,S=[1x[1,T=[Ix[N. ¥ o 5 5

OO O—G
R(X,Y)AS(Y,2) AT(Z,U) AK(U, V) i 0 1 0 i
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AGM Proof: Upper Bound AGM Proof: Lower Bound

Examples

IR =S| =---=N

RX,Y)ANS(Y,Z2)AT(Z,U) LN~

R=[NIx[1,S=[1x[1,T=[Ix[N. ¥ o 5 5
OO O—G

R(X,Y)AS(Y,Z) AT(Z,U) AK(U, V) i 0 1 0 i

R=T=[N]x[1],S=K =[1] x [N]
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AGM Bound An Inequality AGM Proof: Upper Bound AGM Proof: Lower Bound
000000 [ Jole) 00 0000@

Summary of the AGM Bound

@ Upper / lower bound: fractional edge cover / vertex packing.

@ Their equality follows from strong duality.

@ The worst-case instance of the AGM bound is a Product Database.
o Full CQs only. Otherwise, ignore non-head variables.

Limitation of AGM: only cardinalities. Next week: extensions to other stats.
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