Finite Model Theory — Homework 2

May 9, 2025

1 Query Containment

1. (0 points)

(a) Indicate all containment or equivalence relationships between the following Boolean
queries:

@10 =R(x,y) A R(z,y) A R(x,u
Q2() =R(x,y) A R(y, 2) A R(z, u
Q3() =R(z,y) AN R(y,2) A R(2,z
Qa() =R(z,y)

(b) Indicate all containment or equivalence relationships between the following queries:

Q1 =R(z,y) N R(y,2z) N R(z, )
Q2 =R(xz,y) NR(y,2) NR(z,z) Nz >y
Qs =R(z,y) NR(y,z) NR(z,x) Ne <y <z

(c) [1] Prove that Q1 = Qs:
Ql :R(l'h .772) N R(.TQ, 1'3) A R(l’g, .CC4) A\ R(.Z'4, 33'5) A R(l’g,, CCl) N T 7é i)
QQ :R<£L'1, ZL’Q) N R(Q?Q, 1'3) AN R(:L‘g, $4) N R(I‘4, 1'5) A R(ZL‘5, Il) N T 7é xTs3
Hint: you may try the method in class, but I found it too tedious. Alternatively,
you may try to find a more direct argument.

(d) Consider the following two conjunctive queries, over the language of graphs:

QZ(:C) :E(I, y) A E<y7 Z)
i. Prove that Q1 C @2 (Hint: it suffices to find a homomorphism A : Qy — Q).

ii. Find a query @) such that @)1 € @ C (2. In other words, @) is between (); and
()2, but not equivalent to either of them.
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2 (Hyper)-Treewidth

2. (0 points)

(a) For each query below indicate whether they are acyclic. (The head variables don’t
matter for this question and are not shown.)

=R(X,)Y)ANS(Y,Z)NT(Z,X)

=R(X,Y,Z)NS(Y,Z,U)NT(Z,U,V)

=AX,)Y,Z)ANR(X,Y)ANS(Y,Z)NT(Z,X)
(X

Q4—A JABY)NC(Z)NRX,Y)ANS(Y,Z)NT(Z,X)

(b) In the following questions we are considering tree decompositions of graphs: we are
not considering hypertree decompositions.

i. What is the treewidth of a cycle of length n?

ii. What is the treewidth of an n x n grid? Node (¢, j) is connected to (i £ 1, 5)
and to (4,5 £1).

iii. What is the treewidth of an n x n x n cube? Node (i, 7, k) is connected to
(t£1,5,k), (1,7 £1,k), (4,7, k£ 1).
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