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Document Retrieval
" A
m Goal: Retrieve documents of interest
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Task 1: Find Similar Documents
" A

m Setup
1 Input: Query article X
1 Output: Set of k similar articles o
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1»
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K-Nearest Neighbor
"
m Articles X = {z',..., 2"}, z'eR?

m Query: z € R?

m kK-NN

. ‘ ¢loses
- Goal: C""J k. art\aleg N )( est X

E—

1 Formulation:
XN” i’(w': H/x"’”kg e ><
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Nearest Neighbor with KD Trees

— 4(,12,'{'/

HFCEEZN
AN SN
) ._. . ke d/é/\b\b d/é/\b\b of djb\b

m Traverse the tree looking for the nearest neighbor of the
guery point.



Task 2: Cluster Documents
" A

m Setup
1 Input: Corpus of documents (d nerS
1 Output: Topic assignment per document ' F—
9QerO WORLD

£2
AL

: FIFA WORLD CuUP
s Brasil

©Emily Fox 2013 6



A Generative Model
" A

1 D
Documents: £, ...,

Associated topics: z,..., 2"

—
Parameters: 6 = {m, 8}

Generative model:

240 4:0..,D
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Inference
" J—
m Two tasks A [{9)
/\ o 0
Point estimation: @ML , Or QMA «— ﬁ)\ma\/“
m Expectation-Maximization (EM)

Characterize posterior:
s Gibbs sampling o
» Variational methods
m Stochastic variational inference
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EM Algorithm

" A
= Initial guess: 6(%) A
m Estimate at iteration t: ()

—_—

-

m E-Step

Compute U(6,01)) = Ellogp(y | 6) | =, 0®)]

m M-Step

Compute pl+h) — arg max U(d, H(t) @6 ?/9}
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Collapsed Gibbs Sampling
S
m ~ Dir(aq,...,ak) P ><

{,uk, Ek} ~ F(Cb) z! | 2t~ N(wi; iy Ezq;) N
()
@,

m Collapsed sampler
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Task 3: Mixed Membership Model

m Setup: Document may belong to multiple clusters

Sut

HOME PAGE | TODAY'S PAPER
Ehe New York Eimes
ion )
Y 'ORTS

POLITICS EDUCATION TEXAS

EDUCATION

Students Rush to Web Classes, but Profits May Be Much

S AL [ ] FINANCE
,-S,ﬂgle— variaple ‘:‘C.HAP'TER'\‘-

 [FUNCTIONS

TECHNOLOGY
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Latent Dirichlet Allocation (LDA)

Topics

\ gene 0.04
dna 0.02
o-v

genetic 0.01

g -
€O >

Topic proportions and

Documents ;
assignments

y |

U‘S o~ life 0.02

evolve 0.01

b.‘sk . ?f%anism 0.01
Tl

85 brain  0.04
woY iy €8

—

%ﬁl data 0.02
number 0.02

computer 0.01

\'/
Seeking Life’s Bare (Genetic) Necessities

COLD SPRING HARBOR, NEW YORK—  “are not all that tar .llnu'l." especially in
How many genes does anjorganism negd to - comparison to the 75,000 sin Ilh hu-
survive! Last week at the genome meeting nome, notes Siv / \lnluwul

here,* two genome rescarchers with radically
different approaches presented complemen-
tary views of the hasic genes needed forlife;

One research team, using computer analy 1 n\ ors
ses to compare known genomes, concluded  more genom
that today’slorganisms can be sustained with sequenced.
just 250 genes, and that the earliest life forms any newly sequenced genome,”
required a mere 128 genes. The — Arcady Mushegian, a computational mo
~
other researcher mapped genes N, lecular biologist at the Natic
in a simple parasite and esti-  / A\ for Biotechnology Information WWBI)
Haemophilus \ .
mated that for this organism, | genome | in Bethesda, Maryland. Comparing 3
| 1703 genes i

800 genes are plenty to do the “
job—but that anything short
of 100 wouldn’t be enough.
Although the numbers don't
match precisely, those predictions

Mycoplasma
genome | \ 50 genes /
469 genes / \ Yy

-

* Genome Mapping and Sequenc-
ing, Cold Spring Harbor, New York,
May 8 to 12.

Stripping down. Computer analysis yields an esti-
mate of the minimum modern and ancient genomes

SCIENCE o VOL. 272 ¢ 24 MAY 1996

P 7

S

\t.wc't\

Qver y WOVJ 'S o0&

QSslcjned o o J(.OF‘C'

revelance

©Emily Fox 2013

lhas (\.S o\

£

&.OF\(S 1) clo(



Variational Methods
" I

- | | B,z !X )
Recall task: Characterize the posterior DL ' b

?,rams \\At'-tl\'l' Vars
Turn posterior inference into an optimization task
Introduce a “tractable” family of distributions over parameters

and latent variables

Family is indexed by a set of “free parameters”
Find member of the family closest to: P (9, ‘—'&l X >

Ca” khe Co»m;ly Q ar\A WA q/e B Ehet
s clogest *o P(ﬁ,%|x>

Questions:
How do we measure “closeness”?

If the posterior is intractable, how can we approximate something we do
not have to begin with?
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Variational Methods
" B

m  Similarity measure:

Vig(2,6) Il plz,01x)) = E Llog (28] - Eq/<lf3v(%,e\x)J

= £,0109920) - £, [lonplzX]
4°"°) gLy
= Evidence lower bound (ELBO) \'/__o_f;‘)/\ * \03?6)‘)

4
ogflx) = P3Pl P21) ¢ £y 5 Z(y,)

const. % te a const
m Therefore, minimizing KL is equivalent to maximizing a lower bound on the

marginal likelihood: u\’CfOf‘-{
o Max L£(q)=min D(q||p) = max lower bound of log p(x) K pf 4

Z“p - E% C(bj ?(’9,?:, K)] - Eq/‘: 10(5 01/(9,?:>1



Task 2: Cluster Documents
" A

m Setup
1 Input: Corpus of documents (d nerS
1 Output: Topic assignment per document ' F—
9QerO WORLD

£2
AL

: FIFA WORLD CuUP
s Brasil
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New Approach: Spectral Clustering
"

m Goal: Cluster observations
m Method:

Use similarity metric between observations
Form a similarity graph

Use standard linear algebra and optimization techniques to cut
graph into connected components (clusters)

X x X X
X X X X
< X X . x & %
X X
2 X X X X X
X X X X
X X X
X X X X X X X o
X X 8 . X x % X x
X X X
% % X X x X
X X xx
X X
X X X
X X X X X
X X X X «
X Xx x X
X X X X< x
X X
x X
X X
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Setup
"
m Data: atl,...,:pN oz dot ~ vmayloa w<e tL{ole
m Similarity metric: N
Skt « o W)

0[ yﬁ‘ (LOJ COS;V\Q gmﬂ‘\ad
N &J =S P’L\
m Similarity graph

SN
Nodes V * ‘or eockh X -

: : &J
Edge weights

W/LJ' = Qe of S

e

m Problem: Want to partition graph such that edges
between groups have low weights
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Types of Graphs
" J
m g-neighborhood:

Only include edges with distances < ¢
Treat as unweighted V"q) - €

m k-NN: l

Connect v;and v; if v; is a k-NN of v,
Weighted by similarity s; = v/
Directed - undirected J

m Mutual k-NN:
Same as k-NN, but only include mutual k-NN

©Emily Fox 2013
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Issues with Choosing Graph
"

m Choosing graph construction techniques and parameters
IS non-trivial

Data points epsilon—-graph, epsilon=0.3

From
von Luxburg

2007
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Graph Terminology |
" S

5 Weighted adjacency matrix
(W 7%) Ay N CZ

\/\Ja"/'—,(j =) o Z’Odbg’ \e \//ﬂ ww l/J

>
J/

20 40 60 80 100 120 140
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Graph Cuts

"
m Problem: Partition graph such that edges between
groups have low weights

m Define: W(A,B) =

m MinCut problem: k

AN

A
/ lx\ /) '#\ K
Cl\'%)-D\'/\ﬁC\/

m Trivial to solve for k=2

Cmt[@\\) oy ALLB é \/?/%l \N(P\NA,L>

'A(M = A i Cut (A\/ -'/m‘
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|Issues with MinCut
" A
m MinCut favors isolated clusters

e
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Cuts Accounting for Size
" J—
m Ratio cuts (RatioCut)

m Normalized cuts (Ncut)
m Lead to “balanced” clusters

m First need more graph terminology..
Lo e ad> W $|"b@/ DWC ’i,/(f\g/ C/[I/LSJUMS
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Graph Terminology Il
" A
m [wo measures of size of a subset

Cardinality:
Al = B b yergces in /ﬁr M
A

Volume:

Y,

vol(A) = & 2. W,
A P J:l

20 40 60 80 100 120 140
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Cuts Accounting for Size
"
m Ratio cuts (RatioCut)

- - — ( |
k=2 _ £ AT SN
Retio(nt CA, A) Cf//ﬁi\//ﬂ (lm + ¥
General k | e \\/\//t\’/
RatioCrt LA, Ro): ?2 %>
m Normalized cuts (Ncut) |
k=2
Newe Che k) = et (B A>(\/6IZA> Uy 104D
General k \/\/M /Jc )
Newk (A, A B = %ﬁ

; ol/ AL
m P ciale ' - | Look at relaxation.
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Graph Terminology I
" I

m Degree . polly cownts
OX/L:.Z:_, U\)/LJ V\e]aA[nwFS @

m Degree matrix

A 40
\ D ' 60
’\> - S N T
\ 80
100

o d,
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Restating Cut Metric
"

A ‘Z A %

! ngsocintiontA)’ = LUE CBET
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Restating Cut Metric - Volieme

x?! D €T
di 0 0 0
/MdQ 0 0
S o 0 0 0 dy
V\\/L(@L\q - _

‘N e 2
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Restating Cut Metric
"

20 40 60 80 100 120 140

(D — W)z

- ..
Uuzﬁ/ A} ) kﬂy

|
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Graph Laplacian
" S
= Definition: | - DJM\/

m Facts:
Symmetric, positive semi-definite
Eigenvalues

O;)ﬁ = >7/‘/—" 6>N
NE

Invariance to self-edges
Lae = Jim Wi Jon’E olé(b&mc‘j ON W 4.
L2 = — v

Inrrer=preduct in L space

N OV N

/ B \ S ) , l l/l—s-@y&m,,
VERY oL 0 = L2 w0 ()

late, —~
1J )
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Relationship to Identifying

. Gennected Components

m Proposition:

The multiplicity k of eigenvalue O of L is equal to the
number of connected components A, o A c

Futr%qjﬂﬂofz// VN 'y U’k le jl/
- A

m Proof: Assume graph is connected (k=1) '’ K

|
_ - L
07 MU= 2 e )
/\)J

\f VU,;)'>O 25 %m;b(td'

Since 3 o path bt pll 4,7, Hhen

/

W, < condont = 1
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Relationship to Identifying

] ggnnggtgg gomgonents

m Proposition:

The multiplicity k of eigenvalue O of L is equal to the
number of connected components

m Proof: Assume k connected components A s AK
As§wnme \WLDE  thws Ehey're Wiemﬂ

L, O VW?L\ L lﬁ«&\O“V\
L= 97/‘ Sw ”()W“PL” A .
(O L LS |{/‘03\/V"\
wﬁ’\ o\ 0 o
%\%\/AMLB = U@'@V“ CL 3 X [Or/, e/p%wc j\,m

T D) e s indiCors an gy paration )
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Example — Mixture of Gaussians

Hlstogram of the sample

o
L MO ud/ (/[ C\mgjc(/rs

0 2 4~ e 88— 10

: 56 ’ Eigenvalues ctor 1 Eigenvector 2 Ejgenvector 3 Eigenv 4 Eigenvector 5
\
E . 04
3 0
5 : . * 02
) c 0. . * * -0.5
0 0
N- 4 6 8 2 4 6 8 2 4 6 8

Eigenvector 1 Eigenvector 2 Eigenvector 3 Eigenvector 4 Eigenvector 5

05
& -0.1451 01 0.1 04
S -0.1451 [J 0 q] 0
£ -
5 -0.1451 01 -0.1 -01
€ -05
2 4 6 8 2 4 6 8 2 4 6 8 2 4 6 8 2 4 6 8
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=

Graph Laplacians and Ratio Cuts

m Ratio cuts for k=2 N = (A, Y,

m Define cluzle/r\mdlcator variables: i
| K\ —
wr- _ /ol Vi A B -
pa y P R e

|1 AN
0 Propertles /11|

A Z“C - lp‘\r IA| |& jD VanVad

Fall oy
%oéut B / Q M
VotioLut <F‘,A> - %ﬁ_[:\/’&—— & wCA rS

m Reformulating RatioCut problem\

i 8L sk By bl o5 sboe, ST I1RHN

AcCV
ng-m\zogw‘ AR N o A|S(‘,Q,JCQ §€3;Jv
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Relaxation to Formulation
" S

m Let fbe arbitrary continuous vector

min CLE s D RN

-
R ) /
q”\Pu const
l/mvo\/\,CIO/\ \QE L\lﬂ\fﬁ-c-
m Rayleigh-Ritz Theorem oL L

Which vector maximizes objective subject to constraint that
the vector is orthogonal to the first eigenvector and has
bounded norm?

51; UZZ)/B — Z,LO&\/KC AgS0C W/
Z'Mﬂ gwﬂ/z%t eﬂk/m/
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Mapping Back to Partition
" J—
m To obtain partition, transform continuous f to a discrete
iIndicator

s Cluster coordinates _ \) A
FeRoint C, g // 2/\,

Mginﬂ [ -ans

m Return

v,e b ¢ Loz
Vie i 1t Loe(
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Ratio Cuts for General k
» BN

m Define cluster indicator variables: Nxk
F:{ VIAT e h) R FiFa=1
0 oW -
m RatioCut k
RatioCut(Ay, ..., Ag) =  fu;Lfa;i = Tr(FyLF4)
i=1 —_
m Reformulating RatioCut problem >
: / | —
i, MEALE) o) /ol FlG T

m Relaxation

in Tr(F'LF . ‘T =T
FEI?QIJ\Iflxk I'( ) < t %_; r

©Emily Fox 2013
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Ratio Cuts for General k
» B

m Relaxation:

min Tr(F'LF) st. F'F =1
FeRN Xk

m Solution: %*Cﬂw\é)%fi T rce. min F@LO /ﬁ,m

) losse - cD”tf’“\‘”.‘”ﬂ Cirst c @Fg) \/%[L>

| |
[ L/\ \ 7 ’ L/(La /1
m [0 obtain partition: | |

C\\/Lﬁjce,/ rouws @£ T/i l/z_g}/\j LCzV"\{a\mj

T |
\
vla_f & sl s in Clesker wf Dégd/
Ahon thhe vOWS are

gos® | the came
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Graph Laplacians and Norm. Cuts
" I

m Normalized cuts for k=2 AN
m Define cluster indicator variables:

| Cp) .
s - E P Sty vie R
- vyl \ - . n
m Properties: lem> Vi€ F

(DB 120 and §/DE - wol(v)

m Ncut N )
Ncwt(‘ﬂ‘//)( ); WC,A LQA

m Reformulating Ncut problem

Min %)L?A ¢t \D%Ll mnd Q/Dﬁf:\w‘@

Ac \/
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Relaxation to Formulation
" S

m Let fbe arbitrary continuous vector

( INC
min ELE e &)ﬁ'ﬂﬂ/] QDQ/\/DM\/B
;é @N /\j S::D_‘/L% '

AN

(@ ﬂ/D“’Z | Do gk Wﬁ D™ “%“L’WV)
£ \/\/\/;/3 N
-6Rayleigh-Ritz Theorem /™ / Zomsjc
[3& c]ﬁj\/éc 5F LSW\/\
A= Uy (Lggm )
L tlsy

%/,zw\/ TO ; soln Dﬁ L—Vtr\\& o
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Normalized Cuts for General k
" JE
m Define cluster indicator variables:
P _{ 1/+/vol(4;) wv; € A, FhFa=1
Y0 ow F/\DF =1
m Reformulating RatioCut problem

AminA Tr(FyLF4) s.t. F)yDF =1
| IEERER) k

m Relaxation

min Tr(H'D~Y2LD~Y2H) st. H'H =1
HeRka

m Solution:

H is matrix of first k eigenvectors of which is equivalent to
the approximate F being thefin eigenvectors oin%

—_—

—~———
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Random Walks on Graphs
" S

m Stochastic process with random jumps from v; to v; wp:

m Transition matrix:
m Connection to graph Laplacian:

m Intuitively, want to partition graph s.t. random walk stays in
cluster for a while and rarely jumps between clusters

©Emily Fox 2013
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Random Walks on Graphs

m Assume that stationary distribution exists and is unique. Then,

m Proposition: Ncut(A,A)=P(A|A)+ P(A| A)

m Proof:

m Minimizing normalized cuts is equivalent to minimizing the
probability of transitioning between clusters

©Emily Fox 2013 46



Notes
" A

m No guarantee to quality of approximation
m Sensitive to choice of similarity graph (see earlier)
m Which graph Laplacian to use?

If degrees in-graph vary significantly, then Laplacians are quite different
:In %eneralgL: igehaves the best
olume gives better measure of within-cluster similarity than cardinality

Normalized cuts has consistency results, Ratio cuts does not
-\
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Notes
" A

m Choosing the number of clusters k can be hard
Easy when clusters are weII:-sepa—Fa’tet‘r

Histogram of the sample Histogram of the sample Histogram of the sample
10 10 6
4
5 5
2
From
0o 2 4 6 8 10 0o 2 4 6 8 10 0o 2 4 6 8 10 L b
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m k-means to return partition from solution to relaxation is an
approach, but not the only
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