Gaussian Mixture Model

a Lt ®
m Most commonly used mixture model x
m Observations: z*, ..., : N
m Parameters: 0 = {W, ¢} e
T=[my,. .., Tg] X weightS -
¢ = {Qbk,} = {:U'ka Zk} i::mscco\:w :7, ¢k,
m Likelihood: = : !

p(a | 0) = Z?Tkp (=" | ¢x)

m Ex. 2= country of origin, = height of it" person
01 kth mixture component = distribution of heights in country k

@Emily Fox 2013 2

k-H.X“ft“n tﬂ

Motlvates EM Algorlthm computd oM"

~ m Initial guess: 6(©)
= Estimate at iteration t: §) . $;‘\
e\
= E-Step £

Compute U(6,0) = Ellogp(y | 0) | =,0%)]

m M-Step
Compute 00+ = arg max U(e,6®)
~
—— D™ wnverges local mede
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MAP Estimation

~ m Bayesian approach:
11 Place prior p(6) on parameters
11 Infer posterior p(0 | z) - F—(i\_e_)_fﬁz
' D)
= Many, many, many motivations and implications

1 For the sake of this class, simplest motivation is to think of this
as akin to regularization L kermm

9MAP:a,rgm5Lxlogp(9|x) 2 orgmox |0(3er|&>
» \0(59(9) N\

Yo -
1 Saw importance of regularization in logistic regression d
(ML estimate can overfit data and lead to poor generalization)
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EM Algorithm — MAP Case

m Re-derive EM algorithm forpt9 | :::) | 0
e i\og\’ 2 9’)
s Add logp(6) to U®0,0®) & qow €5 \og R4 \of{) ?("7
1 What must be computed in E-Step remains unchanged
because this term does not depend on y.

1 M-Step becomes:
g+ = argmaxU(@ gy l03 P CQ)

A

affects wmaX
wrt. B

L\]lﬁ \%,
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- 'QD( *Mq\l;‘ \r( (QD( on
7 ~ Dir(ay,...,ak) Wha & Yo #7501t
(1,0.0) 0.0,1) {0,1.0 N
a‘ 2, } z,
(131/313)  (14,1/41/2)  (1/2,4/20) reRERLY . =P 5 Py
a.

) ¢ v wrﬁtfs

(““ 1‘1 1\37 V‘ _k_V\-e/ =-Dic(‘4‘::l‘ . =~ Dir (uxlu uz)
ras mS
‘5 a P g me\ @Emily Fox 2013 K \‘\lp mum n& ;D(’N\

MAP EM Example MoG

m For mixture of Gaussians, conjugate priors are:
™~ Dir(al, ceey aK)
m Dirichlet posterior _
[ Assume we condition on observations LARSE

0 Countoccurrencesof 2' =k : A =z |3 2t . %fw,kﬂ
0 Then,

p(r |, 2t ..., 2Y) T.Vp(?_t"\’\i) pla\l)
ok -\ N+l
Nn-miqvk\ ﬂ 0( Tr ‘

0 Conjugacy: This posterior has same form as prior
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MAP EM Example — MoG

m For mixture of Gaussians, conjugate priors are:
7 ~ Dir(ai,...,ak) {uk,Ek}NNIW(mo,no,v%ﬁ

A0

m Results in following M-Ste SN QNA "\’S o vseﬂibs fvew
N L‘ml‘n G q &G 5
My mepx
. TeTr + KoMo . T+ o —1
o =——"F"—"—  Tk=
Tk + Ko N;‘i'zkak—K
i Cro n E
& - So + TkSk + 2k (T, — mo) (Tk — mo)’
vo+re+d+2
A, diwien$ 2"
©Emily Fox 2013 L]
Posterior Computations
- LU
= MAP EM focuses on point estimation:
PMAP — arg mgaxp((? | z)
m What if we want a full characterization of the posterior?
r: Maintain a measure of uncertainty
0 Estimators other than posterior mode (different loss functions)
1 Predictive distributions for future observations X. over W° neertam
SO Uy X ) e Tk e

S rrﬁ;(x""‘ (o) plolx.-,x")d8
m Often no closed-form characte zation (e.g., mixture models)

m Alternatives:

7 Monte Carlo based estimates using samples from posterior. | i 0 )
1 Variational approximations to posterior (more next time) ?L@ W \
6(\.\ ~ N \W
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Gibb Sampling

: e
Ul =y
i
i

N mekers of laten’s Vars
= Want draws: L

an”’ a le
(6, -, 02) ~ T(B) 3T

m Construct Markov chain whose steady state distributionis Tt (9,)

m Simplest case: Ny s
\ Nice - e Jor oré 5
Yor t=\‘o---y oo

Yor 4= \J"‘/ ™ ! % |\>

(£9) () {t—‘ ) o

9}\#)" P( 6.’-\9\ 7% 9*;“ 7 9“-“" S kel

‘Libs sammplin assumeS
i J closed-form

hat this has a
Z,:k ak we can samPQ From

Fox 2013 10




Example — Mixture of Gaussians

e e—n

= Recall model

Observations: a:l .,
Cluster indicators: 21, 7N
Parameters: 6 = {71’ ¢} T=[m1,...,TK]
¢ ={or} = {pk, T}
Yy . Generative model:
.\é{ ’/TNDil‘(Oél,...,OAK) Z.NTI' ,{;\,...,N
© { {pn, T} ~ F(Q) &-‘)"w gt | 2t~ N (2% g, 5,0)
m \Want to draw posterior s?mples of model parameters
)
e p(m | q5, Lo,z No CLESED
&) FORM
# p(g | oot L)

\—;:\/\.’\ZOHAw on Obs .

@Emily Fox 2013 11

Auxiliary Variable Samplers

m Augment variables of interest # with variables 2 to allow
closed-form for sampling, just like in EM

Ex, Assume jroc one Var of intezse ©
Sample 9“” ~pB 12470 s pacls bas
~o(216° ¥ closu\ form

bm 9(1) 9(3) L
2@ %m -

L] In both cases, simply looking at subchain {9 )} converges to
draws from marginal distribution 7 ()

SEmily Fox 2013 12




Example — Mlxture of Gaussians

=
7 ~ Dir(ay,...,ak) 2o ™
{1es Sk} ~ F(X) |2~ N(@h e, B) T o
z o K
m Try auxiliary variable sampler v
"1 Introduce cluster indicators into sampler ﬁ%N
{k~1)
t 1
) ’?(’“ | ten %%Nﬂk) = D\f(n‘-w,,..., ng-bdu:)
N A, ga.
Yor lc=l,~--/|< R EE =k |

“_ ¢ =
?MK,Z:-)S- > P(¢,,_\ 3?:,.1) / ﬂ/ qu,)\)
whak B lnia\—» =p( \ 3 A len) - °
Mo P(Px )\ Ix~42 ,kflk),NlW(Ps/tﬁ
Yor az\,... N \
& - A (:t)
2 A PC% L, e ¢( 3)‘* ﬂ< NG ¢
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Example — Clusterlng Results |

(\ an Ou" er

t=2

\)u.fn""‘ "t‘{‘ona\/

sy ot 7 Aisk
Can be. SL2Y
_al-—\
] . won % Y b
%‘w qosh’ Q(Q
\o w‘\"ﬁ

N pre
50 B ok W&

Figure courtesy of

el IR EnkSuddle
T G\ evendhe A

e..
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Collapsed Gibbs Samplers

. : AL , i \IOM
m Marginalize a set of latent variables or parameters / apn"r fé"l
Sometimes marginalized variables are nuisance parameters orbo

Other times what gets marginalized are the variables
= Make post-facto inferences on variables of interest based on sampled variables

B- Poram of inkerest, but lm?)\'s Aum
2 = enables SAMP\-ﬂﬁ

. le 7
W hak qbo“,t jus’c 9“'"?‘“"3 S . F%S\b\é-
i A (2D
¥ so, can for O Erom sampled 2.~
m Can improve efficiency if marginalized variables are high-dim
Reduced dimension of search space
But, often introduces dependences!

15
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Example — Collapsed MoG Sampling

]
m~ Dir(ay,..., oK) PP T
{1k, i} ~ F() ot | 2t ~ N(2¥ i, 250) 'Tl oy
Z - K
m Collapsed sampler R
!“gill" N

for a=\,.-,N
iV (%) qax\ (%) ~ &)
W i (o) v 2 p x':“'vk,%)

4“) L% \= /- - ’ o2y
%(t?
mnc\ now b‘lﬁh‘hl-’ Cauf‘e,gl
/ l \, = (@3
21 --. EM

vl
\ 'lf
% Z % @Emily Fox 2013 16




Example — Col

m ~ Dir(ey,...,ax) 2o m
{we, i} ~ F(9) zt | 2t~ N(zb g, T,0) ji /d)kfc
m Derivation vl;/
?(%.i\%\:\, Xn:rl/"L/X)JP(Z; \4\.’«/0&) J&J:N
PUxA 124, 20, X

Pebd s, 1= ook 1) o |2udn = 0+
PO XM e ot ke }y(“’"* i
At 4

couns not
: & ncluding
= - e .
m |Important facts: houdant pred. lice 2=k
o~ N T(Zk Qk) Hk F(?‘Lk + Ozk) I‘(m . 1) -
Wit |2} = [T, Tlaw) T2, e + k) T(m) mn /

QEmlly Fax 2013

Example — Clustering Results Il

——

worst case
= % S’(:“‘ ba.l

Seq,. Samp\ing 2+
can make i€ hasd
+to0 make 6\;,&.4\
asSion. chanoe s
(s-l:rong &?@ndmdc;

(g T rabeoEE
‘J’i Figure courtesy of
Erik Sudderth
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Comparing Collapsed vs. Regular

PR

Log Likelihood vs. Gibbs Iteration
(multiple chains)

Oveca\l, in
CollaF“A
h\_/‘oico\“\/,

case s&ll the same oS ddern

-

but werst

Figure courtesy of
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Task 2: Cluster Documents

| - , 'A‘ 1

m Previously:
01 Cluster documents based on topic Ak rew 3
J,a

BEE
WORLD

5 f"( £s

&

FIFA WORLD CUP
Bresil
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A Generative Model

||
m Documents: :Bl,..-,xD
m Associated topics: z%,...,z"
m Parameters: 6 = {m, 5}

m Generative model:

2d~m  opic Bhnes
u}f Izt~ 792(5 word weipes
FOr {0?-\(. Z

BO-\/'CS.‘AW aepf‘odc_’n = . ok
{
'“,..«Dirl"‘\/"“/"{‘()/ Vo cele

ﬁkﬁpir ()\\,--., >\v
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Pr-\ofs

b‘:\/.../ K

Task 2: Cluster Documents

| | ] L5,

-

s Now: Document may belong to multiple clusters

T R v - %
New. Elmes

g bl Education

e ;
-

N AT NI ReTTM WODGLNN WML MM MONN ERNN 4

. EDUCATION
'S;E;;zi}ms Rush to Web Classes, but Profits May Be Much P {S
&emnms. FINANCE
Y o
.| ~single variaple e
e 1] D ™
DTS TECHNOLOGY

iana wa by
- $
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Latent Dirichlet Allocation (LDA)

COLD SIRING HARBOR, Nl:\\ YORK-—
Hew many genes Joes sn SRR need ro
Rivived Last week ot the genome meeting
here, ™ twe genome researc hers with radically
different approaches presented complemen-
tary views of the basic genes needed (oe

One rescarch team, using compuret wnaly
ses to compare known semunies, coneluded
that today's an be sustained wich
just 250 penes, and that the earliest life forms

reguired # mere 128 gones: The e

orher rescarcher mappad genes
in i sivple parasive and esti
l‘l‘.i”l'd Ihw" (U\' [hli GTLInIsim,
HOQ genes are plenty todothe
job—hut thacanyching short
of 100 wouldn't be enough.
Alchough the numbers den'r
match precisely, those prediciions
* Gonnmn Mapplng End Sequenc-
ing, Cald Spring Harbor, New York,

“are not all thae fur apner,” especially
compirison to the 75,000 geres i the ha
man genoime, notes Siv Andersson of Uppsala
University in Sweden, wha arrived at the
SO0 nuiber. Bur coning up with @ consen

susanswer mpy be more than just a perene
numbers game, particulacly as mere and
mare senomes are complerely mapped and
-c‘nu-nca;l, Ty be a way of Organizing
any newly sequencel genome,” explaing
Iy Mushegian, a contputationn) mo-
lecular hinlogist at the National Ceneer

Arc

3y for Biotechnology lnformation (NCBL)

Fin Bethesdn, Maryland. Comparing an

Aonaeadl 2od P g
033

ol
,..m o

Stripping down. Computer analyss yields an esti

May 8 to 12. mate of the minimum modern and anclent aenomas.

m\ ved membershie mede.

ACAFTET FROM SO0

Latent Dirichlet Allocation (LDA)

. @q
o M AT ¢ (O0PUE

Document

MK

Topic proportions and
assignments

Hakmi New s

o s
i

Seeking Life's Bare (Genetlc) Necessmes

R

il

e\£>

i " = =i 5
Qe B and B -
w73 Uk Sy vk P on Sorpping dow i o
it S frebart Span At i i
CHENX 0k 0w AT
V.4
L 7
Lt ra

2Nery word s
assigned w one
Anese Lo\ &S

,w‘\&-L
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Latent Dirichlet Allocation (LDA

Topics

Documents

Topic proportions and
assignments

“te ot sl vhat

* Banome Mappiog it Swerc:
Mo Vo

s
Wiy s 13

"
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Seeking Life's Bare (Genetic) Necessities

COLD SORING HARRON, NEW YORK—

e
1 54 the N OGS A0 AR QTGN

UL

/
Only observe e words ! |
Want ?03{72/10" ?GDFM'S/ Frogorﬁons, agsignme;\‘(’,yut"ﬁ/

Example Inference — Topic Weights

m Data: The OCR’ed collection of Science from 1990-2000

1 17K documents
1 11M words

1 20K unigue terms (stop words and rare words removed)
m  Model: 100-topic LDA model

Seeking Life's Bare (Genetic) Necessities

COLD SPRING HARBOR, NEW YORK—

e ot all thie fat aran” epectally I

Fow imny penes does an orginism nced o comparisan to the 73,000 getes i the i -
survive! List week ot the genume meetime  man perome. notes Siv Anckrsson s Uppeala s
here,® tiv pepome recarcherswith eadically Ubvensity In Swaden, who arny
ilerent srpmiches preserted eumpléten. B0 nussher, Pur comiBgup with
Ty views o the basic genes meedes fnelife. s answer may be mre o
One roscareh tam, wing computer iy aumbers game, parte s
sty istpire Ko gename, concludal  minte genomes are completely mapped and >
yorganbms can be astained with sequeticed iy b way of neganising =

wenes, and thet the earliest e forms— any newly sequeneed wenmme.” explainss o

1y mere 125 wenies. The Atcady Mushegran, a computatiynal mo. @
ther resayreliet ippped genes at the Natinnal Cenger

for Mhtechniolney. Iformations (NCRL)
in othenda, Manyland Compating =
o areplenty vod the Pt °
ot that arsything syt ) o |
00 wondr br- el WS FEE |1
Althoofy the manbees don't \ RS s L";:'\ l 5 s - L

wviteh precssely, thove prodictives | e (- 22, ) |l () F

i " 5= / =Y ‘-E'_-;) __‘___5 1818 20 36 45 56 05 76 66 08
« Gename Mapping and Sequenc: — -
Ing. Cols Spring Hirbar, New Yark. Siripping down. Computar snalysis yiaid an stl Topics
My 8 1a 12 mate of the minimum modarn and ancient ganomes.

SUTENCE o VOL 372 ¢ 4 AIAY 1win
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Example Inference Topic Words

kopre '

human
genome
dna
5 am genetic
—g %’ genes
'5- ¥ sequence
> gene
— molecular
¥ sequencing
S ,‘g map
’g’.) 16 information
] genetics
— mapping
project
sequences

= 3 9

CEmily Fox 2013

evolution disease computer
evolutionary host models
species bacteria information
organisms diseases data
life resistance computers
origin bacterial system
biology new network
groups strains systems
phylogenetic control model
living, infectious parallel
diversity malaria methods
group parasite networks
new parasites software
two united new
common tuberculosis simulations

27

LDA Generative Model

Observations: w{,.

Associated topics: 2¢,..., 2% “ o aehnt

m Parameters: § = {{wd} {ﬂk‘ﬁ,/ .

Generative model:

4o

Wf‘ H? ~ »ng

Pf‘\afs %

DirlA,, ... &
&\CND‘.‘/‘(>\/"'/

,'w?:\,vd cl ’\/-"/D

(2

k = u| \G
doc 5P w“‘j\'\bs

)
Sv)
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