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Transformational Invariance of G 
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Double Points Cp
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Parameters at double point are roots of Hessian(G) 
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The Other Form of G 
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Forms and Singularities of Curve 

G is type 
1

1
1G is type 21G is type 111 G is type 3

x
y w

x
y

w

x

y

w

 3 2 2 33 3

x y w

x y w

x y w

x y w

A A A

B B B
t t s ts s x y w

C C C

D D D

 
 
   =   
 
  

Look at plane defined by x,y,w cubics 



Cusp Cubic (review) 
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Generalization to Quartic? 
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2D Quartic Polynomial 
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Types of Quartic Root Structure 
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Kempe (1885) 



Diagrams 

=F F

 H =F F F

 J =F F F

F

F

F F

F

F F

F

F

F

F

F

F

- 6  =F

F

F F

F

F

S = F2 = T = F3 =



The Ecology of Quartics 
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Poston/Stewart plot of discriminant 
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A Puzzle about Discriminants 
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Comparison of Invariant space 
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Comparison of Hessians 
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Comparison of Hessians 
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2D Quintic Polynomial 
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Kempe (1885) 

Odd number of arcs (epsilons) 
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Kempe (1885)  
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2D Quintic Polynomial 
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Polar Line of Quadratic 
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Polar Line of Cubic 
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Polar Quadratic of Cubic 
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If Polar Quadratic is Singular 
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Group Structure of Cubic 
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Group Structure of Cubic 
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Group Structure of Cubic 
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Group Structure of Cubic 
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Group Structure of Cubic 
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Finding c 
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Same a,b 
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Common Formula 
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After some arc swapping 
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Group Structure of Cubic 
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Another Another way 
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Possible Future Topics 



Theorem of Pascal 
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5 Points Determine a Quadratic 
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  Intersecting Two Quadratic Curves 
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Three Dimensional Projective 
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Three Skew Lines 
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Steiner Surfaces 
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