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Reinforcement Learning Formalism
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Needs to be learned
Trajectory sampled using policy



Learning Algorithms for Robotics

On-Policy Algorithms
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Performant, efficient, but
compounding error and
expensive data collection




~What if we just performed gradient ascent?

T
max K, r, g r(st, az)

0
| t=0
:/pQ(T)R(T)dT
Standard gradient descent (supervised learning) REINFORCE gradient descent (RL)
VoEg~g(z) [fo(2)] VoEqpy(z) [f (7))

Gradient wrt expectation variable, not of integrand!
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Taking the gradient of sum of rewards

7(6) = / po(r)R(r)d(r)
VoI (0) = / (1) R(r)d(r)
= [ Vono(r -/ PoT) G o () R(7)d(7)

po(T)
/ o(T)Vglog pg(T)R(1)d(T) = Epy(r) [V log po(T)R(T)]

REINFORCE trick



Taking the gradient of return
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Initial State

Dynamics Policy

po(T) = p(s0) L,y p(ses1]s¢, ar)m(ar|se)

T—1

(@ @) @ @
OROROR0)
(0 @ @ @

log po(7) = log p(s0) + Z log p(st+1]st, at) + log m(at|st)

g}\iﬂ s¢,at) + Vglogm(ag|st)

Vologpe(T) = Vg IEg{(

Vo logpg(T

t=0
T—1

s0) + » Vglo

tOTl

t=0

Z Vo log W(at\st)\

Model Free!!
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Taking the gradient of return

T
VoJ(0) = Erpy(r) |Vologpe(r) Y r(se,an)

! t=0
ap - -
VoJ(0) =F  op(so) > Vologmo(ag|se) »  r(se,a)
St4+1~D(St+1]5¢,a+) | =0 t'=0 i
atww(at|st)
N T T
N : :Vg log g (ay|s}) Z r(sy,ay ) (approximating using samples)
i=0 t=0 t/=0




What does this mean?

T
Vo J(0) = / o(T)Vglogpe(T S‘S‘Vg log g (at|st) Zr(si,,ai/)

zOtO t'=0

Increase the likelihood of actions in high return trajectori
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Resulting Algorithm (REINFORCE)

-l 4

VoJ(0) = / po(T)Velogpe(T)dr {COHect DataJ [Takesi;die”t]
“—— I

REINFORCE algorithm:
On-policy—==> 1. sample {7} from 7mg(a¢|s;) (run it on the robot)

2. VoJ(0) = Y, (X, Ve log me(ailsh)) (3, r(si, al))
3. 0« 0+aVeJ(6)



REINFORCE Pseudocode

18

Algorithm 1 Vanilla Policy Gradient Algorithm
1: Input: initial policy parameters 6y, initial value function parameters ¢
2: for k=0,1,2,... do
3:  Collect set of trajectories Dy = {7;} by running policy 7, = () in the environment.
4.  Compute rewards-to-go R,
5:  Compute advantage estimates, A, (using any method of advantage estimation) based
on the current value function Vi, .
6:  Estimate policy gradient as

T
. 1 -
G, = W Z Z Vo 10g7r9(at|st)|9k A,

7D, t=0
7:  Compute policy update, either using standard gradient ascent,
Orr1 = Ok + gy,

or via another gradient ascent algorithm like Adam.
8:  Fit value function by regression on mean-squared error:

1 A\ 2
_ i S (v, —R>
Qp+1 = arg m(;n \Dk|T - ( ¢(3t> t]

typically via some gradient descent algorithm.
9: end for

- Sum up reward to go

— Simply subtract baseline

— Regression to learn baseline
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How Is this related to supervised learning?

Reinforcement Learning Supervised Learning

V@J(e) — /pg (T)V@ logpQ(T)dT meax E(aj,y)ND [logpﬁ (y‘x)]

T
. 1 i
il Y S‘Ve log g (a|st) Z r(sy,ay) ~ N Z Vo logpe(y*|z’)

zOtO t’'=0

PG = select good data + increase likelihood of selected data



What makes policy gradient challenging?

21

What we do
. N T T | Single sample |
Q| 0 i i timat
b Z Z Vg logmg(ay|s}) Z r(sy,ay) estimate
i=0 t=0 t’=0 What we actually want

High variance estimator!

¢ = e e e =

Hard to tell what matters without many samples

L J

Averaged return estimate



Variance Reduction with Causality

Idea: Trajectory returns depend on past and future, but we only care about the
future, since actions cannot affect the past. Instead, consider “return-to-go”

—vielogﬁe at|8t>z (Si/,ai,) /\/\/
1=0 t=0 =0

{ J

Full trajectory return

( J
|

Includes t’ < t
Ignore past terms ‘ ‘

| N T T /—\\,i/./_‘\/
~ 22 Vologmo(ails;) p _r(s}.ap)
— . .

—
1=0 1t t'=t

Return to go



Can we reduce variance further?

high variance

Arbitrarily uncentered, scaled returns can lead to huge variance:
- Imagine all rewards were positive, every action would be pushed up, some more than others
- What if instead, we pushed down some actions and pushed up some others (even if rewards are posi

Credit: Sergey Levine



Variance Reduction with a Baseline

ldea: We can reduce variance by subtracting a current state dependent function
from the policy gradient return

T
Vo log mg(alls?) Z r(stal) — b(s;)

1l ~—
N v
1=1 t= _th i

Baseline: Centers the returns, reduces variance

N

l(J%

But does this increase bias??



Variance Reduction with a Baseline

T
//p(St,a,t)VQ log g (a|st) {Z r(sy,ap) b(st)} dsy day
sJa Py

____________________________

//p(st,at)ve log g (a¢|st)b(st) dsy day
SJA

T
//p(St at)Velogﬂe at\St {ZT } ds; day —
SJA

t'=t

———————~

-—— e = = mm =

Let us show this is O!



Variance Reduction with a Baseline

//p(st,at)Vg log mg(as|s;) [b(sy)] dsyday ://p(st)m(at]st)VQ log g (a¢|s¢) [b(s¢)] dsiday

_ / p(s)b(s1) / ro(as]50) Vo log mo(ar|s,)dagds,
_ / p(s0)b(s,) / Vormo(as|s)dasds,

:/p(st)b(St)VQ/779(@t|3t)daftd3t — /p(St)b(St)VG(l)dSt — (

Unbiased!



Learning Baselines

Baselines are typically learned as deep neural nets from RS - R’

Fully-
. connected
Convolution layer
layer 1 Convolution
layer 2 1ot lo
| R e 6 5 ,;‘i’,:.::-’ .v
T 5 T e
! [ =y 12 7 v S 6 @1‘,;"'- ..’:,"\‘:‘\\
36 . 5 , 1 |
3 i N | -9
, 9 Max pooling @[
Max pooling ayers
layer 1 Output
layers
Input Layer
1 M H o T
—E Vsjaj—grsjaj _ ,
N |V (st,az) (51, a1)l] A(ss,ap) = r(sy,a;) — V(st)
j=1 t=1 iy

Minimize with Monte-carlo regression at ,
every iteration, club with policy loss Allows us to define advantages



How is this useful for robotics?

Can be used to train robots in the real world but only in limited settings




How is this useful for robotics?

Largely useful for pretraining in simulation

L

More in the sim2real lecture!



Pros/Cons of Policy Gradient Methods

Pros Cons

= Conceptually simple, easy to implement = Sample inefficient

= Stable, good asymptotic performance = Unable to reuse prior data effectively - on-
= Compatible with deep models policy

Require minimal modeling = Blackbox, can be hard to debug
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Why is Policy Gradient sample inefficient?

VoJ(6) = / po(7) Vg log po(7)dr

T
_ZZVQlOgﬂ'Q al|st) Z r(st, al)
=t

N

On-policy, unable to

effectively use past data High Variance Estimator

Can we develop a low variance off-policy RL algorithm that can bootstrap from prior
data?




What can we do to lower variance?

What we do

Vol(6) = [ po(r)Vologpa(r)dr /\/‘\_,/
S (s '

1 A
~ 22 Vologmy(ay]s)) . -

i=1 t t'=t Single sample estimate
|dea: bundle this across many (s, a) with a function approximator What we actually want N
I
|
I
I
o ;

@/

Averaged return estimate

Function approximator bundles return estimates across
states



Notation: Q functions 3
!

1 L . i Average
~ Yve log 7o (ay|s;) D r(sy, ap) |
1=1 ¢ t/ =t Sum v

Expected sum of rewards in the future, starting from (s, a) on first step, then =
- ]
Q" (s¢,0ar) = Ep, Z 7“(82, a;)|5t; a; Bundles estimates across (s, a)

\ t' =t _

Use the magic of (deep) function approximation




N

Estimation of Q-Functions 4

N T
1 7
~ E g Vg log mg at|5t)Q (St’ at’)

i=0 t=0
T
Q™ (s¢,ay) = Ep, E r(sy, a;)|s:, a; |«—— Monte-carlo approximation
t=t

ldea: Regression from (s, a) to Monte-Carlo estimate

Fully-

ted
Convolution cor;:;gr i
layer 1 Convolution
| layer 2 ) o -~
State ‘\\\ el 127 . O 'v) . . . |
) - [ G I o o Return to Go Unbiased, but high variance!
Action 36 4 < y : 3 g L -'-::I:.}:b
9 Max pooling \\.' ---- |
Max pooling ayer2
layer 1 Output
layers

Input Layer



Can we do better?

N

T

A, . o
2> Velogm(ailsy) Y r(si ap

1=1 t t'=t

! ‘ Much lower variance if estimated well

Can be learned off-policy!

1 ML o o
— 3 ) Vylogm(ai|sh) Q™ (sk, al)

N v v
1=0 t=0

Has special structure we can exploit!!




Recursive structure in Q functions

Q functions have special recursive

structure!

QW(Sty CLt) — Ew@

= r(s¢, at) + Ex

- T

Zr(s;,amst,at

| /=t

Z T(St/) a/t/)‘St_|_1, a,t+1 ~J 7‘(‘(_‘875_1_1)

|t/ =t+1

Bellman Q" (st,ar) =7(s¢,a:) +E see1~p(.|st,at) Q™ (St41,at41)]

equation

00800 ®s

ar41~7o (| St41) /

Can be from

different policies

Decompose temporally via dynamic programming




Learning Q-functions via Dynamic Programming

Policy Evaluation: Try to minimize Bellman Error
(almost)
Bellman ~ Q" (st,a) =7(se,a) + B,y op([spar) [Q7 (St41, ry1]
equation art1~7o (- [st41)

Same function

.approximator .
How can we convert this recursion into a learning

objective? 9
min B, o, 5, 1)~D (Qg(sta at) — (r(st,at) + Eat+1N779(at—|—1 |St41) [Qg(3t+17 at"'l)} ))

A1
\ /
=< 7/ 3 o
/ /\ ¢
A/
~Z

Off-
policy

Can train via
GD!

Note: this may look like gradient descent on Bellman error, it is not!




Improving Policies with Learned Q-functions

Policy Improvement: Improve policy with policy gradient

I1N1axX {:SND,QNWQ (CL|S) [QTF@ (87 a’)]

/

Replace Monte-Carlo sum of rewards with learned Q function

Lowers variance compared to policy gradient!



Policy Updates — REINFORCE or Reparameterization

Let's look a little deeper into the policy update

meax J(@) — m@ax ESNDEaNWQ(.|S) [QW(S, CL)]

Likelihood Ratio/Score Function Pathwise derivative/Reparameterization

VQJ(‘9> — ESNDanwQ(.|s) [VO log g (CI,‘S)QT((S, a)] VQJ(H) = ESND]EZNp(z) [VQQW(S, a)|a=,u9+209 Vi (,u@ + 209)]

Easier to Apply to Broad Policy Class Lower variance



Actor-Critic: Policy Gradient in terms of Q functions

Critic: learned via the Bellman update (Policy Evaluation)

minE(st,at,st+1)~D [(Qg(stv a’t) o (T(St7 a’t) + Eat+1N7T(-|3t+1) [QQE(SH'l’ at+1)] ))2]

@
—
Learn Q function
via Bellman

[ Collect ] | Lowers variance and is off-policy!

Data

Take Gradient
\ Steponm
Actor: updated using learned critic (Policy Improvement)

m?JX ESNDEQNW(.|S) [Qﬂ- (87 a)}




Actor-Critic in Action

Approach B.|: Natural Actor-Critic

s

Peters & Schaal (2003). Reinforcement Learning for Humanoid Robotics, HUMANOI
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Going from Batch Updates to Online Updates

This algorithm can go from full batch mode to fully online updates

1 sample Collect W | Learn Q function Critic: 1 gradient step on
P Data via Bellman Bellman error
Target 1 ( Take Gradient Actor: 1 gradient
Update J L Step on pi step on policy

gradient

Allows for much more immediate updates



Challenges of doing online updates

1 sample Collect W .| Learn Q function Critic: 1 gradient step on
P Data via Bellman Bellman error
Target 1 ( Take Gradient Actor: 1 gradient
Update J L Step on pi step on policy

gradient

When updates are performed online, two issues persist:
1. Correlated updates since samples are correlated
2. Optimization objective changes constantly, unstable



Decorrelating updates with replay butfers 7
Updates can be decorrelated by storing and shuffling data in a replay buffer
125 Instead of doing updates in order,
N
D sample batches from replay buffer
w D |
/ — How?
Writ f\
Sampled from replay buffer 1 Sample uniformly

4. ... open area of research!

_— )ND{Q{% o0 g+ Bt [Qa(sensarn)]] 2. Pr!or!t!ze by TD-error
3. Prioritize by target error
s~DLg~m(. |S)

max K
T



Slowing moving targets with target networks :

Continuous updates can be unstable since there is a churn of projection and backup

. T 2
m(bln]E(s,a,s’)ND [ng(st? at) o (T(St7 a’t) + Eat+1N7T(-|3t+1) [QQE(SH'l’ a't+1)]]

If we set ¢ to ¢ every update, the update becomes very unstable

U

Move & to ¢ slowly!

= (1 — 7-)¢ + T& Polyak averaging



A Practical Oft-Policy RL Algorithm

Add to
Buffer Sample batch from buffer

Learn Q function Critic: 1 gradient step on
1 sample Collect
P [ Data via Bellman Bellman error
N r : .
Polyak Target |, Take Gradient Actor: 1 gradient
Averaging Update Step on pi step on policy
J \.

gradient



Simplify -- Can we get rid of a parametric actor?

Critic Update

. . 2
mq;n]E(s,a,s’)ND [ch(stv a’t) o (T(St7 at) + ]Eat+1N7T(-|5t+1) [QQE(SH'L at+1)“

Actor Update

mgx gD “3am7r(.|s) [QW(Sa a)}

What if we removed this explicit actor completely?




Directly Learning Q*

2
minlE; 4 s/)~p [Qg(st, at) — (r(st, ar) + max [qu(StJrl, at—H)])

¢ at41
m(als) = max Q(s,a) Directly do max in the Bellman update
a
N
Add to
Buffer Sample batch from buffer
y,
-
Learn Q function P :
1 sample Collect . Critic: 1 gradient step on
P Data via Beliman Bellman error
\
Polyak Target

, No actor updates, just learn Q!
Averaging Update P J




How can we maximize w.r.t a?

m(als) = max Q(s,a)

T

Analytic maximization can be very difficult to perform in continuous action spaces
Much easier in discrete spaces! = just do categorical max!

Some ideas to do maximization:
1. Sampling based (QT-opt (Kalashnikov et al))
2. Optimization based (NAF, Gu et al)



Practical Actor-Critic in Action

—— - : N A ry z
_.u-‘-'— .; ) B > _;-" “/._‘/ 'l A E:i
== . ) - ’
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e e ! i Lo 8 e 4 5 : ¢ ) I
——— : e
4 ' Lo i » v
el st '- -’f,.-ff\' 2 .
- . ! N S 0 Ny ¢ .
3 PR 3 b S -
" B ) w .
o - | -
" \ ’ ' .

' Faes
N - v v . . ' -
\ e

[ERSSA % -

Trained using QT-Opt



Practical Actor-Critic in Action

Trained using DDPG



What makes off-policy RL hard?

Deadly triad:

1. Function Approximation
2. Bootstrapping—
3. Off-policy learning

) 2

mqbinE(s,a,S’)ND Qg(stv at) - (T(Sh at) + Igl?j( [qu(sﬂ’l’ Clt+1)})

These in combination lead to many of the difficulties in stabilizing
off-policy RL with function approximation



/ooming out — what makes off-policy RL hard?

Deadly triad:
1. Function Approximation
2. Bootstrapping 61% of runs show divergence of Q-values

3. Off-policy learning

100000 -
10000 =

Q -
61% 14%1 33%] 10%
1000 -

o i Diverges even with linear
é 656 & A function approximation,
«  10- <|> _ when off-policy +
g 1- - bootstrapping

0.1- -

0.01 - -

I | I I
Q Target Q Inverse Double Q
Double Q
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