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Recap: Course Overview

MDPs and RL

Imitation Learning Solving POMDPs

Search Motion Planning

Stability/CertificationTrajOpt

Filtering/Smoothing Localization

SLAMMapping
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Given:
n The robot’s controls

n Observations of nearby features

Estimate:
n Map of features

n Path of the robot

The SLAM Problem
A robot is exploring an 
unknown, static environment.



Why is SLAM difficult?
n Localization assumed map was perfectly known in the 

sensor/motion

n Mapping assumed position was fully known

n Doing both jointly is hard! 

Mapping Localization
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SLAM Applications
Indoors

Space

Undersea

Underground



Illustration of SLAM without Landmarks

Courtesy J. Leonard

With only dead reckoning, vehicle 
pose uncertainty grows without 
bound
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Mapping with Raw Odometry



Repeat, with Measurements of Landmarks

n First position: two features 
observed

Courtesy J. Leonard



Illustration of SLAM with Landmarks

n Second position: two new features 
observed

Courtesy J. Leonard



Illustration of SLAM with Landmarks

n Re-observation of first two features 
results in improved estimates for 
both vehicle and feature

Courtesy J. Leonard



Illustration of SLAM with Landmarks

n Third position: two additional 
features added to map

Courtesy J. Leonard



Illustration of SLAM with Landmarks

n Re-observation of first four features 
results in improved location estimates 
for vehicle and all features

Courtesy J. Leonard



Illustration of SLAM with Landmarks

n Process continues as the vehicle 
moves through the environment

Courtesy J. Leonard



SLAM Using Landmarks

MIT Indoor Track

Courtesy J. Leonard



Test Environment (Point Landmarks)

Courtesy J. Leonard



View from Vehicle

Courtesy J. Leonard



1. Move

2. Sense

3. Associate measurements with known features

4. Update state estimates for robot and previously mapped features

5. Find new features from unassociated measurements

6. Initialize new features

7. Repeat

SLAM Using Landmarks
MIT Indoor Track



Comparison with Ground Truth

Odometry

Courtesy J. Leonard
SLAM result



Simultaneous Localization and Mapping (SLAM)

n Building a map and locating the robot in the map at the same time

n Chicken-and-egg problem

map

localize

Courtesy: Cyrill Stachniss



Definition of the SLAM Problem

Given
n The robot’s controls

n Observations

Wanted
n Map of the environment

n Path of the robot
Courtesy: Cyrill Stachniss



Three Main Paradigms

Courtesy: Cyrill Stachniss

Kalman Filter Based Graph Based Particle Based



Bayes Filter
n Recursive filter with prediction and correction step

n Prediction

n Correction

n EKF Slam sets x to be (position of robot, position of landmarks)

<latexit sha1_base64="Rh3mNFJV+SQqs6xBGkRhXPkyy+g="></latexit>

Bel(xt) =

Z
p(xt|xt�1, ut�1)Bel(xt�1)dxt�1

<latexit sha1_base64="EmbSwGWJxPlhH1L1foAQf8u1Bzs=">AAACFnicbVDLSgMxFM34tr6qLt0Ei1AXlhkp6kYounGpYG2hHYZMeseGZh4kd8Q69ivc+CtuXCjiVtz5N2baLtR6IHA459wk9/iJFBpt+8uamp6ZnZtfWCwsLa+srhXXN650nCoOdR7LWDV9pkGKCOooUEIzUcBCX0LD753mfuMGlBZxdIn9BNyQXUciEJyhkbzi3gnI8q2Hu/SYtgEZTcp3Ht7nSjs2g/m9mckMhiGvWLIr9hB0kjhjUiJjnHvFz3Yn5mkIEXLJtG45doJuxhQKLmFQaKcaEsZ77BpahkYsBO1mw7UGdMcoHRrEypwI6VD9OZGxUOt+6JtkyLCr/3q5+J/XSjE4cjMRJSlCxEcPBamkGNO8I9oRCjjKviGMK2H+SnmXKcbRNFkwJTh/V54kV/sV56BSvaiWaifjOhbIFtkmZeKQQ1IjZ+Sc1AknD+SJvJBX69F6tt6s91F0yhrPbJJfsD6+AdAcnpQ=</latexit>

Bel(xt) = ⌘p(zt|xt)Bel(xt)



EKF SLAM
n Application of the EKF to SLAM

n Estimate robot’s pose and locations of landmarks in the 
environment

n Assumption: known correspondences

n State space (for the 2D plane) is

Courtesy: Cyrill Stachniss



EKF SLAM: State Representation
n Map with n landmarks: (3+2n)-dimensional Gaussian

n Belief is represented by 

Courtesy: Cyrill Stachniss



EKF SLAM: State Representation
n More compactly

Courtesy: Cyrill Stachniss



EKF SLAM: State Representation
n Even more compactly (note:                    ) 

Courtesy: Cyrill Stachniss



EKF SLAM: Filter Cycle

1. State prediction

2. Measurement prediction

3. Measurement + Data Association

4. Update

Courtesy: Cyrill Stachniss



EKF SLAM: State Prediction

Courtesy: Cyrill Stachniss



EKF SLAM: Measurement Prediction h(x)

Courtesy: Cyrill Stachniss



EKF SLAM: Obtained Measurement (z)

Courtesy: Cyrill Stachniss



EKF SLAM: Difference Between h(x) and z

Courtesy: Cyrill Stachniss



EKF SLAM: Measurement Update Step

Courtesy: Cyrill Stachniss



EKF SLAM: Filter Cycle

1. State prediction à only affects robot mean, cross covariances

2. Measurement prediction

3. Measurement + Data association

4. Update à affects robot and landmark estimates but only the 
particular observed landmark 

Courtesy: Cyrill Stachniss



EKF SLAM: Concrete Example

Setup

n Robot moves in the 2D plane à L6

n Velocity-based motion model à L6

n Robot observes point landmarks à L7

n Range-bearing sensor à L7

n Known data association à uniquely identifiable landmarks

n Known number of landmarks
Courtesy: Cyrill Stachniss



Initialization
n Robot starts in its own reference frame (all landmarks 

unknown) 

n 2N+3 dimensions

Courtesy: Cyrill Stachniss



Extended Kalman Filter 
Algorithm

Courtesy: Cyrill Stachniss



Prediction Step (Motion)
n Goal: Update state space based on the robot’s motion

n Robot motion in the plane

n How to map that to the 2N+3 dim space?

Courtesy: Cyrill Stachniss



Update the State Space
n From the motion in the plane

n to the 2N+3 dimensional space

Courtesy: Cyrill Stachniss



Extended Kalman Filter Algorithm

DONE

Courtesy: Cyrill Stachniss



Update Covariance
n The function     only affects the robot’s motion and not the 

landmarks  

Jacobian of the motion (3x3)

Identity (2N x 2N)

Courtesy: Cyrill Stachniss



Jacobian of the Motion

Courtesy: Cyrill Stachniss



Jacobian of the Motion
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Jacobian of the Motion

Courtesy: Cyrill Stachniss



Jacobian of the Motion

Courtesy: Cyrill Stachniss



This Leads to the Time Propagation

Apply & DONE

Courtesy: Cyrill Stachniss



Extended Kalman Filter Algorithm

DONE
DONE

Courtesy: Cyrill Stachniss



EKF SLAM: Correction Step
n Known data association

n :  i-th measurement at time t observes the landmark with 
index j

n Initialize landmark if unobserved 

n Compute the expected observation

n Compute the Jacobian of h w.r.t state x

n Compute Kalman Gain

Courtesy: Cyrill Stachniss



Range-Bearing Observation
n Range-Bearing observation

n If landmark has not been observed 

observed
location of
landmark j

estimated
robot’s
location

relative 
measurement

Courtesy: Cyrill Stachniss



Jacobian for the Observation
n Based on 

n Compute the Jacobian (wrt ) 

Courtesy: Cyrill Stachniss

<latexit sha1_base64="ClpiTOrW3ZJGQFyTy9d7QPEKFjA=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJJIUY9FLx4r2A9oQthst+3azSbsbool5J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zba2srq1vbJa2yts7u3v79sFhS8WpJLRJYh7LTogV5UzQpmaa004iKY5CTtvh6Hbqt8dUKhaLBz1JqB/hgWB9RrA2UmDbXohl5kVpHmSP5+gpD+yKU3VmQMvELUgFCjQC+8vrxSSNqNCEY6W6rpNoP8NSM8JpXvZSRRNMRnhAu4YKHFHlZ7PLc3RqlB7qx9KU0Gim/p7IcKTUJApNZ4T1UC16U/E/r5vq/rWfMZGkmgoyX9RPOdIxmsaAekxSovnEEEwkM7ciMsQSE23CKpsQ3MWXl0nroupeVmv3tUr9poijBMdwAmfgwhXU4Q4a0AQCY3iGV3izMuvFerc+5q0rVjFzBH9gff4AkYCToA==</latexit>

µ̄j,x
<latexit sha1_base64="iKoRF9P4CT+5PnyeUTGv3cDS6B4=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwISWRoi6LblxWsA9oQphMJ+3YmUmYmRRCyJ+4caGIW//EnX/jtM1CWw9cOJxzL/feEyaMKu0431ZlbX1jc6u6XdvZ3ds/sA+PuipOJSYdHLNY9kOkCKOCdDTVjPQTSRAPGemFk7uZ35sSqWgsHnWWEJ+jkaARxUgbKbBtL0Qy93haBPnTBcyKwK47DWcOuErcktRBiXZgf3nDGKecCI0ZUmrgOon2cyQ1xYwUNS9VJEF4gkZkYKhAnCg/n19ewDOjDGEUS1NCw7n6eyJHXKmMh6aTIz1Wy95M/M8bpDq68XMqklQTgReLopRBHcNZDHBIJcGaZYYgLKm5FeIxkghrE1bNhOAuv7xKupcN96rRfGjWW7dlHFVwAk7BOXDBNWiBe9AGHYDBFDyDV/Bm5daL9W59LForVjlzDP7A+vwBkwWToQ==</latexit>

µ̄j,y
<latexit sha1_base64="bF0EW4rgcv+WbXxOXolmOTUyyXo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBg5REinosevFYwX5AE8Jmu22X7iZhd1IsIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxPBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto5TRVmLxiJW3ZBoJnjEWsBBsG6iGJGhYJ1wfDfzOxOmNI+jR5gmzJdkGPEBpwSMFNi2FxKVeTLNgwwu8FMe2FWn5syBV4lbkCoq0AzsL68f01SyCKggWvdcJwE/Iwo4FSyveKlmCaFjMmQ9QyMimfaz+eU5PjNKHw9iZSoCPFd/T2REaj2VoemUBEZ62ZuJ/3m9FAY3fsajJAUW0cWiQSowxHgWA+5zxSiIqSGEKm5uxXREFKFgwqqYENzll1dJ+7LmXtXqD/Vq47aIo4xO0Ck6Ry66Rg10j5qohSiaoGf0it6szHqx3q2PRWvJKmaO0R9Ynz+g0JOq</latexit>

µ̄t,x
<latexit sha1_base64="YatlJw8z/ChtDaatV/qBGrzclrU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBg5REinosevFYwdpCE8Jmu2mX7iZhd1IIof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMC1PBNTjOt1VZW9/Y3Kpu13Z29/YP7MOjJ51kirIOTUSieiHRTPCYdYCDYL1UMSJDwbrh+G7mdydMaZ7Ej5CnzJdkGPOIUwJGCmzbC4kqPJlNgwIucD4N7LrTcObAq8QtSR2VaAf2lzdIaCZZDFQQrfuuk4JfEAWcCjateZlmKaFjMmR9Q2MimfaL+eVTfGaUAY4SZSoGPFd/TxREap3L0HRKAiO97M3E/7x+BtGNX/A4zYDFdLEoygSGBM9iwAOuGAWRG0Ko4uZWTEdEEQomrJoJwV1+eZU8XTbcq0bzoVlv3ZZxVNEJOkXnyEXXqIXuURt1EEUT9Ixe0ZtVWC/Wu/WxaK1Y5cwx+gPr8weiVZOr</latexit>

µ̄t,y
<latexit sha1_base64="0YEyYTpSg7ImccAaL2gyVYwY7+Y=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPEhJpKjHohePFewHNCFsttt26W4SdidCCQH/ihcPinj1d3jz37htc9DWBwOP92aYmRcmgmtwnG+rtLK6tr5R3qxsbe/s7tn7B20dp4qyFo1FrLoh0UzwiLWAg2DdRDEiQ8E64fh26ncemdI8jh5gkjBfkmHEB5wSMFJgH3khUZkn0zzI4Bx7MGJA8sCuOjVnBrxM3IJUUYFmYH95/ZimkkVABdG65zoJ+BlRwKlgecVLNUsIHZMh6xkaEcm0n83Oz/GpUfp4ECtTEeCZ+nsiI1LriQxNpyQw0oveVPzP66UwuPYzHiUpsIjOFw1SgSHG0yxwnytGQUwMIVRxcyumI6IIBZNYxYTgLr68TNoXNfeyVr+vVxs3RRxldIxO0Bly0RVqoDvURC1EUYae0St6s56sF+vd+pi3lqxi5hD9gfX5A3yeldY=</latexit>

µ̄t,✓
position 

Landmark estimate 



Jacobian for the Observation
n Use the computed Jacobian

n map it to the high dimensional space

Courtesy: Cyrill Stachniss



Next Steps as Specified…

DONE
DONE

Courtesy: Cyrill Stachniss



Extended Kalman Filter 
Algorithm

DONE
DONE

Apply & DONE
Apply & DONE

Apply & DONE

Courtesy: Cyrill Stachniss



Online SLAM Example

59
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Data Association in SLAM

n In the real world, the mapping between observations and 
landmarks is unknown

n Picking wrong data associations can have catastrophic
consequences

n EKF SLAM is brittle in this regard

n Pose error correlates data associations

Robot pose
uncertainty



Loop-Closing
n Loop-closing means recognizing an already mapped area

n Data association under

n high ambiguity

n possible environment symmetries

n Uncertainties collapse after a loop-closure (whether the 
closure was correct or not)

Courtesy: Cyrill Stachniss



Before the Loop-Closure

Courtesy: K. Arras



After the Loop-Closure

Courtesy: K. Arras



Example: Victoria Park Dataset

Courtesy: E. Nebot



Victoria Park: Data Acquisition

Courtesy: E. Nebot
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Victoria Park: EKF Estimate

Courtesy: E. Nebot



Victoria Park: EKF 
Estimate

Courtesy: E. Nebot



Victoria Park: Landmarks

Courtesy: E. Nebot
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Victoria Park: Landmark Covariance

Courtesy: E. Nebot



Andrew Davison: MonoSLAM



Maps for EKF SLAM

[Leonard et al 1998]
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EKF SLAM Summary

n Quadratic in the number of landmarks: O(n2)
n Convergence results for the linear case. 
n Can diverge if nonlinearities are large!
n Have been applied successfully in large-scale 

environments.
n Approximations reduce the computational 

complexity. 



Literature

EKF SLAM

n “Probabilistic Robotics”, Chapter 10

n Smith, Self, & Cheeseman: “Estimating Uncertain Spatial 
Relationships in Robotics”

n Dissanayake et al.: “A Solution to the Simultaneous 
Localization and Map Building (SLAM) Problem”

n Durrant-Whyte & Bailey: “SLAM Part 1” and “SLAM Part 2” 
tutorials

Courtesy: Cyrill Stachniss


