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Recap: Course Overview

MDPs and RL

Imitation Learning Solving POMDPs

Search Motion Planning

Stability/CertificationTrajOpt

Filtering/Smoothing Localization

SLAMMapping



Recap: Velocity Based Sampling
Generate noise free motion and then add noise to it

Given 𝜈, 𝜔 first compute the radius of motion to get x, y 
and then compute the heading change

<latexit sha1_base64="Tz9mm5cDbrSOihwRcBhpNQaRUbs=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIUTdC0Y3LCvYBTSiT6aQdOo8wMxFKzMJfceNCEbf+hjv/xmmbhbYeuHA4517uvSdKGNXG876dpeWV1bX10kZ5c2t7Z9fd229pmSpMmlgyqToR0oRRQZqGGkY6iSKIR4y0o9HNxG8/EKWpFPdmnJCQo4GgMcXIWKnnHip4BYNYIZwFIs2zQHIyQHnPrXhVbwq4SPyCVECBRs/9CvoSp5wIgxnSuut7iQkzpAzFjOTlINUkQXiEBqRrqUCc6DCb3p/DE6v0YSyVLWHgVP09kSGu9ZhHtpMjM9Tz3kT8z+umJr4MMyqS1BCBZ4vilEEj4SQM2KeKYMPGliCsqL0V4iGyYRgbWdmG4M+/vEhaZ1X/vFq7q1Xq10UcJXAEjsEp8MEFqINb0ABNgMEjeAav4M15cl6cd+dj1rrkFDMH4A+czx/hdJYL</latexit>

r =
⌫

!

<latexit sha1_base64="JOYHstZeV99txK+eSrYOkZF4ea0=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAR3FgSKepGKLpxWcE+oAlhMp20QyeTMHMjLaFu/BU3LhRx61+482+cPhbaeuDC4Zx7ufeeIBFcg21/W7ml5ZXVtfx6YWNza3unuLvX0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBn0b8Z+84EpzWN5D8OEeRHpSh5ySsBIfvFg4FN8hQc+4FOsXM0ldqHHgPjFkl22J8CLxJmREpqh5he/3E5M04hJoIJo3XbsBLyMKOBUsFHBTTVLCO2TLmsbKknEtJdNPhjhY6N0cBgrUxLwRP09kZFI62EUmM6IQE/Pe2PxP6+dQnjpZVwmKTBJp4vCVGCI8TgO3OGKURBDQwhV3NyKaY8oQsGEVjAhOPMvL5LGWdk5L1fuKqXq9SyOPDpER+gEOegCVdEtqqE6ougRPaNX9GY9WS/Wu/Uxbc1Zs5l99AfW5w+dl5W9</latexit>

xc = xt � r sin ✓
<latexit sha1_base64="x7kUQlc7vlg3rAwEhaXlF7nGNbU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBKEkUtSNUHTjsoJ9QBPCZDpph04ezNwIIdSNv+LGhSJu/Qt3/o3TNgttPXDhcM693HuPnwiuwLK+jdLS8srqWnm9srG5tb1j7u61VZxKylo0FrHs+kQxwSPWAg6CdRPJSOgL1vFHNxO/88Ck4nF0D1nC3JAMIh5wSkBLnnmQeRRf4cwDfIqlQ2OFHRgyIJ5ZtWrWFHiR2AWpogJNz/xy+jFNQxYBFUSpnm0l4OZEAqeCjStOqlhC6IgMWE/TiIRMufn0gzE+1kofB7HUFQGeqr8nchIqlYW+7gwJDNW8NxH/83opBJduzqMkBRbR2aIgFRhiPIkD97lkFESmCaGS61sxHRJJKOjQKjoEe/7lRdI+q9nntfpdvdq4LuIoo0N0hE6QjS5QA92iJmohih7RM3pFb8aT8WK8Gx+z1pJRzOyjPzA+fwCV1JW4</latexit>

yc = yt + r cos ✓

Add noise to the velocities

Replace 𝜈, 𝜔 by $𝑣, &𝑤

Useful for particle filters



Recap: Odometry Based Model Sampling
Goal: sample xt+1 from xt with action 

<latexit sha1_base64="XPTQZo64nTuYJWw546UMQUwoE3M=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRawgJZGiboSiG5cV7AXaUCbTaTt0MgkzE7GEbHwVNy4UcetjuPNtnLZZaPWHgY//nMOZ8/sRZ0o7zpeVW1hcWl7JrxbW1jc2t+ztnYYKY0lonYQ8lC0fK8qZoHXNNKetSFIc+Jw2/dH1pN68p1KxUNzpcUS9AA8E6zOCtbG69l6MLlGp42OZPKQnaAZH6XHXLjplZyr0F9wMipCp1rU/O72QxAEVmnCsVNt1Iu0lWGpGOE0LnVjRCJMRHtC2QYEDqrxkekCKDo3TQ/1Qmic0mro/JxIcKDUOfNMZYD1U87WJ+V+tHev+hZcwEcWaCjJb1I850iGapIF6TFKi+dgAJpKZvyIyxBITbTIrmBDc+ZP/QuO07J6VK7eVYvUqiyMP+3AAJXDhHKpwAzWoA4EUnuAFXq1H69l6s95nrTkrm9mFX7I+vgHeJ5VS</latexit>

u = (x̄, x̄0)

1. Reparametrize u from               to

2. Add noise to to get 

3. Compute next state xt+1 from 

<latexit sha1_base64="XPTQZo64nTuYJWw546UMQUwoE3M=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRawgJZGiboSiG5cV7AXaUCbTaTt0MgkzE7GEbHwVNy4UcetjuPNtnLZZaPWHgY//nMOZ8/sRZ0o7zpeVW1hcWl7JrxbW1jc2t+ztnYYKY0lonYQ8lC0fK8qZoHXNNKetSFIc+Jw2/dH1pN68p1KxUNzpcUS9AA8E6zOCtbG69l6MLlGp42OZPKQnaAZH6XHXLjplZyr0F9wMipCp1rU/O72QxAEVmnCsVNt1Iu0lWGpGOE0LnVjRCJMRHtC2QYEDqrxkekCKDo3TQ/1Qmic0mro/JxIcKDUOfNMZYD1U87WJ+V+tHev+hZcwEcWaCjJb1I850iGapIF6TFKi+dgAJpKZvyIyxBITbTIrmBDc+ZP/QuO07J6VK7eVYvUqiyMP+3AAJXDhHKpwAzWoA4EUnuAFXq1H69l6s95nrTkrm9mFX7I+vgHeJ5VS</latexit>

u = (x̄, x̄0)
<latexit sha1_base64="SH7gzyFf4+nmRnnSIevpfirTRwY=">AAACLHicbZDLSgMxFIYzXmu9VV26CRahgpQZEXVZ7MZlBXuBtpRMetqGZjJDckYswzyQG19FEBcWcetzmF4W2vpD4Oc753Byfj+SwqDrjp2V1bX1jc3MVnZ7Z3dvP3dwWDNhrDlUeShD3fCZASkUVFGghEakgQW+hLo/LE/q9UfQRoTqAUcRtAPWV6InOEOLOrlyodUFiayTtBCeMNEheml6TpfoxTJFzZRJ07NOLu8W3anosvHmJk/mqnRyb61uyOMAFHLJjGl6boTthGkUXEKabcUGIsaHrA9NaxULwLST6bEpPbWkS3uhtk8hndLfEwkLjBkFvu0MGA7MYm0C/6s1Y+zdtBOhohhB8dmiXiwphnSSHO0KDRzlyBrGtbB/pXzANONo883aELzFk5dN7aLoXRUv7y/zpdt5HBlyTE5IgXjkmpTIHamQKuHkmbySDzJ2Xpx359P5mrWuOPOZI/JHzvcPBeip8g==</latexit>

(�rot1, �rot2, �trans)

<latexit sha1_base64="SH7gzyFf4+nmRnnSIevpfirTRwY=">AAACLHicbZDLSgMxFIYzXmu9VV26CRahgpQZEXVZ7MZlBXuBtpRMetqGZjJDckYswzyQG19FEBcWcetzmF4W2vpD4Oc753Byfj+SwqDrjp2V1bX1jc3MVnZ7Z3dvP3dwWDNhrDlUeShD3fCZASkUVFGghEakgQW+hLo/LE/q9UfQRoTqAUcRtAPWV6InOEOLOrlyodUFiayTtBCeMNEheml6TpfoxTJFzZRJ07NOLu8W3anosvHmJk/mqnRyb61uyOMAFHLJjGl6boTthGkUXEKabcUGIsaHrA9NaxULwLST6bEpPbWkS3uhtk8hndLfEwkLjBkFvu0MGA7MYm0C/6s1Y+zdtBOhohhB8dmiXiwphnSSHO0KDRzlyBrGtbB/pXzANONo883aELzFk5dN7aLoXRUv7y/zpdt5HBlyTE5IgXjkmpTIHamQKuHkmbySDzJ2Xpx359P5mrWuOPOZI/JHzvcPBeip8g==</latexit>

(�rot1, �rot2, �trans)
<latexit sha1_base64="AlEdYSItDt4GNSUKHVW31vc7+hs=">AAACPnicdVA9SwNBEN3z2/gVtbRZDIKChDsRtRRtLCMYFXIhzG0mZnFv79idE8Nxv8zG32BnaWOhiK2lm4/CzwcDj/dmmJkXpUpa8v1Hb2x8YnJqema2NDe/sLhUXl45t0lmBNZFohJzGYFFJTXWSZLCy9QgxJHCi+j6uO9f3KCxMtFn1EuxGcOVlh0pgJzUKtc3wy5QHrZRERStPCS8pdwkFBTFNv/H2/nPIwPaFsVWq1zxq/4A/DcJRqTCRqi1yg9hOxFZjJqEAmsbgZ9SMwdDUigsSmFmMQVxDVfYcFRDjLaZD94v+IZT2ryTGFea+ED9OpFDbG0vjlxnDNS1P72++JfXyKhz0MylTjNCLYaLOpnilPB+lrwtDQpSPUdAGOlu5aILBgS5xEsuhODny7/J+U412Kvunu5WDo9GccywNbbONlnA9tkhO2E1VmeC3bEn9sJevXvv2Xvz3oetY95oZpV9g/fxCYauslk=</latexit>

(�̂rot1, �̂rot2, �̂trans)

<latexit sha1_base64="AlEdYSItDt4GNSUKHVW31vc7+hs=">AAACPnicdVA9SwNBEN3z2/gVtbRZDIKChDsRtRRtLCMYFXIhzG0mZnFv79idE8Nxv8zG32BnaWOhiK2lm4/CzwcDj/dmmJkXpUpa8v1Hb2x8YnJqema2NDe/sLhUXl45t0lmBNZFohJzGYFFJTXWSZLCy9QgxJHCi+j6uO9f3KCxMtFn1EuxGcOVlh0pgJzUKtc3wy5QHrZRERStPCS8pdwkFBTFNv/H2/nPIwPaFsVWq1zxq/4A/DcJRqTCRqi1yg9hOxFZjJqEAmsbgZ9SMwdDUigsSmFmMQVxDVfYcFRDjLaZD94v+IZT2ryTGFea+ED9OpFDbG0vjlxnDNS1P72++JfXyKhz0MylTjNCLYaLOpnilPB+lrwtDQpSPUdAGOlu5aILBgS5xEsuhODny7/J+U412Kvunu5WDo9GccywNbbONlnA9tkhO2E1VmeC3bEn9sJevXvv2Xvz3oetY95oZpV9g/fxCYauslk=</latexit>

(�̂rot1, �̂rot2, �̂trans)

Key idea: odometry gives you change in 
angles, this is noisy and gives next state

transd
1rotd

2rotd

q,, yx

',',' qyx



Integrating Maps into Motion Models



From free space motion models to maps
Free space motion models do not account for obstacles in a known map

Zero-out positions that are not possible in the map

<latexit sha1_base64="6reIAOJ9+Dxt2Jiju3OkSS07c0o=">AAACEHicbVDLTgIxFO34RHyNunTTSAyQEDJjiLokunGJiTwSmJBOKdDQzjRtx0BGPsGNv+LGhca4denOv7EMs1DwJDf35Jx7097jC0aVdpxva2V1bX1jM7OV3d7Z3du3Dw4bKowkJnUcslC2fKQIowGpa6oZaQlJEPcZafqj65nfvCdS0TC40xNBPI4GAe1TjLSRunZeFMb5h6gExyXIi7CDhJDhGCYqLybNOFGxa+ecspMALhM3JTmQota1vzq9EEecBBozpFTbdYT2YiQ1xYxMs51IEYHwCA1I29AAcaK8ODloCk+N0oP9UJoKNEzU3xsx4kpNuG8mOdJDtejNxP+8dqT7l15MAxFpEuD5Q/2IQR3CWTqwRyXBmk0MQVhS81eIh0girE2GWROCu3jyMmmcld3zcuW2kqtepXFkwDE4AQXgggtQBTegBuoAg0fwDF7Bm/VkvVjv1sd8dMVKd47AH1ifP97Xmpw=</latexit>

p(x0|u, x,m) ⇡ p(x0|m)p(x0|x, u)



Motion Model with Map

<latexit sha1_base64="6reIAOJ9+Dxt2Jiju3OkSS07c0o=">AAACEHicbVDLTgIxFO34RHyNunTTSAyQEDJjiLokunGJiTwSmJBOKdDQzjRtx0BGPsGNv+LGhca4denOv7EMs1DwJDf35Jx7097jC0aVdpxva2V1bX1jM7OV3d7Z3du3Dw4bKowkJnUcslC2fKQIowGpa6oZaQlJEPcZafqj65nfvCdS0TC40xNBPI4GAe1TjLSRunZeFMb5h6gExyXIi7CDhJDhGCYqLybNOFGxa+ecspMALhM3JTmQota1vzq9EEecBBozpFTbdYT2YiQ1xYxMs51IEYHwCA1I29AAcaK8ODloCk+N0oP9UJoKNEzU3xsx4kpNuG8mOdJDtejNxP+8dqT7l15MAxFpEuD5Q/2IQR3CWTqwRyXBmk0MQVhS81eIh0girE2GWROCu3jyMmmcld3zcuW2kqtepXFkwDE4AQXgggtQBTegBuoAg0fwDF7Bm/VkvVjv1sd8dMVKd47AH1ifP97Xmpw=</latexit>

p(x0|u, x,m) ⇡ p(x0|m)p(x0|x, u)
<latexit sha1_base64="Kq1SETGf3KX1/fs2+yoBU6tfS20=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBaxgpSkFPVY9OKxgv3ANpTNdtMu3WzC7kZaYv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZmZXVtfSO7mdva3tndy+8fNFQYS0LrJOShbHlYUc4ErWumOW1FkuLA47TpDW+mfvORSsVCca/HEXUD3BfMZwRrIz1ExdHpU3yORmfdfMEu2TOgZeKkpAApat38V6cXkjigQhOOlWo7dqTdBEvNCKeTXCdWNMJkiPu0bajAAVVuMrt4gk6M0kN+KE0JjWbq74kEB0qNA890BlgP1KI3Ff/z2rH2r9yEiSjWVJD5Ij/mSIdo+j7qMUmJ5mNDMJHM3IrIAEtMtAkpZ0JwFl9eJo1yybkoVe4qhep1GkcWjuAYiuDAJVThFmpQBwICnuEV3ixlvVjv1se8NWOlM4fwB9bnDzqfj/w=</latexit>

p(x0|u, x)



Failure Case

Free space Obstacle

Don’t account for motion through walls à deal with by increasing frequency



Lecture Outline
Sensor Models

Parameter Estimation

Occupancy Mapping



Sensor Models for Bayesian Filtering
<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="x2F3RCIHnC9v1pWNFGkIiTfFaXw="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1

Let’s try and specify what this is



Sensors for Mobile Robots
n Contact sensors: Bumpers, touch sensors

n Internal sensors
n Accelerometers (spring-mounted masses)
n Gyroscopes (spinning mass, laser light)
n Compasses, inclinometers (earth magnetic field, gravity)
n Encoders, torque

n Proximity sensors
n Sonar (time of flight)
n Radar (phase and frequency)
n Laser range-finders (triangulation, tof, phase)
n Infrared (intensity)

n Visual sensors: Cameras, depth cameras

n Satellite-style sensors: GPS, MoCap



Proximity Sensors

n The central task is to determine P(z|x), i.e. the probability of a measurement z
given that the robot is at position x.

n Question: Where do the probabilities come from?

n Approach: Let’s try to explain a measurement.



Beam-based Sensor Model



Beam-based Sensor Model
n Scan z consists of K measurements.

},...,,{ 21 Kzzzz =



Beam-based Sensor Model
n Scan z consists of K measurements.

n Individual measurements are independent given the robot position 
and a map.

},...,,{ 21 Kzzzz =
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Beam-based Sensor Model

Õ
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Proximity Measurement
n Measurement can be caused by …

n a known obstacle.

n cross-talk.

n an unexpected obstacle (people, furniture, …).

n missing all obstacles (total reflection, glass, …).

n Noise is due to uncertainty …

n in measuring distance to known obstacle.

n in position of known obstacles.

n in position of additional obstacles.

n whether obstacle is missed.
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Beam-based Proximity Model
Measurement noise

zexp zmax0

Phit (z | x,m) =η
1
2πσ 2

e
−1
2
(z−zexp )

2

σ 2 zmxzP llh -= e),|(unexp

Unexpected obstacles

zexp zmax0
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Beam-based Proximity Model
Random measurement Max range

max

1),|(
z

mxzPrand h=
smallz

mxzP 1),|(max h=

zexp zmax0zexp zmax0
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Mixture Density
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How can we determine the model parameters?

à More on this next



Summary Beam-based Model
n Assumes independence between beams.

n Overconfident!

n Models physical causes for measurements.

n Mixture of densities for these causes.

n Implementation

n Learn parameters based on real data.

n Different models can be learned for different angles at which the sensor beam hits the 
obstacle.

n Determine expected distances by ray-tracing.

n Expected distances can be pre-processed.



Landmark-based Sensor Model



When are raw measurement based models not enough?

n Scales unfavorably with dimensionality of the measurement

n Common strategy in machine learning - extract low 
dimensional features



Landmarks
n Active beacons (e.g. radio, GPS)

n Passive (e.g. visual, retro-reflective)

n Sensor provides

n distance, or

n bearing, or

n distance and bearing.

n signature



25

Distance and Bearing

range
bearing



26

Probabilistic Model

1. Algorithm landmark_detection_model(z,x,m):

2.

3.

4.

5. Return  

22 ))(())((ˆ yimximd yx -+-=

),ˆprob(),ˆprob(det aeaae -×-= dddp

qa ,,,,, yxxdiz ==

α̂ = atan2(my(i)− y,mx (i)− x)−θ

),|(uniformfpdetdet mxzPzpz +

Compute expected 
range/bearing

Compute likelihood



HW 1EKF Correction Step Pseudocode: Landmark Style 

1. def EKF_correction(              ):
2. Linearize measurement: 

3. Correction: 

4. Return ,

<latexit sha1_base64="MFv+Z/qzWUP3SIGZg8kgXwky4DA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7SP/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjek=</latexit>ut, , , <latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1 State – (x, y, 𝜃)
Measurement –

R

<latexit sha1_base64="flur5mbfl4qATkjp66SQ0FFLHJ0=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIsgCGVXioqnohePFewHtEvJptk2NMmuyWyhrP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhALbsB1v53cyura+kZ+s7C1vbO7V9w/aJgo0ZTVaSQi3QqIYYIrVgcOgrVizYgMBGsGw9up3xwxbXikHmAcM1+SvuIhpwSs5Hdk0k3hzHtyr2HSLZbcsjsDXiZeRkooQ61b/Or0IppIpoAKYkzbc2PwU6KBU8EmhU5iWEzokPRZ21JFJDN+Ojt6gk+s0sNhpG0pwDP190RKpDFjGdhOSWBgFr2p+J/XTiC88lOu4gSYovNFYSIwRHiaAO5xzSiIsSWEam5vxXRANKFgcyrYELzFl5dJ47zsXZQr95VS9SaLI4+O0DE6RR66RFV0h2qojih6RM/oFb05I+fFeXc+5q05J5s5RH/gfP4APcmRxA==</latexit>µt+1|0:t
<latexit sha1_base64="iGHkwP+8kNUFL4evLKYPxv5XuG0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIsgCCWRouKp6MVjRfsBbQib7aZdursJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphwpsF1v63Cyura+kZxs7S1vbO7Z+8fNHWcKkIbJOaxaodYU84kbQADTtuJoliEnLbC4e3Ub42o0iyWjzBOqC9wX7KIEQxGCmy7+8D6AgcZnHlP7jVMArvsVtwZnGXi5aSMctQD+6vbi0kqqATCsdYdz03Az7ACRjidlLqppgkmQ9ynHUMlFlT72ezyiXNilJ4TxcqUBGem/p7IsNB6LELTKTAM9KI3Ff/zOilEV37GZJIClWS+KEq5A7EzjcHpMUUJ8LEhmChmbnXIACtMwIRVMiF4iy8vk+Z5xbuoVO+r5dpNHkcRHaFjdIo8dIlq6A7VUQMRNELP6BW9WZn1Yr1bH/PWgpXPHKI/sD5/AM5wkyI=</latexit>

⌃t+1|0:t

<latexit sha1_base64="tTnYV3NySpbRF1FNPhXb8y/4rGI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQkmkqLgqunFZ0T6gDWEynbZDZ5IwMxFLzK+4caGIW3/EnX/jtM1CWw/cy+Gce5k7J4g5U9pxvq2l5ZXVtfXCRnFza3tn194rNVWUSEIbJOKRbAdYUc5C2tBMc9qOJcUi4LQVjK4nfuuBSsWi8F6PY+oJPAhZnxGsjeTbpe4dGwjsp/rEfXIuTc98u+xUnCnQInFzUoYcdd/+6vYikggaasKxUh3XibWXYqkZ4TQrdhNFY0xGeEA7hoZYUOWl09szdGSUHupH0lSo0VT9vZFiodRYBGZSYD1U895E/M/rJLp/4aUsjBNNQzJ7qJ9wpCM0CQL1mKRE87EhmEhmbkVkiCUm2sRVNCG4819eJM3TintWqd5Wy7WrPI4CHMAhHIML51CDG6hDAwg8wjO8wpuVWS/Wu/UxG12y8p19+APr8wevXJOS</latexit>

⌃t+1|0:t+1
<latexit sha1_base64="Wt+6uyosd9Fogn1+CgxjqPWvvt4=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCIJQZKSquim5cVrAPaIchk2ba0CQz5CHUsV/ixoUibv0Ud/6NaTsLbT1wL4dz7iU3J0oZVdrzvp3Cyura+kZxs7S1vbNbdvf2WyoxEpMmTlgiOxFShFFBmppqRjqpJIhHjLSj0c3Ubz8QqWgi7vU4JQFHA0FjipG2UuiWe9yEmT71n7wr2yehW/Gq3gxwmfg5qYAcjdD96vUTbDgRGjOkVNf3Uh1kSGqKGZmUekaRFOERGpCupQJxooJsdvgEHlulD+NE2hIaztTfGxniSo15ZCc50kO16E3F/7yu0fFlkFGRGk0Enj8UGwZ1AqcpwD6VBGs2tgRhSe2tEA+RRFjbrEo2BH/xy8ukdVb1z6u1u1qlfp3HUQSH4AicAB9cgDq4BQ3QBBgY8AxewZvz6Lw4787HfLTg5DsH4A+czx+UApJl</latexit>µt+1|0:t+1

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

(assumes d is perfectly known)

<latexit sha1_base64="MW1Xj+9tQwXK6gxeTEIAhaq3uRw="></latexit>

� = atan2(ly � y, lx � x)� ✓ + �
<latexit sha1_base64="JREEYDPThq2d3y6sR17DuYdVdBk=">AAACFnicbVDLSgMxFM3UV62vUZdugkWooGWmFHVZdONKKtgHdGq5k6ZtaDIzJBmhDP0KN/6KGxeKuBV3/o2ZtgttPRA4nHMuuff4EWdKO863lVlaXlldy67nNja3tnfs3b26CmNJaI2EPJRNHxTlLKA1zTSnzUhSED6nDX94lfqNByoVC4M7PYpoW0A/YD1GQBupY596Xco1YE8xgT0BekCAJzfjgnOSan0B96VOMg2Njzt23ik6E+BF4s5IHs1Q7dhfXjcksaCBJhyUarlOpNsJSM0Ip+OcFysaARlCn7YMDUBQ1U4mZ43xkVG6uBdK8wKNJ+rviQSEUiPhm2S6uJr3UvE/rxXr3kU7YUEUaxqQ6Ue9mGMd4rQj3GWSEs1HhgCRzOyKyQAkEG2azJkS3PmTF0m9VHTPiuXbcr5yOasjiw7QISogF52jCrpGVVRDBD2iZ/SK3qwn68V6tz6m0Yw1m9lHf2B9/gAsnp7E</latexit>

� ⇠ N (0,�2
� )

<latexit sha1_base64="iBfnoCPIs7eXqCC/Ki5g3llqy3U="></latexit>

H =
h
@�
@x

@�
@y

@�
@✓

i

<latexit sha1_base64="wC7D1kQbhRYKuwjNcVQ/zKn1kL8=">AAACInicbZDLSgMxFIYzXmu9VV26CRahUiwzUryBILopuPHS2kI7LZk0rcHMheSMUMZ5Fje+ihsXiroSfBjTcRba+kPgz3fOITm/EwiuwDQ/jYnJqemZ2cxcdn5hcWk5t7J6rfxQUlajvvBlwyGKCe6xGnAQrBFIRlxHsLpzezqs1++YVNz3qjAImO2Svsd7nBLQqJM7OOtEULRifIRbV7zvkuR6bx5CXGlXcaHyiyakiC+32tG2FXdyebNkJsLjxkpNHqU67+TeW12fhi7zgAqiVNMyA7AjIoFTweJsK1QsIPSW9FlTW4+4TNlRsmKMNzXp4p4v9fEAJ/T3RERcpQauoztdAjdqtDaE/9WaIfT27Yh7QQjMoz8P9UKBwcfDvHCXS0ZBDLQhVHL9V0xviCQUdKpZHYI1uvK4ud4pWbul8kU5f3ySxpFB62gDFZCF9tAxqqBzVEMUPaAn9IJejUfj2XgzPn5aJ4x0Zg39kfH1DZsroT0=</latexit>

Kt+1 = ⌃t+1|0:tH
T (H⌃t+1H

T +R)�1
<latexit sha1_base64="4kyAj7c7jyMLr1ejT8Ql2NbrKE4=">AAACLnicbVDLSgMxFM34rPU16tJNsAgtxTIjRUUQiiIIbirYB7TDkEnTNjTzIMkIdZwvcuOv6EJQEbd+hul0Fn14IcnJOeeS3OMEjAppGB/awuLS8spqZi27vrG5ta3v7NaFH3JMathnPm86SBBGPVKTVDLSDDhBrsNIwxlcjfTGA+GC+t69HAbEclHPo12KkVSUrV+33dCOZNF8Ms7VHsMLOMnEsAhvk1ucfxyf8Aj281OeQsHWc0bJSArOAzMFOZBW1dbf2h0fhy7xJGZIiJZpBNKKEJcUMxJn26EgAcID1CMtBT3kEmFFybgxPFRMB3Z9rpYnYcJOdkTIFWLoOsrpItkXs9qI/E9rhbJ7ZkXUC0JJPDx+qBsyKH04yg52KCdYsqECCHOq/gpxH3GEpUo4q0IwZ0eeB/XjknlSKt+Vc5XLNI4M2AcHIA9McAoq4AZUQQ1g8AxewSf40l60d+1b+xlbF7S0Zw9Mlfb7B/QHpXE=</latexit>

µt+1|0:t+1 = µt+1|0:t +Kt+1(zt+1 � h(µt+1|0:t))
<latexit sha1_base64="Ko4727Bqf5SqmuRTpoJID5Ifh7Q=">AAACHHicbVBLSwMxGMz6rPW16tFLsAgVsexqURGEopeKl4r2Ae2yZNNsG5p9kGSFsu4P8eJf8eJBES8eBP+N6XYP2jqQMMzMR/KNEzIqpGF8azOzc/MLi7ml/PLK6tq6vrHZEEHEManjgAW85SBBGPVJXVLJSCvkBHkOI01ncDnym/eECxr4d3IYEstDPZ+6FCOpJFs/6tzSnofsWO6bD8aZuhN4DotX8ABep2JS3ZuIJLZeMEpGCjhNzIwUQIaarX92ugGOPOJLzJAQbdMIpRUjLilmJMl3IkFChAeoR9qK+sgjworT5RK4q5QudAOuji9hqv6eiJEnxNBzVNJDsi8mvZH4n9eOpHtqxdQPI0l8PH7IjRiUARw1BbuUEyzZUBGEOVV/hbiPOMJS9ZlXJZiTK0+TxmHJPC6Vb8qFykVWRw5sgx1QBCY4ARVQBTVQBxg8gmfwCt60J+1Fe9c+xtEZLZvZAn+gff0AEfCe6A==</latexit>

⌃t+1|0:t+1 = (I �Kt+1H)⌃t+1|0:t



Summary of Parametric Motion and Sensor Models

n Explicitly modeling uncertainty in motion and sensing is key to robustness.

n In many cases, good models can be found by the following approach:

1. Determine parametric model of noise free motion or measurement.

2. Analyze sources of noise.

3. Add adequate noise to parameters (eventually mix in densities for noise).

4. Learn (and verify) parameters by fitting model to data.

5. Likelihood of measurement is given by “probabilistically comparing” the 
actual with the expected measurement.

n It is extremely important to be aware of the underlying assumptions!



Lecture Outline
Sensor Models

Parameter Estimation

Occupancy Mapping



But where do the actual noise values and A, B come from?

n Case 1: Fully observed training
n We have an oracle technique to observe x, z, u (motion capture) at 

training time. 

n Maximize likelihood

n Case 2: Partially observed training
n We can only observe z, u

n Expectation-Maximization



Case 1: Observed z, x, u – Maximize Likelihood
n Maximize log likelihood of the data (z, x, u) under the motion 

and sensor models

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t

<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

Linear Gaussian

Non-linear

<latexit sha1_base64="cVIjMeSzjRrKl8o3il5xwrzO5is="></latexit>

max
A,B,Q

E(x,u,x0) [p̂(x
0|x, u)]

<latexit sha1_base64="0YpAb+NutjDVSD9h/KnFbS9gX8k=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlpBIUTdCrRtX0oJ9QFPKZDpph04ezEykJfYb3Pgrblwo4taVO//GSZuFth64cDjnXu69xwkZFdI0v7Wl5ZXVtfXMRnZza3tnV9/bb4gg4pjUccAC3nKQIIz6pC6pZKQVcoI8h5GmM7xO/OY94YIG/p0ch6Tjob5PXYqRVFJXL9gDJONwkjceRkUYFeAltD0kBxix+HaSvxrBE1iJirBW6Oo50zCngIvESkkOpKh29S+7F+DII77EDAnRtsxQdmLEJcWMTLJ2JEiI8BD1SVtRH3lEdOLpSxN4rJQedAOuypdwqv6eiJEnxNhzVGdyrpj3EvE/rx1J96ITUz+MJPHxbJEbMSgDmOQDe5QTLNlYEYQ5VbdCPEAcYalSzKoQrPmXF0nj1LDOjFKtlCtX0jgy4BAcgTywwDkogxtQBXWAwSN4Bq/gTXvSXrR37WPWuqSlMwfgD7TPHzaKm0U=</latexit>

p̂(.|x, u) = N (Ax+Bu,Q)

<latexit sha1_base64="SUjrqf+7EVBnkOJzyYd083TI6Rw=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgtSEikqBuh2I0rqWIf0IQymU7aoZMHMxNpiVm78VfcuFDErV/gzr9x0nahrQcuHM65l3vvcSNGhTTNb21hcWl5ZTW3ll/f2Nza1nd2GyKMOSZ1HLKQt1wkCKMBqUsqGWlFnCDfZaTpDqqZ37wnXNAwuJOjiDg+6gXUoxhJJXX0A7uPZBKlReNhWIIX0PaR7GPEkuu0WB0ew9tSRy+YhjkGnCfWlBTAFLWO/mV3Qxz7JJCYISHalhlJJ0FcUsxImrdjQSKEB6hH2ooGyCfCScavpPBIKV3ohVxVIOFY/T2RIF+Ike+qzuxSMetl4n9eO5beuZPQIIolCfBkkRczKEOY5QK7lBMs2UgRhDlVt0LcRxxhqdLLqxCs2ZfnSePEsE6N8k25ULmcxpED++AQFIEFzkAFXIEaqAMMHsEzeAVv2pP2or1rH5PWBW06swf+QPv8Adk1mRU=</latexit>

p̂(.|x) = N (Cx,R)

<latexit sha1_base64="9991EJ1zic6+cBsWvrXqWPmrs9M="></latexit>

max
C,R

E(z,x) [p̂(z|x)]

<latexit sha1_base64="E8mYIT73iL0ai9BIHKq0ZV5ZMl0="></latexit>

max
�

E(z,x) [p̂(z|x)]
<latexit sha1_base64="IUpvGVrfhzvg/1nBqF8Xog2wBHg=">AAACFnicbZDLSsNAFIYn9VbrrerSzWARWtCQSFE3QtGNK6liL9CEMJlOmqGTCzMTaYl5Cje+ihsXirgVd76N08tCW38Y+PjPOcw5vxszKqRhfGu5hcWl5ZX8amFtfWNzq7i90xRRwjFp4IhFvO0iQRgNSUNSyUg75gQFLiMtt385qrfuCRc0Cu/kMCZ2gHoh9ShGUllO8cjykUzjrKw/DCrwHFoBkj5GLL3Oyr5jxT4tDyqH8HaMFadYMnRjLDgP5hRKYKq6U/yyuhFOAhJKzJAQHdOIpZ0iLilmJCtYiSAxwn3UIx2FIQqIsNPxWRk8UE4XehFXL5Rw7P6eSFEgxDBwVedoazFbG5n/1TqJ9M7slIZxIkmIJx95CYMygqOMYJdygiUbKkCYU7UrxD7iCEuVZEGFYM6ePA/NY9080as31VLtYhpHHuyBfVAGJjgFNXAF6qABMHgEz+AVvGlP2ov2rn1MWnPadGYX/JH2+QPzPJ37</latexit>

p̂(.|x) = N (h�(x), R�)

<latexit sha1_base64="UTWn+WYOsFbDKcpD/njeOb4iId0=">AAACIHicbVDLSgNBEJyNrxhfUY9eBoMQQcKuBONFCHrxJAmYKGRD6J1MkiGzD2Z6xbDmU7z4K148KKI3/RonyR58FQzUVHXT3eVFUmi07Q8rMze/sLiUXc6trK6tb+Q3t5o6jBXjDRbKUF17oLkUAW+gQMmvI8XB9yS/8oZnE//qhistwuASRxFv+9APRE8wQCN18hV3AJhE42Lp7vaAxvv0hLo+4ICBTC7GxX7HxQFHKE7NA1pP//udfMEu2VPQv8RJSYGkqHXy7243ZLHPA2QStG45doTtBBQKJvk458aaR8CG0OctQwPwuW4n0wPHdM8oXdoLlXkB0qn6vSMBX+uR75nKyfL6tzcR//NaMfaO24kIohh5wGaDerGkGNJJWrQrFGcoR4YAU8LsStkAFDA0meZMCM7vk/+S5mHJOSqV6+VC9TSNI0t2yC4pEodUSJWckxppEEbuySN5Ji/Wg/VkvVpvs9KMlfZskx+wPr8A10KhiQ==</latexit>

p̂(.|x, u) = N (g✓(x, u), Q✓)

<latexit sha1_base64="DgknAGCDUH8emheikMp7miR8AYQ="></latexit>

max
✓

E(x,u,x0) [p̂(x
0|x, u)]

Solve with LS or SGD
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Raw Sensor Data
Measured distances for expected distance of 300 cm. 

Sonar Laser
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Approximation Results

Sonar

Laser

300cm 400cm



Why is estimating parameters generally not so easy?

X is actually not observed typically, only z, u
<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt

<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1
<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1 Latent variable inference problem



Parameter Estimation in Latent Variable Models

Hard problem to solve exactly

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="OGQVW6WcOr9EPpBIdEEOPIruoaM=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QriWbZtvQbLIkWbUu/R9ePCji1f/izX9j2u5BWx8MPN6bYWZeEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/oWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMryZ+854qzaS4NaOY+hHuCxYygo2V7joRfkQdLvsoLj2ddAtFt+xOgRaJl5EiZKh1C1+dniRJRIUhHGvd9tzY+ClWhhFOx/lOommMyRD3adtSgSOq/XR69RgdW6WHQqlsCYOm6u+JFEdaj6LAdkbYDPS8NxH/89qJCS/8lIk4MVSQ2aIw4chINIkA9ZiixPCRJZgoZm9FZIAVJsYGlbchePMvL5LGadk7K1duKsXqZRZHDg7hCErgwTlU4RpqUAcCCp7hFd6cB+fFeXc+Zq1LTjZzAH/gfP4AYDiRyg==</latexit>

max log p(z)
<latexit sha1_base64="SZPcOHJU9R7CDwssQAvcEUg/8os=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR2k1JpKgboejGZQX7gCaUyWTSDp1MwsxEWmPd+CtuXCji1r9w5984bbPQ1gMXDufcy733eDGjUlnWt5FbWl5ZXcuvFzY2t7Z3zN29powSgUkDRywSbQ9JwignDUUVI+1YEBR6jLS8wdXEb90RIWnEb9UoJm6IepwGFCOlpa55cAEdFvWgQ7mCcen+YViOS8OyP+yaRatiTQEXiZ2RIshQ75pfjh/hJCRcYYak7NhWrNwUCUUxI+OCk0gSIzxAPdLRlKOQSDedfjCGx1rxYRAJXfqQqfp7IkWhlKPQ050hUn05703E/7xOooJzN6U8ThTheLYoSBhUEZzEAX0qCFZspAnCgupbIe4jgbDSoRV0CPb8y4ukeVKxTyvVm2qxdpnFkQeH4AiUgA3OQA1cgzpoAAwewTN4BW/Gk/FivBsfs9ackc3sgz8wPn8As+iVyg==</latexit>

= log

Z
p(z|x)p(x)dx

Intractable problem

Solve via iterative optimization – Expectation Maximization algorithm (EM)
à Much more general than filtering/localization



EM Algorithm for Latent Variable Parameter Estimation

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

<latexit sha1_base64="OGQVW6WcOr9EPpBIdEEOPIruoaM=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QriWbZtvQbLIkWbUu/R9ePCji1f/izX9j2u5BWx8MPN6bYWZeEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/oWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMryZ+854qzaS4NaOY+hHuCxYygo2V7joRfkQdLvsoLj2ddAtFt+xOgRaJl5EiZKh1C1+dniRJRIUhHGvd9tzY+ClWhhFOx/lOommMyRD3adtSgSOq/XR69RgdW6WHQqlsCYOm6u+JFEdaj6LAdkbYDPS8NxH/89qJCS/8lIk4MVSQ2aIw4chINIkA9ZiixPCRJZgoZm9FZIAVJsYGlbchePMvL5LGadk7K1duKsXqZRZHDg7hCErgwTlU4RpqUAcCCp7hFd6cB+fFeXc+Zq1LTjZzAH/gfP4AYDiRyg==</latexit>

max log p(z)

Approximate with a 2 step process: 

1. E-step: Fill in missing data x(i) according to 
what is most likely given the current model

2. M-step: Run ML for completed data, which 
gives new model

Pretend we know the X Do the best possible given inferred latents



EM Algorithms in Action for Estimating Motion/Sensor Models



Recap: Course Overview

MDPs and RL

Imitation Learning Solving POMDPs

Search Motion Planning

Stability/CertificationTrajOpt

Filtering/Smoothing Localization

SLAMMapping



Lecture Outline
Sensor Models

Parameter Estimation

Occupancy Mapping



What is mapping?

In all the localization examples thus far, the map 
m was assumed to be known

à Not trivial in most environments



Types of Maps
Grid maps or scans

Sparse landmarks  or RGB / Depth Maps

Spatial 2-D or 3-D map: 
à Each grip cell has occupancy 0/1 

and a signature

List of landmarks and 
their positions



Problems in Mapping

n Sensor interpretation

n How do we extract relevant information from raw sensor data?

n How do we represent and integrate this information over time?

n Robot locations have to be known

n How can we estimate them during mapping?



Occupancy Grid Maps
n Introduced by Moravec and Elfes in 1985

n Represent environment by a grid.

n Estimate the probability that a location is occupied by an obstacle.

n Key assumptions

n Occupancy of individual cells is independent

n Robot positions are known!
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n Idea: Update each individual cell using a binary Bayes filter.

n Additional assumption: Map is static

n What is a binary Bayes?
n Random variable are binary, map is static

n Tricks for numerical stability/efficiency

Updating Occupancy Grid Maps

Bel(mt
[xy] ) =η p(zt |mt

[xy] ) p(mt
[xy] |mt−1

[xy],ut−1)Bel(mt−1
[xy] )

mt−1
[ xy ]∑

Bel(mt
[xy] ) =η p(zt |mt

[xy] )Bel(mt−1
[xy] )



Binary Bayes Filter
<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="x2F3RCIHnC9v1pWNFGkIiTfFaXw="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1

Remember the 
Bayes Filter

Let us just treat the variable x as binary! à occupied or not

Allows us to define a very simple, stable algorithm à filtering on m, not x

<latexit sha1_base64="hOTm4rsxaREpSylJgjGCLAztBFM=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIlSQMiNFxVXRjcsK9gLtMGTStA1NMkOSEes4G1/FjQtF3PoY7nwb03YW2vpD4OM/53By/iBiVGnH+bZyC4tLyyv51cLa+sbmlr2901BhLDGp45CFshUgRRgVpK6pZqQVSYJ4wEgzGF6N6807IhUNxa0eRcTjqC9oj2KkjeXbe1GJ+/TxwU/cC50ew/spHPl20Sk7E8F5cDMogkw13/7qdEMccyI0ZkiptutE2kuQ1BQzkhY6sSIRwkPUJ22DAnGivGRyQAoPjdOFvVCaJzScuL8nEsSVGvHAdHKkB2q2Njb/q7Vj3Tv3EiqiWBOBp4t6MYM6hOM0YJdKgjUbGUBYUvNXiAdIIqxNZgUTgjt78jw0TsruablyUylWL7M48mAfHIAScMEZqIJrUAN1gEEKnsEreLOerBfr3fqYtuasbGYX/JH1+QOBG5W2</latexit>

p(mi|z1:t, x1:t)

Express as Log-Odds Recursion on Log-Odds
<latexit sha1_base64="mUtmQrZX5/9BJHgdcY7kXKFJzAg="></latexit>

lt,i = lt�1,i + log
p(mi|zt, xt)

1� p(mi|zt, xt)
� log

p(mi)

1� p(mi)
<latexit sha1_base64="pI1MUAYL84/23QkSn5uz6qBqCLU="></latexit>

p(mi|z1:t, x1:t)

p(¬mi|z1:t, x1:t)
=

p(mi|zt, xt)p(mi|z1:t�1, x1:t�1)p(¬mi)

p(¬mi|zt, xt)p(¬mi|z1:t�1, x1:t�1)p(mi)



Simple, numerically stable, efficient way to represent likelihoods

Binary Bayes Filter: Log Odds

Odds: Log Odds à makes products of odds additive. 
Directly represent things in log space

<latexit sha1_base64="IgU3XhLShQJ5gxqBWwMZZml2eY0=">AAACF3icbZDLSgMxFIbPeK31NurSTbAIdWGZkaJuhKIblxXsBTpDyaSZNjSTGZKMWIa+hRtfxY0LRdzqzrcxvSxq64GEj/8/h+T8QcKZ0o7zYy0tr6yurec28ptb2zu79t5+XcWpJLRGYh7LZoAV5UzQmmaa02YiKY4CThtB/2bkNx6oVCwW93qQUD/CXcFCRrA2UtsueaHEJEuKjydDc3uCdpFBdIVmDRedojG17YJTcsaFFsGdQgGmVW3b314nJmlEhSYcK9VynUT7GZaaEU6HeS9VNMGkj7u0ZVDgiCo/G+81RMdG6aAwluYIjcbq7ESGI6UGUWA6I6x7at4bif95rVSHl37GRJJqKsjkoTDlSMdoFBLqMEmJ5gMDmEhm/opID5s8tIkyb0Jw51dehPpZyT0vle/Khcr1NI4cHMIRFMGFC6jALVShBgSe4AXe4N16tl6tD+tz0rpkTWcO4E9ZX78oWJ4F</latexit>

p(x)

p(¬x) =
p(x)

1� p(x)

<latexit sha1_base64="XsKaYu0rWllUzCG6Li0tTpUB0GU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqAvLjBR1WXTjsoK9QGcomTTThmaSIcmIZSi48VXcuFDErS/hzrcxnc5CW38IfPznHE7OH8SMKu0431ZhaXllda24XtrY3NresXf3WkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB6Hpab98Tqajgd3ocEz9CA05DipE2Vs8+8JgYQC+UCKdx5eFkkrrwFGbUs8tO1ckEF8HNoQxyNXr2l9cXOIkI15ghpbquE2s/RVJTzMik5CWKxAiP0IB0DXIUEeWn2Q0TeGycPgyFNI9rmLm/J1IUKTWOAtMZIT1U87Wp+V+tm+jw0k8pjxNNOJ4tChMGtYDTQGCfSoI1GxtAWFLzV4iHyOShTWwlE4I7f/IitM6q7nm1dlsr16/yOIrgEByBCnDBBaiDG9AATYDBI3gGr+DNerJerHfrY9ZasPKZffBH1ucP8RaWbg==</latexit>

log
p(x)

1� p(x)

Easy conversion between log-odds and probs:
<latexit sha1_base64="lmVPIwr7B9b9utteOPcFJdGSfmg=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0iGUiRd0IRTcuK9gHdIaSSTNtaCYzJBlpGeYD3Pgrblwo4tYPcOffmLaz0OqBwOGcc7m5x4s4U9q2v6zc0vLK6lp+vbCxubW9U9zda6kwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG11P/fY9lYqF4k5PIuoGeCCYzwjWRuoVS1F5XIGXEMET6PgSkwSlCYLH0KHjqMyNWUlNyq7aM8C/BGWkBDI0esVPpx+SOKBCE46V6iI70m6CpWaE07TgxIpGmIzwgHYNFTigyk1mx6TwyCh96IfSPKHhTP05keBAqUngmWSA9VAtelPxP68ba//CTZiIYk0FmS/yYw51CKfNwD6TlGg+MQQTycxfIRliU4k2/RVMCWjx5L+kdVpFZ9Xaba1Uv8rqyIMDcAjKAIFzUAc3oAGagIAH8ARewKv1aD1bb9b7PJqzspl98AvWxze7lphK</latexit>

p(x) = 1� 1

1 + exp(l(x))



Original Filtering problem: 

Binary Bayes Filter: Recursive Update
<latexit sha1_base64="hOTm4rsxaREpSylJgjGCLAztBFM=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIlSQMiNFxVXRjcsK9gLtMGTStA1NMkOSEes4G1/FjQtF3PoY7nwb03YW2vpD4OM/53By/iBiVGnH+bZyC4tLyyv51cLa+sbmlr2901BhLDGp45CFshUgRRgVpK6pZqQVSYJ4wEgzGF6N6807IhUNxa0eRcTjqC9oj2KkjeXbe1GJ+/TxwU/cC50ew/spHPl20Sk7E8F5cDMogkw13/7qdEMccyI0ZkiptutE2kuQ1BQzkhY6sSIRwkPUJ22DAnGivGRyQAoPjdOFvVCaJzScuL8nEsSVGvHAdHKkB2q2Njb/q7Vj3Tv3EiqiWBOBp4t6MYM6hOM0YJdKgjUbGUBYUvNXiAdIIqxNZgUTgjt78jw0TsruablyUylWL7M48mAfHIAScMEZqIJrUAN1gEEKnsEreLOerBfr3fqYtuasbGYX/JH1+QOBG5W2</latexit>

p(mi|z1:t, x1:t)
<latexit sha1_base64="oB3Zjey9iRyreiKS4Tcog1F8lTs="></latexit>

p(mi|z1:t, x1:t) =
p(zt|mi, x1:t, z1:t�1)p(mi|z1:t�1, x1:t)

p(zt|z1:t�1, x1:t)
<latexit sha1_base64="0zzTTdO/BLHXIqTQokaQOWQSuyg="></latexit>

p(mi|z1:t, x1:t) =
p(zt|mi, xt)p(mi|z1:t�1, x1:t�1)

p(zt|z1:t�1, x1:t)
<latexit sha1_base64="FshJn2iN0iEn8Uzs3y5P+IodiT4="></latexit>

p(mi|z1:t, x1:t) =
p(mi|zt, xt)p(zt|xt)p(mi|z1:t�1, x1:t�1)

p(mi|xt)p(zt|z1:t�1, x1:t)
<latexit sha1_base64="J6GV2N4WW2/1IW23lFxVFVmgPYc="></latexit>

p(mi|z1:t, x1:t) =
p(mi|zt, xt)p(zt|xt)p(mi|z1:t�1, x1:t�1)

p(mi)p(zt|z1:t�1, x1:t)
<latexit sha1_base64="ep/trlKKBfdZpbrONlchkIpkRoY="></latexit>

p(¬mi|z1:t, x1:t) =
p(¬mi|zt, xt)p(zt|xt)p(¬mi|z1:t�1, x1:t�1)

p(¬mi)p(zt|z1:t�1, x1:t)

<latexit sha1_base64="pI1MUAYL84/23QkSn5uz6qBqCLU="></latexit>

p(mi|z1:t, x1:t)

p(¬mi|z1:t, x1:t)
=

p(mi|zt, xt)p(mi|z1:t�1, x1:t�1)p(¬mi)

p(¬mi|zt, xt)p(¬mi|z1:t�1, x1:t�1)p(mi)

Bayes Rule

Markov Property

Bayes Rule

Independence

Same operations for negation

Odds



Original Filtering problem: 

Binary Bayes Filter: Recursive Update
<latexit sha1_base64="hOTm4rsxaREpSylJgjGCLAztBFM=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIlSQMiNFxVXRjcsK9gLtMGTStA1NMkOSEes4G1/FjQtF3PoY7nwb03YW2vpD4OM/53By/iBiVGnH+bZyC4tLyyv51cLa+sbmlr2901BhLDGp45CFshUgRRgVpK6pZqQVSYJ4wEgzGF6N6807IhUNxa0eRcTjqC9oj2KkjeXbe1GJ+/TxwU/cC50ew/spHPl20Sk7E8F5cDMogkw13/7qdEMccyI0ZkiptutE2kuQ1BQzkhY6sSIRwkPUJ22DAnGivGRyQAoPjdOFvVCaJzScuL8nEsSVGvHAdHKkB2q2Njb/q7Vj3Tv3EiqiWBOBp4t6MYM6hOM0YJdKgjUbGUBYUvNXiAdIIqxNZgUTgjt78jw0TsruablyUylWL7M48mAfHIAScMEZqIJrUAN1gEEKnsEreLOerBfr3fqYtuasbGYX/JH1+QOBG5W2</latexit>

p(mi|z1:t, x1:t)

<latexit sha1_base64="pI1MUAYL84/23QkSn5uz6qBqCLU="></latexit>

p(mi|z1:t, x1:t)

p(¬mi|z1:t, x1:t)
=

p(mi|zt, xt)p(mi|z1:t�1, x1:t�1)p(¬mi)

p(¬mi|zt, xt)p(¬mi|z1:t�1, x1:t�1)p(mi)
<latexit sha1_base64="45UesOCerlsSBykVPxYWryYKB90="></latexit>

log
p(mi|z1:t, x1:t)

p(¬mi|z1:t, x1:t)
= log

p(mi|zt, xt)

p(¬mi|zt, xt)
+ log

p(mi|z1:t�1, x1:t�1)

p(¬mi|z1:t�1, x1:t�1)
+ log

p(¬mi)

p(mi)

<latexit sha1_base64="yFILw+Un1NJtmvvdfdUdPVoc0e4="></latexit>

lt,i = log
p(mi|zt, xt)

p(¬mi|zt, xt)
+ lt�1,i + log

p(¬mi)

p(mi)
Simple recursive update!

Inverse measurement model Previous log odds Prior

Can recover map likelihood per cell from here
à Likelihood of an entire map is the product of individual grid likelihoods

<latexit sha1_base64="Vz6qYhHead7ajTVY95ek0N70Dw8=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICWRYkUQim5cVrAPaEOYTCbt0JkkzEzEGvspbvwVNy4U0Z1+jdM2C209MHA451zu3OPFjEplWV9GbmFxaXklv1pYW9/Y3DK3d5oySgQmDRyxSLQ9JAmjIWkoqhhpx4Ig7jHS8gaXY791S4SkUXijhjFxOOqFNKAYKS25ZjUu8Yd7N7XP1OgI3k3JITyH3VhEvkuh9l06n3DNolW2JoDzxM5IEWSou+Zn149wwkmoMENSdmwrVk6KhKKYkVGhm0gSIzxAPdLRNEScSCedHDiCB1rxYRAJ/UIFJ+rviRRxKYfc00mOVF/OemPxP6+TqODUSWkYJ4qEeLooSBhUERy3BX0qCFZsqAnCguq/QtxHAmGlOy3oEuzZk+dJ87hsn5Qr15Vi7SKrIw/2wD4oARtUQQ1cgTpoAAwewTN4BW/Gk/FivBsf02jOyGZ2wR8Y3z8q2KHA</latexit>

p(m|z1:t, x1:t) =
Y

i

p(mi|z1:t, x1:t)



Inverse Sensor Model for Occupancy Grid Maps

n Predict map likelihood from z, x -
<latexit sha1_base64="OvtaI9BBhqQLoZAI0i6i/wP0TaI=">AAAB+HicbVBNS8NAEN34WetHox69LBahgpREinosevFYwX5AG8Jmu2mX7iZhdyK2tb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sZnbym/v7O4V7P2Dho5TRVmdxiJWrYBoJnjE6sBBsFaiGJGBYM1gcDP1mw9MaR5H9zBMmCdJL+IhpwSM5NuFpCR9/jTy4Qw/+nDq20Wn7MyAl4mbkSLKUPPtr043pqlkEVBBtG67TgLemCjgVLBJvpNqlhA6ID3WNjQikmlvPDt8gk+M0sVhrExFgGfq74kxkVoPZWA6JYG+XvSm4n9eO4XwyhvzKEmBRXS+KEwFhhhPU8BdrhgFMTSEUMXNrZj2iSIUTFZ5E4K7+PIyaZyX3Yty5a5SrF5nceTQETpGJeSiS1RFt6iG6oiiFD2jV/RmjawX6936mLeuWNnMIfoD6/MH7f6SoA==</latexit>

p(mi|zt, xt)



Combined Occupancy Mapping Algorithm

Discretize grid, initialize prior, log-odds

Move positions, take measurement z

Update log odds for each grid cell
<latexit sha1_base64="yFILw+Un1NJtmvvdfdUdPVoc0e4="></latexit>

lt,i = log
p(mi|zt, xt)

p(¬mi|zt, xt)
+ lt�1,i + log

p(¬mi)

p(mi)

<latexit sha1_base64="OvtaI9BBhqQLoZAI0i6i/wP0TaI=">AAAB+HicbVBNS8NAEN34WetHox69LBahgpREinosevFYwX5AG8Jmu2mX7iZhdyK2tb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sZnbym/v7O4V7P2Dho5TRVmdxiJWrYBoJnjE6sBBsFaiGJGBYM1gcDP1mw9MaR5H9zBMmCdJL+IhpwSM5NuFpCR9/jTy4Qw/+nDq20Wn7MyAl4mbkSLKUPPtr043pqlkEVBBtG67TgLemCjgVLBJvpNqlhA6ID3WNjQikmlvPDt8gk+M0sVhrExFgGfq74kxkVoPZWA6JYG+XvSm4n9eO4XwyhvzKEmBRXS+KEwFhhhPU8BdrhgFMTSEUMXNrZj2iSIUTFZ5E4K7+PIyaZyX3Yty5a5SrF5nceTQETpGJeSiS1RFt6iG6oiiFD2jV/RmjawX6936mLeuWNnMIfoD6/MH7f6SoA==</latexit>

p(mi|zt, xt)

<latexit sha1_base64="oo94+Va8qPOwNXyftrQge/oZ9EU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwgWcLsZDYZM49lZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ3UTMqix857xZJf8edAqyTISAky1HvFr25fkVRQaQnHxnQCP7HhBGvLCKfTQjc1NMFkhAe046jEgppwMr92is6c0kex0q6kRXP198QEC2PGInKdAtuhWfZm4n9eJ7XxdThhMkktlWSxKE45sgrNXkd9pimxfOwIJpq5WxEZYo2JdQEVXAjB8surpHlRCS4r1ftqqXaTxZGHEziFMgRwBTW4gzo0gMAjPMMrvHnKe/HevY9Fa87LZo7hD7zPH+oSjrU=</latexit>

p(mi)



Occupancy Grids: From scans to maps

Much less random noise, more traversable!



Incremental Updating of Occupancy Grids (Example) 



Tech Museum, San Jose

CAD map occupancy grid map



Occupancy maps produced by every sensor may be different

Multi-sensor Fusion

Construct most pessimistic estimate



Robots in 3D Environments

Flying robotsHumanoid robots

Outdoor navigationMobile manipulation



3D Map Requirements
n Full 3D Model

n Volumetric representation

n Free-space

n Unknown areas (e.g. for exploration)

n Can be updated
n Probabilistic model  (sensor noise, changes in the environment)

n Update of previously recorded maps

n Flexible
n Map is dynamically expanded 

n Multi-resolution map queries

n Compact
n Memory efficient

n Map files for storage and exchange



Map Representations: Pointclouds
n Pro: 

n No discretization of data

n Mapped area not limited

n Cons:

n Unbounded memory usage

n No direct representation of free or unknown space



Map Representations: 3D voxel grids
n Pros:

n Probabilistic update

n Constant access time

n Cons:

n Memory requirement
n Extent of map has to be known
n Complete map is allocated in memory



Map Representations: Octrees

n Tree-based data structure

n Recursive subdivision of 
space into octants

n Volumes allocated 
as needed

n Multi-resolution



K.M. Wurm, A. Hornung,
M. Bennewitz, C. Stachniss, W. Burgard

University of Freiburg, Germany

OctoMap
A Probabilistic, Flexible, and Compact 3D Map 

Representation for Robotic Systems

http://octomap.sf.net



Map Representations: Octrees
n Pro:

n Full 3D model

n Probabilistic

n Flexible, multi-resolution

n Memory efficient

n Cons:

n Implementation can be tricky 
(memory, update, map files, …)

n Open source implementation as C++ library available at http://octomap.sf.net



Probabilistic Map Update

n Perform standard log-odds update on 3-D map

n Clamping updates

n Multi-resolution queries on non-leaf nodes 



Examples
n Cluttered office environment

Map resolution: 2 cm



Examples: Office Building
n Freiburg, building 079



Examples: Large Outdoor Areas
n Freiburg computer science campus 

(292 x 167 x 28 m³, 20 cm resolution)



Examples: Tabletop



Adding Color



Lecture Outline
Sensor Models

Parameter Estimation

Occupancy Mapping


