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Recap: Course Overview

MDPs and RL

Imitation Learning Solving POMDPs

Search Motion Planning

Stability/CertificationTrajOpt

Filtering/Smoothing Localization

SLAMMapping



Lecture Outline
Particle Filters

Motion Models

Sensor Models
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§ So far, we discussed the
§ Kalman filter: Gaussian, linearization problems, discrete Bayes 

filters (eg histogram filters)

§ Histogram filters are great but they waste space and are non 
adaptive 

§ Particle filters are a way to efficiently represent 
non-Gaussian distributions adaptively

§ Basic principle
§ Set of state hypotheses (“particles”)
§ Survival-of-the-fittest

Particle Filters: Motivation



Sample-based Localization (sonar)
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Probabilistic Robotics



Let’s introduce some tools
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§ Particle sets can be used to approximate densities

Density Approximation

§ The more particles fall into an interval, the higher the 
probability of that interval

§ How to draw samples form a function/distribution?
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§ We can even use a different distribution g to generate 
samples from f

§ By introducing an importance weight w, we can account 
for the “differences between g and f ”

§ w = f / g
§ f is often called

target
§ g is often called

proposal

Importance Sampling Principle



Resampling
n Given: Set S of weighted samples.

n Wanted : Random sample, where the probability of 
drawing xi is given by wi.

n Typically done n times with replacement to generate new 
sample set S’.



Resampling: Efficient Techniques

• Roulette wheel
• Binary search, n log n

• Stochastic universal sampling
• Systematic resampling
• Linear time complexity
• Easy to implement, low variance
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Resampling: Efficient Techniques
Pseudocode for low-variance sampling



Let’s put these pieces together
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Particle Filters
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Discretize 
space

Replace this with sampled particles



Particle Filters



Robot Motion
Push samples forward according to dynamics

<latexit sha1_base64="mO0sx6Q+AoX8ruzHqbbIHz3kpnY="></latexit>

Bel(xt) =

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1



Dynamics Update:

Sample forward using the dynamics model:
1. No gaussian requirement 
2. No linearity requirement, just push forward distribution

<latexit sha1_base64="mO0sx6Q+AoX8ruzHqbbIHz3kpnY="></latexit>

Bel(xt) =

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1



Sensor Information: Measurement Update
Can no longer just push forward with evidence, need to normalize

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)

<latexit sha1_base64="pIW5DapCz4WitNlinwIJ9wMFvc8="></latexit>

Bel(xt) =
P (zt|xt)Bel(xt)R
P (zt|xt)Bel(xt)dxt

Looks a lot like importance sampling!

<latexit sha1_base64="OW01/1G11qoJz6nFokUNnM+Ysf0=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoOQXMKuBPUiBL14jGAekMRldjKbTDL7YKZXjWv+wou/4sWDIl715t84SRbUaEFDUdVNd5cTCq7AND+N1Nz8wuJSejmzsrq2vpHd3KqpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7gxOx379iknFA/8ChiFre6Trc5dTAlqys8Vrm+Nj3HIloXElf2vD3Y0Nl7wwilsq8uw+/hb7hZGdzZlFcwL8l1gJyaEEFTv70eoENPKYD1QQpZqWGUI7JhI4FWyUaUWKhYQOSJc1NfWJx1Q7nvw1wnta6WA3kLp8wBP150RMPKWGnqM7PQI9NeuNxf+8ZgTuUTvmfhgB8+l0kRsJDAEeh4Q7XDIKYqgJoZLrWzHtER0R6CgzOgRr9uW/pLZftA6KpfNSrnySxJFGO2gX5ZGFDlEZnaEKqiKK7tEjekYvxoPxZLwab9PWlJHMbKNfMN6/AMbIn7c=</latexit>

wi =
P (zt|xi

t)P
j P (zt|xj

t )
Can compute a per sample importance weight

Distribution can be represented as a set of weighted samples 



Sensor Information: Importance 
Sampling

Can compute a weighted set of samples by weighting by (normalized) evidence

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)

<latexit sha1_base64="OW01/1G11qoJz6nFokUNnM+Ysf0=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoOQXMKuBPUiBL14jGAekMRldjKbTDL7YKZXjWv+wou/4sWDIl715t84SRbUaEFDUdVNd5cTCq7AND+N1Nz8wuJSejmzsrq2vpHd3KqpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7gxOx379iknFA/8ChiFre6Trc5dTAlqys8Vrm+Nj3HIloXElf2vD3Y0Nl7wwilsq8uw+/hb7hZGdzZlFcwL8l1gJyaEEFTv70eoENPKYD1QQpZqWGUI7JhI4FWyUaUWKhYQOSJc1NfWJx1Q7nvw1wnta6WA3kLp8wBP150RMPKWGnqM7PQI9NeuNxf+8ZgTuUTvmfhgB8+l0kRsJDAEeh4Q7XDIKYqgJoZLrWzHtER0R6CgzOgRr9uW/pLZftA6KpfNSrnySxJFGO2gX5ZGFDlEZnaEKqiKK7tEjekYvxoPxZLwab9PWlJHMbKNfMN6/AMbIn7c=</latexit>

wi =
P (zt|xi

t)P
j P (zt|xj

t )



Measurement Update

<latexit sha1_base64="FuI+3hs8GTB1W5rXSayYHkdv6T8=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9k1RD0SvXjERB4JbMjsMAsTZh/O9BIR+Q4vHjTGqx/jzb9xgD0oWEknlarudHd5sRQabfvbyqysrq1vZDdzW9s7u3v5/YO6jhLFeI1FMlJNj2ouRchrKFDyZqw4DTzJG97geuo3hlxpEYV3OIq5G9BeKHzBKBrJbaMIuCZx8fHp4bSTL9glewayTJyUFCBFtZP/ancjlgQ8RCap1i3HjtEdU4WCST7JtRPNY8oGtMdbhobU7HLHs6Mn5MQoXeJHylSIZKb+nhjTQOtR4JnOgGJfL3pT8T+vlaB/6Y5FGCfIQzZf5CeSYESmCZCuUJyhHBlCmRLmVsL6VFGGJqecCcFZfHmZ1M9KznmpfFsuVK7SOLJwBMdQBAcuoAI3UIUaMLiHZ3iFN2tovVjv1se8NWOlM4fwB9bnD1OskdI=</latexit>

⇥p(z|x)

Reweight particles according to measurement likelihood

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)
<latexit sha1_base64="pIW5DapCz4WitNlinwIJ9wMFvc8="></latexit>

Bel(xt) =
P (zt|xt)Bel(xt)R
P (zt|xt)Bel(xt)dxt

<latexit sha1_base64="OW01/1G11qoJz6nFokUNnM+Ysf0=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoOQXMKuBPUiBL14jGAekMRldjKbTDL7YKZXjWv+wou/4sWDIl715t84SRbUaEFDUdVNd5cTCq7AND+N1Nz8wuJSejmzsrq2vpHd3KqpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7gxOx379iknFA/8ChiFre6Trc5dTAlqys8Vrm+Nj3HIloXElf2vD3Y0Nl7wwilsq8uw+/hb7hZGdzZlFcwL8l1gJyaEEFTv70eoENPKYD1QQpZqWGUI7JhI4FWyUaUWKhYQOSJc1NfWJx1Q7nvw1wnta6WA3kLp8wBP150RMPKWGnqM7PQI9NeuNxf+8ZgTuUTvmfhgB8+l0kRsJDAEeh4Q7XDIKYqgJoZLrWzHtER0R6CgzOgRr9uW/pLZftA6KpfNSrnySxJFGO2gX5ZGFDlEZnaEKqiKK7tEjekYvxoPxZLwab9PWlJHMbKNfMN6/AMbIn7c=</latexit>

wi =
P (zt|xi

t)P
j P (zt|xj

t )



What happens across multiple steps?

<latexit sha1_base64="FuI+3hs8GTB1W5rXSayYHkdv6T8=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9k1RD0SvXjERB4JbMjsMAsTZh/O9BIR+Q4vHjTGqx/jzb9xgD0oWEknlarudHd5sRQabfvbyqysrq1vZDdzW9s7u3v5/YO6jhLFeI1FMlJNj2ouRchrKFDyZqw4DTzJG97geuo3hlxpEYV3OIq5G9BeKHzBKBrJbaMIuCZx8fHp4bSTL9glewayTJyUFCBFtZP/ancjlgQ8RCap1i3HjtEdU4WCST7JtRPNY8oGtMdbhobU7HLHs6Mn5MQoXeJHylSIZKb+nhjTQOtR4JnOgGJfL3pT8T+vlaB/6Y5FGCfIQzZf5CeSYESmCZCuUJyhHBlCmRLmVsL6VFGGJqecCcFZfHmZ1M9KznmpfFsuVK7SOLJwBMdQBAcuoAI3UIUaMLiHZ3iFN2tovVjv1se8NWOlM4fwB9bnD1OskdI=</latexit>

⇥p(z|x)

Dy
na

m
ics

M
ea

su
re

m
en

t

Importance weights get multiplied at each step



Why might this be bad?
Importance weights get multiplied at each step

1. May blow up and get numerically unstable over many steps
2. Evidence doesn’t affect samples themselves, just weights



Measurement Update: Resampling

Resample particles from weighted distribution with SUS

Stochastic Uniform Sampling

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)
<latexit sha1_base64="pIW5DapCz4WitNlinwIJ9wMFvc8="></latexit>

Bel(xt) =
P (zt|xt)Bel(xt)R
P (zt|xt)Bel(xt)dxt

<latexit sha1_base64="OW01/1G11qoJz6nFokUNnM+Ysf0=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoOQXMKuBPUiBL14jGAekMRldjKbTDL7YKZXjWv+wou/4sWDIl715t84SRbUaEFDUdVNd5cTCq7AND+N1Nz8wuJSejmzsrq2vpHd3KqpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7gxOx379iknFA/8ChiFre6Trc5dTAlqys8Vrm+Nj3HIloXElf2vD3Y0Nl7wwilsq8uw+/hb7hZGdzZlFcwL8l1gJyaEEFTv70eoENPKYD1QQpZqWGUI7JhI4FWyUaUWKhYQOSJc1NfWJx1Q7nvw1wnta6WA3kLp8wBP150RMPKWGnqM7PQI9NeuNxf+8ZgTuUTvmfhgB8+l0kRsJDAEeh4Q7XDIKYqgJoZLrWzHtER0R6CgzOgRr9uW/pLZftA6KpfNSrnySxJFGO2gX5ZGFDlEZnaEKqiKK7tEjekYvxoPxZLwab9PWlJHMbKNfMN6/AMbIn7c=</latexit>

wi =
P (zt|xi

t)P
j P (zt|xj

t )

w
2

w3

w1w
nWn

-1
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Overall Particle Filter algorithm
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction

Measurement/Correction

Sample particles from 
<latexit sha1_base64="qGWJjvEKY7kfXB9cT/LiWlFx9GE=">AAACAnicbZBNS8MwGMfT+TbnW9WTeAkOYYKOVoZ6HHrxOMG9wFZKmqVbWJqWJBVHLV78Kl48KOLVT+HNb2O69aCbDyT8+P+fh+T5exGjUlnWt1FYWFxaXimultbWNza3zO2dlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90VXmt++IkDTkt2ocESdAA059ipHSkmvuRZV7N1HpQ3af2OkxjKdw5Jplq2pNCs6DnUMZ5NVwza9eP8RxQLjCDEnZta1IOQkSimJG0lIvliRCeIQGpKuRo4BIJ5mskMJDrfShHwp9uIIT9fdEggIpx4GnOwOkhnLWy8T/vG6s/AsnoTyKFeF4+pAfM6hCmOUB+1QQrNhYA8KC6r9CPEQCYaVTK+kQ7NmV56F1WrXPqrWbWrl+mcdRBPvgAFSADc5BHVyDBmgCDB7BM3gFb8aT8WK8Gx/T1oKRz+yCP2V8/gBNQ5a5</latexit>

p(xt|xt�1, ut�1)

1. Weight samples by 

2. Resample particles with Stochastic Universal Sampling

<latexit sha1_base64="akyYI1MreohwjPAmxbEGexRan9k=">AAAB8XicbVBNT8JAEJ3iF+IX6tFLIzHBC2kNUY9ELx4xETBC02yXLWzYbpvdqRGRf+HFg8Z49d9489+4QA8KvmSSl/dmMjMvSATX6DjfVm5peWV1Lb9e2Njc2t4p7u41dZwqyho0FrG6DYhmgkvWQI6C3SaKkSgQrBUMLid+654pzWN5g8OEeRHpSR5yStBId0n50cenBx+P/WLJqThT2IvEzUgJMtT94lenG9M0YhKpIFq3XSdBb0QUcirYuNBJNUsIHZAeaxsqScS0N5pePLaPjNK1w1iZkmhP1d8TIxJpPYwC0xkR7Ot5byL+57VTDM+9EZdJikzS2aIwFTbG9uR9u8sVoyiGhhCquLnVpn2iCEUTUsGE4M6/vEiaJxX3tFK9rpZqF1kceTiAQyiDC2dQgyuoQwMoSHiGV3iztPVivVsfs9aclc3swx9Ynz9gXpC8</latexit>

p(zt|xt)



draw xi
t-1 from Bel(xt-1)

draw xi
t from p(xt | xi

t-1,ut-1)

Importance factor for xi
t:
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Particle Filter Algorithm



1. Algorithm particle_filter( 𝑆!"#, 𝑢!"#, 𝑧!):
2. 𝑆! = ∅, 𝜂 = 0

3. For

4. Sample �̅�!$ from 𝑝(�̅�!|𝑥!"#, 𝑢!"#) using  𝑥!"#$ and 𝑢!"# Dynamics

5. 𝑤!" = 𝑝 𝑧! �̅�!" Compute importance weight

6. 𝜂 = 𝜂 + 𝑤!" Update normalization factor

7. 𝑆! = 𝑆! ∪ {< �̅�!", 𝑤!" >} Insert

8. For 𝑖 = 1…𝑛

9. 𝑤!" = 𝑤!"/𝜂 Normalize weights

10. For 𝑖 = 1…𝑛 Generate new samples

11. Sample 𝑥!" from the discrete distribution given by �̅�!", 𝑤!"

Particle Filter Algorithm

ni !1=
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Using Ceiling Maps for Localization

[Dellaert et al. 99]



Global Localization Using Vision



Localization for AIBO robots



When might the particle filter fail?

Why might this not work?

n Finitely many samples à introduces bias

n Variance of resampling operation à drops 
diversity

n Divergence of proposal and target distributions 
à degenerate importance weights

n Particle deprivation à belief collapse
Read Dieter Fox’s papers!



Lecture Outline
Particle Filters

Motion Models

Sensor Models



Kalman Filtering
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t



How do we instantiate this?

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t

<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

Linear Gaussian Non-linear

How do we instantiate concretely? Motion models and sensor models!



Types of Motion Models

State of the system: 

Let’s focus exclusively on mobile robot navigation

Global position
x
y

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓

Actions:

Rotational and translational velocity
<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>!
Translation

Rotation

Measurements

Sonar/ultrasound/LIDAR

More on this later

+ more



Velocity Based Model



Velocity Based Model
State of the system: 

Global position
x
y

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓

Actions:

Rotational and translational velocity
<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>!
Translation

Rotation

Noise independently sampled per 
dimension



Velocity Based Sampling
Generate noise free motion and then add noise to it

Given 𝜈, 𝜔 first compute the radius of motion to get x, y 
and then compute the heading change

<latexit sha1_base64="Tz9mm5cDbrSOihwRcBhpNQaRUbs=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIUTdC0Y3LCvYBTSiT6aQdOo8wMxFKzMJfceNCEbf+hjv/xmmbhbYeuHA4517uvSdKGNXG876dpeWV1bX10kZ5c2t7Z9fd229pmSpMmlgyqToR0oRRQZqGGkY6iSKIR4y0o9HNxG8/EKWpFPdmnJCQo4GgMcXIWKnnHip4BYNYIZwFIs2zQHIyQHnPrXhVbwq4SPyCVECBRs/9CvoSp5wIgxnSuut7iQkzpAzFjOTlINUkQXiEBqRrqUCc6DCb3p/DE6v0YSyVLWHgVP09kSGu9ZhHtpMjM9Tz3kT8z+umJr4MMyqS1BCBZ4vilEEj4SQM2KeKYMPGliCsqL0V4iGyYRgbWdmG4M+/vEhaZ1X/vFq7q1Xq10UcJXAEjsEp8MEFqINb0ABNgMEjeAav4M15cl6cd+dj1rrkFDMH4A+czx/hdJYL</latexit>

r =
⌫

!

<latexit sha1_base64="JOYHstZeV99txK+eSrYOkZF4ea0=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWAR3FgSKepGKLpxWcE+oAlhMp20QyeTMHMjLaFu/BU3LhRx61+482+cPhbaeuDC4Zx7ufeeIBFcg21/W7ml5ZXVtfx6YWNza3unuLvX0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBn0b8Z+84EpzWN5D8OEeRHpSh5ySsBIfvFg4FN8hQc+4FOsXM0ldqHHgPjFkl22J8CLxJmREpqh5he/3E5M04hJoIJo3XbsBLyMKOBUsFHBTTVLCO2TLmsbKknEtJdNPhjhY6N0cBgrUxLwRP09kZFI62EUmM6IQE/Pe2PxP6+dQnjpZVwmKTBJp4vCVGCI8TgO3OGKURBDQwhV3NyKaY8oQsGEVjAhOPMvL5LGWdk5L1fuKqXq9SyOPDpER+gEOegCVdEtqqE6ougRPaNX9GY9WS/Wu/Uxbc1Zs5l99AfW5w+dl5W9</latexit>

xc = xt � r sin ✓
<latexit sha1_base64="x7kUQlc7vlg3rAwEhaXlF7nGNbU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBKEkUtSNUHTjsoJ9QBPCZDpph04ezNwIIdSNv+LGhSJu/Qt3/o3TNgttPXDhcM693HuPnwiuwLK+jdLS8srqWnm9srG5tb1j7u61VZxKylo0FrHs+kQxwSPWAg6CdRPJSOgL1vFHNxO/88Ck4nF0D1nC3JAMIh5wSkBLnnmQeRRf4cwDfIqlQ2OFHRgyIJ5ZtWrWFHiR2AWpogJNz/xy+jFNQxYBFUSpnm0l4OZEAqeCjStOqlhC6IgMWE/TiIRMufn0gzE+1kofB7HUFQGeqr8nchIqlYW+7gwJDNW8NxH/83opBJduzqMkBRbR2aIgFRhiPIkD97lkFESmCaGS61sxHRJJKOjQKjoEe/7lRdI+q9nntfpdvdq4LuIoo0N0hE6QjS5QA92iJmohih7RM3pFb8aT8WK8Gx+z1pJRzOyjPzA+fwCV1JW4</latexit>

yc = yt + r cos ✓

Add noise to the velocities

Replace 𝜈, 𝜔 by &𝑣, (𝑤

Useful for particle filters



Velocity Based Likelihood

Likelihood model depends on the choice of 𝜀

Compute center of 
circle 

Compute arc 
movement

Compute expected 
velocities

Calculate probs by score 
differences



Examples (velocity based)



Why might velocity not be enough?

Open loop velocity measurement 
might be quite noisy in varying 
environments

à What if we had more 
information??



Odometry Based Model



What is odometry?
n Instead of just measuring likelihoods with 

velocity, we can actually use more 
information 

n Integrating wheel encoders (degrees 
rotated) with known wheel radius can give 
us estimates of position (still noisy)
n Pros: More accurate than velocity

n Cons: Only available after motion



Odometry Based Model: Reparameterization

22 )'()'( yyxxtrans -+-=d

qd ---= )','(atan21 xxyyrot

12 ' rotrot dqqd --=

• Robot moves from                   to            . - this is input action u
• Reparametrize odometry information reparameterized
. 

q,, yx ',',' qyx

transrotrotu ddd ,, 21=

transd
1rotd

2rotd

q,, yx

',',' qyx



Odometry Based Model: Sampling
Goal: sample xt+1 from xt with action 

<latexit sha1_base64="XPTQZo64nTuYJWw546UMQUwoE3M=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRawgJZGiboSiG5cV7AXaUCbTaTt0MgkzE7GEbHwVNy4UcetjuPNtnLZZaPWHgY//nMOZ8/sRZ0o7zpeVW1hcWl7JrxbW1jc2t+ztnYYKY0lonYQ8lC0fK8qZoHXNNKetSFIc+Jw2/dH1pN68p1KxUNzpcUS9AA8E6zOCtbG69l6MLlGp42OZPKQnaAZH6XHXLjplZyr0F9wMipCp1rU/O72QxAEVmnCsVNt1Iu0lWGpGOE0LnVjRCJMRHtC2QYEDqrxkekCKDo3TQ/1Qmic0mro/JxIcKDUOfNMZYD1U87WJ+V+tHev+hZcwEcWaCjJb1I850iGapIF6TFKi+dgAJpKZvyIyxBITbTIrmBDc+ZP/QuO07J6VK7eVYvUqiyMP+3AAJXDhHKpwAzWoA4EUnuAFXq1H69l6s95nrTkrm9mFX7I+vgHeJ5VS</latexit>

u = (x̄, x̄0)

1. Reparametrize u from               to

2. Add noise to to get 

3. Compute next state xt+1 from 

<latexit sha1_base64="XPTQZo64nTuYJWw546UMQUwoE3M=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRawgJZGiboSiG5cV7AXaUCbTaTt0MgkzE7GEbHwVNy4UcetjuPNtnLZZaPWHgY//nMOZ8/sRZ0o7zpeVW1hcWl7JrxbW1jc2t+ztnYYKY0lonYQ8lC0fK8qZoHXNNKetSFIc+Jw2/dH1pN68p1KxUNzpcUS9AA8E6zOCtbG69l6MLlGp42OZPKQnaAZH6XHXLjplZyr0F9wMipCp1rU/O72QxAEVmnCsVNt1Iu0lWGpGOE0LnVjRCJMRHtC2QYEDqrxkekCKDo3TQ/1Qmic0mro/JxIcKDUOfNMZYD1U87WJ+V+tHev+hZcwEcWaCjJb1I850iGapIF6TFKi+dgAJpKZvyIyxBITbTIrmBDc+ZP/QuO07J6VK7eVYvUqiyMP+3AAJXDhHKpwAzWoA4EUnuAFXq1H69l6s95nrTkrm9mFX7I+vgHeJ5VS</latexit>

u = (x̄, x̄0)
<latexit sha1_base64="SH7gzyFf4+nmRnnSIevpfirTRwY=">AAACLHicbZDLSgMxFIYzXmu9VV26CRahgpQZEXVZ7MZlBXuBtpRMetqGZjJDckYswzyQG19FEBcWcetzmF4W2vpD4Oc753Byfj+SwqDrjp2V1bX1jc3MVnZ7Z3dvP3dwWDNhrDlUeShD3fCZASkUVFGghEakgQW+hLo/LE/q9UfQRoTqAUcRtAPWV6InOEOLOrlyodUFiayTtBCeMNEheml6TpfoxTJFzZRJ07NOLu8W3anosvHmJk/mqnRyb61uyOMAFHLJjGl6boTthGkUXEKabcUGIsaHrA9NaxULwLST6bEpPbWkS3uhtk8hndLfEwkLjBkFvu0MGA7MYm0C/6s1Y+zdtBOhohhB8dmiXiwphnSSHO0KDRzlyBrGtbB/pXzANONo883aELzFk5dN7aLoXRUv7y/zpdt5HBlyTE5IgXjkmpTIHamQKuHkmbySDzJ2Xpx359P5mrWuOPOZI/JHzvcPBeip8g==</latexit>

(�rot1, �rot2, �trans)

<latexit sha1_base64="SH7gzyFf4+nmRnnSIevpfirTRwY=">AAACLHicbZDLSgMxFIYzXmu9VV26CRahgpQZEXVZ7MZlBXuBtpRMetqGZjJDckYswzyQG19FEBcWcetzmF4W2vpD4Oc753Byfj+SwqDrjp2V1bX1jc3MVnZ7Z3dvP3dwWDNhrDlUeShD3fCZASkUVFGghEakgQW+hLo/LE/q9UfQRoTqAUcRtAPWV6InOEOLOrlyodUFiayTtBCeMNEheml6TpfoxTJFzZRJ07NOLu8W3anosvHmJk/mqnRyb61uyOMAFHLJjGl6boTthGkUXEKabcUGIsaHrA9NaxULwLST6bEpPbWkS3uhtk8hndLfEwkLjBkFvu0MGA7MYm0C/6s1Y+zdtBOhohhB8dmiXiwphnSSHO0KDRzlyBrGtbB/pXzANONo883aELzFk5dN7aLoXRUv7y/zpdt5HBlyTE5IgXjkmpTIHamQKuHkmbySDzJ2Xpx359P5mrWuOPOZI/JHzvcPBeip8g==</latexit>

(�rot1, �rot2, �trans)
<latexit sha1_base64="AlEdYSItDt4GNSUKHVW31vc7+hs=">AAACPnicdVA9SwNBEN3z2/gVtbRZDIKChDsRtRRtLCMYFXIhzG0mZnFv79idE8Nxv8zG32BnaWOhiK2lm4/CzwcDj/dmmJkXpUpa8v1Hb2x8YnJqema2NDe/sLhUXl45t0lmBNZFohJzGYFFJTXWSZLCy9QgxJHCi+j6uO9f3KCxMtFn1EuxGcOVlh0pgJzUKtc3wy5QHrZRERStPCS8pdwkFBTFNv/H2/nPIwPaFsVWq1zxq/4A/DcJRqTCRqi1yg9hOxFZjJqEAmsbgZ9SMwdDUigsSmFmMQVxDVfYcFRDjLaZD94v+IZT2ryTGFea+ED9OpFDbG0vjlxnDNS1P72++JfXyKhz0MylTjNCLYaLOpnilPB+lrwtDQpSPUdAGOlu5aILBgS5xEsuhODny7/J+U412Kvunu5WDo9GccywNbbONlnA9tkhO2E1VmeC3bEn9sJevXvv2Xvz3oetY95oZpV9g/fxCYauslk=</latexit>

(�̂rot1, �̂rot2, �̂trans)

<latexit sha1_base64="AlEdYSItDt4GNSUKHVW31vc7+hs=">AAACPnicdVA9SwNBEN3z2/gVtbRZDIKChDsRtRRtLCMYFXIhzG0mZnFv79idE8Nxv8zG32BnaWOhiK2lm4/CzwcDj/dmmJkXpUpa8v1Hb2x8YnJqema2NDe/sLhUXl45t0lmBNZFohJzGYFFJTXWSZLCy9QgxJHCi+j6uO9f3KCxMtFn1EuxGcOVlh0pgJzUKtc3wy5QHrZRERStPCS8pdwkFBTFNv/H2/nPIwPaFsVWq1zxq/4A/DcJRqTCRqi1yg9hOxFZjJqEAmsbgZ9SMwdDUigsSmFmMQVxDVfYcFRDjLaZD94v+IZT2ryTGFea+ED9OpFDbG0vjlxnDNS1P72++JfXyKhz0MylTjNCLYaLOpnilPB+lrwtDQpSPUdAGOlu5aILBgS5xEsuhODny7/J+U412Kvunu5WDo9GccywNbbONlnA9tkhO2E1VmeC3bEn9sJevXvv2Xvz3oetY95oZpV9g/fxCYauslk=</latexit>

(�̂rot1, �̂rot2, �̂trans)

Key idea: odometry gives you change in 
angles, this is noisy and gives next state

transd
1rotd

2rotd

q,, yx

',',' qyx



Odometry Based Model: Sampling

Reparameterization

Noise addition

Computing moved state



Odometry Based Model: Likelihood
Goal: find likelihood xt+1 from xt with action 

<latexit sha1_base64="XPTQZo64nTuYJWw546UMQUwoE3M=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRawgJZGiboSiG5cV7AXaUCbTaTt0MgkzE7GEbHwVNy4UcetjuPNtnLZZaPWHgY//nMOZ8/sRZ0o7zpeVW1hcWl7JrxbW1jc2t+ztnYYKY0lonYQ8lC0fK8qZoHXNNKetSFIc+Jw2/dH1pN68p1KxUNzpcUS9AA8E6zOCtbG69l6MLlGp42OZPKQnaAZH6XHXLjplZyr0F9wMipCp1rU/O72QxAEVmnCsVNt1Iu0lWGpGOE0LnVjRCJMRHtC2QYEDqrxkekCKDo3TQ/1Qmic0mro/JxIcKDUOfNMZYD1U87WJ+V+tHev+hZcwEcWaCjJb1I850iGapIF6TFKi+dgAJpKZvyIyxBITbTIrmBDc+ZP/QuO07J6VK7eVYvUqiyMP+3AAJXDhHKpwAzWoA4EUnuAFXq1H69l6s95nrTkrm9mFX7I+vgHeJ5VS</latexit>

u = (x̄, x̄0)

Key idea: Find                           from (xt ,xt+1) and            , compare under noise model 
<latexit sha1_base64="SH7gzyFf4+nmRnnSIevpfirTRwY=">AAACLHicbZDLSgMxFIYzXmu9VV26CRahgpQZEXVZ7MZlBXuBtpRMetqGZjJDckYswzyQG19FEBcWcetzmF4W2vpD4Oc753Byfj+SwqDrjp2V1bX1jc3MVnZ7Z3dvP3dwWDNhrDlUeShD3fCZASkUVFGghEakgQW+hLo/LE/q9UfQRoTqAUcRtAPWV6InOEOLOrlyodUFiayTtBCeMNEheml6TpfoxTJFzZRJ07NOLu8W3anosvHmJk/mqnRyb61uyOMAFHLJjGl6boTthGkUXEKabcUGIsaHrA9NaxULwLST6bEpPbWkS3uhtk8hndLfEwkLjBkFvu0MGA7MYm0C/6s1Y+zdtBOhohhB8dmiXiwphnSSHO0KDRzlyBrGtbB/pXzANONo883aELzFk5dN7aLoXRUv7y/zpdt5HBlyTE5IgXjkmpTIHamQKuHkmbySDzJ2Xpx359P5mrWuOPOZI/JHzvcPBeip8g==</latexit>

(�rot1, �rot2, �trans)
<latexit sha1_base64="XPTQZo64nTuYJWw546UMQUwoE3M=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRawgJZGiboSiG5cV7AXaUCbTaTt0MgkzE7GEbHwVNy4UcetjuPNtnLZZaPWHgY//nMOZ8/sRZ0o7zpeVW1hcWl7JrxbW1jc2t+ztnYYKY0lonYQ8lC0fK8qZoHXNNKetSFIc+Jw2/dH1pN68p1KxUNzpcUS9AA8E6zOCtbG69l6MLlGp42OZPKQnaAZH6XHXLjplZyr0F9wMipCp1rU/O72QxAEVmnCsVNt1Iu0lWGpGOE0LnVjRCJMRHtC2QYEDqrxkekCKDo3TQ/1Qmic0mro/JxIcKDUOfNMZYD1U87WJ+V+tHev+hZcwEcWaCjJb1I850iGapIF6TFKi+dgAJpKZvyIyxBITbTIrmBDc+ZP/QuO07J6VK7eVYvUqiyMP+3AAJXDhHKpwAzWoA4EUnuAFXq1H69l6s95nrTkrm9mFX7I+vgHeJ5VS</latexit>

u = (x̄, x̄0)

Often called an inverse motion model



Odometry Based Model: Likelihood

Reparameterized odometry

Reparameterized actual motion

Computed probabilities

Joint likelihood



Examples (odometry based)



Sample-based Motion

Start



HW 1EKF Prediction Step Pseudocode: Odometry Style 

1. def EKF_prediction(              ):
2. Linearize dynamics: 

3. Prediction: 

1. Return ,

<latexit sha1_base64="cpvHwNFbWxjLQWMVpOEsYCqqz88=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqHgKevEYwTwgWcLsZDYZMo9lplcIaz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34PvfXmFldW19o7hZ2tre2d0r7x80rU4NZQ2qhTbtiFgmuGIN4CBYOzGMyEiwVjS6nfqtR2Ys1+oBxgkLJRkoHnNKwEmdrkx7GTz51zDplSt+1Z8BL5MgJxWUo94rf3X7mqaSKaCCWNsJ/ATCjBjgVLBJqZtalhA6IgPWcVQRyWyYzU6e4BOn9HGsjSsFeKb+nsiItHYsI9cpCQztojcV//M6KcRXYcZVkgJTdL4oTgUGjaf/4z43jIIYO0Ko4e5WTIfEEAoupZILIVh8eZk0z6rBRfX8/rxSu8njKKIjdIxOUYAuUQ3doTpqIIo0ekav6M0D78V79z7mrQUvnzlEf+B9/gBhSZFU</latexit>µt|0:t
<latexit sha1_base64="dAGT7L24xkTsIw35uuN+Ps160t8=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUfFU9OKxov2Adi3ZNNuGJtklmVXK2v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBbHgBlz328ktLa+sruXXCxubW9s7xd29hokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwvJr4zQemDY/UHYxi5kvSVzzklICV7ju3vC9JN4Un9wLG3WLJLbtT4EXiZaSEMtS6xa9OL6KJZAqoIMa0PTcGPyUaOBVsXOgkhsWEDkmftS1VRDLjp9Orx/jIKj0cRtqWAjxVf0+kRBozkoHtlAQGZt6biP957QTCcz/lKk6AKTpbFCYCQ4QnEeAe14yCGFlCqOb2VkwHRBMKNqiCDcGbf3mRNE7K3mm5clMpVS+zOPLoAB2iY+ShM1RF16iG6ogijZ7RK3pzHp0X5935mLXmnGxmH/2B8/kDd/KSgQ==</latexit>

⌃t|0:t
<latexit sha1_base64="MFv+Z/qzWUP3SIGZg8kgXwky4DA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7SP/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjek=</latexit>ut, , , <latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

<latexit sha1_base64="aV+CHvG5W2D7pryJiCw94ydp018=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUlDIjRUUQim5cVrAPaIchk2ba0MyD5I5Qxn6AG3/FjQtF3PoB7vwb0+kstPVA4OScc0nucSPBFZjmt5FbWFxaXsmvFtbWNza3its7TRXGkrIGDUUo2y5RTPCANYCDYO1IMuK7grXc4fXEb90zqXgY3MEoYrZP+gH3OCWgJadY6vqxk8CR9WBewBhf4n55qqT3Yxw7cKhTZsVMgeeJlZESylB3il/dXkhjnwVABVGqY5kR2AmRwKlg40I3ViwidEj6rKNpQHym7CRdZowPtNLDXij1CQCn6u+JhPhKjXxXJ30CAzXrTcT/vE4M3rmd8CCKgQV0+pAXCwwhnjSDe1wyCmKkCaGS679iOiCSUND9FXQJ1uzK86R5UrFOK9Xbaql2ldWRR3toH5WRhc5QDd2gOmogih7RM3pFb8aT8WK8Gx/TaM7IZnbRHxifP3eAmf0=</latexit>

µt+1|0:t = g(µt|0:t, ut)

State – (x, y, 𝜃)
Action - 𝛿rot1,𝛿trans,𝛿rot2

||||11 211
ˆ

transrotrotrot dadaedd ++=

||||22 221
ˆ

transrotrotrot dadaedd ++=

|||| 2143
ˆ

rotrottranstranstrans ddadaedd +++=

<latexit sha1_base64="TOeTSHXKLJefXl3ukxv/7SJAOgY="></latexit>2

4
✏�rot1
✏�trans

✏�rot2

3

5 ⇠ N (

2

4
0
0
0

3

5 ,

2

4
Q�rot1 0 0

0 Q�trans 0
0 0 Q�rot2

3

5)

M

<latexit sha1_base64="EGzVr+Da9rOGpCwB9m7Qs0ujGHo=">AAACFnicbZDLSgMxFIYzXmu9VV26CRZBKJYZKSqCUHRRN0LF3qCdlkyatqGZC8kZoYx9Cje+ihsXirgVd76NaTuItv4Q+PnOOZyc3wkEV2CaX8bc/MLi0nJiJbm6tr6xmdrarig/lJSVqS98WXOIYoJ7rAwcBKsFkhHXEazq9C9H9eodk4r7XgkGAbNd0vV4h1MCGrVSh41b3nVJK4KMdW+ewRCf48IPG5NCs4QzuHJdaZZaqbSZNcfCs8aKTRrFKrZSn422T0OXeUAFUapumQHYEZHAqWDDZCNULCC0T7qsrq1HXKbsaHzWEO9r0sYdX+rnAR7T3xMRcZUauI7udAn01HRtBP+r1UPonNoR94IQmEcnizqhwODjUUa4zSWjIAbaECq5/iumPSIJBZ1kUodgTZ88aypHWes4m7vJpfMXcRwJtIv20AGy0AnKoytURGVE0QN6Qi/o1Xg0no03433SOmfEMzvoj4yPbz4PnYk=</latexit>

⌃t+1|0:t = G⌃t|0:tG
T + VMV T

<latexit sha1_base64="iGHkwP+8kNUFL4evLKYPxv5XuG0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIsgCCWRouKp6MVjRfsBbQib7aZdursJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphwpsF1v63Cyura+kZxs7S1vbO7Z+8fNHWcKkIbJOaxaodYU84kbQADTtuJoliEnLbC4e3Ub42o0iyWjzBOqC9wX7KIEQxGCmy7+8D6AgcZnHlP7jVMArvsVtwZnGXi5aSMctQD+6vbi0kqqATCsdYdz03Az7ACRjidlLqppgkmQ9ynHUMlFlT72ezyiXNilJ4TxcqUBGem/p7IsNB6LELTKTAM9KI3Ff/zOilEV37GZJIClWS+KEq5A7EzjcHpMUUJ8LEhmChmbnXIACtMwIRVMiF4iy8vk+Z5xbuoVO+r5dpNHkcRHaFjdIo8dIlq6A7VUQMRNELP6BW9WZn1Yr1bH/PWgpXPHKI/sD5/AM5wkyI=</latexit>

⌃t+1|0:t
<latexit sha1_base64="flur5mbfl4qATkjp66SQ0FFLHJ0=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIsgCGVXioqnohePFewHtEvJptk2NMmuyWyhrP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhALbsB1v53cyura+kZ+s7C1vbO7V9w/aJgo0ZTVaSQi3QqIYYIrVgcOgrVizYgMBGsGw9up3xwxbXikHmAcM1+SvuIhpwSs5Hdk0k3hzHtyr2HSLZbcsjsDXiZeRkooQ61b/Or0IppIpoAKYkzbc2PwU6KBU8EmhU5iWEzokPRZ21JFJDN+Ojt6gk+s0sNhpG0pwDP190RKpDFjGdhOSWBgFr2p+J/XTiC88lOu4gSYovNFYSIwRHiaAO5xzSiIsSWEam5vxXRANKFgcyrYELzFl5dJ47zsXZQr95VS9SaLI4+O0DE6RR66RFV0h2qojih6RM/oFb05I+fFeXc+5q05J5s5RH/gfP4APcmRxA==</latexit>µt+1|0:t

Set noise to 0 during the gradient computation



Integrating Maps into Motion Models



From free space motion models to maps
Free space motion models do not account for obstacles in a known map

( | , ', ) ( | ) ( | , ')P x u x m P x m P x u x»

Zero-out positions that are not possible in the map



Mo;on Model with Map

)',|( xuxP ( | , ', ) ( | ) ( | , ')P x u x m P x m P x u x»



Failure Case

Free space Obstacle

Don’t account for motion through walls à deal with by increasing frequency



Lecture Outline
Particle Filters

Motion Models

Sensor Models



Sensor Models for Bayesian Filtering
<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="x2F3RCIHnC9v1pWNFGkIiTfFaXw="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1

Let’s try and specify what this is



Sensors for Mobile Robots
n Contact sensors: Bumpers, touch sensors
n Internal sensors

n Accelerometers (spring-mounted masses)
n Gyroscopes (spinning mass, laser light)
n Compasses, inclinometers (earth magnetic field, gravity)
n Encoders, torque

n Proximity sensors
n Sonar (time of flight)
n Radar (phase and frequency)
n Laser range-finders (triangulation, tof, phase)
n Infrared (intensity)

n Visual sensors: Cameras, depth cameras
n Satellite-style sensors: GPS, MoCap



Proximity Sensors

n The central task is to determine P(z|x), i.e. the probability of a measurement z
given that the robot is at position x.

n Question: Where do the probabilities come from?

n Approach: Let’s try to explain a measurement.



Beam-based Sensor Model



Beam-based Sensor Model
n Scan z consists of K measurements.

},...,,{ 21 Kzzzz =



Beam-based Sensor Model
n Scan z consists of K measurements.

n Individual measurements are independent given the robot 
position and a map.

},...,,{ 21 Kzzzz =

Õ
=

=
K

k
k mxzPmxzP

1

),|(),|(



Beam-based Sensor Model

Õ
=

=
K

k
k mxzPmxzP

1

),|(),|(



Proximity Measurement
n Measurement can be caused by …

n a known obstacle.

n cross-talk.

n an unexpected obstacle (people, furniture, …).

n missing all obstacles (total reflection, glass, …).

n Noise is due to uncertainty …
n in measuring distance to known obstacle.

n in position of known obstacles.

n in position of additional obstacles.

n whether obstacle is missed.
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Beam-based Proximity Model
Measurement noise

zexp zmax0

Phit (z | x,m) =η
1
2πσ 2

e
−1
2
(z−zexp )

2

σ 2 zmxzP llh -= e),|(unexp

Unexpected obstacles

zexp zmax0
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Beam-based Proximity Model
Random measurement Max range

max

1),|(
z

mxzPrand h=
smallz

mxzP 1),|(max h=

zexp zmax0zexp zmax0
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Mixture Density

÷÷
÷
÷
÷

ø

ö

çç
ç
ç
ç

è

æ

×

÷÷
÷
÷
÷

ø

ö

çç
ç
ç
ç

è

æ

=

),|(
),|(
),|(
),|(

),|(

rand

max

unexp

hit

rand

max

unexp

hit

mxzP
mxzP
mxzP
mxzP

mxzP

T

a
a
a
a

How can we determine the model parameters?
à More on this next lecture



Summary Beam-based Model
n Assumes independence between beams.

n Overconfident!

n Models physical causes for measurements.
n Mixture of densities for these causes.

n Implementation
n Learn parameters based on real data.

n Different models can be learned for different angles at which the sensor beam hits the 
obstacle.

n Determine expected distances by ray-tracing.

n Expected distances can be pre-processed.



Landmark-based Sensor Model



When are raw measurement based models not enough?

n Scales unfavorably with dimensionality of the 
measurement

n Common strategy in machine learning - extract low 
dimensional features



Landmarks
n Active beacons (e.g. radio, GPS)

n Passive (e.g. visual, retro-reflective)

n Sensor provides
n distance, or

n bearing, or

n distance and bearing.

n signature



89

Distance and Bearing

range
bearing



90

Probabilis;c Model

1. Algorithm landmark_detection_model(z,x,m):

2.

3.

4.

5. Return  

22 ))(())((ˆ yimximd yx -+-=

),ˆprob(),ˆprob(det aeaae -×-= dddp

qa ,,,,, yxxdiz ==

α̂ = atan2(my(i)− y,mx (i)− x)−θ

),|(uniformfpdetdet mxzPzpz +

Compute expected 
range/bearing

Compute likelihood



HW 1EKF Correction Step Pseudocode: Landmark Style 

1. def EKF_correction(              ):
2. Linearize measurement: 

3. Correction: 

4. Return ,

<latexit sha1_base64="MFv+Z/qzWUP3SIGZg8kgXwky4DA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7SP/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjek=</latexit>ut, , , <latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1 State – (x, y, 𝜃)
Measurement –

R

<latexit sha1_base64="flur5mbfl4qATkjp66SQ0FFLHJ0=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIsgCGVXioqnohePFewHtEvJptk2NMmuyWyhrP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhALbsB1v53cyura+kZ+s7C1vbO7V9w/aJgo0ZTVaSQi3QqIYYIrVgcOgrVizYgMBGsGw9up3xwxbXikHmAcM1+SvuIhpwSs5Hdk0k3hzHtyr2HSLZbcsjsDXiZeRkooQ61b/Or0IppIpoAKYkzbc2PwU6KBU8EmhU5iWEzokPRZ21JFJDN+Ojt6gk+s0sNhpG0pwDP190RKpDFjGdhOSWBgFr2p+J/XTiC88lOu4gSYovNFYSIwRHiaAO5xzSiIsSWEam5vxXRANKFgcyrYELzFl5dJ47zsXZQr95VS9SaLI4+O0DE6RR66RFV0h2qojih6RM/oFb05I+fFeXc+5q05J5s5RH/gfP4APcmRxA==</latexit>µt+1|0:t
<latexit sha1_base64="iGHkwP+8kNUFL4evLKYPxv5XuG0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIsgCCWRouKp6MVjRfsBbQib7aZdursJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphwpsF1v63Cyura+kZxs7S1vbO7Z+8fNHWcKkIbJOaxaodYU84kbQADTtuJoliEnLbC4e3Ub42o0iyWjzBOqC9wX7KIEQxGCmy7+8D6AgcZnHlP7jVMArvsVtwZnGXi5aSMctQD+6vbi0kqqATCsdYdz03Az7ACRjidlLqppgkmQ9ynHUMlFlT72ezyiXNilJ4TxcqUBGem/p7IsNB6LELTKTAM9KI3Ff/zOilEV37GZJIClWS+KEq5A7EzjcHpMUUJ8LEhmChmbnXIACtMwIRVMiF4iy8vk+Z5xbuoVO+r5dpNHkcRHaFjdIo8dIlq6A7VUQMRNELP6BW9WZn1Yr1bH/PWgpXPHKI/sD5/AM5wkyI=</latexit>

⌃t+1|0:t

<latexit sha1_base64="tTnYV3NySpbRF1FNPhXb8y/4rGI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQkmkqLgqunFZ0T6gDWEynbZDZ5IwMxFLzK+4caGIW3/EnX/jtM1CWw/cy+Gce5k7J4g5U9pxvq2l5ZXVtfXCRnFza3tn194rNVWUSEIbJOKRbAdYUc5C2tBMc9qOJcUi4LQVjK4nfuuBSsWi8F6PY+oJPAhZnxGsjeTbpe4dGwjsp/rEfXIuTc98u+xUnCnQInFzUoYcdd/+6vYikggaasKxUh3XibWXYqkZ4TQrdhNFY0xGeEA7hoZYUOWl09szdGSUHupH0lSo0VT9vZFiodRYBGZSYD1U895E/M/rJLp/4aUsjBNNQzJ7qJ9wpCM0CQL1mKRE87EhmEhmbkVkiCUm2sRVNCG4819eJM3TintWqd5Wy7WrPI4CHMAhHIML51CDG6hDAwg8wjO8wpuVWS/Wu/UxG12y8p19+APr8wevXJOS</latexit>

⌃t+1|0:t+1
<latexit sha1_base64="Wt+6uyosd9Fogn1+CgxjqPWvvt4=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCIJQZKSquim5cVrAPaIchk2ba0CQz5CHUsV/ixoUibv0Ud/6NaTsLbT1wL4dz7iU3J0oZVdrzvp3Cyura+kZxs7S1vbNbdvf2WyoxEpMmTlgiOxFShFFBmppqRjqpJIhHjLSj0c3Ubz8QqWgi7vU4JQFHA0FjipG2UuiWe9yEmT71n7wr2yehW/Gq3gxwmfg5qYAcjdD96vUTbDgRGjOkVNf3Uh1kSGqKGZmUekaRFOERGpCupQJxooJsdvgEHlulD+NE2hIaztTfGxniSo15ZCc50kO16E3F/7yu0fFlkFGRGk0Enj8UGwZ1AqcpwD6VBGs2tgRhSe2tEA+RRFjbrEo2BH/xy8ukdVb1z6u1u1qlfp3HUQSH4AicAB9cgDq4BQ3QBBgY8AxewZvz6Lw4787HfLTg5DsH4A+czx+UApJl</latexit>µt+1|0:t+1

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

(assumes d is perfectly known)

<latexit sha1_base64="MW1Xj+9tQwXK6gxeTEIAhaq3uRw="></latexit>

� = atan2(ly � y, lx � x)� ✓ + �
<latexit sha1_base64="JREEYDPThq2d3y6sR17DuYdVdBk=">AAACFnicbVDLSgMxFM3UV62vUZdugkWooGWmFHVZdONKKtgHdGq5k6ZtaDIzJBmhDP0KN/6KGxeKuBV3/o2ZtgttPRA4nHMuuff4EWdKO863lVlaXlldy67nNja3tnfs3b26CmNJaI2EPJRNHxTlLKA1zTSnzUhSED6nDX94lfqNByoVC4M7PYpoW0A/YD1GQBupY596Xco1YE8xgT0BekCAJzfjgnOSan0B96VOMg2Njzt23ik6E+BF4s5IHs1Q7dhfXjcksaCBJhyUarlOpNsJSM0Ip+OcFysaARlCn7YMDUBQ1U4mZ43xkVG6uBdK8wKNJ+rviQSEUiPhm2S6uJr3UvE/rxXr3kU7YUEUaxqQ6Ue9mGMd4rQj3GWSEs1HhgCRzOyKyQAkEG2azJkS3PmTF0m9VHTPiuXbcr5yOasjiw7QISogF52jCrpGVVRDBD2iZ/SK3qwn68V6tz6m0Yw1m9lHf2B9/gAsnp7E</latexit>

� ⇠ N (0,�2
� )

<latexit sha1_base64="iBfnoCPIs7eXqCC/Ki5g3llqy3U="></latexit>

H =
h
@�
@x

@�
@y

@�
@✓

i

<latexit sha1_base64="wC7D1kQbhRYKuwjNcVQ/zKn1kL8=">AAACInicbZDLSgMxFIYzXmu9VV26CRahUiwzUryBILopuPHS2kI7LZk0rcHMheSMUMZ5Fje+ihsXiroSfBjTcRba+kPgz3fOITm/EwiuwDQ/jYnJqemZ2cxcdn5hcWk5t7J6rfxQUlajvvBlwyGKCe6xGnAQrBFIRlxHsLpzezqs1++YVNz3qjAImO2Svsd7nBLQqJM7OOtEULRifIRbV7zvkuR6bx5CXGlXcaHyiyakiC+32tG2FXdyebNkJsLjxkpNHqU67+TeW12fhi7zgAqiVNMyA7AjIoFTweJsK1QsIPSW9FlTW4+4TNlRsmKMNzXp4p4v9fEAJ/T3RERcpQauoztdAjdqtDaE/9WaIfT27Yh7QQjMoz8P9UKBwcfDvHCXS0ZBDLQhVHL9V0xviCQUdKpZHYI1uvK4ud4pWbul8kU5f3ySxpFB62gDFZCF9tAxqqBzVEMUPaAn9IJejUfj2XgzPn5aJ4x0Zg39kfH1DZsroT0=</latexit>

Kt+1 = ⌃t+1|0:tH
T (H⌃t+1H

T +R)�1
<latexit sha1_base64="4kyAj7c7jyMLr1ejT8Ql2NbrKE4=">AAACLnicbVDLSgMxFM34rPU16tJNsAgtxTIjRUUQiiIIbirYB7TDkEnTNjTzIMkIdZwvcuOv6EJQEbd+hul0Fn14IcnJOeeS3OMEjAppGB/awuLS8spqZi27vrG5ta3v7NaFH3JMathnPm86SBBGPVKTVDLSDDhBrsNIwxlcjfTGA+GC+t69HAbEclHPo12KkVSUrV+33dCOZNF8Ms7VHsMLOMnEsAhvk1ucfxyf8Aj281OeQsHWc0bJSArOAzMFOZBW1dbf2h0fhy7xJGZIiJZpBNKKEJcUMxJn26EgAcID1CMtBT3kEmFFybgxPFRMB3Z9rpYnYcJOdkTIFWLoOsrpItkXs9qI/E9rhbJ7ZkXUC0JJPDx+qBsyKH04yg52KCdYsqECCHOq/gpxH3GEpUo4q0IwZ0eeB/XjknlSKt+Vc5XLNI4M2AcHIA9McAoq4AZUQQ1g8AxewSf40l60d+1b+xlbF7S0Zw9Mlfb7B/QHpXE=</latexit>

µt+1|0:t+1 = µt+1|0:t +Kt+1(zt+1 � h(µt+1|0:t))
<latexit sha1_base64="Ko4727Bqf5SqmuRTpoJID5Ifh7Q=">AAACHHicbVBLSwMxGMz6rPW16tFLsAgVsexqURGEopeKl4r2Ae2yZNNsG5p9kGSFsu4P8eJf8eJBES8eBP+N6XYP2jqQMMzMR/KNEzIqpGF8azOzc/MLi7ml/PLK6tq6vrHZEEHEManjgAW85SBBGPVJXVLJSCvkBHkOI01ncDnym/eECxr4d3IYEstDPZ+6FCOpJFs/6tzSnofsWO6bD8aZuhN4DotX8ABep2JS3ZuIJLZeMEpGCjhNzIwUQIaarX92ugGOPOJLzJAQbdMIpRUjLilmJMl3IkFChAeoR9qK+sgjworT5RK4q5QudAOuji9hqv6eiJEnxNBzVNJDsi8mvZH4n9eOpHtqxdQPI0l8PH7IjRiUARw1BbuUEyzZUBGEOVV/hbiPOMJS9ZlXJZiTK0+TxmHJPC6Vb8qFykVWRw5sgx1QBCY4ARVQBTVQBxg8gmfwCt60J+1Fe9c+xtEZLZvZAn+gff0AEfCe6A==</latexit>

⌃t+1|0:t+1 = (I �Kt+1H)⌃t+1|0:t



Summary of Parametric Motion and Sensor Models
n Explicitly modeling uncertainty in motion and sensing is key to 

robustness.

n In many cases, good models can be found by the following approach:

1. Determine parametric model of noise free motion or measurement.

2. Analyze sources of noise.

3. Add adequate noise to parameters (eventually mix in densities for noise).

4. Learn (and verify) parameters by fitting model to data.

5. Likelihood of measurement is given by “probabilistically comparing” the 
actual with the expected measurement.

n It is extremely important to be aware of the underlying assumptions!



Lecture Outline
Particle Filters

Motion Models

Sensor Models



But where do the actual noise values and A, B come from?

n Case 1: Fully observed training
n We have an oracle technique to observe x, z, u (motion capture) at 

training time. 
n Maximize likelihood

n Case 2: Partially observed training
n We can only observe z, u
n Expectation-Maximization



Case 1: Observed z, x, u – Maximize Likelihood
n Maximize log likelihood of the data (z, x, u) under the 

motion and sensor models

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t

<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

Linear Gaussian

Non-linear

<latexit sha1_base64="cVIjMeSzjRrKl8o3il5xwrzO5is="></latexit>

max
A,B,Q

E(x,u,x0) [p̂(x
0|x, u)]

<latexit sha1_base64="0YpAb+NutjDVSD9h/KnFbS9gX8k=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlpBIUTdCrRtX0oJ9QFPKZDpph04ezEykJfYb3Pgrblwo4taVO//GSZuFth64cDjnXu69xwkZFdI0v7Wl5ZXVtfXMRnZza3tnV9/bb4gg4pjUccAC3nKQIIz6pC6pZKQVcoI8h5GmM7xO/OY94YIG/p0ch6Tjob5PXYqRVFJXL9gDJONwkjceRkUYFeAltD0kBxix+HaSvxrBE1iJirBW6Oo50zCngIvESkkOpKh29S+7F+DII77EDAnRtsxQdmLEJcWMTLJ2JEiI8BD1SVtRH3lEdOLpSxN4rJQedAOuypdwqv6eiJEnxNhzVGdyrpj3EvE/rx1J96ITUz+MJPHxbJEbMSgDmOQDe5QTLNlYEYQ5VbdCPEAcYalSzKoQrPmXF0nj1LDOjFKtlCtX0jgy4BAcgTywwDkogxtQBXWAwSN4Bq/gTXvSXrR37WPWuqSlMwfgD7TPHzaKm0U=</latexit>

p̂(.|x, u) = N (Ax+Bu,Q)

<latexit sha1_base64="SUjrqf+7EVBnkOJzyYd083TI6Rw=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgtSEikqBuh2I0rqWIf0IQymU7aoZMHMxNpiVm78VfcuFDErV/gzr9x0nahrQcuHM65l3vvcSNGhTTNb21hcWl5ZTW3ll/f2Nza1nd2GyKMOSZ1HLKQt1wkCKMBqUsqGWlFnCDfZaTpDqqZ37wnXNAwuJOjiDg+6gXUoxhJJXX0A7uPZBKlReNhWIIX0PaR7GPEkuu0WB0ew9tSRy+YhjkGnCfWlBTAFLWO/mV3Qxz7JJCYISHalhlJJ0FcUsxImrdjQSKEB6hH2ooGyCfCScavpPBIKV3ohVxVIOFY/T2RIF+Ike+qzuxSMetl4n9eO5beuZPQIIolCfBkkRczKEOY5QK7lBMs2UgRhDlVt0LcRxxhqdLLqxCs2ZfnSePEsE6N8k25ULmcxpED++AQFIEFzkAFXIEaqAMMHsEzeAVv2pP2or1rH5PWBW06swf+QPv8Adk1mRU=</latexit>

p̂(.|x) = N (Cx,R)

<latexit sha1_base64="9991EJ1zic6+cBsWvrXqWPmrs9M="></latexit>

max
C,R

E(z,x) [p̂(z|x)]

<latexit sha1_base64="E8mYIT73iL0ai9BIHKq0ZV5ZMl0="></latexit>

max
�

E(z,x) [p̂(z|x)]
<latexit sha1_base64="IUpvGVrfhzvg/1nBqF8Xog2wBHg=">AAACFnicbZDLSsNAFIYn9VbrrerSzWARWtCQSFE3QtGNK6liL9CEMJlOmqGTCzMTaYl5Cje+ihsXirgVd76N08tCW38Y+PjPOcw5vxszKqRhfGu5hcWl5ZX8amFtfWNzq7i90xRRwjFp4IhFvO0iQRgNSUNSyUg75gQFLiMtt385qrfuCRc0Cu/kMCZ2gHoh9ShGUllO8cjykUzjrKw/DCrwHFoBkj5GLL3Oyr5jxT4tDyqH8HaMFadYMnRjLDgP5hRKYKq6U/yyuhFOAhJKzJAQHdOIpZ0iLilmJCtYiSAxwn3UIx2FIQqIsNPxWRk8UE4XehFXL5Rw7P6eSFEgxDBwVedoazFbG5n/1TqJ9M7slIZxIkmIJx95CYMygqOMYJdygiUbKkCYU7UrxD7iCEuVZEGFYM6ePA/NY9080as31VLtYhpHHuyBfVAGJjgFNXAF6qABMHgEz+AVvGlP2ov2rn1MWnPadGYX/JH2+QPzPJ37</latexit>

p̂(.|x) = N (h�(x), R�)

<latexit sha1_base64="UTWn+WYOsFbDKcpD/njeOb4iId0=">AAACIHicbVDLSgNBEJyNrxhfUY9eBoMQQcKuBONFCHrxJAmYKGRD6J1MkiGzD2Z6xbDmU7z4K148KKI3/RonyR58FQzUVHXT3eVFUmi07Q8rMze/sLiUXc6trK6tb+Q3t5o6jBXjDRbKUF17oLkUAW+gQMmvI8XB9yS/8oZnE//qhistwuASRxFv+9APRE8wQCN18hV3AJhE42Lp7vaAxvv0hLo+4ICBTC7GxX7HxQFHKE7NA1pP//udfMEu2VPQv8RJSYGkqHXy7243ZLHPA2QStG45doTtBBQKJvk458aaR8CG0OctQwPwuW4n0wPHdM8oXdoLlXkB0qn6vSMBX+uR75nKyfL6tzcR//NaMfaO24kIohh5wGaDerGkGNJJWrQrFGcoR4YAU8LsStkAFDA0meZMCM7vk/+S5mHJOSqV6+VC9TSNI0t2yC4pEodUSJWckxppEEbuySN5Ji/Wg/VkvVpvs9KMlfZskx+wPr8A10KhiQ==</latexit>

p̂(.|x, u) = N (g✓(x, u), Q✓)

<latexit sha1_base64="DgknAGCDUH8emheikMp7miR8AYQ="></latexit>

max
✓

E(x,u,x0) [p̂(x
0|x, u)]

Solve with LS or SGD



96

Raw Sensor Data
Measured distances for expected distance of 300 cm. 

Sonar Laser
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Approxima;on Results

Sonar

Laser

300cm 400cm



Why is estimating parameters generally not so easy?

X is actually not observed typically, only z, u<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1 Latent variable inference problem



Parameter Estimation in Latent Variable Models

Hard problem to solve exactly

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="OGQVW6WcOr9EPpBIdEEOPIruoaM=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QriWbZtvQbLIkWbUu/R9ePCji1f/izX9j2u5BWx8MPN6bYWZeEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/oWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMryZ+854qzaS4NaOY+hHuCxYygo2V7joRfkQdLvsoLj2ddAtFt+xOgRaJl5EiZKh1C1+dniRJRIUhHGvd9tzY+ClWhhFOx/lOommMyRD3adtSgSOq/XR69RgdW6WHQqlsCYOm6u+JFEdaj6LAdkbYDPS8NxH/89qJCS/8lIk4MVSQ2aIw4chINIkA9ZiixPCRJZgoZm9FZIAVJsYGlbchePMvL5LGadk7K1duKsXqZRZHDg7hCErgwTlU4RpqUAcCCp7hFd6cB+fFeXc+Zq1LTjZzAH/gfP4AYDiRyg==</latexit>

max log p(z)
<latexit sha1_base64="SZPcOHJU9R7CDwssQAvcEUg/8os=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR2k1JpKgboejGZQX7gCaUyWTSDp1MwsxEWmPd+CtuXCji1r9w5984bbPQ1gMXDufcy733eDGjUlnWt5FbWl5ZXcuvFzY2t7Z3zN29powSgUkDRywSbQ9JwignDUUVI+1YEBR6jLS8wdXEb90RIWnEb9UoJm6IepwGFCOlpa55cAEdFvWgQ7mCcen+YViOS8OyP+yaRatiTQEXiZ2RIshQ75pfjh/hJCRcYYak7NhWrNwUCUUxI+OCk0gSIzxAPdLRlKOQSDedfjCGx1rxYRAJXfqQqfp7IkWhlKPQ050hUn05703E/7xOooJzN6U8ThTheLYoSBhUEZzEAX0qCFZspAnCgupbIe4jgbDSoRV0CPb8y4ukeVKxTyvVm2qxdpnFkQeH4AiUgA3OQA1cgzpoAAwewTN4BW/Gk/FivBsfs9ackc3sgz8wPn8As+iVyg==</latexit>

= log

Z
p(z|x)p(x)dx

Intractable problem

Solve via iterative optimization – Expectation Maximization algorithm (EM)
à Much more general than filtering/localization



EM Algorithm for Latent Variable Parameter Estimation

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

<latexit sha1_base64="OGQVW6WcOr9EPpBIdEEOPIruoaM=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QriWbZtvQbLIkWbUu/R9ePCji1f/izX9j2u5BWx8MPN6bYWZeEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/oWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMryZ+854qzaS4NaOY+hHuCxYygo2V7joRfkQdLvsoLj2ddAtFt+xOgRaJl5EiZKh1C1+dniRJRIUhHGvd9tzY+ClWhhFOx/lOommMyRD3adtSgSOq/XR69RgdW6WHQqlsCYOm6u+JFEdaj6LAdkbYDPS8NxH/89qJCS/8lIk4MVSQ2aIw4chINIkA9ZiixPCRJZgoZm9FZIAVJsYGlbchePMvL5LGadk7K1duKsXqZRZHDg7hCErgwTlU4RpqUAcCCp7hFd6cB+fFeXc+Zq1LTjZzAH/gfP4AYDiRyg==</latexit>

max log p(z)

Approximate with a 2 step process: 

1. E-step: Fill in missing data x(i) according to 
what is most likely given the current model

2. M-step: Run ML for completed data, which 
gives new model

Pretend we know the X Do the best possible given inferred latents



EM Algorithms in Action for Estimating Motion/Sensor Models



Lecture Outline
Motion Models

Sensor Models

Localization with Motion/Sensor Models

Estimating Model Parameters


