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Recap: Course Overview

MDPs and RL
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Search Motion Planning

Stability/CertificationTrajOpt
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SLAMMapping



Lecture Outline
Unscented Kalman Filter

Discrete Bayesian Filters

Particle Filters



Recap: EKF
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
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Bel(xt)

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)

Linearize dynamics

Linearize measurement
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zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t
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= N (µt+1|0:t +Kt+1(zt+1 � h(µ̄t), (I �Kt+1H)⌃t+1|0:t)
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p(xt+1|z0:t+1, u0:t)
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⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
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xt+1 = g(xt, ut) + ✏t
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p(xt+1|z0:t, u0:t)
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⇠ N (g(µt, ut), G⌃t|0:tG
T +Qt)



When does the EKF struggle?

n With discontinuous dynamics, the linearization will not be valid

n For very non-linear functions, the first order Taylor approximation is poor

n The EKF can drift over time because of growing linearization errors

n Jacobian may be very expensive to compute and invert



How can we achieve closer approximations?
n Extended Kalman filters first linearize then send through Gaussian, can be 

quite poor when the dynamics/measurements are quite non-linear



How can we achieve closer approximations?
n Extended Kalman filters first linearize then send through Gaussian, can be 

quite poor when the dynamics/measurements are quite non-linear



How can we achieve closer approximations?

n Idea: Rather than linearizing first and then propagate, propagate through 
non-linear transform and re-estimate Gaussian  

n Ensure that first and second moments (mean and covariance) match as 
closely as possible on re-estimation

Non-linear transform
Sample points

Re-estimate post transform



Linearization via Unscented Transform

EKF UKF



UKF Sigma-Point Estimate (2)

EKF UKF



UKF Sigma-Point Estimate (3)

EKF UKF



How can we achieve closer approximations?
n Idea: Rather than linearizing first and then propagate, propagate through 

non-linear transform and re-estimate Gaussian  

Non-linear transform
Sample points

Re-estimate post transform

n Question 1: What points should we send through non linearity?
n Question 2: How should we restimate the means and covariances?
n Question 3: Why can this be better than the EKF?



Sigma Points

n Question 1: What points should we send through non linearity?
n Choose minimal points (2N + 1 to send through non-linearity to match 1,2 moments of a Gaussian

n What is a matrix square root?

n Why these points à they ensure that the moments match. Not a unique choice!

( ) ni
n

wwn

n
w

n
w

i
c

i
mi

i

cm

2,...,1for               
)(2

1 )(

)1( 2000

=
+

==S+±=

+-+
+

=
+

==

l
lµc

ba
l

l
l

lµc

Sigma points                               Weights 

<latexit sha1_base64="CfLx1EWMSyWq/KJbS4zKRZcLYy4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIUS9C0YsHDxXtBzSlbLabduluEncnSon9KV48KOLVX+LNf+O2zUFbHww83pthZp4fC67Bcb6t3NLyyupafr2wsbm1vWMXdxs6ShRldRqJSLV8opngIasDB8FasWJE+oI1/eHlxG8+MKV5FN7BKGYdSfohDzglYKSuXbzG59jT9wpS75b3JRl37ZJTdqbAi8TNSAllqHXtL68X0USyEKggWrddJ4ZOShRwKti44CWaxYQOSZ+1DQ2JZLqTTk8f40Oj9HAQKVMh4Kn6eyIlUuuR9E2nJDDQ895E/M9rJxCcdVIexgmwkM4WBYnAEOFJDrjHFaMgRoYQqri5FdMBUYSCSatgQnDnX14kjeOye1Ku3FRK1YssjjzaRwfoCLnoFFXRFaqhOqLoET2jV/RmPVkv1rv1MWvNWdnMHvoD6/MHjgmTkg==</latexit>

L =
p
⌃

<latexit sha1_base64="KohS6flR7GQWS59vGer4MggjP7g=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2likiJgvSM6wt9kkS3b3zt29QDjyO2wsFLH1x9j5b9wkV2jig4HHezPMzAsizrRx3W8ns7K6tr6R3cxtbe/s7uX3D+o6jBWhNRLyUDUDrClnktYMM5w2I0WxCDhtBMPbqd8YUaVZKKtmHFFf4L5kPUawsZJfLj9W0TVqP7C+wJ18wS26M6Bl4qWkACkqnfxXuxuSWFBpCMdatzw3Mn6ClWGE00muHWsaYTLEfdqyVGJBtZ/Mjp6gE6t0US9UtqRBM/X3RIKF1mMR2E6BzUAvelPxP68Vm96VnzAZxYZKMl/UizkyIZomgLpMUWL42BJMFLO3IjLAChNjc8rZELzFl5dJ/azoXRTP788LpZs0jiwcwTGcggeXUII7qEANCDzBM7zCmzNyXpx352PemnHSmUP4A+fzBzOwkRk=</latexit>

LLT = ⌃if



Unscented Transform
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Pass sigma points through nonlinear function

Recover mean and covariance

Re-estimate post transform

n Question 2: How should we re-estimate the means and covariances?



Why do these make sense?
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Filtering with the Unscented Transform
n Given the tool of the unscented transform, let us revisit the nonlinear filter
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Bel(xt)
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Bel(xt) =

Z
p(xt|xt�1, ut�1)Bel(xt�1)dxt�1

Estimate 
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Bel(xt) = ⌘p(zt|xt)Bel(xt)
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Bel(xt) =
p(zt|xt)Bel(xt)P

x0 p(zt|xt = x0)Bel(xt = x0)
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à Directly use unscented 
transform for dynamics

à Estimate empirical covariance 
matrix with unscented 

transform and do Kalman filter



Unscented KF Dynamics Step
n Sample Sigma points given current belief, send them through non-linear dynamics
n Re-estimate the post-update belief using the unscented transform
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�0 = µt|0:t
<latexit sha1_base64="6pQm2kDRfDFp1GwxUytubG5K1uk="></latexit>

�i = µt|0:t ± (
q
(n+ �)⌃t|0:t)i
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Pass sigma points through nonlinear function
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<latexit sha1_base64="kFR7SeVCM5fYJHyiDIFzAyn8KAY=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIlSQkkhRN0LRjcsK9gJNDJPppB06uTBzIpTQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H4iuALL+jYKS8srq2vF9dLG5tb2jrm711JxKilr0ljEsuMTxQSPWBM4CNZJJCOhL1jbH95M6u1HJhWPo3sYJcwNST/iAacEtOWZB06i+APHV7hfcehA4ylOPTjxzLJVtabCi2DnUEa5Gp755fRimoYsAiqIUl3bSsDNiAROBRuXnFSxhNAh6bOuxoiETLnZ9IAxPtZODwex1C8CPHV/T2QkVGoU+rozJDBQ87WJ+V+tm0Jw6WY8SlJgEZ0tClKBIcaTNHCPS0ZBjDQQKrn+K6YDIgkFnVlJh2DPn7wIrbOqfV6t3dXK9es8jiI6REeogmx0geroFjVQE1E0Rs/oFb0ZT8aL8W58zFoLRj6zj/7I+PwBpJCVKQ==</latexit>

 i = g(�i, ut)

<latexit sha1_base64="xXoR7xpvEAtnjCNeAdDIWhaWV0E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYoHlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8NOME/YgOJA85o8ZKDxek3iuW3LI7B1klXkZKkKHWK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqal2XvqlypV0rV2yyOPJzAKZyDB9dQhXuoQQMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AagaNPQ==</latexit>

+Q



Unscented KF Measurement Step
n More tricky because now C/H is not known! How to compute Kalman gain?

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

Covariance under forward transformCross covariance under forward transform

<latexit sha1_base64="h61rqyXriTYpMyFKeW7veHCGZRg="></latexit>

⌃t,t+1|0:t = E
⇥
(Xt|0:t � µt|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤

<latexit sha1_base64="SMNMOrRQ5R0seK5gPEfTjqH2Pt4=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARCkqZkaIiCFU3Liv2Bu04ZNK0Dc1cSM4IZewruPFV3LhQxK07d76N6QXR1h8CP985h5Pze5HgCizry0jNzS8sLqWXMyura+sb5uZWVYWxpKxCQxHKukcUEzxgFeAgWD2SjPieYDWvdzms1+6YVDwMytCPmOOTTsDbnBLQyDVzzRve8YmbwAGGffveOoUBPsM/dAzOb8uumbXy1kh41tgTk0UTlVzzs9kKaeyzAKggSjVsKwInIRI4FWyQacaKRYT2SIc1tA2Iz5STjC4a4D1NWrgdSv0CwCP6eyIhvlJ939OdPoGumq4N4X+1RgztEyfhQRQDC+h4UTsWGEI8jAe3uGQURF8bQiXXf8W0SyShoEPM6BDs6ZNnTfUwbx/lC9eFbPFiEkca7aBdlEM2OkZFdIVKqIIoekBP6AW9Go/Gs/FmvI9bU8ZkZhv9kfHxDexDm9Q=</latexit>

⌃t,t+1|0:t = ⌃t|0:tA
T

Cross Covariance 

<latexit sha1_base64="hO4pE1nSEuiQKmwoOlxC9LZ6SJY="></latexit>

= E
⇥
(Xt+1|0:t � µt+1|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤<latexit sha1_base64="iGHkwP+8kNUFL4evLKYPxv5XuG0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIsgCCWRouKp6MVjRfsBbQib7aZdursJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphwpsF1v63Cyura+kZxs7S1vbO7Z+8fNHWcKkIbJOaxaodYU84kbQADTtuJoliEnLbC4e3Ub42o0iyWjzBOqC9wX7KIEQxGCmy7+8D6AgcZnHlP7jVMArvsVtwZnGXi5aSMctQD+6vbi0kqqATCsdYdz03Az7ACRjidlLqppgkmQ9ynHUMlFlT72ezyiXNilJ4TxcqUBGem/p7IsNB6LELTKTAM9KI3Ff/zOilEV37GZJIClWS+KEq5A7EzjcHpMUUJ8LEhmChmbnXIACtMwIRVMiF4iy8vk+Z5xbuoVO+r5dpNHkcRHaFjdIo8dIlq6A7VUQMRNELP6BW9WZn1Yr1bH/PWgpXPHKI/sD5/AM5wkyI=</latexit>

⌃t+1|0:t
<latexit sha1_base64="MrfqEDPJaQS5Wm8Nbc8mjgZSdIY="></latexit>

= E
⇥
(AXt|0:t +But + ✏t �Aµt|0:t �But)(AXt|0:t +But + ✏t �Aµt|0:t �But)

T
⇤

<latexit sha1_base64="SxNxGSzePuUj+daSgGILYnGc8Lk="></latexit>

= AE
⇥
(Xt|0:t � µt|0:t)(Xt|0:t � µt|0:t)

T
⇤
AT +Qt

<latexit sha1_base64="HnE3gK4GEGllILkziFRQeu26uGc=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMgCGFGgoogJHrxmGA2SMahp9OTNOlZ6K4Rwhjw4q948aCIV3/Cm39jZzlo4oOCx3tVVNVzI8EVmOa3kVpYXFpeSa9m1tY3Nrey2zt1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdz+9chv3DOpeBhUYRAx2yfdgHucEtCSk927xKX2Le/6xEngwbyAYemuio9xxQEnmzPz5hh4nlhTkkNTlJ3sV7sT0thnAVBBlGpZZgR2QiRwKtgw044Viwjtky5raRoQnyk7Gf8wxIda6WAvlLoCwGP190RCfKUGvqs7fQI9NeuNxP+8VgzeuZ3wIIqBBXSyyIsFhhCPAsEdLhkFMdCEUMn1rZj2iCQUdGwZHYI1+/I8qZ/krdN8oVLIFa+mcaTRPjpAR8hCZ6iIblAZ1RBFj+gZvaI348l4Md6Nj0lrypjO7KI/MD5/ALNelko=</latexit>

= A⌃t|0:tA
T +Qt

Diagonal Covariance 

Remember from earlier



Unscented KF Measurement Step
n More tricky because now C/H is not known! How to compute Kalman gain?

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

Covariance under forward transformCross covariance under forward transform

<latexit sha1_base64="Z+2CduCr/SJ/9RazVUEjbEdtGvg=">AAACFXicbVDLSgMxFM34rPVVdekmWAQXUmZKUTeFohuXFewDOtMhk6ZtaJIZkoxSh/kJN/6KGxeKuBXc+Tem0y609cCFwzn3cu89QcSo0rb9bS0tr6yurec28ptb2zu7hb39pgpjiUkDhyyU7QApwqggDU01I+1IEsQDRlrB6Grit+6IVDQUt3ocEY+jgaB9ipE2kl84dQMkk4cUVqGrYu4ntGqn3aQsUnjv8y6Fme9GiqZd6heKdsnOABeJMyNFMEPdL3y5vRDHnAiNGVKq49iR9hIkNcWMpHk3ViRCeIQGpGOoQJwoL8m+SuGxUXqwH0pTQsNM/T2RIK7UmAemkyM9VPPeRPzP68S6f+ElVESxJgJPF/VjBnUIJxHBHpUEazY2BGFJza0QD5FEWJsg8yYEZ/7lRdIsl5yzUuWmUqxdzuLIgUNwBE6AA85BDVyDOmgADB7BM3gFb9aT9WK9Wx/T1iVrNnMA/sD6/AFrWJ8C</latexit>

z̄ =
2nX

i=0

wi
m ̄

i

<latexit sha1_base64="04SBflTRxbh2KBTkpQcv0BFKpqA=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdVMSKepGKLpxWcE+oIlhMp20QycPZiZiCQV/xY0LRdz6He78G6dtFtp64MLhnHu59x4/4Uwqy/o2CkvLK6trxfXSxubW9o65u9eScSoIbZKYx6LjY0k5i2hTMcVpJxEUhz6nbX94PfHbD1RIFkd3apRQN8T9iAWMYKUlzzxwfCwyJ5FsfM/QJRpUHj114pllq2pNgRaJnZMy5Gh45pfTi0ka0kgRjqXs2lai3AwLxQin45KTSppgMsR92tU0wiGVbjY9f4yOtdJDQSx0RQpN1d8TGQ6lHIW+7gyxGsh5byL+53VTFVy4GYuSVNGIzBYFKUcqRpMsUI8JShQfaYKJYPpWRAZYYKJ0YiUdgj3/8iJpnVbts2rttlauX+VxFOEQjqACNpxDHW6gAU0gkMEzvMKb8WS8GO/Gx6y1YOQz+/AHxucPM4GU/w==</latexit>

 ̄i = h(xt)Send sigma points through non-linear measurement model
<latexit sha1_base64="+BXSavCyKQbZ2q3KvZdxTYKs66s="></latexit>

S =
2nX

i=0

wi
c( ̄

i � z̄)( ̄i � z̄)T
<latexit sha1_base64="qVF7Z8tskE69EK8T07JguHmaXg0="></latexit>

T =
2nX

i=0

wi
c( 

i � µt+1|0:t)( ̄
i � z̄)T

<latexit sha1_base64="l9dNW8O8fCaeYV6dDKBVrt4BaA4=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0EQxLArQb0IQS+Cl4h5QbIus5NJMmT2wUyvEtb9FC8eFPHql3jzb5wke9DEgoaiqpvuLi8SXIFlfRsLi0vLK6u5tfz6xubWtlnYaagwlpTVaShC2fKIYoIHrA4cBGtFkhHfE6zpDa/GfvOBScXDoAajiDk+6Qe8xykBLblm4cZN4MhO8QWu3d0nx3bqmkWrZE2A54mdkSLKUHXNr043pLHPAqCCKNW2rQichEjgVLA034kViwgdkj5raxoQnyknmZye4gOtdHEvlLoCwBP190RCfKVGvqc7fQIDNeuNxf+8dgy9cyfhQRQDC+h0US8WGEI8zgF3uWQUxEgTQiXXt2I6IJJQ0GnldQj27MvzpHFSsk9L5dtysXKZxZFDe2gfHSIbnaEKukZVVEcUPaJn9IrejCfjxXg3PqatC0Y2s4v+wPj8ASoKkqg=</latexit>

Kt+1 = TS�1

Cross covariance Covariance

Then use standard KF measurement update



UKF Pseudocode 
def Unscented_Kalman_filter(              ):
1. Dynamics

1. Sample Sigma Points from 

2. Send them through 

3. Compute via UT 
2. Measurement:

1. Sample Sigma Points from 

2. Send them through 

3. Compute T, S as cross covariance and covariance

4. Compute

5. Use standard KF updates
3. Return mean, cov ,

<latexit sha1_base64="cpvHwNFbWxjLQWMVpOEsYCqqz88=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqHgKevEYwTwgWcLsZDYZMo9lplcIaz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34PvfXmFldW19o7hZ2tre2d0r7x80rU4NZQ2qhTbtiFgmuGIN4CBYOzGMyEiwVjS6nfqtR2Ys1+oBxgkLJRkoHnNKwEmdrkx7GTz51zDplSt+1Z8BL5MgJxWUo94rf3X7mqaSKaCCWNsJ/ATCjBjgVLBJqZtalhA6IgPWcVQRyWyYzU6e4BOn9HGsjSsFeKb+nsiItHYsI9cpCQztojcV//M6KcRXYcZVkgJTdL4oTgUGjaf/4z43jIIYO0Ko4e5WTIfEEAoupZILIVh8eZk0z6rBRfX8/rxSu8njKKIjdIxOUYAuUQ3doTpqIIo0ekav6M0D78V79z7mrQUvnzlEf+B9/gBhSZFU</latexit>µt|0:t
<latexit sha1_base64="dAGT7L24xkTsIw35uuN+Ps160t8=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUfFU9OKxov2Adi3ZNNuGJtklmVXK2v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBbHgBlz328ktLa+sruXXCxubW9s7xd29hokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwvJr4zQemDY/UHYxi5kvSVzzklICV7ju3vC9JN4Un9wLG3WLJLbtT4EXiZaSEMtS6xa9OL6KJZAqoIMa0PTcGPyUaOBVsXOgkhsWEDkmftS1VRDLjp9Orx/jIKj0cRtqWAjxVf0+kRBozkoHtlAQGZt6biP957QTCcz/lKk6AKTpbFCYCQ4QnEeAe14yCGFlCqOb2VkwHRBMKNqiCDcGbf3mRNE7K3mm5clMpVS+zOPLoAB2iY+ShM1RF16iG6ogijZ7RK3pzHp0X5935mLXmnGxmH/2B8/kDd/KSgQ==</latexit>

⌃t|0:t
<latexit sha1_base64="MFv+Z/qzWUP3SIGZg8kgXwky4DA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7SP/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjek=</latexit>ut, , , <latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

Reminder of the model

<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t
<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)
<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="8caB0EDNPShMOlpO70S5/GHVa1w=">AAACEXicbVDLSgMxFM34rPU16tJNsAgVpMxIUXFVdONKKtoHtKVk0rQNzWSG5I5QxvkFN/6KGxeKuHXnzr8xbUfQ1gOBk3Pu5d57vFBwDY7zZc3NLywuLWdWsqtr6xub9tZ2VQeRoqxCAxGoukc0E1yyCnAQrB4qRnxPsJo3uBj5tTumNA/kLQxD1vJJT/IupwSM1LbzTZ9AnxIRXyWGR+0Y7p0zSA5x84b3fPLzP2jbOafgjIFniZuSHEpRbtufzU5AI59JoIJo3XCdEFoxUcCpYEm2GWkWEjogPdYwVBKf6VY8vijB+0bp4G6gzJOAx+rvjpj4Wg99z1SO9tfT3kj8z2tE0D1txVyGETBJJ4O6kcAQ4FE8uMMVoyCGhhCquNkV0z5RhIIJMWtCcKdPniXVo4J7XCheF3Ol8zSODNpFeyiPXHSCSugSlVEFUfSAntALerUerWfrzXqflM5Zac8O+gPr4xsfeZ0y</latexit>

N (µt|0:t,⌃t|0:t)
<latexit sha1_base64="pZsCiLdMFbnqQC/ta3XeRR8/IUM=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEqSNmVoh6LXjxWsB+wXZZsmrah2WRJZsWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5USK4Adf9dlZW19Y3Ngtbxe2d3b390sFhy6hUU9akSijdiYhhgkvWBA6CdRLNSBwJ1o5Gt1O//ci04Uo+wDhhQUwGkvc5JWAlf1B5CuEcpyGchaWyW3VnwMvEy0kZ5WiEpa9uT9E0ZhKoIMb4nptAkBENnAo2KXZTwxJCR2TAfEsliZkJstnJE3xqlR7uK21LAp6pvycyEhszjiPbGRMYmkVvKv7n+Sn0r4OMyyQFJul8UT8VGBSe/o97XDMKYmwJoZrbWzEdEk0o2JSKNgRv8eVl0rqoepfV2n2tXL/J4yigY3SCKshDV6iO7lADNRFFCj2jV/TmgPPivDsf89YVJ585Qn/gfP4AKDqQiA==</latexit>

g(xt, ut)
<latexit sha1_base64="T8bZ9SPUoJj/2RamFiBfzueMwiU=">AAACCHicbVDLSgNBEJyNrxhfqx49OBgEQQm7ElQ8Bb14jGgekCzL7GSSDJnZXWZ6hbDm6MVf8eJBEa9+gjf/xskD1MSChqKqm+6uIBZcg+N8WZm5+YXFpexybmV1bX3D3tyq6ihRlFVoJCJVD4hmgoesAhwEq8eKERkIVgt6l0O/dseU5lF4C/2YeZJ0Qt7mlICRfHu3KRM/hUP33jmHwRFu3vCOJD+Kb+edgjMCniXuhOTRBGXf/my2IppIFgIVROuG68TgpUQBp4INcs1Es5jQHumwhqEhkUx76eiRAd43Sgu3I2UqBDxSf0+kRGrdl4HplAS6etobiv95jQTaZ17KwzgBFtLxonYiMER4mApuccUoiL4hhCpubsW0SxShYLLLmRDc6ZdnSfW44J4UitfFfOliEkcW7aA9dIBcdIpK6AqVUQVR9ICe0At6tR6tZ+vNeh+3ZqzJzDb6A+vjGxknmMM=</latexit>

µt+1|0:t,⌃t+1|0:t

<latexit sha1_base64="lsVO+seEJzVjD2Ay0BUjCTaAZSE=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVS5mRouKq6MaVVLQP6JSSSdM2NJkZkjtCGfsTbvwVNy4UcSu4829MH6C2HggczrmXm3P8SHANjvNlzc0vLC4tp1bSq2vrG5v21nZFh7GirExDEaqaTzQTPGBl4CBYLVKMSF+wqt+7GPrVO6Y0D4Nb6EesIUkn4G1OCRipaec8SaBLiUiuBllPxs0EDt175wwGOezd8I4kP8pB0844eWcEPEvcCcmgCUpN+9NrhTSWLAAqiNZ114mgkRAFnAo2SHuxZhGhPdJhdUMDIpluJKNUA7xvlBZuh8q8APBI/b2REKl1X/pmcphBT3tD8T+vHkP7tJHwIIqBBXR8qB0LDCEeVoRbXDEKom8IoYqbv2LaJYpQMEWmTQnudORZUjnKu8f5wnUhUzyf1JFCu2gPZZGLTlARXaISKiOKHtATekGv1qP1bL1Z7+PROWuys4P+wPr4Bv8SnhI=</latexit>

N (µt+1|0:t,⌃t+1|0:t)
<latexit sha1_base64="3BjiMpi5qUXtLr0bCN/XSlm8XwU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhDiJexKUI9BLx4jmAckS5idTJIxszPLTK8YlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXGAtu0PO+nZXVtfWNzdxWfntnd2+/cHDYMCrRlNWpEkq3QmKY4JLVkaNgrVgzEoWCNcPRzdRvPjJtuJL3OI5ZEJGB5H1OCVqpMSw9dfGsWyh6ZW8Gd5n4GSlChlq38NXpKZpETCIVxJi278UYpEQjp4JN8p3EsJjQERmwtqWSRMwE6ezaiXtqlZ7bV9qWRHem/p5ISWTMOAptZ0RwaBa9qfif106wfxWkXMYJMknni/qJcFG509fdHteMohhbQqjm9laXDokmFG1AeRuCv/jyMmmcl/2LcuWuUqxeZ3Hk4BhOoAQ+XEIVbqEGdaDwAM/wCm+Ocl6cd+dj3rriZDNH8AfO5w//To7D</latexit>

h(xt)

<latexit sha1_base64="l9dNW8O8fCaeYV6dDKBVrt4BaA4=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0EQxLArQb0IQS+Cl4h5QbIus5NJMmT2wUyvEtb9FC8eFPHql3jzb5wke9DEgoaiqpvuLi8SXIFlfRsLi0vLK6u5tfz6xubWtlnYaagwlpTVaShC2fKIYoIHrA4cBGtFkhHfE6zpDa/GfvOBScXDoAajiDk+6Qe8xykBLblm4cZN4MhO8QWu3d0nx3bqmkWrZE2A54mdkSLKUHXNr043pLHPAqCCKNW2rQichEjgVLA034kViwgdkj5raxoQnyknmZye4gOtdHEvlLoCwBP190RCfKVGvqc7fQIDNeuNxf+8dgy9cyfhQRQDC+h0US8WGEI8zgF3uWQUxEgTQiXXt2I6IJJQ0GnldQj27MvzpHFSsk9L5dtysXKZxZFDe2gfHSIbnaEKukZVVEcUPaJn9IrejCfjxXg3PqatC0Y2s4v+wPj8ASoKkqg=</latexit>

Kt+1 = TS�1



How well does this do?



When/why is the UKF better than the EKF?
n EKF:

n First linearize then propagate
n Misses higher order terms

n UKF:
n First propagate then linearize
n Approximates the higher order terms as well

Approximately the same if sigma points are close to linearization point



Estimation Sequence

EKF                    PF                    UKF 



Estimation Sequence

EKF                                UKF 



Prediction Quality

EKF                               UKF 



UKF in Action
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UKF Summary

n Highly efficient: Same complexity as EKF, with 
a constant factor slower in typical practical 
applications 

n Better linearization than EKF: Accurate in first 
two terms of Taylor expansion (EKF only first 
term)

n Derivative-free: No Jacobians needed

n Still not optimal!



Lecture Outline
Extended Kalman Filter

Discrete Bayesian Filters

Particle Filters
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§ Non-linear functions

§ Non-Gaussian functions

When do EKF/UKF fail?

How can we represent this better?
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Multimodality in Probability Distributions

Target Distribution

Gaussian Approximation

Can we leverage categorical distributions for filtering/localization?

Categorical Approximation
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Idea 1: Discrete Bayes Filter
Remember the idea behind Bayesian filters

Why did we jump through all those hoops? à dealing with the integrals
What if the state were discrete?

All integrals are sums! Multimodality is not an issue

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="x2F3RCIHnC9v1pWNFGkIiTfFaXw="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1

We made these Gaussian

Easily multimodal and tractable
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Idea 2: Histogram Filter
But the world is continuous, how can we apply this machinery?

Just discretize!

The number of states might blow up à more on this later

Assumption – value is piecewise constant within a bin – use the mean

Approximation errors drops with finer discretization
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Why is this a reasonable assumption to make?

),,( >=< qyxxBel t

Assuming the value doesn’t change significantly within a bin

Using the mean is reasonable if the variance is bounded
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Grid-based Localization
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Overall histogram filter algorithm
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction

Measurement/Correction

Discretize 
space

<latexit sha1_base64="WaqtRMLDaIYnPz/7fHzWlAc7pRU="></latexit>

Bel(xt) =
X

xt�1

p(xt|xt�1, ut�1)Bel(xt�1)

<latexit sha1_base64="bXMu+6yuwPh+jzV7aCFMcXxf8hA="></latexit>

Bel(xt) =
p(zt|xt)Bel(xt)P
xt

p(zt|xt)Bel(xt)
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Challenges with Static Discretization

§ Scales poorly with dimension: 

§ Exponential bins in largely empty space

§ Not adaptive as the posterior changes

§ Unclear how to perform discretization



Lecture Outline
Unscented Kalman Filter

Discrete Bayesian Filters

Particle Filters
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§ So far, we discussed the
§ Kalman filter: Gaussian, linearization problems, discrete Bayes filters 

(eg histogram filters)

§ Histogram filters are great but they waste space and are non adaptive 

§ Particle filters are a way to efficiently represent 
non-Gaussian distributions adaptively

§ Basic principle
§ Set of state hypotheses (“particles”)
§ Survival-of-the-fittest

Particle Filters: Motivation



Sample-based Localization (sonar)

4/12/23
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Probabilistic Robotics



Let’s introduce some tools

40
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§ Particle sets can be used to approximate densities

Density Approximation

§ The more particles fall into an interval, the higher the 
probability of that interval

§ How to draw samples form a function/distribution?
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§ We can even use a different distribution g to generate 
samples from f

§ By introducing an importance weight w, we can account for 
the “differences between g and f ”

§ w = f / g

§ f is often called
target

§ g is often called
proposal

Importance Sampling Principle



Resampling

n Given: Set S of weighted samples.

n Wanted : Random sample, where the probability of drawing xi
is given by wi.

n Typically done n times with replacement to generate new 
sample set S’.



Resampling: Efficient Techniques

• Roulette wheel

• Binary search, n log n

• Stochastic universal sampling

• Systematic resampling

• Linear time complexity

• Easy to implement, low variance

w2

w3

w1wn

Wn-1
w2

w3

w1wn

Wn-1



Resampling: Efficient Techniques
Pseudocode for low-variance sampling



Let’s put these pieces together
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Particle Filters
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Discretize 
space

Replace this with sampled particles



Particle Filters



Robot Motion
Push samples forward according to dynamics

<latexit sha1_base64="mO0sx6Q+AoX8ruzHqbbIHz3kpnY="></latexit>

Bel(xt) =

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1



Dynamics Update:

Sample forward using the dynamics model:
1. No gaussian requirement 
2. No linearity requirement, just push forward distribution

<latexit sha1_base64="mO0sx6Q+AoX8ruzHqbbIHz3kpnY="></latexit>

Bel(xt) =

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1



Sensor Information: Measurement Update
Can no longer just push forward with evidence, need to normalize

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)

<latexit sha1_base64="pIW5DapCz4WitNlinwIJ9wMFvc8="></latexit>

Bel(xt) =
P (zt|xt)Bel(xt)R
P (zt|xt)Bel(xt)dxt

Looks a lot like importance sampling!

<latexit sha1_base64="OW01/1G11qoJz6nFokUNnM+Ysf0=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoOQXMKuBPUiBL14jGAekMRldjKbTDL7YKZXjWv+wou/4sWDIl715t84SRbUaEFDUdVNd5cTCq7AND+N1Nz8wuJSejmzsrq2vpHd3KqpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7gxOx379iknFA/8ChiFre6Trc5dTAlqys8Vrm+Nj3HIloXElf2vD3Y0Nl7wwilsq8uw+/hb7hZGdzZlFcwL8l1gJyaEEFTv70eoENPKYD1QQpZqWGUI7JhI4FWyUaUWKhYQOSJc1NfWJx1Q7nvw1wnta6WA3kLp8wBP150RMPKWGnqM7PQI9NeuNxf+8ZgTuUTvmfhgB8+l0kRsJDAEeh4Q7XDIKYqgJoZLrWzHtER0R6CgzOgRr9uW/pLZftA6KpfNSrnySxJFGO2gX5ZGFDlEZnaEKqiKK7tEjekYvxoPxZLwab9PWlJHMbKNfMN6/AMbIn7c=</latexit>

wi =
P (zt|xi

t)P
j P (zt|xj

t )
Can compute a per sample importance weight

Distribution can be represented as a set of weighted samples 



Sensor Information: Importance Sampling
Can compute a weighted set of samples by weighting by (normalized) evidence

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)

<latexit sha1_base64="OW01/1G11qoJz6nFokUNnM+Ysf0=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoOQXMKuBPUiBL14jGAekMRldjKbTDL7YKZXjWv+wou/4sWDIl715t84SRbUaEFDUdVNd5cTCq7AND+N1Nz8wuJSejmzsrq2vpHd3KqpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7gxOx379iknFA/8ChiFre6Trc5dTAlqys8Vrm+Nj3HIloXElf2vD3Y0Nl7wwilsq8uw+/hb7hZGdzZlFcwL8l1gJyaEEFTv70eoENPKYD1QQpZqWGUI7JhI4FWyUaUWKhYQOSJc1NfWJx1Q7nvw1wnta6WA3kLp8wBP150RMPKWGnqM7PQI9NeuNxf+8ZgTuUTvmfhgB8+l0kRsJDAEeh4Q7XDIKYqgJoZLrWzHtER0R6CgzOgRr9uW/pLZftA6KpfNSrnySxJFGO2gX5ZGFDlEZnaEKqiKK7tEjekYvxoPxZLwab9PWlJHMbKNfMN6/AMbIn7c=</latexit>

wi =
P (zt|xi

t)P
j P (zt|xj

t )



Measurement Update

<latexit sha1_base64="FuI+3hs8GTB1W5rXSayYHkdv6T8=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9k1RD0SvXjERB4JbMjsMAsTZh/O9BIR+Q4vHjTGqx/jzb9xgD0oWEknlarudHd5sRQabfvbyqysrq1vZDdzW9s7u3v5/YO6jhLFeI1FMlJNj2ouRchrKFDyZqw4DTzJG97geuo3hlxpEYV3OIq5G9BeKHzBKBrJbaMIuCZx8fHp4bSTL9glewayTJyUFCBFtZP/ancjlgQ8RCap1i3HjtEdU4WCST7JtRPNY8oGtMdbhobU7HLHs6Mn5MQoXeJHylSIZKb+nhjTQOtR4JnOgGJfL3pT8T+vlaB/6Y5FGCfIQzZf5CeSYESmCZCuUJyhHBlCmRLmVsL6VFGGJqecCcFZfHmZ1M9KznmpfFsuVK7SOLJwBMdQBAcuoAI3UIUaMLiHZ3iFN2tovVjv1se8NWOlM4fwB9bnD1OskdI=</latexit>

⇥p(z|x)

Reweight particles according to measurement likelihood

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)
<latexit sha1_base64="pIW5DapCz4WitNlinwIJ9wMFvc8="></latexit>

Bel(xt) =
P (zt|xt)Bel(xt)R
P (zt|xt)Bel(xt)dxt

<latexit sha1_base64="OW01/1G11qoJz6nFokUNnM+Ysf0=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoOQXMKuBPUiBL14jGAekMRldjKbTDL7YKZXjWv+wou/4sWDIl715t84SRbUaEFDUdVNd5cTCq7AND+N1Nz8wuJSejmzsrq2vpHd3KqpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7gxOx379iknFA/8ChiFre6Trc5dTAlqys8Vrm+Nj3HIloXElf2vD3Y0Nl7wwilsq8uw+/hb7hZGdzZlFcwL8l1gJyaEEFTv70eoENPKYD1QQpZqWGUI7JhI4FWyUaUWKhYQOSJc1NfWJx1Q7nvw1wnta6WA3kLp8wBP150RMPKWGnqM7PQI9NeuNxf+8ZgTuUTvmfhgB8+l0kRsJDAEeh4Q7XDIKYqgJoZLrWzHtER0R6CgzOgRr9uW/pLZftA6KpfNSrnySxJFGO2gX5ZGFDlEZnaEKqiKK7tEjekYvxoPxZLwab9PWlJHMbKNfMN6/AMbIn7c=</latexit>

wi =
P (zt|xi

t)P
j P (zt|xj

t )



What happens across multiple steps?

<latexit sha1_base64="FuI+3hs8GTB1W5rXSayYHkdv6T8=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9k1RD0SvXjERB4JbMjsMAsTZh/O9BIR+Q4vHjTGqx/jzb9xgD0oWEknlarudHd5sRQabfvbyqysrq1vZDdzW9s7u3v5/YO6jhLFeI1FMlJNj2ouRchrKFDyZqw4DTzJG97geuo3hlxpEYV3OIq5G9BeKHzBKBrJbaMIuCZx8fHp4bSTL9glewayTJyUFCBFtZP/ancjlgQ8RCap1i3HjtEdU4WCST7JtRPNY8oGtMdbhobU7HLHs6Mn5MQoXeJHylSIZKb+nhjTQOtR4JnOgGJfL3pT8T+vlaB/6Y5FGCfIQzZf5CeSYESmCZCuUJyhHBlCmRLmVsL6VFGGJqecCcFZfHmZ1M9KznmpfFsuVK7SOLJwBMdQBAcuoAI3UIUaMLiHZ3iFN2tovVjv1se8NWOlM4fwB9bnD1OskdI=</latexit>

⇥p(z|x)

Dy
na
m
ics

M
ea
su
re
m
en
t

Importance weights get multiplied at each step



Why might this be bad?
Importance weights get multiplied at each step

1. May blow up and get numerically unstable over many steps
2. Evidence doesn’t affect samples themselves, just weights



Measurement Update: Resampling

Resample particles from weighted distribution with SUS

Stochastic Uniform Sampling

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)
<latexit sha1_base64="pIW5DapCz4WitNlinwIJ9wMFvc8="></latexit>

Bel(xt) =
P (zt|xt)Bel(xt)R
P (zt|xt)Bel(xt)dxt

<latexit sha1_base64="OW01/1G11qoJz6nFokUNnM+Ysf0=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoOQXMKuBPUiBL14jGAekMRldjKbTDL7YKZXjWv+wou/4sWDIl715t84SRbUaEFDUdVNd5cTCq7AND+N1Nz8wuJSejmzsrq2vpHd3KqpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7gxOx379iknFA/8ChiFre6Trc5dTAlqys8Vrm+Nj3HIloXElf2vD3Y0Nl7wwilsq8uw+/hb7hZGdzZlFcwL8l1gJyaEEFTv70eoENPKYD1QQpZqWGUI7JhI4FWyUaUWKhYQOSJc1NfWJx1Q7nvw1wnta6WA3kLp8wBP150RMPKWGnqM7PQI9NeuNxf+8ZgTuUTvmfhgB8+l0kRsJDAEeh4Q7XDIKYqgJoZLrWzHtER0R6CgzOgRr9uW/pLZftA6KpfNSrnySxJFGO2gX5ZGFDlEZnaEKqiKK7tEjekYvxoPxZLwab9PWlJHMbKNfMN6/AMbIn7c=</latexit>

wi =
P (zt|xi

t)P
j P (zt|xj

t )
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Overall Particle Filter algorithm
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction

Measurement/Correction

Sample particles from 
<latexit sha1_base64="qGWJjvEKY7kfXB9cT/LiWlFx9GE=">AAACAnicbZBNS8MwGMfT+TbnW9WTeAkOYYKOVoZ6HHrxOMG9wFZKmqVbWJqWJBVHLV78Kl48KOLVT+HNb2O69aCbDyT8+P+fh+T5exGjUlnWt1FYWFxaXimultbWNza3zO2dlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90VXmt++IkDTkt2ocESdAA059ipHSkmvuRZV7N1HpQ3af2OkxjKdw5Jplq2pNCs6DnUMZ5NVwza9eP8RxQLjCDEnZta1IOQkSimJG0lIvliRCeIQGpKuRo4BIJ5mskMJDrfShHwp9uIIT9fdEggIpx4GnOwOkhnLWy8T/vG6s/AsnoTyKFeF4+pAfM6hCmOUB+1QQrNhYA8KC6r9CPEQCYaVTK+kQ7NmV56F1WrXPqrWbWrl+mcdRBPvgAFSADc5BHVyDBmgCDB7BM3gFb8aT8WK8Gx/T1oKRz+yCP2V8/gBNQ5a5</latexit>

p(xt|xt�1, ut�1)

1. Weight samples by 

2. Resample particles with Stochastic Universal Sampling

<latexit sha1_base64="akyYI1MreohwjPAmxbEGexRan9k=">AAAB8XicbVBNT8JAEJ3iF+IX6tFLIzHBC2kNUY9ELx4xETBC02yXLWzYbpvdqRGRf+HFg8Z49d9489+4QA8KvmSSl/dmMjMvSATX6DjfVm5peWV1Lb9e2Njc2t4p7u41dZwqyho0FrG6DYhmgkvWQI6C3SaKkSgQrBUMLid+654pzWN5g8OEeRHpSR5yStBId0n50cenBx+P/WLJqThT2IvEzUgJMtT94lenG9M0YhKpIFq3XSdBb0QUcirYuNBJNUsIHZAeaxsqScS0N5pePLaPjNK1w1iZkmhP1d8TIxJpPYwC0xkR7Ot5byL+57VTDM+9EZdJikzS2aIwFTbG9uR9u8sVoyiGhhCquLnVpn2iCEUTUsGE4M6/vEiaJxX3tFK9rpZqF1kceTiAQyiDC2dQgyuoQwMoSHiGV3iztPVivVsfs9aclc3swx9Ynz9gXpC8</latexit>

p(zt|xt)



draw xi
t-1 from Bel(xt-1)

draw xi
t from p(xt | xi

t-1,ut-1)

Importance factor for xi
t:
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Particle Filter Algorithm



1. Algorithm particle_filter( St-1, ut-1 zt):
2.

3. For Generate new samples

4. Sample index j(i) from the discrete distribution given by wt-1
5. Sample     from                         using          and

6. Compute importance weight

7. Update normalization factor

8. Insert

9. For

10. Normalize weights

Particle Filter Algorithm
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Using Ceiling Maps for Localization

[Dellaert et al. 99]



Vision-based Localization

P(z|x)

h(x)
z



Under a Light

Measurement z: P(z|x):



Next to a Light

Measurement z: P(z|x):



Elsewhere

Measurement z: P(z|x):



Global Localization Using Vision



Recovery from Failure



Localization for AIBO robots



Particle Filter Projection



Density Extraction



When might the particle filter fail?

Why might this not work?

n Finitely many samples à introduces bias

n Variance of resampling operation à drops diversity

n Divergence of proposal and target distributions à
degenerate importance weights

n Particle deprivation à belief collapse



Finite Numbers of Samples
Importance weights are very high variance for small numbers of particles

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)

<latexit sha1_base64="OW01/1G11qoJz6nFokUNnM+Ysf0=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoOQXMKuBPUiBL14jGAekMRldjKbTDL7YKZXjWv+wou/4sWDIl715t84SRbUaEFDUdVNd5cTCq7AND+N1Nz8wuJSejmzsrq2vpHd3KqpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7gxOx379iknFA/8ChiFre6Trc5dTAlqys8Vrm+Nj3HIloXElf2vD3Y0Nl7wwilsq8uw+/hb7hZGdzZlFcwL8l1gJyaEEFTv70eoENPKYD1QQpZqWGUI7JhI4FWyUaUWKhYQOSJc1NfWJx1Q7nvw1wnta6WA3kLp8wBP150RMPKWGnqM7PQI9NeuNxf+8ZgTuUTvmfhgB8+l0kRsJDAEeh4Q7XDIKYqgJoZLrWzHtER0R6CgzOgRr9uW/pLZftA6KpfNSrnySxJFGO2gX5ZGFDlEZnaEKqiKK7tEjekYvxoPxZLwab9PWlJHMbKNfMN6/AMbIn7c=</latexit>

wi =
P (zt|xi

t)P
j P (zt|xj

t )

Imagine if there was 1 particle

àEvidence not taken into 
account at all

à Low samples cause bias



Variance of Resampling Operation
Imagine the robot didn’t move at all, just evidence and resampling 

à Collapses to a single particle with probability 1

Solution: resample less often or use lower variance sampling like SUS



Divergence of Proposal and Target

<latexit sha1_base64="FuI+3hs8GTB1W5rXSayYHkdv6T8=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9k1RD0SvXjERB4JbMjsMAsTZh/O9BIR+Q4vHjTGqx/jzb9xgD0oWEknlarudHd5sRQabfvbyqysrq1vZDdzW9s7u3v5/YO6jhLFeI1FMlJNj2ouRchrKFDyZqw4DTzJG97geuo3hlxpEYV3OIq5G9BeKHzBKBrJbaMIuCZx8fHp4bSTL9glewayTJyUFCBFtZP/ancjlgQ8RCap1i3HjtEdU4WCST7JtRPNY8oGtMdbhobU7HLHs6Mn5MQoXeJHylSIZKb+nhjTQOtR4JnOgGJfL3pT8T+vlaB/6Y5FGCfIQzZf5CeSYESmCZCuUJyhHBlCmRLmVsL6VFGGJqecCcFZfHmZ1M9KznmpfFsuVK7SOLJwBMdQBAcuoAI3UIUaMLiHZ3iFN2tovVjv1se8NWOlM4fwB9bnD1OskdI=</latexit>

⇥p(z|x)

Sharp measurement models result in almost all 0 weights

Add fake noise into the measurement model



How can we do better? à be adaptive!
Adapt the number of particles generated during resampling according to likelihood



Lecture Outline
Unscented Kalman Filter

Discrete Bayesian Filters

Particle Filters



Recap: Course Overview

MDPs and RL

Imitation Learning Solving POMDPs

Search Motion Planning

Stability/CertificationTrajOpt

Filtering/Smoothing Localization

SLAMMapping


