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Unscented Kalman Filter



Discrete Kalman Filter

Kalman filter = Bayes filter with Linear Gaussian dynamics and sensor models

Lt—1 Tt Lt4+1




Discrete Kalman Filter

Estimates the state x of a discrete-time controlled
process that is governed by the linear stochastic

difference equation

Tti1 = Aﬂft -+ BU/t -+ €+
€r "~ N(07 Q) \

Linear Gaussian

//

with a measurement

241 = Cxyqq + 0y
(St ~/ N(O, R)



Components of a Kalman Filter

A Matrix (n x n) that describes how the state evolves
from t-1 to t without controls or noise.

B Matrix (n x ) that describes how the control u,,
changes the state from t-7to t

C Matrix (k x n) that describes how to map the state x, to
an observation z,.

€4 Random variables representing the process and
measurement noise that are assumed to be
5 independent and normally distributed with covariance
t R and Q respectively.



Goal of the Kalman Filter

Belief

@ Q @ p(xt|20:t7u0:t—l)

|dea: recursive update for Bayes filter
Lt—1 Tt Lt+1
o p(zt|xt) | p(we]wie 1,Ut 1)P(Tt—1|20:4—1, Uo:t—2)dTs 1

|

1 A Measurement
@ @ @ Dynamlcs
Recursive Belief

2 step process:

= Dynamics update (incorporate action)

= Measurement update (incorporate sensor reading)



Linear Gaussian Systems: Initialization

= Initial belief is normally distributed:

bel(x,) = N(xo;,uO,ZO)



Linear Gaussian Systems: Dynamics

Measurement/Correction

Initial Prior
p(fCo)

Estimate B—el(gjt) A
B—el(xt) = /p(.cvt|xt_1,ut_l)Bel(a:t_l)dazt_l
J
__________ ‘L | | | | || || | | |
\

Estimate Bel(xy)

Bel(zy) = np(z¢|z,)Bel(xy) = _ P




Linear Gaussian Systems: Dynamics

= Integrate the effect of one action under the dynamics, before measurement comes in

Lt41 — Azy + Buy + € €t ™~ N(07 Qt)

p($t+1‘$t, ut) — N(Al“t + Buy, Qt)

p($t+1\zozt,uozt) =/p(zct\u():t_1,Zo:t)p(:thI:vt,ut)d:Et

@ Gaussian, easy!



Linear Gaussian Systems: Dynamics Intuition

Previous belief p(CIZt|UO;t, ZO:t) ~ N(,ut|0:t7 Et|0;t)
Belief Update p(:ljt_H ’ZO:ta UQ;t_|_1) ~ N(A,th|();t + But, Azﬂo:tAT -+ Qt)

Intuition: Scale and shift the mean according to dynamics, uncertainty grows quadratically!

o‘ﬁ T T T T L} O'E

Belief at x; Belief post dynamics = shifted mean, scaled and shifted variance



Linear Gaussian Systems: Dynamics

= Integrate the effect of one action under the dynamics, before measurement comes in

Lt41 — Azy + Buy + € €t ™~ N(07 Qt)
p($t+1‘$t, Ut) — N(A-??t + Buy, Qt)

p(ajt—|—1|ZO:tauO:t) :/p(%f‘uozt—l,Zozt)p(ﬂ7t+1!$t,ut)da:t

Previous belief p(:l:t\u():t_l, ZO:t) ~ N(lut|0:t7 Zt|0:t)

Belief Update p(xt+1 ‘ZO:ta Uo;t) ~ N(A,Utm:t + Buta AZt|OztAT - Qt)

How??



Kalman Dynamics Update: Intuitive

= Integrate the effect of one action under the dynamics, before measurement comes in

Lt41 — Azy + Buy + € €t ™~ N(07 Qt)
p($t+1‘$t, ut) — N(Al“t + Buy, Qt)

p(Te41]20:4, uot) ~ N (Apigo:e + Busg, A2t|0:tAT + Q)



Kalman Dynamics Update: Full

= Integrate the effect of one action under the dynamics, before measurement comes in

p(xt—|—1|ZO:t7UO:t) :/P(%’Uo:t—l,Zozt)p($t+1\£€t,ut)dajt

Stays in Gaussian world

2it t4+10:t
2it4+1]0:¢

Current belief at time t

(Xtt15 Xt )|z0.0,u0.0 NN( [ Hi]0:¢ 2.t[0:t

Ht+1)0:t

Now compute the mean and covariance and then marginalize



Kalman Dynamics Update: Full

(Xt_|_1 Xt)| NN( [ lu‘tl()It ] [ Et|0:t Et,t+1|0:t] >
? 20:t,U0:t 3

Ht4+1]0:¢ Et+1,t|0:t Et+1|0:t
Ht+1|0:t = E [ Xtt1]20:¢, Uo:t]

Mean

Ye1jot = E [(Xeg1j0:e — te1(0:0) (Xet1j0: — ,LLt+1|0:t)T}

Diagonal Covariance

Cross Covariance t,t+1[0:¢ [(Xtjo:e = Hejo:t) (K10t — He+1j0:e)” |



Kalman Dynamics Update: Full

- 2it)0: )Y .
(Xtt1, Xe)| 20000, ~ N [ Ft]0:¢ ] | [Z t[0:t Et,t+1|0.t]
Ht4-10:¢ t+1,t[0:¢ t+1]0:¢

Ht+1|0:t = E [ Xtt1]20:¢, Uo:t]

= E[AX: + Bus + €¢|20:¢, Uo:¢]

Mean
= AE [Xt‘ZO:ta UO:t] + But + E [€t|ZO:t7 uO:t]

= Apgjo:e + Buy

Zt+1|0:t =E [(Xt+1|0:t - Mt+1|0:t)(Xt+1|0:t - ,LLt+1|0:t)T}
Diagonal Covariance = E [(AXyj0.t + Bus + € — Apgor — Bue) (AXyj0. + Bug + € — Apgjo. — Bug)” |

= AE [(Xt|0:t - Mt|0:t)(Xt|0:t - ,ut|0:t)T} A" + Q¢
= Azt|0:tAT + Q¢

Cross Covariance £t +1[0: [(Xtj0:t = ue]0:e) (Xegrjo:t — Heyjo:e)” |

T
it t41)0:t = Et|0:tA



Linear Gaussian Systems: Dynamics

(Xt_|_1 Xt)| NN( [ Iu‘tl()Zt ] [ Et|0:t Et,t+1|0:t] )
? 20:t,U0:t 3

Ht4+1]0:¢ Et+1,t|0:t Et—|—1|0:t
Mean ,LLt—|—1|O:t — A:uﬂ()it _I_ But
Diagonal Covariance Zt—|—1|0:t — AZt|OztAT =+ Qt
Previous belief p(xtIUO:t—la ZO:t) ~ N(Mt|0:ta Zt|0:t)
Belief Update (241|200, o:t) ~ N (Aperjo:r + By, Azt|0:tAT + Q)

Intuition: Scale and shift the mean according to dynamics, uncertainty grows quadratically!



Linear Gaussian Systems: Dynamics

Previous belief p(mt|u0:t, ZO:t) ~ N(,Ut|0:ta Zt|0;t)
Belief Update p(xt+1 ’ZO:ta uo;t_|_1) ~ N(A,th|o;t + Buta Azt|0:tAT T Qt)

Intuition: Scale and shift the mean according to dynamics, uncertainty grows!

Valocify volocify



Intuition Behind Prediction Step

Previous belief p(CIZt|UO;t, ZO:t) ~ N(,ut|0:t7 Et|0;t)
Belief Update p(:ljt_H ’ZO:ta UQ;t_|_1) ~ N(A,th|();t + But, Azﬂo:tAT -+ Qt)

Intuition: Scale and shift the mean according to dynamics, uncertainty grows!

o‘ﬁ T T T T L} O'E

Belief at x; Belief post dynamics = shifted mean, scaled and shifted variance



Kalman Filter: Where are we?

Initial Prior
p(fCo)

j:

4 Estimate B—el(gjt) A
Dynamics/Prediction T
p(fﬁt+1 ‘ZO:ta uO:t—|—1) ~ N(A,ut|0:t + Buy, A2t|0:tA T Qt)
\_ l_ /
4 )
Estimate Bel(xy)
Measurement/Correction
277
\_ /




Linear Gaussian Systems: Observations

[ Estimate Bel(x;) A

Measurement/Correction 299

p(xt—I—l‘ZO:t—Fla Uo:t) — 7 p(Zt|fL‘t)p(il7t+1 |ZO:t7 Uo:t)

Need to do conditioning/normalization with Linear Gaussians



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

i CZCt_|_1 —+ 5t 575 ~ N(O, Rt)
p(2t+1\93t+1) — N(C$t+1, Rt)

p(il?t+1 ‘ZO:t—|—17 Uo:t) X p(2t+1 \$t+1)p($t+1 ‘Z():ta Uo:t)

Gaussian, easy to normalize




Linear Gaussian Systems: Observations Intuition

b= T T T T T oz

B Previous belief (post dynamics)

New Measurement /\ |

For the sake of simplicity, let's say C =1 s

orevi
breTiVe'fus p(Tt+1]20:t, Uo:t) = N(:ut—|—1|0:ta Yi+1)0:t)

Updated P(Tt41]20:041, Uo:t)
belief
— N(Nt+1|0:t + Kip1 (241 — Nt—|—1|0:t>7 - Kt+l)2t—|—1|0:t> °°s‘/ \

Linearly interpolate between measurement and previous mean based on K
Scale down uncertainty based on K




Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

i CCEt_|_1 —+ 5t 575 ~ N(O, Rt)
p(2t+1\$t+1) — N(Oajt—I—la Rt)

p($t+1 ‘ZO:t—I—la Uozt) X p(zt+1 \$t+1)p($t+1 ’Z():ta Uo:t)

Previous belief

p(:Bt_H ‘ZO:t, UO:t) = N(Nt+1|0:t7 Zt+1|0:t) Computed from dynamics step

Updated belief P(Ty1]20:041, vo:t)

= N (pi41104 + K1 (ze41 — Criesajo:4)s (I — Ke11C) Xi41)0:t)

How??



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics
P(Tt41]20:641, Uo:t) O P(2p41]Te41)D(Te41]|20:4, Vo:t)

Stays in Gaussian world, but now conditioning instead of marginalization

Sketch:

1. Construct the joint of x,,, and z.,, conditioned on the past
2. Solve for the mean and covariances of this joint

3. Perform conditioning with z ; equaling a particular value



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics
p(ﬂi‘t+1 ‘ZO:t—|—17 uO:t) o P(2t41|Te41)P(Te11]20:¢, Uo:t)

Stays in Gaussian world, but now conditioning instead of marginalization



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

p(ﬂi‘t+1 ‘ZO:t—|—17 Uozt) X p(2t+1 \$t+1)p(ﬂit+1 \Zozt, Uo:t)

Stays in Gaussian world, but now conditioning instead of marginalization

Xt+1|0:t7 Zt+1|0:t ~ N

Following the same procedure as last time

— —
—

X
Hi+41]0:t

Z X
Het1]0:t = C:ut—l—1|0:t 2t+1|0 it

— —
—_—

X
Hii1)0:t
Z

2t—|—1|0 4

( t+1|0 tCT)

Fit10:t

T
Et+1|0 it = t+1|0 ne

Et—i—1|0 it T Czt—i—1|0 tCT + Rt+1

Belief from the dynamics step

—_—

—



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

— —
— —

X XX T
zZ _ X T ZZ T
Hetijo:t = C“t+1|0:t Zt+1|0 it ( t—|—1|0 tC ) Zt+1|0 = CZH”O O 4+ Ry

— —

Z
Het1)0:¢ = E [Zt+1 \Xt+1] EtZ+Z1|o 4 =E (Zit41 — MtZ+1|o;t)(Zt+1 - MtZ+1|o;t)T] EtZ+Z1|0 +=E [(ZtJrl - /~LtZ+1|o:t)(Xt+1|0:t - Mt+1|o;t)T]




Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

—

—

Remember

—

X
Hi+1)0:t

A X
Hit1j0:t = C:Ut+1|0:t

—

—

—

XX T
Zt+1|0t Et+1|0t t+1\0 tC
T 77 XX T
Zt+1|0 4 = ( t—|—1|0 "o ) 250 = OXiiq04C" + Repa

—

Now we just condition on Z,,, = z,,;

p(X|Y = yo) =N(ux + XxvEyy (o — 1y), Xxx — ExvEyy Sy x)

p(xt—|—1|20:t—|—1aUO:t) = N(pet110:t + Zet1j0y Z YirpeaC’ + R )~ (Zt—l—lx,ut—l—l&t)a

2it41(0:t — Et—|—1|0:tCT(CEt—|—1|O:tCT + Rip1)” 102t—|—1|0:t)



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

zi41 = Cxyyp1 + 0 Of ~ N(O, Rt) @
p(zt+1|Tit1) = N(Cxpyn, By) @

Kalman Gain

A
| |

p(xt—l—l ‘ZO:t—|—17 uO:t) — N(Mt+1|0:t + Et+1|0:tOT(Czt+l|0:tCT T Rt+1)_1(zt+1 — Clut—i—1|0:t)a
Y110t — 24100:4CT (OB 110:4C" + Rev1) T CZih11040)

Ky = Zt—|—1|0:tCT(CZt—|—1|O:tCT + Ri1)™!

p(xt+1 ‘Z();t+17 Uozt) — N(Mt+1|0:t + Kt+1(2’t+1 — C,Ut+1|0:t)a (I — Kt+1C)Et+1|0:t)



Linear Gaussian Systems: Observations

Previous belief p(xis1|20:4, Upst) = N(#H—llO:tv Et+1|0:t) Computed from dynamics step

Updated belief P(Ty1]20:041, vo:t)
= N (4110t + Kig1(ze41 — Cpiggajo), = Ke1C) B p10:4)

Intuition: Correct the update linearly according to measurement error from expectation,
shrink uncertainty accordingly

estimatc L
mpr estimate 2

\mw covayiance




Unpacking the Kalman Gain

Previous belief p(xis1|20:4, Upst) = N(:ut+1|0:t7 Zt+1|0:t) Computed from dynamics step

Updated belief P(Ty1]20:041, vo:t)

= N(Mt+1|0:t + Kir1(zi41 — C,Ut+1|0:t)v (L — Kt+10)2t+1|02t)
Kiv1 = 241)04C" (CEp41)02CT + R)™

For the sake of simplicity, let's say C = |

) Case 1: Very noisy sensor, R>>%
in z¢11 = Cxgqq + 0

Kt—l—l — Case 2: Deterministic sensor, R=0



Intuition Behind Correction Step

0z T T T T T Az

oz - azb

B Previous belief ]

New Measurement

Q05

For the sake of simplicity, let's say C = |
P(Ter1|20:041, Vo:t) = N (peg1j0:¢ + K1 (ze41 — tag1j0:¢), (I — Kep1)Sit110:2) i
Et+1|0:t a1} {1
K =
T S+ R \
Corrects belief based on measurement o/ | | ~_

- Average between mean and measurement based on K T
—> Scale down uncertainty based on K T




Kalman Filter Pseudocode

—
.

2.

3.

def Kalman_filter(#¢jo:t, Sy 0.1, ue, 241):
Prediction:
Ht+1)0:t — A,ut|o:t + Buy
2it41)0:t = AzﬂoztAT + Qy

Correction:
Ky = Zt—|—1|0:tCT(Czt—|—1|0:tCT + Re) ™!

Pi1)0:+1 = Met1)0:¢ T Kip1(ze41 — Cliggao:t)
Y1041 = (L — Kip1C) e 41)0:4

Return He+1]0:641,2¢41]0:¢+1

Tyl = ACBt + But + €4
€t ~~ N(07 Q)

Zi41 = Cxyq1 + 0y
5t ~ N(07 R)

Reminder of the model



Kalman Filter Algorithm

Dynamics/Prediction
(given some u)

Measurement/Correction
(given some z)

Initial Prior

p(CCO)

P

\ 4

\_

Estimate B—el(gjt)

p($t+1\2’0:t7 uO:t—|—1) ~ N(A,Uﬂo:t + Buy, A2t|0:tAT T Qt)

J

-

\_

Estimate Bel(xy)

p(xt—|—1|ZO:t—|—17 uO:t)
= N(pes1j0:t + Kip1 (i1 — Ciggay0:), { — Ki41C) Xi4110:)

~




Kalman Filter in Action

Thrust Intensities Centroidal Momentum
Left Arm Right Arm Linear x Component Linear y Component Linear z Component
1|)0" 100 ~- 30 ~— 30} ~ 30
— = G o C
= = =
£ ‘ £ =20 =20 =20
@ sof % so E £ £
3 S 5 5
2 g 10 = 10} =10
o - 3 < l €
=~ B S 0 30
of = z | — . I . - i Actal -t J 3 S S . : . J
15 -10 5 0 15 10 5 0 EXP jetaionnt. dym 15 10 5 0 15 10 5 0 15 10 S 0
EXF cont dyn only
Left Back Right Back Angular x Component * Angular y Component Angular z Component
150 } 150 ol - = ~I
g = € 05 £ 05} E 0s
Z 100} £ 100 = Z =
;‘ '5‘; !: 0 E ol $ g 0
E SO} £ 50 - = | <
= & 05 5 05| 505
c c <
0t 0 < \ < 1 < 1
15 10 S 0 15 10 5 0 15 10 5 0 : 15 10 5 0 15 10 5 0

Time [s] Time [s] Time [5] Time [s] Time [s]




Kalman Filter Summary

= Highly efficient: Polynomial in measurement
dimensionality k and state dimensionality n:
0(k2.376 + n2)

Matrix Inversion (Correction) Matrix Multiplication (Prediction)

Kyl = Et+1|0:tCT(Cthuuo:tCT + Rt—i—l)_l P(Tp41|20:45 Voit41) ~ N(A,Utm:t + Buy, A2t|0:tAT + Q)

s Optimal for linear Gaussian systems!

= Most robotics systems are nonlinear! = next time



Why should we care in 20237

Still a very widely used technique for estimation/localization/mapping in real problems




Why should we care in 20237

Mastering Diverse Domains through World Models

Danijar Hafner!? Jurgis Pasukonis! Jimmy Ba? Timothy Lillicrap!
Embed to Control: A Locally Lij

Dynamics Model for Control from 'DeepMind  2University of Toronto
Manuel Watter* Jost Tobias Springenberg* Martin Riedmiller
Joschka Boedecker Google DeenMind

University of Freiburg, Germany
{watterm, springj, jboedeck}@cs.uni-freij

SOLAR: Deep Structured Representations for
Model-Based Reinforcement Learning

Marvin Zhang*! Sharad Vikram “? Laura Smith' Pieter Abbeel! Matthew J. Johnson® Sergey Levine !
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Realistic Robotic Systems

= Most realistic robotic problems involve nonlinear functions

Lt+1 = Aa;t But €

€t NN(OaQ)

241 = CTpq1 + 04
575 ~ N(O, R)




Nonlinear Dynamic Systems

= Most realistic robotic problems involve nonlinear functions

Ti+1 — g(l‘t,ut) €t

Non-linear system

Lt = h(CEt) -+ 575

€t ™ N(O7 Q)
Additive Gaussian noise

5t NN(O,R)

More reasonable assumption than linear Gaussian. More on non-Gaussian systems next time



How do we deal with non-linearity?

= Differentiable non-linear functions can be
expressed via their Taylor expansion

f'(a) /" (a) " (a)
f(@)=fla)+ —-@-a+——@-a + ——(z—-a) +--,
f'(a)
€Tr) ~ a €T — Q Dropping higher order terms, when x-a is small enough
+ T
Linear function in x f(a) + f(a)(x—a)

o o g f(x)
Pretend that your function is linear in this neighborhood .
—> Reapprox in a new neighborhood - <

a X




EKF Linearization: First Order Taylor Series Expansion

= Idea behind EKF: Linearize the dynamics and measurement
around current p,

= Dynamics Model (linearize around previous belief):

0
9z, ur) (T — pe) + €
8$t Lt—Mt

= g, ue) + G(xy — pg) + €

Ty = g(Te,ur) + € ~ g e, ug) +

= Measurement Model (linearize around post dynamics belief):

(9h(:vt)
(9:1:',5

Zt — ]’L(CCt) -+ 5t ~ h(,at) + (xt - /jt) + 0 &~ h(ﬂt) + H(azt — ,at) -+ (575

T=[¢

Now everything is linear = back to Kalman filtering!



Modified System under EKF Linearization

Start by linearizing dynamics model under current belief

Dynamics Model (linearize around previous belief):

ag(xtv ut)

Tir1 = g(2¢, ur) + € ~ g, ) +
aZEt

(e — pt) + €

Tt= ¢

Perform dynamics update

Linearize measurement around post dynamics belief

Oh
A — h([Ct) -+ 5t ~ h(ﬂt) + aiit) (ZCt — ,L_Lt) + 0 =~ h(,at) —+ H(th — ,at) —+ 515

Tt=[bt

Perform measurement update

Repeat



Linearity Assumption Revisited

6| 6

ply)= N(y; ap+hb,a?e?) m— -3 X+h
R Mean of p(y) 5 = Meanp
o

0 05 1 15 0 0.5 1

ped = N(% p, o)
&= Mean of p(x)




Non-linear Function

6 6
py) — Function gi{x)
— Gaussian of p{y) = Meanp
41 X Meanof piy) 4 Q s
2
.
0 T 0t
-2 -2
_4 1 1 1 1 _4 )
0 0204 06 0.8 0 0.5 1
& pe)
= Meanp
-4
x
2t
0 o




EKF Linearization (1)

6 6
py) — Function g(x)
— Gaussian of p(y) — Taylor approx.
4 )| — EFK Gaussian 4t = Meanp
O aw
2
x
0 T oof
-2 2t
-4 1 1 1 1 -4 )
0 0204 06 0.8 0 0.5 1
& pe)
= Meanp
-4t
<
2t
0 +




EKF Linearization (2)

6 6
py) — Function g(x)
— Gaussian of p(y) — Taylor approx.
4 | — EFK Gaussian 4t = Meanp
O aw
2
x
> 0 |
-2t
-4
1 0 0.5 1
pi)
4 = Meanp
<
=5 2 /\
0 ]




EKF Linearization (3)

6 6
py) — Function g(x)
— Gaussian of p(y) — Taylor approx.
4 || — EFK Gaussian 4t = Meanp
O aw
2 ? -
x
0 T oof
-2 2t
-4 1 1 1 -4 )
0 05 1 15 0 0.5 1
20| + Memn
10}
0 S




EKF Dynamics Step

Linearize dynamics around current mean belief

0
9lae, ur) (T — pe) + €
0xt Lt=Ht

= g(pe,ur) + G(xy — pg) + €

Lt41 = g(il?ta Ut) T €~ g(pe, ug) +

Run standard Kalman filter with A = G and Bu = g(u, us)

p(xt—l—l‘ZO:tauO:t) p(ajH—l’ZOit?uO!t)

~ N (Apgjor + Buy, A2t|0:tAT + Q) ~ N (g(pt, ut), GZt|OztGT + Q)

Standard Kalman filter Extended Kalman filter



EKF Measurement Step

= Linearize measurement around post dynamics belief:
8h($‘t)
8xt

2t — ]’L(CEt) -+ 515 ~ h(,at) + (xt - /jt) + 0 &~ h(ﬂt) -+ H(th — ,at) -+ (St

T=[¢

= Run standard Kalman filter with C=H

p(Tt+1]|20:4+1, o:t) P(Te41]20:041, Vo:t)
= N(pes1j0 + Kip1(ze41 — Ciggajon), (I — Kep1C) X 41)0:t) = N (1104 + Kig1(zeg1 — h(fi), (I — Kep1 H) X 4110:¢)
Kt_|_1 = Et+1|0:tCT(Czt+1|0;tCT + R)_l Kt—l—l — 2t—|—1|0:tI_IT(I_[Zt—|-1|0:tj_]T + R>_1

Standard Kalman Filter Extended Kalman Filter



EKF Algorithm

ag('ajtvut) (:E

p(:Co) Ter1 = (T, ur) + €~ glpe,ur) + O
t

Initial Prior 1 (Linearize dynamics
J — ,LLt) + €

Tt=HUt

Estimate Bel(x;)

3316—|—1 |ZO .ty UO: t) ~ N (g(pee, ug), Gzt|0:tGT + Q¢)

Dynamics/Prediction
(given some u)

(xy — i) + Oy

Zt = h(ﬂft) -+ 6t ~ h(ﬂt) + 8$t

Tr=[¢

Estimate Bel(x;)

P(Tet1|20:041, Woit) = N(per1j0t + Kew1 (2ze01 — B(fie), (I — Kes1 H)Siy100:¢)

Measurement/Correction
(given some z)

Linearize measurement
8}1(2775)

. —— —— =5




EKF Pseudocode

def Extended_Kalman_filter( #t|o:t, Z¢j0.¢,ut, 2e41):

o . )
Linearize dynamics: ¢ = 2t
t

Prediction: T
Ht41]0:t = Q(Nt|0:t, Ut)
2ip41)0:t = GZt|O:tGT +Q
Linear measurement: m- 32;%) Reminder of the model
t
Lt=Ht+1]0:t

Correction: C=H

Kiy1 = Zt+1|0:tHT(HthrlHT +R)™!
Ht+1]0:t+1 = He+1]0:¢ T+ Kiy1(ze01 — h(,“t+1|0:t))
Y1041 = (L — K H) X 41)0:4

Retu 'n /’Lt—|—1|0:t—l—1 / Zt—l—l|0:t—|—1



| ocalization

“Using sensory information to locate the robot
in its environment is the most fundamental
problem to providing a mobile robot with
autonomous capabilities.” [Cox "91]

s Given
= Map of the environment.
= Sequence of sensor measurements.

= Wanted
= Estimate of the robot’ s position.
= Problem classes
= Position tracking
= Global localization
= Kidnapped robot problem (recovery)



| andmark-based Localization




Estimation Sequence (1)
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Estimation Sequence (2)




Comparison to GroundTruth
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EKF Summary

= Highly efficient: Polynomial in measurement
dimensionality k and state dimensionality n:
O(k2.376 + n2)

= Not optimall
= Candiverge if nonlinearities are large!

= Works surprisingly well even when all
assumptions are violated!



EKF in Action

https://www.youtube.com/watch?v=dEd4cNfmiOs&ab_channel=ThePoorEngineer



EKF in Action
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When does the EKF struggle?

With discontinuous dynamics, the linearization will not be valid
For very non-linear functions, the first order Taylor approximation is poor
The EKF can drift over time because of growing linearization errors

Jacobian may be very expensive to compute and invert



Lecture Outline

Kalman Filtering

\4

Extended Kalman Filter
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Unscented Kalman Filter



How can we achieve closer approximations?

= Extended Kalman filters first linearize then send through Gaussian, can be
quite poor when the dynamics/measurements are quite non-linear

Actual (sampling) Linearized (EKF)




How can we achieve closer approximations?

= Extended Kalman filters first linearize then send through Gaussian, can be
quite poor when the dynamics/measurements are quite non-linear

Actual (sampling) Linearized (EKF) uT
sigma points \'e
\ .
(0]
(0]
| |
y =f(x) ;)J=If(/1’)
— AT
Py =A"P;A weighted sample mean
l and covariance

'

f(x) .- transformed
‘ - sigma points
~ ‘
lance b ‘v‘v 2 \ /
ean X
i ‘ \J)
T N




How can we achieve closer approximations?

= |dea: Rather than linearizing first and then propagate, propagate through
non-linear transform and re-estimate Gaussian

Sample points

Re-estimate post transform

s Ensure that first and second moments (mean and covariance) match as
closely as possible on re-estimation



Linearization via Unscented Transform

piy) piy) — Function gix)
— Gaussian of p{y) — Gaussian of p(y) += Sigma-points
4 || — EFK Gaussian 4 || — UKF Gaussian 4 © asigma points)
2 2 2
<
0 :P\
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UKF Sigma-Point Estimate (2)

6 6 6

Py piy) — Function gix)

— Gaussian of p(y) — Gaussian of p(y) #= Sigma-points

4 | — EFK Gaussian 4 | — UKF Gaussian 4 © uisigma points)
2 § 2
(1> rd 1A g
0 T 0
-2 -2
-4 : . -4
1 0 0.5 1 0 0.5 1

P(x)

EKF UKF ¢ e,




UKF Sigma-Point Estimate (3)

6 6 6
Py ply) — Function gix)
— Gaussian of p{y) — Gaussian of p(y) &= Sigma-points
4 || — EFK Gaussian 4 || — UKF Gaussian 4t O aisigma points)

o N
VT
o N
V7
Y=g
o N

2 2 2
‘0 05 1 15 ‘0 05 1 15 “o 0.5 :
EKF UKF = + i
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How can we achieve closer approximations?

= |dea: Rather than linearizing first and then propagate, propagate through
non-linear transform and re-estimate Gaussian

Sample points

e /

Re-estimate post transform

= Question 1: What points should we send through non linearity?
= Question 2: How should we restimate the means and covariances?
= Question 3: Why can this be better than the EKF?



Sigma Points

= Question 1: What points should we send through non linearity?
= Choose minimal points (2N + 1 to send through non-linearity to match 1,2 moments of a Gaussian

Sigma points Weights
A A
0 — WO — WO —
£ " on+A ©on+A
Zi:ﬂi(\/(n+/1)2)- W, =W, = : fori=1,..,2n
l 2(n+ A)

= Whatis a matrix square root?

L=vY if LLT =%

= Why these points = they ensure that the moments match. Not a unique choice!



Unscented Transform

Question 2: How should we re-estimate the means and covariances?

Sigma points Weights
A A
0 0 0
= W = w. =
£ =H " on+ A “ n+ A
. . . 1
AN E A wo=w = fori=1,....2n
e B
Pass sigma points through nonlinear function
v' =g(x) \
Recover mean and covariance
2n . < >
W=
i=0 . ® ‘

2n
=YWy - - )’
i=0

Re-estimate post transform



Why do these make sense?

Sigma points Weights
A A
0 0 0
= w = W, =
£=h " on+A © on+A
1
)4 :,ui(\/(rH—ﬂ.)Z). W o=w = fori=1

,,,,,



Filtering with the Unscented Transform

Dynamics

Measurement

s Given the tool of the unscented transform, let us revisit the nonlinear filter

[ ) ]

Estimate B—el(att)

B—el(xt) = /p(:ct|zvt_1,ut_l)Bel(aft_l)da:’t_l

J

\_

Estimate Bel(xy)

Bel(xy) = np(z¢|x)Bel(xy) =

p(z¢|z¢) Bel(x+)

~

N > o D(2t|ae = aj’)B—el ry = ')

J

- Directly use unscented
transform for dynamics

—> Estimate empirical covariance
matrix with unscented
transform and do Kalman filter



Unscented KF Dynamics Step

= Sample Sigma points given current belief, send them through non-linear dynamics
= Re-estimate the post-update belief using the unscented transform

0 W = A W = A
X = Htjo:t " on+A © n+Ai
T I I c
X T /’I’tht :|: (\/(n —I_ )\)Zt|0t)’& Wm o WC o 2(”4‘1) forl —1,...,2”

Pass sigma points through nonlinear function " = g(x", us)
2n
Ht4+1]0:t = Z Wy, Y
1=0

2n
2it+1]0:t = Z’UJZ(W — Hey1)0:6) (P° — Mt+1|0:t)T+Q
i=0



Unscented KF Measurement Step

= More tricky because now C/H is not known! How to compute Kalman gain?
Kii1 =X ct(Ccy C'+Ripq) !
t+1 t+1]0:t t+1]0:t t+1

_— N

Cross covariance under forward transform Covariance under forward transform
Remember from earlier

ZJt+1|0:t =K [(Xt+1|0:t - Mt+1|0:t)(Xt+1|0:t - Ht+1|0zt)T]
Diagonal Covariance = E [(AXyj0: + Bus + €0 — Apyjon — Buy) (AX 4o + Bug + € — Ay, — Buy)”|
= AE [(Xt|0:t - Mt|0:t)(Xt|0:t - Mt|0:t)T] AT+ Q1
= A2t|0:tAT + Q4

Cross Covariance t,t+1[0:¢ [(Xtjo:e = Hejo:t) (K10t — He+1j0:e)” |

T
it t41)0:t = Et|0:tA




Unscented KF Measurement Step

= More tricky because now C/H is not known! How to compute Kalman gain?
Kii1 =X ct(Ccy Ct +Ripq) !
t+1 t+1]0:t t+1]0:t t+1

_— N

Cross covariance under forward transform Covariance under forward transform

Send sigma points through non-linear measurement model QEZ = h(xy)

2n 2n 2n
=Y why'  S=> wl@ -2)@ 2T T=> w (¥ — o) @ —2)"
i=0 i=0 =0

Kt—I—l — TS_1 Then use standard KF measurement update

PN

Cross covariance Covariance



UKF Pseudocode

def Unscented_Kalman_filter(t¢]0:t, ¢ 0.4, Ut, 2641 ):
1.  Dynamics

.. Sample Sigma Points from N (1140.¢, X¢(0:¢)
2. Send them through g(:Ut, ut)

5. Compute Ht+1|0:t5 Et+1|0:t via UT
2. Measurement:

Reminder of the model

.. Sample Sigma Points from N (fi411/0:¢, Z¢11(0:¢)
2. Send them through h(xt)
. Compute T, S as cross covariance and covariance
s+ Compute K11 = TS 1

5. Use standard KF updates
3. Return mean,cov



How well does this do?

Actual (sampling) Linearized (EKF) uT

sigma pomts

.-~ covariance w

mean

f(x) _ f(X)
Py _ ATP A

weighted sample mean
and covariance

sngma points

\J
f(x) transformed
true mean
‘:"? ‘-2"1:‘:».; true covariance
R R, UT mean
ATP,A
e

uT covanance



When/why is the UKF better than the EKF?

s EKF:
= First linearize then propagate
= Misses higher order terms

s UKEF:
= First propagate then linearize
= Approximates the higher order terms as well

Approximately the same if sigma points are close to linearization point



Estimation Sequence
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Estimation Sequence




Prediction Qualit
800} [ JTrue 5, 6oar [ JTrue %,
EKF =, [ JUKF %,
500 5001
400 400
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™ 300} > 300}
2001 200
100 100
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UKF Iin Action

Previous

Project 1/2: EKF and UKF

SELECT




UKF Summary

Highly efficient: Same complexity as EKF, with
a constant factor slower in typical practical
applications

Better linearization than EKF: Accurate in first
two terms of Taylor expansion (EKF only first
term)

Derivative-free: No Jacobians needed
Still not optimal!

91
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