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Recap: Course Overview

MDPs and RL

Imitation Learning Solving POMDPs

Search Motion Planning

Stability/CertificationTrajOpt

Filtering/Smoothing Localization

SLAMMapping



Lecture Outline

Extended Kalman Filter

Kalman Filtering

Unscented Kalman Filter



Discrete Kalman Filter

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

Kalman filter = Bayes filter with Linear Gaussian dynamics and sensor models



Discrete Kalman Filter
Estimates the state x of a discrete-time controlled 
process that is governed by the linear stochastic 
difference equation

with a measurement Linear Gaussian

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base 64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t
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Components of a Kalman Filter
Matrix (n x n) that describes how the state evolves 
from t-1 to t without controls or noise.

Matrix (n x l) that describes how the control ut-1
changes the state from t-1 to t

Matrix (k x n) that describes how to map the state xt to 
an observation zt.

Random variables representing the process and 
measurement noise that are assumed to be 
independent and normally distributed with covariance 
R and Q respectively.

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C

<latexit sha1_base64="XF9VczO2tu6+DAjBLH3xLQrwIGU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02MNEcxHLvumXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NL56SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMzeJwOukBkxsYQyxe2thI2ooszYkEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsWgtOPnMMfyB8/kD4IuREA==</latexit>✏t
<latexit sha1_base64="YAFQJimcJgUMZO0zofxobKMB15M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmkf++WKW3XnIKvEy0kFcjT65a9emLAs5gqZpMZ0PTdFf0I1Cib5tNTLDE8pG9EB71qqaMyNP5nfOyVnVglJlGhbCslc/T0xobEx4ziwnTHFoVn2ZuJ/XjfD6NqfCJVmyBVbLIoySTAhs+dJKDRnKMeWUKaFvZWwIdWUoY2oZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExhIeIZXeHMenRfn3flYtBacfOYY/sD5/AEjbZAM</latexit>

�t
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Goal of the Kalman Filter

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

Belief

Idea: recursive update for Bayes filter

Measurement

Dynamics

Recursive Belief

2 step process:

n Dynamics update (incorporate action)

n Measurement update (incorporate sensor reading) 

<latexit sha1_base64="/OL0PycvDRxjdDpQ688ap6rOa1g=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoYKWGSkqropuXFawF2jLkEnTNjRzITkj1nFw46u4caGIW5/CnW9j2s5CW38IfPznHE7O74aCK7CsbyMzN7+wuJRdzq2srq1vmJtbNRVEkrIqDUQgGy5RTHCfVYGDYI1QMuK5gtXdweWoXr9lUvHAv4FhyNoe6fm8yykBbTnmTli4c+Dh3omtc0gOcTSGIzs5cMy8VbTGwrNgp5BHqSqO+dXqBDTymA9UEKWathVCOyYSOBUsybUixUJCB6THmhp94jHVjscnJHhfOx3cDaR+PuCx+3siJp5SQ8/VnR6Bvpqujcz/as0IumftmPthBMynk0XdSGAI8CgP3OGSURBDDYRKrv+KaZ9IQkGnltMh2NMnz0LtuGifFEvXpXz5Io0ji3bRHiogG52iMrpCFVRFFD2iZ/SK3own48V4Nz4mrRkjndlGf2R8/gCFOZY5</latexit>

p(xt|z0:t, u0:t�1)

<latexit sha1_base64="I8rOzZyQTiWCBTdNdwt2SMHt1RA="></latexit>

/ p(zt|xt)

Z
p(xt|xt�1, ut�1)p(xt�1|z0:t�1, u0:t�2)dxt�1



( )0000 ,;)( S= µxNxbel

Linear Gaussian Systems: Initialization

n Initial belief is normally distributed:



Linear Gaussian Systems: Dynamics
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)
<latexit sha1_base64="Rh3mNFJV+SQqs6xBGkRhXPkyy+g="></latexit>

Bel(xt) =

Z
p(xt|xt�1, ut�1)Bel(xt�1)dxt�1

Estimate 
<latexit sha1_base64="EmbSwGWJxPlhH1L1foAQf8u1Bzs=">AAACFnicbVDLSgMxFM34tr6qLt0Ei1AXlhkp6kYounGpYG2hHYZMeseGZh4kd8Q69ivc+CtuXCjiVtz5N2baLtR6IHA459wk9/iJFBpt+8uamp6ZnZtfWCwsLa+srhXXN650nCoOdR7LWDV9pkGKCOooUEIzUcBCX0LD753mfuMGlBZxdIn9BNyQXUciEJyhkbzi3gnI8q2Hu/SYtgEZTcp3Ht7nSjs2g/m9mckMhiGvWLIr9hB0kjhjUiJjnHvFz3Yn5mkIEXLJtG45doJuxhQKLmFQaKcaEsZ77BpahkYsBO1mw7UGdMcoHRrEypwI6VD9OZGxUOt+6JtkyLCr/3q5+J/XSjE4cjMRJSlCxEcPBamkGNO8I9oRCjjKviGMK2H+SnmXKcbRNFkwJTh/V54kV/sV56BSvaiWaifjOhbIFtkmZeKQQ1IjZ+Sc1AknD+SJvJBX69F6tt6s91F0yhrPbJJfsD6+AdAcnpQ=</latexit>

Bel(xt) = ⌘p(zt|xt)Bel(xt)
<latexit sha1_base64="Oye+WpwLcNCGV6JJtJGoMbNQazw="></latexit>

Bel(xt) =
p(zt|xt)Bel(xt)P

x0 p(zt|xt = x0)Bel(xt = x0)

<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction

Measurement/Correction



n Integrate the effect of one action under the dynamics, before measurement comes in 

Linear Gaussian Systems: Dynamics
<latexit sha1_base64="N4V/QtRwq5nBE8+Pm0LLLykVs0Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRV0W3biSFuwDOkPJpJk2NJkZkjtCGfoBbvwVNy4UcesHuPNvzLRdaOuBwOGcc8m9x48F12Db31ZuZXVtfSO/Wdja3tndK+4ftHSUKMqaNBKR6vhEM8FD1gQOgnVixYj0BWv7o5vMbz8wpXkU3sM4Zp4kg5AHnBIwUq9YclmsuTAUsKu5xK4kMKREpHeTsn2GGz04NSm7Yk+Bl4kzJyU0R71X/HL7EU0kC4EKonXXsWPwUqKAU8EmBTfRLCZ0RAasa2hIJNNeOj1mgk+M0sdBpMwLAU/V3xMpkVqPpW+S2ap60cvE/7xuAsGVl/IwToCFdPZRkAgMEc6awX2uGAUxNoRQxc2umA6JIhRMfwVTgrN48jJpnVeci0q1US3Vrud15NEROkZl5KBLVEO3qI6aiKJH9Ixe0Zv1ZL1Y79bHLJqz5jOH6A+szx9mrZqN</latexit>

✏t ⇠ N (0, Qt)
<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t
<latexit sha1_base64="YOJb8nInV/HAAHdfBOF85uqTFoo="></latexit>

p(xt+1|xt, ut) = N (Axt +But, Qt)

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut Gaussian, easy!

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)
<latexit sha1_base64="UVL+s8qZtBuqCy/ynL0Ixxa6cXQ="></latexit>

=

Z
p(xt|u0:t�1, z0:t)p(xt+1|xt, ut)dxt



Linear Gaussian Systems: Dynamics Intuition

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="B8B8i9mk9O6YUh0rMboSx5bEuoY="></latexit>

p(xt|u0:t, z0:t) ⇠ N (µt|0:t,⌃t|0:t)Previous belief

Belief Update

Intuition: Scale and shift the mean according to dynamics, uncertainty grows quadratically!

Belief at xt Belief post dynamics à shifted mean, scaled and shifted variance



n Integrate the effect of one action under the dynamics, before measurement comes in 

Linear Gaussian Systems: Dynamics
<latexit sha1_base64="N4V/QtRwq5nBE8+Pm0LLLykVs0Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRV0W3biSFuwDOkPJpJk2NJkZkjtCGfoBbvwVNy4UcesHuPNvzLRdaOuBwOGcc8m9x48F12Db31ZuZXVtfSO/Wdja3tndK+4ftHSUKMqaNBKR6vhEM8FD1gQOgnVixYj0BWv7o5vMbz8wpXkU3sM4Zp4kg5AHnBIwUq9YclmsuTAUsKu5xK4kMKREpHeTsn2GGz04NSm7Yk+Bl4kzJyU0R71X/HL7EU0kC4EKonXXsWPwUqKAU8EmBTfRLCZ0RAasa2hIJNNeOj1mgk+M0sdBpMwLAU/V3xMpkVqPpW+S2ap60cvE/7xuAsGVl/IwToCFdPZRkAgMEc6awX2uGAUxNoRQxc2umA6JIhRMfwVTgrN48jJpnVeci0q1US3Vrud15NEROkZl5KBLVEO3qI6aiKJH9Ixe0Zv1ZL1Y79bHLJqz5jOH6A+szx9mrZqN</latexit>

✏t ⇠ N (0, Qt)
<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t
<latexit sha1_base64="YOJb8nInV/HAAHdfBOF85uqTFoo="></latexit>

p(xt+1|xt, ut) = N (Axt +But, Qt)
<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)
<latexit sha1_base64="UVL+s8qZtBuqCy/ynL0Ixxa6cXQ="></latexit>

=

Z
p(xt|u0:t�1, z0:t)p(xt+1|xt, ut)dxt

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="B8B8i9mk9O6YUh0rMboSx5bEuoY="></latexit>

p(xt|u0:t, z0:t) ⇠ N (µt|0:t,⌃t|0:t)Previous belief

Belief Update
<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)

<latexit sha1_base64="xP8rNR7HMOE9ec+VCFIw+yBu2/o=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoYKWGSkqropuXFawF2jLkEnTNjRzITkj1nFw46u4caGIW5/CnW9j2s5CW38IfPznHE7O74aCK7CsbyMzN7+wuJRdzq2srq1vmJtbNRVEkrIqDUQgGy5RTHCfVYGDYI1QMuK5gtXdweWoXr9lUvHAv4FhyNoe6fm8yykBbTnmTli4c+AhcmLrHI7s5BDfjzE5cMy8VbTGwrNgp5BHqSqO+dXqBDTymA9UEKWathVCOyYSOBUsybUixUJCB6THmhp94jHVjscnJHhfOx3cDaR+PuCx+3siJp5SQ8/VnR6Bvpqujcz/as0IumftmPthBMynk0XdSGAI8CgP3OGSURBDDYRKrv+KaZ9IQkGnltMh2NMnz0LtuGifFEvXpXz5Io0ji3bRHiogG52iMrpCFVRFFD2iZ/SK3own48V4Nz4mrRkjndlGf2R8/gCCZJY5</latexit>

p(xt|u0:t�1, z0:t)

How??



n Integrate the effect of one action under the dynamics, before measurement comes in 

Kalman Dynamics Update: Intuitive
<latexit sha1_base64="N4V/QtRwq5nBE8+Pm0LLLykVs0Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRV0W3biSFuwDOkPJpJk2NJkZkjtCGfoBbvwVNy4UcesHuPNvzLRdaOuBwOGcc8m9x48F12Db31ZuZXVtfSO/Wdja3tndK+4ftHSUKMqaNBKR6vhEM8FD1gQOgnVixYj0BWv7o5vMbz8wpXkU3sM4Zp4kg5AHnBIwUq9YclmsuTAUsKu5xK4kMKREpHeTsn2GGz04NSm7Yk+Bl4kzJyU0R71X/HL7EU0kC4EKonXXsWPwUqKAU8EmBTfRLCZ0RAasa2hIJNNeOj1mgk+M0sdBpMwLAU/V3xMpkVqPpW+S2ap60cvE/7xuAsGVl/IwToCFdPZRkAgMEc6awX2uGAUxNoRQxc2umA6JIhRMfwVTgrN48jJpnVeci0q1US3Vrud15NEROkZl5KBLVEO3qI6aiKJH9Ixe0Zv1ZL1Y79bHLJqz5jOH6A+szx9mrZqN</latexit>

✏t ⇠ N (0, Qt)
<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t
<latexit sha1_base64="YOJb8nInV/HAAHdfBOF85uqTFoo="></latexit>

p(xt+1|xt, ut) = N (Axt +But, Qt)
<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)



n Integrate the effect of one action under the dynamics, before measurement comes in 

Kalman Dynamics Update: Full

Stays in Gaussian world

<latexit sha1_base64="M0ER3ZqCqhlWinxBHZe6lBDVKxQ="></latexit>

(Xt+1, Xt)|z0:t,u0:t ⇠ N
 

µt|0:t
µt+1|0:t

�
,


⌃t|0:t ⌃t,t+1|0:t

⌃t+1,t|0:t ⌃t+1|0:t

�!

Now compute the mean and covariance and then marginalize

Current belief at time t

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)
<latexit sha1_base64="UVL+s8qZtBuqCy/ynL0Ixxa6cXQ="></latexit>

=

Z
p(xt|u0:t�1, z0:t)p(xt+1|xt, ut)dxt



Kalman Dynamics Update: Full
<latexit sha1_base64="M0ER3ZqCqhlWinxBHZe6lBDVKxQ="></latexit>

(Xt+1, Xt)|z0:t,u0:t ⇠ N
 

µt|0:t
µt+1|0:t

�
,


⌃t|0:t ⌃t,t+1|0:t

⌃t+1,t|0:t ⌃t+1|0:t

�!

<latexit sha1_base64="A9MAuPmbPf3uBT/psVeoOhcAlWQ="></latexit>

µt+1|0:t = E [Xt+1|z0:t, u0:t]

<latexit sha1_base64="hO4pE1nSEuiQKmwoOlxC9LZ6SJY="></latexit>

= E
⇥
(Xt+1|0:t � µt+1|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤<latexit sha1_base64="iGHkwP+8kNUFL4evLKYPxv5XuG0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIsgCCWRouKp6MVjRfsBbQib7aZdursJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphwpsF1v63Cyura+kZxs7S1vbO7Z+8fNHWcKkIbJOaxaodYU84kbQADTtuJoliEnLbC4e3Ub42o0iyWjzBOqC9wX7KIEQxGCmy7+8D6AgcZnHlP7jVMArvsVtwZnGXi5aSMctQD+6vbi0kqqATCsdYdz03Az7ACRjidlLqppgkmQ9ynHUMlFlT72ezyiXNilJ4TxcqUBGem/p7IsNB6LELTKTAM9KI3Ff/zOilEV37GZJIClWS+KEq5A7EzjcHpMUUJ8LEhmChmbnXIACtMwIRVMiF4iy8vk+Z5xbuoVO+r5dpNHkcRHaFjdIo8dIlq6A7VUQMRNELP6BW9WZn1Yr1bH/PWgpXPHKI/sD5/AM5wkyI=</latexit>

⌃t+1|0:t

<latexit sha1_base64="h61rqyXriTYpMyFKeW7veHCGZRg="></latexit>

⌃t,t+1|0:t = E
⇥
(Xt|0:t � µt|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤

Mean 

Diagonal Covariance 

Cross Covariance 



Kalman Dynamics Update: Full
<latexit sha1_base64="M0ER3ZqCqhlWinxBHZe6lBDVKxQ="></latexit>

(Xt+1, Xt)|z0:t,u0:t ⇠ N
 

µt|0:t
µt+1|0:t

�
,


⌃t|0:t ⌃t,t+1|0:t

⌃t+1,t|0:t ⌃t+1|0:t

�!

<latexit sha1_base64="A9MAuPmbPf3uBT/psVeoOhcAlWQ="></latexit>

µt+1|0:t = E [Xt+1|z0:t, u0:t]
<latexit sha1_base64="rt0ENPLLRb5KmhPiIVq8T6Xaccg="></latexit>

= E [AXt +But + ✏t|z0:t, u0:t]
<latexit sha1_base64="+r3yP6Ylm0YG1yOjlf/adc3bBgg="></latexit>

= AE [Xt|z0:t, u0:t] +But + E [✏t|z0:t, u0:t]
<latexit sha1_base64="v3AW5MuCbbluNgy3gyHYTONK2EI=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBEISwK0FFEGK8eIxgHpAsy+xkNhky+2CmVwibHPwVLx4U8epvePNvnCR70MSChqKqm+4uLxZcgWV9G7ml5ZXVtfx6YWNza3vH3N1rqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNbid+85FJxaPwAYYxcwLSC7nPKQEtuebBNb7pBImbwsi6gjHGp7iauOCaRatkTYEXiZ2RIspQc82vTjeiScBCoIIo1batGJyUSOBUsHGhkygWEzogPdbWNCQBU046vX+Mj7XSxX4kdYWAp+rviZQESg0DT3cGBPpq3puI/3ntBPxLJ+VhnAAL6WyRnwgMEZ6EgbtcMgpiqAmhkutbMe0TSSjoyAo6BHv+5UXSOCvZ56XyfblYqWZx5NEhOkInyEYXqILuUA3VEUUj9Ixe0ZvxZLwY78bHrDVnZDP76A+Mzx+9BZSm</latexit>

= Aµt|0:t +But

<latexit sha1_base64="hO4pE1nSEuiQKmwoOlxC9LZ6SJY="></latexit>

= E
⇥
(Xt+1|0:t � µt+1|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤<latexit sha1_base64="iGHkwP+8kNUFL4evLKYPxv5XuG0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIsgCCWRouKp6MVjRfsBbQib7aZdursJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphwpsF1v63Cyura+kZxs7S1vbO7Z+8fNHWcKkIbJOaxaodYU84kbQADTtuJoliEnLbC4e3Ub42o0iyWjzBOqC9wX7KIEQxGCmy7+8D6AgcZnHlP7jVMArvsVtwZnGXi5aSMctQD+6vbi0kqqATCsdYdz03Az7ACRjidlLqppgkmQ9ynHUMlFlT72ezyiXNilJ4TxcqUBGem/p7IsNB6LELTKTAM9KI3Ff/zOilEV37GZJIClWS+KEq5A7EzjcHpMUUJ8LEhmChmbnXIACtMwIRVMiF4iy8vk+Z5xbuoVO+r5dpNHkcRHaFjdIo8dIlq6A7VUQMRNELP6BW9WZn1Yr1bH/PWgpXPHKI/sD5/AM5wkyI=</latexit>

⌃t+1|0:t
<latexit sha1_base64="MrfqEDPJaQS5Wm8Nbc8mjgZSdIY="></latexit>

= E
⇥
(AXt|0:t +But + ✏t �Aµt|0:t �But)(AXt|0:t +But + ✏t �Aµt|0:t �But)

T
⇤

<latexit sha1_base64="SxNxGSzePuUj+daSgGILYnGc8Lk="></latexit>

= AE
⇥
(Xt|0:t � µt|0:t)(Xt|0:t � µt|0:t)

T
⇤
AT +Qt

<latexit sha1_base64="HnE3gK4GEGllILkziFRQeu26uGc=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMgCGFGgoogJHrxmGA2SMahp9OTNOlZ6K4Rwhjw4q948aCIV3/Cm39jZzlo4oOCx3tVVNVzI8EVmOa3kVpYXFpeSa9m1tY3Nrey2zt1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdz+9chv3DOpeBhUYRAx2yfdgHucEtCSk927xKX2Le/6xEngwbyAYemuio9xxQEnmzPz5hh4nlhTkkNTlJ3sV7sT0thnAVBBlGpZZgR2QiRwKtgw044Viwjtky5raRoQnyk7Gf8wxIda6WAvlLoCwGP190RCfKUGvqs7fQI9NeuNxP+8VgzeuZ3wIIqBBXSyyIsFhhCPAsEdLhkFMdCEUMn1rZj2iCQUdGwZHYI1+/I8qZ/krdN8oVLIFa+mcaTRPjpAR8hCZ6iIblAZ1RBFj+gZvaI348l4Md6Nj0lrypjO7KI/MD5/ALNelko=</latexit>

= A⌃t|0:tA
T +Qt

<latexit sha1_base64="h61rqyXriTYpMyFKeW7veHCGZRg="></latexit>

⌃t,t+1|0:t = E
⇥
(Xt|0:t � µt|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤

<latexit sha1_base64="SMNMOrRQ5R0seK5gPEfTjqH2Pt4=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARCkqZkaIiCFU3Liv2Bu04ZNK0Dc1cSM4IZewruPFV3LhQxK07d76N6QXR1h8CP985h5Pze5HgCizry0jNzS8sLqWXMyura+sb5uZWVYWxpKxCQxHKukcUEzxgFeAgWD2SjPieYDWvdzms1+6YVDwMytCPmOOTTsDbnBLQyDVzzRve8YmbwAGGffveOoUBPsM/dAzOb8uumbXy1kh41tgTk0UTlVzzs9kKaeyzAKggSjVsKwInIRI4FWyQacaKRYT2SIc1tA2Iz5STjC4a4D1NWrgdSv0CwCP6eyIhvlJ939OdPoGumq4N4X+1RgztEyfhQRQDC+h4UTsWGEI8jAe3uGQURF8bQiXXf8W0SyShoEPM6BDs6ZNnTfUwbx/lC9eFbPFiEkca7aBdlEM2OkZFdIVKqIIoekBP6AW9Go/Gs/FmvI9bU8ZkZhv9kfHxDexDm9Q=</latexit>

⌃t,t+1|0:t = ⌃t|0:tA
T

Mean 

Diagonal Covariance 

Cross Covariance 



Linear Gaussian Systems: Dynamics
<latexit sha1_base64="M0ER3ZqCqhlWinxBHZe6lBDVKxQ="></latexit>

(Xt+1, Xt)|z0:t,u0:t ⇠ N
 

µt|0:t
µt+1|0:t

�
,


⌃t|0:t ⌃t,t+1|0:t

⌃t+1,t|0:t ⌃t+1|0:t

�!

<latexit sha1_base64="v3AW5MuCbbluNgy3gyHYTONK2EI=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBEISwK0FFEGK8eIxgHpAsy+xkNhky+2CmVwibHPwVLx4U8epvePNvnCR70MSChqKqm+4uLxZcgWV9G7ml5ZXVtfx6YWNza3vH3N1rqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNbid+85FJxaPwAYYxcwLSC7nPKQEtuebBNb7pBImbwsi6gjHGp7iauOCaRatkTYEXiZ2RIspQc82vTjeiScBCoIIo1batGJyUSOBUsHGhkygWEzogPdbWNCQBU046vX+Mj7XSxX4kdYWAp+rviZQESg0DT3cGBPpq3puI/3ntBPxLJ+VhnAAL6WyRnwgMEZ6EgbtcMgpiqAmhkutbMe0TSSjoyAo6BHv+5UXSOCvZ56XyfblYqWZx5NEhOkInyEYXqILuUA3VEUUj9Ixe0ZvxZLwY78bHrDVnZDP76A+Mzx+9BZSm</latexit>

= Aµt|0:t +But

<latexit sha1_base64="iGHkwP+8kNUFL4evLKYPxv5XuG0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIsgCCWRouKp6MVjRfsBbQib7aZdursJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphwpsF1v63Cyura+kZxs7S1vbO7Z+8fNHWcKkIbJOaxaodYU84kbQADTtuJoliEnLbC4e3Ub42o0iyWjzBOqC9wX7KIEQxGCmy7+8D6AgcZnHlP7jVMArvsVtwZnGXi5aSMctQD+6vbi0kqqATCsdYdz03Az7ACRjidlLqppgkmQ9ynHUMlFlT72ezyiXNilJ4TxcqUBGem/p7IsNB6LELTKTAM9KI3Ff/zOilEV37GZJIClWS+KEq5A7EzjcHpMUUJ8LEhmChmbnXIACtMwIRVMiF4iy8vk+Z5xbuoVO+r5dpNHkcRHaFjdIo8dIlq6A7VUQMRNELP6BW9WZn1Yr1bH/PWgpXPHKI/sD5/AM5wkyI=</latexit>

⌃t+1|0:t
<latexit sha1_base64="HnE3gK4GEGllILkziFRQeu26uGc=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMgCGFGgoogJHrxmGA2SMahp9OTNOlZ6K4Rwhjw4q948aCIV3/Cm39jZzlo4oOCx3tVVNVzI8EVmOa3kVpYXFpeSa9m1tY3Nrey2zt1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdz+9chv3DOpeBhUYRAx2yfdgHucEtCSk927xKX2Le/6xEngwbyAYemuio9xxQEnmzPz5hh4nlhTkkNTlJ3sV7sT0thnAVBBlGpZZgR2QiRwKtgw044Viwjtky5raRoQnyk7Gf8wxIda6WAvlLoCwGP190RCfKUGvqs7fQI9NeuNxP+8VgzeuZ3wIIqBBXSyyIsFhhCPAsEdLhkFMdCEUMn1rZj2iCQUdGwZHYI1+/I8qZ/krdN8oVLIFa+mcaTRPjpAR8hCZ6iIblAZ1RBFj+gZvaI348l4Md6Nj0lrypjO7KI/MD5/ALNelko=</latexit>

= A⌃t|0:tA
T +Qt

Mean 

Diagonal Covariance 

<latexit sha1_base64="flur5mbfl4qATkjp66SQ0FFLHJ0=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIsgCGVXioqnohePFewHtEvJptk2NMmuyWyhrP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhALbsB1v53cyura+kZ+s7C1vbO7V9w/aJgo0ZTVaSQi3QqIYYIrVgcOgrVizYgMBGsGw9up3xwxbXikHmAcM1+SvuIhpwSs5Hdk0k3hzHtyr2HSLZbcsjsDXiZeRkooQ61b/Or0IppIpoAKYkzbc2PwU6KBU8EmhU5iWEzokPRZ21JFJDN+Ojt6gk+s0sNhpG0pwDP190RKpDFjGdhOSWBgFr2p+J/XTiC88lOu4gSYovNFYSIwRHiaAO5xzSiIsSWEam5vxXRANKFgcyrYELzFl5dJ47zsXZQr95VS9SaLI4+O0DE6RR66RFV0h2qojih6RM/oFb05I+fFeXc+5q05J5s5RH/gfP4APcmRxA==</latexit>µt+1|0:t

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="B8B8i9mk9O6YUh0rMboSx5bEuoY="></latexit>

p(xt|u0:t, z0:t) ⇠ N (µt|0:t,⌃t|0:t)Previous belief

Belief Update

Intuition: Scale and shift the mean according to dynamics, uncertainty grows quadratically!

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)

<latexit sha1_base64="xP8rNR7HMOE9ec+VCFIw+yBu2/o=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoYKWGSkqropuXFawF2jLkEnTNjRzITkj1nFw46u4caGIW5/CnW9j2s5CW38IfPznHE7O74aCK7CsbyMzN7+wuJRdzq2srq1vmJtbNRVEkrIqDUQgGy5RTHCfVYGDYI1QMuK5gtXdweWoXr9lUvHAv4FhyNoe6fm8yykBbTnmTli4c+AhcmLrHI7s5BDfjzE5cMy8VbTGwrNgp5BHqSqO+dXqBDTymA9UEKWathVCOyYSOBUsybUixUJCB6THmhp94jHVjscnJHhfOx3cDaR+PuCx+3siJp5SQ8/VnR6Bvpqujcz/as0IumftmPthBMynk0XdSGAI8CgP3OGSURBDDYRKrv+KaZ9IQkGnltMh2NMnz0LtuGifFEvXpXz5Io0ji3bRHiogG52iMrpCFVRFFD2iZ/SK3own48V4Nz4mrRkjndlGf2R8/gCCZJY5</latexit>

p(xt|u0:t�1, z0:t)



Linear Gaussian Systems: Dynamics
<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="B8B8i9mk9O6YUh0rMboSx5bEuoY="></latexit>

p(xt|u0:t, z0:t) ⇠ N (µt|0:t,⌃t|0:t)Previous belief

Belief Update

Intuition: Scale and shift the mean according to dynamics, uncertainty grows!



Intuition Behind Prediction Step
<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="B8B8i9mk9O6YUh0rMboSx5bEuoY="></latexit>

p(xt|u0:t, z0:t) ⇠ N (µt|0:t,⌃t|0:t)Previous belief

Belief Update

Intuition: Scale and shift the mean according to dynamics, uncertainty grows!

Belief at xt Belief post dynamics à shifted mean, scaled and shifted variance



Kalman Filter: Where are we?
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction

Measurement/Correction

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

???



Linear Gaussian Systems: Observations
Estimate 

<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)
Measurement/Correction

???

<latexit sha1_base64="mC+x8K72KPSSQ4Qf5qFSE49+jfY="></latexit>

p(xt+1|z0:t+1, u0:t) = ⌘ p(zt|xt)p(xt+1|z0:t, u0:t)

Need to do conditioning/normalization with Linear Gaussians



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Gaussian, easy to normalize

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t
<latexit sha1_base64="WXYsJIJz+eYAo71yI5YhplyYINA=">AAACCnicbVDLSsNAFJ3UV62vqks3o0WoICWRoi6LblxJFfuAJoTJZNIOnTyYuRFK6NqNv+LGhSJu/QJ3/o3TNgutHrhwOOde7r3HSwRXYJpfRmFhcWl5pbhaWlvf2Nwqb++0VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vGGlxO/c8+k4nF0B6OEOSHpRzzglICW3PK+7TMBxAVsKx5iOyQwoERk1+OqeYxvXThyyxWzZk6B/xIrJxWUo+mWP20/pmnIIqCCKNWzzAScjEjgVLBxyU4VSwgdkj7raRqRkCknm74yxoda8XEQS10R4Kn6cyIjoVKj0NOdk1PVvDcR//N6KQTnTsajJAUW0dmiIBUYYjzJBftcMgpipAmhkutbMR0QSSjo9Eo6BGv+5b+kfVKzTmv1m3qlcZHHUUR76ABVkYXOUANdoSZqIYoe0BN6Qa/Go/FsvBnvs9aCkc/sol8wPr4BkvWZig==</latexit>

�t ⇠ N (0, Rt)

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

<latexit sha1_base64="CyAa6PXoVOewWH2J3gFys9An1HQ=">AAACGHicbVDLTgIxFO3gC/GFunTTSEwgGpwxRN2YENm4MmjkkQCZdEqBhs4j7R0jjnyGG3/FjQuNccvOv7HALBQ8SdOTc+7Nvfc4geAKTPPbSCwsLi2vJFdTa+sbm1vp7Z2q8kNJWYX6wpd1hygmuMcqwEGweiAZcR3Bak6/NPZr90wq7nt3MAhYyyVdj3c4JaAlO30cZB/tCA6t4dPD9M/hC9x0CfQoEdH1MFuK9SN8a0POTmfMvDkBnidWTDIoRtlOj5ptn4Yu84AKolTDMgNoRUQCp4INU81QsYDQPumyhqYecZlqRZPDhvhAK23c8aV+HuCJ+rsjIq5SA9fRleON1aw3Fv/zGiF0zlsR94IQmEengzqhwODjcUq4zSWjIAaaECq53hXTHpGEgs4ypUOwZk+eJ9WTvHWaL9wUMsXLOI4k2kP7KIssdIaK6AqVUQVR9Ixe0Tv6MF6MN+PT+JqWJoy4Zxf9gTH6AT5QnqQ=</latexit>

p(zt+1|xt+1) = N (Cxt+1, Rt)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)
<latexit sha1_base64="I95Mhc0UunJqlW6EJNzVHakdO2A=">AAACHnicbZDLTgIxFIY7eEO8oS7dNBITiIbMGLzEFdGNS0zkkgAhnVKgoTPTtGeMOPAkbnwVNy40xsSVvo0FZqHgSZp++f9z0p7flYJrsO1vK7GwuLS8klxNra1vbG6lt3cqOggVZWUaiEDVXKKZ4D4rAwfBalIx4rmCVd3+1div3jGleeDfwkCypke6Pu9wSsBIrfRJQ6pAQoBl9qEVwaEzGt5P75zMxjQ0jn0BoyMcTiHXSmfsvD0pPA9ODBkUV6mV/my0Axp6zAcqiNZ1x5bQjIgCTgUbpRqhZpLQPumyukGfeEw3o8l6I3xglDbuBMocH/BE/T0REU/rgeeaTo9AT896Y/E/rx5C57wZcV+GwHw6fagTCmziGGeF21wxCmJggFDFzV8x7RFFKJhEUyYEZ3bleagc553TfOGmkClexnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1se0NWHFM7voT1lfPzP7oeQ=</latexit>

/ p(zt+1|xt+1)p(xt+1|z0:t, u0:t)



Linear Gaussian Systems: Observations Intuition

Previous belief (post dynamics)

New Measurement

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

Previous 
belief

Updated 
belief

<latexit sha1_base64="9x40Vcc/OAZWGcLElwb86T1BaCk="></latexit>

p(xt+1|z0:t, u0:t) = N (µt+1|0:t,⌃t+1|0:t)

Linearly interpolate between measurement and previous mean based on K
Scale down uncertainty based on K 

For the sake of simplicity, let’s say C = I

<latexit sha1_base64="eXygSq4ABWaOsFrap++i0tn38mQ="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � µt+1|0:t), (I �Kt+1)⌃t+1|0:t)



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t
<latexit sha1_base64="WXYsJIJz+eYAo71yI5YhplyYINA=">AAACCnicbVDLSsNAFJ3UV62vqks3o0WoICWRoi6LblxJFfuAJoTJZNIOnTyYuRFK6NqNv+LGhSJu/QJ3/o3TNgutHrhwOOde7r3HSwRXYJpfRmFhcWl5pbhaWlvf2Nwqb++0VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vGGlxO/c8+k4nF0B6OEOSHpRzzglICW3PK+7TMBxAVsKx5iOyQwoERk1+OqeYxvXThyyxWzZk6B/xIrJxWUo+mWP20/pmnIIqCCKNWzzAScjEjgVLBxyU4VSwgdkj7raRqRkCknm74yxoda8XEQS10R4Kn6cyIjoVKj0NOdk1PVvDcR//N6KQTnTsajJAUW0dmiIBUYYjzJBftcMgpipAmhkutbMR0QSSjo9Eo6BGv+5b+kfVKzTmv1m3qlcZHHUUR76ABVkYXOUANdoSZqIYoe0BN6Qa/Go/FsvBnvs9aCkc/sol8wPr4BkvWZig==</latexit>

�t ⇠ N (0, Rt)
<latexit sha1_base64="CyAa6PXoVOewWH2J3gFys9An1HQ=">AAACGHicbVDLTgIxFO3gC/GFunTTSEwgGpwxRN2YENm4MmjkkQCZdEqBhs4j7R0jjnyGG3/FjQuNccvOv7HALBQ8SdOTc+7Nvfc4geAKTPPbSCwsLi2vJFdTa+sbm1vp7Z2q8kNJWYX6wpd1hygmuMcqwEGweiAZcR3Bak6/NPZr90wq7nt3MAhYyyVdj3c4JaAlO30cZB/tCA6t4dPD9M/hC9x0CfQoEdH1MFuK9SN8a0POTmfMvDkBnidWTDIoRtlOj5ptn4Yu84AKolTDMgNoRUQCp4INU81QsYDQPumyhqYecZlqRZPDhvhAK23c8aV+HuCJ+rsjIq5SA9fRleON1aw3Fv/zGiF0zlsR94IQmEengzqhwODjcUq4zSWjIAaaECq53hXTHpGEgs4ypUOwZk+eJ9WTvHWaL9wUMsXLOI4k2kP7KIssdIaK6AqVUQVR9Ixe0Tv6MF6MN+PT+JqWJoy4Zxf9gTH6AT5QnqQ=</latexit>

p(zt+1|xt+1) = N (Cxt+1, Rt)
<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)
<latexit sha1_base64="I95Mhc0UunJqlW6EJNzVHakdO2A=">AAACHnicbZDLTgIxFIY7eEO8oS7dNBITiIbMGLzEFdGNS0zkkgAhnVKgoTPTtGeMOPAkbnwVNy40xsSVvo0FZqHgSZp++f9z0p7flYJrsO1vK7GwuLS8klxNra1vbG6lt3cqOggVZWUaiEDVXKKZ4D4rAwfBalIx4rmCVd3+1div3jGleeDfwkCypke6Pu9wSsBIrfRJQ6pAQoBl9qEVwaEzGt5P75zMxjQ0jn0BoyMcTiHXSmfsvD0pPA9ODBkUV6mV/my0Axp6zAcqiNZ1x5bQjIgCTgUbpRqhZpLQPumyukGfeEw3o8l6I3xglDbuBMocH/BE/T0REU/rgeeaTo9AT896Y/E/rx5C57wZcV+GwHw6fagTCmziGGeF21wxCmJggFDFzV8x7RFFKJhEUyYEZ3bleagc553TfOGmkClexnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1se0NWHFM7voT1lfPzP7oeQ=</latexit>

/ p(zt+1|xt+1)p(xt+1|z0:t, u0:t)

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

Previous belief

Updated belief

<latexit sha1_base64="9x40Vcc/OAZWGcLElwb86T1BaCk="></latexit>

p(xt+1|z0:t, u0:t) = N (µt+1|0:t,⌃t+1|0:t) Computed from dynamics step

How??



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Stays in Gaussian world, but now conditioning instead of marginalization

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)
<latexit sha1_base64="I95Mhc0UunJqlW6EJNzVHakdO2A=">AAACHnicbZDLTgIxFIY7eEO8oS7dNBITiIbMGLzEFdGNS0zkkgAhnVKgoTPTtGeMOPAkbnwVNy40xsSVvo0FZqHgSZp++f9z0p7flYJrsO1vK7GwuLS8klxNra1vbG6lt3cqOggVZWUaiEDVXKKZ4D4rAwfBalIx4rmCVd3+1div3jGleeDfwkCypke6Pu9wSsBIrfRJQ6pAQoBl9qEVwaEzGt5P75zMxjQ0jn0BoyMcTiHXSmfsvD0pPA9ODBkUV6mV/my0Axp6zAcqiNZ1x5bQjIgCTgUbpRqhZpLQPumyukGfeEw3o8l6I3xglDbuBMocH/BE/T0REU/rgeeaTo9AT896Y/E/rx5C57wZcV+GwHw6fagTCmziGGeF21wxCmJggFDFzV8x7RFFKJhEUyYEZ3bleagc553TfOGmkClexnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1se0NWHFM7voT1lfPzP7oeQ=</latexit>

/ p(zt+1|xt+1)p(xt+1|z0:t, u0:t)

Sketch: 
1. Construct the joint of xt+1 and zt+1 conditioned on the past
2. Solve for the mean and covariances of this joint
3. Perform conditioning with zt+1 equaling a particular value



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Stays in Gaussian world, but now conditioning instead of marginalization

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)
<latexit sha1_base64="I95Mhc0UunJqlW6EJNzVHakdO2A=">AAACHnicbZDLTgIxFIY7eEO8oS7dNBITiIbMGLzEFdGNS0zkkgAhnVKgoTPTtGeMOPAkbnwVNy40xsSVvo0FZqHgSZp++f9z0p7flYJrsO1vK7GwuLS8klxNra1vbG6lt3cqOggVZWUaiEDVXKKZ4D4rAwfBalIx4rmCVd3+1div3jGleeDfwkCypke6Pu9wSsBIrfRJQ6pAQoBl9qEVwaEzGt5P75zMxjQ0jn0BoyMcTiHXSmfsvD0pPA9ODBkUV6mV/my0Axp6zAcqiNZ1x5bQjIgCTgUbpRqhZpLQPumyukGfeEw3o8l6I3xglDbuBMocH/BE/T0REU/rgeeaTo9AT896Y/E/rx5C57wZcV+GwHw6fagTCmziGGeF21wxCmJggFDFzV8x7RFFKJhEUyYEZ3bleagc553TfOGmkClexnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1se0NWHFM7voT1lfPzP7oeQ=</latexit>

/ p(zt+1|xt+1)p(xt+1|z0:t, u0:t)



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Stays in Gaussian world, but now conditioning instead of marginalization

Following the same procedure as last time

<latexit sha1_base64="oJyMVgeyGu2eufOckPCC+rG7SbQ="></latexit>

Xt+1|0:t, Zt+1|0:t ⇠ N
 "

µX
t+1|0:t

µZ
t+1|0:t

#
,

"
⌃XX

t+1|0:t ⌃XZ
t+1|0:t

⌃ZX
t+1|0:t ⌃ZZ

t+1|0:t

#!

<latexit sha1_base64="sWCJzxK3uBq0wPgArK0/Yg3Mo2g=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiCEKZkaIiCMVuXFawF2zHkknTNjRzITkjlLF7N76KGxeKuPUF3Pk2ZtoBtfWHwM93zuHk/G4ouALL+jIyC4tLyyvZ1dza+sbmlrm9U1dBJCmr0UAEsukSxQT3WQ04CNYMJSOeK1jDHVaSeuOOScUD/xpGIXM80vd5j1MCGnXMfNuLbm86MRza99YZjPE5riSo+YM6ZsEqWhPheWOnpoBSVTvmZ7sb0MhjPlBBlGrZVghOTCRwKtg4144UCwkdkj5raesTjyknntwyxvuadHEvkPr5gCf090RMPKVGnqs7PQIDNVtL4H+1VgS9UyfmfhgB8+l0US8SGAKcBIO7XDIKYqQNoZLrv2I6IJJQ0PHldAj27Mnzpn5UtI+LpatSoXyRxpFFeyiPDpCNTlAZXaIqqiGKHtATekGvxqPxbLwZ79PWjJHO7KI/Mj6+Aed7mbQ=</latexit>

µZ
t+1|0:t = CµX

t+1|0:t

Belief from the dynamics step

<latexit sha1_base64="yjHnzUW92LzFcrWvFRg44E+ch6U=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQhEGYkqChCMBePUbORlZ5OJ2nSs9BdI4RxPsaLv+LFgwsevPgtdhYhJj4oeLxXRVU92xdcgWl+GQuLS8srq7G1+PrG5tZ2Yme3pLxAUlaknvBkxSaKCe6yInAQrOJLRhxbsLLdzw398j2TintuAQY+azik6/IOpwS01Epc1O941yHNsFqNWiGkrAfzHCJ8iXO/RqUyZeSaBZzCtyMhaiWSZtocAc8Ta0KSaIJ8K/Feb3s0cJgLVBClapbpQyMkEjgVLIrXA8V8Qvuky2qausRhqhGOnozwoVbauONJXS7gkTo9ERJHqYFj606HQE/NekPxP68WQOesEXLXD4C5dLyoEwgMHh4mhttcMgpioAmhkutbMe0RSSjoXOM6BGv25XlSOk5bJ+nMTSaZvZrEEUP76AAdIQudoiy6RnlURBQ9omf0it6MJ+PF+DA+x60LxmRmD/2B8f0DM7yjRw==</latexit>

⌃ZZ
t+1|0:t = C⌃XX

t+1|0:tC
T +Rt+1

<latexit sha1_base64="vTEsI0RhFdTOZfhHZC80dLrSRXg=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyyCIJQZKSqCUOzGZcXesDcyadqGZi4kZ4Qyzmu48VXcuFDEpa58G9N2kNr6Q+DnO+dwcn4nEFyBZX0bC4tLyyurqbX0+sbm1ra5s1tRfigpK1Nf+LLmEMUE91gZOAhWCyQjriNY1RkURvXqPZOK+14JhgFruqTn8S6nBDRqm1bjlvdc0opqd3E7gmP7wbqAGF/iX16b4oVWqW1mrKw1Fp43dmIyKFGxbX42Oj4NXeYBFUSpum0F0IyIBE4Fi9ONULGA0AHpsbq2HnGZakbjy2J8qEkHd32pnwd4TKcnIuIqNXQd3ekS6KvZ2gj+V6uH0D1vRtwLQmAenSzqhgKDj0cx4Q6XjIIYakOo5PqvmPaJJBR0mGkdgj178rypnGTt02zuJpfJXyVxpNA+OkBHyEZnKI+uURGVEUWP6Bm9ojfjyXgx3o2PSeuCkczsoT8yvn4ABfOfsA==</latexit>

⌃XZ
t+1|0:t = ⌃XX

t+1|0:tC
T

<latexit sha1_base64="Hg87iWe714R1FhJtaFlNx0Scweg=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiBEhDAjQUUQgrl4jJhlMJmEnk4nadKz0F0jhDE/4sVf8eJBEQ9exL+xswgx+qDg8V4VVfXcUHAFpvllJBYWl5ZXkquptfWNza309k5VBZGkrEIDEUjbJYoJ7rMKcBDMDiUjnitYze0XR37tjknFA78Mg5A5Hun6vMMpAS210vnGDe96pBnf2sNWDEfWvXkOQ3yBsz+GPWsUm+XDZrmVzpg5cwz8l1hTkkFTlFrpj0Y7oJHHfKCCKFW3zBCcmEjgVLBhqhEpFhLaJ11W19QnHlNOPP5uiA+00sadQOryAY/V2YmYeEoNPFd3egR6at4bif959Qg6Z07M/TAC5tPJok4kMAR4FBVuc8koiIEmhEqub8W0RyShoANN6RCs+Zf/kupxzjrJ5a/zmcLlNI4k2kP7KIssdIoK6AqVUAVR9ICe0At6NR6NZ+PNeJ+0JozpzC76BePzG2S+oNs=</latexit>

⌃ZX
t+1|0:t = (⌃XX

t+1|0:tC
T )T

<latexit sha1_base64="XeT1Zwzrudm3cLvkPNA05YUbQ70=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AIglASKSqeil48VrRtoI1hs922S3eTsDsRSgz4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg5kyBbX8bhYXFpeWV4mppbX1jc8vc3mmqKJGENkjEI+kGWFHOQtoABpy6saRYBJy2guHV2G89UKlYFN7BKKaewP2Q9RjBoCXf3Ovcsr7A96nrZn4Kx86jfQGZb5btij2BNU+cnJRRjrpvfnW6EUkEDYFwrFTbsWPwUiyBEU6zUidRNMZkiPu0rWmIBVVeOjk/sw610rV6kdQVgjVRf0+kWCg1EoHuFBgGatYbi/957QR6517KwjgBGpLpol7CLYiscRZWl0lKgI80wUQyfatFBlhiAjqxkg7BmX15njRPKs5ppXpTLdcu8ziKaB8doCPkoDNUQ9eojhqIoBQ9o1f0ZjwZL8a78TFtLRj5zC76A+PzB70rlVo=</latexit>

⌃XX
t+1|0:t

<latexit sha1_base64="UpSif31EzzPJWAogm6v9Z9c0WQQ=">AAAB+HicbVBNS8NAEN34WetHox69BIsgCCWRouKp6MVjBfsBbQyb7aZdupuE3Vmhxv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U+C639bS8srq2npho7i5tb1Tsnf3mirRktAGSXgi2yFWlLOYNoABp+1UUixCTlvh8Hritx6oVCyJ72CUUl/gfswiRjAYKbBLXaHv20EGJ96TewnjwC67FXcKZ5F4OSmjHPXA/ur2EqIFjYFwrFTHc1PwMyyBEU7Hxa5WNMVkiPu0Y2iMBVV+Nj187BwZpedEiTQVgzNVf09kWCg1EqHpFBgGat6biP95HQ3RhZ+xONVAYzJbFGnuQOJMUnB6TFICfGQIJpKZWx0ywBITMFkVTQje/MuLpHla8c4q1dtquXaVx1FAB+gQHSMPnaMaukF11EAEafSMXtGb9Wi9WO/Wx6x1ycpn9tEfWJ8/HWSSvw==</latexit>

µX
t+1|0:t

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)
<latexit sha1_base64="I95Mhc0UunJqlW6EJNzVHakdO2A=">AAACHnicbZDLTgIxFIY7eEO8oS7dNBITiIbMGLzEFdGNS0zkkgAhnVKgoTPTtGeMOPAkbnwVNy40xsSVvo0FZqHgSZp++f9z0p7flYJrsO1vK7GwuLS8klxNra1vbG6lt3cqOggVZWUaiEDVXKKZ4D4rAwfBalIx4rmCVd3+1div3jGleeDfwkCypke6Pu9wSsBIrfRJQ6pAQoBl9qEVwaEzGt5P75zMxjQ0jn0BoyMcTiHXSmfsvD0pPA9ODBkUV6mV/my0Axp6zAcqiNZ1x5bQjIgCTgUbpRqhZpLQPumyukGfeEw3o8l6I3xglDbuBMocH/BE/T0REU/rgeeaTo9AT896Y/E/rx5C57wZcV+GwHw6fagTCmziGGeF21wxCmJggFDFzV8x7RFFKJhEUyYEZ3bleagc553TfOGmkClexnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1se0NWHFM7voT1lfPzP7oeQ=</latexit>

/ p(zt+1|xt+1)p(xt+1|z0:t, u0:t)



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

<latexit sha1_base64="sWCJzxK3uBq0wPgArK0/Yg3Mo2g=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiCEKZkaIiCMVuXFawF2zHkknTNjRzITkjlLF7N76KGxeKuPUF3Pk2ZtoBtfWHwM93zuHk/G4ouALL+jIyC4tLyyvZ1dza+sbmlrm9U1dBJCmr0UAEsukSxQT3WQ04CNYMJSOeK1jDHVaSeuOOScUD/xpGIXM80vd5j1MCGnXMfNuLbm86MRza99YZjPE5riSo+YM6ZsEqWhPheWOnpoBSVTvmZ7sb0MhjPlBBlGrZVghOTCRwKtg4144UCwkdkj5raesTjyknntwyxvuadHEvkPr5gCf090RMPKVGnqs7PQIDNVtL4H+1VgS9UyfmfhgB8+l0US8SGAKcBIO7XDIKYqQNoZLrv2I6IJJQ0PHldAj27Mnzpn5UtI+LpatSoXyRxpFFeyiPDpCNTlAZXaIqqiGKHtATekGvxqPxbLwZ79PWjJHO7KI/Mj6+Aed7mbQ=</latexit>

µZ
t+1|0:t = CµX

t+1|0:t

<latexit sha1_base64="yjHnzUW92LzFcrWvFRg44E+ch6U=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQhEGYkqChCMBePUbORlZ5OJ2nSs9BdI4RxPsaLv+LFgwsevPgtdhYhJj4oeLxXRVU92xdcgWl+GQuLS8srq7G1+PrG5tZ2Yme3pLxAUlaknvBkxSaKCe6yInAQrOJLRhxbsLLdzw398j2TintuAQY+azik6/IOpwS01Epc1O941yHNsFqNWiGkrAfzHCJ8iXO/RqUyZeSaBZzCtyMhaiWSZtocAc8Ta0KSaIJ8K/Feb3s0cJgLVBClapbpQyMkEjgVLIrXA8V8Qvuky2qausRhqhGOnozwoVbauONJXS7gkTo9ERJHqYFj606HQE/NekPxP68WQOesEXLXD4C5dLyoEwgMHh4mhttcMgpioAmhkutbMe0RSSjoXOM6BGv25XlSOk5bJ+nMTSaZvZrEEUP76AAdIQudoiy6RnlURBQ9omf0it6MJ+PF+DA+x60LxmRmD/2B8f0DM7yjRw==</latexit>

⌃ZZ
t+1|0:t = C⌃XX

t+1|0:tC
T +Rt+1

<latexit sha1_base64="vTEsI0RhFdTOZfhHZC80dLrSRXg=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyyCIJQZKSqCUOzGZcXesDcyadqGZi4kZ4Qyzmu48VXcuFDEpa58G9N2kNr6Q+DnO+dwcn4nEFyBZX0bC4tLyyurqbX0+sbm1ra5s1tRfigpK1Nf+LLmEMUE91gZOAhWCyQjriNY1RkURvXqPZOK+14JhgFruqTn8S6nBDRqm1bjlvdc0opqd3E7gmP7wbqAGF/iX16b4oVWqW1mrKw1Fp43dmIyKFGxbX42Oj4NXeYBFUSpum0F0IyIBE4Fi9ONULGA0AHpsbq2HnGZakbjy2J8qEkHd32pnwd4TKcnIuIqNXQd3ekS6KvZ2gj+V6uH0D1vRtwLQmAenSzqhgKDj0cx4Q6XjIIYakOo5PqvmPaJJBR0mGkdgj178rypnGTt02zuJpfJXyVxpNA+OkBHyEZnKI+uURGVEUWP6Bm9ojfjyXgx3o2PSeuCkczsoT8yvn4ABfOfsA==</latexit>

⌃XZ
t+1|0:t = ⌃XX

t+1|0:tC
T

<latexit sha1_base64="Hg87iWe714R1FhJtaFlNx0Scweg=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiBEhDAjQUUQgrl4jJhlMJmEnk4nadKz0F0jhDE/4sVf8eJBEQ9exL+xswgx+qDg8V4VVfXcUHAFpvllJBYWl5ZXkquptfWNza309k5VBZGkrEIDEUjbJYoJ7rMKcBDMDiUjnitYze0XR37tjknFA78Mg5A5Hun6vMMpAS210vnGDe96pBnf2sNWDEfWvXkOQ3yBsz+GPWsUm+XDZrmVzpg5cwz8l1hTkkFTlFrpj0Y7oJHHfKCCKFW3zBCcmEjgVLBhqhEpFhLaJ11W19QnHlNOPP5uiA+00sadQOryAY/V2YmYeEoNPFd3egR6at4bif959Qg6Z07M/TAC5tPJok4kMAR4FBVuc8koiIEmhEqub8W0RyShoANN6RCs+Zf/kupxzjrJ5a/zmcLlNI4k2kP7KIssdIoK6AqVUAVR9ICe0At6NR6NZ+PNeJ+0JozpzC76BePzG2S+oNs=</latexit>

⌃ZX
t+1|0:t = (⌃XX

t+1|0:tC
T )T

<latexit sha1_base64="XeT1Zwzrudm3cLvkPNA05YUbQ70=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AIglASKSqeil48VrRtoI1hs922S3eTsDsRSgz4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg5kyBbX8bhYXFpeWV4mppbX1jc8vc3mmqKJGENkjEI+kGWFHOQtoABpy6saRYBJy2guHV2G89UKlYFN7BKKaewP2Q9RjBoCXf3Ovcsr7A96nrZn4Kx86jfQGZb5btij2BNU+cnJRRjrpvfnW6EUkEDYFwrFTbsWPwUiyBEU6zUidRNMZkiPu0rWmIBVVeOjk/sw610rV6kdQVgjVRf0+kWCg1EoHuFBgGatYbi/957QR6517KwjgBGpLpol7CLYiscRZWl0lKgI80wUQyfatFBlhiAjqxkg7BmX15njRPKs5ppXpTLdcu8ziKaB8doCPkoDNUQ9eojhqIoBQ9o1f0ZjwZL8a78TFtLRj5zC76A+PzB70rlVo=</latexit>

⌃XX
t+1|0:t

<latexit sha1_base64="UpSif31EzzPJWAogm6v9Z9c0WQQ=">AAAB+HicbVBNS8NAEN34WetHox69BIsgCCWRouKp6MVjBfsBbQyb7aZdupuE3Vmhxv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U+C639bS8srq2npho7i5tb1Tsnf3mirRktAGSXgi2yFWlLOYNoABp+1UUixCTlvh8Hritx6oVCyJ72CUUl/gfswiRjAYKbBLXaHv20EGJ96TewnjwC67FXcKZ5F4OSmjHPXA/ur2EqIFjYFwrFTHc1PwMyyBEU7Hxa5WNMVkiPu0Y2iMBVV+Nj187BwZpedEiTQVgzNVf09kWCg1EqHpFBgGat6biP95HQ3RhZ+xONVAYzJbFGnuQOJMUnB6TFICfGQIJpKZWx0ywBITMFkVTQje/MuLpHla8c4q1dtquXaVx1FAB+gQHSMPnaMaukF11EAEafSMXtGb9Wi9WO/Wx6x1ycpn9tEfWJ8/HWSSvw==</latexit>

µX
t+1|0:t

<latexit sha1_base64="bfX6Enz2ThW5Vpxfbp+QlytEWN0=">AAACIXicbVDLSgMxFM34rPVVdekmWARBKDNStAhCUQSXFeyDdsaSSTNtaOZBckco0/kVN/6KGxeKdCf+jOljoa0HQg7n3Mu997iR4ApM88tYWl5ZXVvPbGQ3t7Z3dnN7+zUVxpKyKg1FKBsuUUzwgFWBg2CNSDLiu4LV3f7N2K8/Mal4GDzAIGKOT7oB9zgloKV2rmT7cTuBU2toXkL62MRX2PYJ9Fw3uU1twTxoNSd+OmxMf1vybg+cdi5vFswJ8CKxZiSPZqi0cyO7E9LYZwFQQZRqWWYETkIkcCpYmrVjxSJC+6TLWpoGxGfKSSYXpvhYKx3shVK/APBE/d2REF+pge/qyvH2at4bi/95rRi8kpPwIIqBBXQ6yIsFhhCP48IdLhkFMdCEUMn1rpj2iCQUdKhZHYI1f/IiqZ0VrPNC8b6YL1/P4sigQ3SETpCFLlAZ3aEKqiKKntErekcfxovxZnwao2npkjHrOUB/YHz/ADLeo5Q=</latexit>

µZ
t+1|0:t = E [Zt+1|Xt+1]

<latexit sha1_base64="FF1IKgiGUhj78tBvTUGUYWgCD0Q="></latexit>

⌃ZZ
t+1|0:t = E

h
(Zt+1 � µZ

t+1|0:t)(Zt+1 � µZ
t+1|0:t)

T
i <latexit sha1_base64="t04cq0VzTkPV98xOco8ABeyXPq8="></latexit>

⌃ZZ
t+1|0:t = E

h
(Zt+1 � µZ

t+1|0:t)(Xt+1|0:t � µt+1|0:t)
T
i



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

<latexit sha1_base64="sWCJzxK3uBq0wPgArK0/Yg3Mo2g=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiCEKZkaIiCMVuXFawF2zHkknTNjRzITkjlLF7N76KGxeKuPUF3Pk2ZtoBtfWHwM93zuHk/G4ouALL+jIyC4tLyyvZ1dza+sbmlrm9U1dBJCmr0UAEsukSxQT3WQ04CNYMJSOeK1jDHVaSeuOOScUD/xpGIXM80vd5j1MCGnXMfNuLbm86MRza99YZjPE5riSo+YM6ZsEqWhPheWOnpoBSVTvmZ7sb0MhjPlBBlGrZVghOTCRwKtg4144UCwkdkj5raesTjyknntwyxvuadHEvkPr5gCf090RMPKVGnqs7PQIDNVtL4H+1VgS9UyfmfhgB8+l0US8SGAKcBIO7XDIKYqQNoZLrv2I6IJJQ0PHldAj27Mnzpn5UtI+LpatSoXyRxpFFeyiPDpCNTlAZXaIqqiGKHtATekGvxqPxbLwZ79PWjJHO7KI/Mj6+Aed7mbQ=</latexit>

µZ
t+1|0:t = CµX

t+1|0:t

<latexit sha1_base64="yjHnzUW92LzFcrWvFRg44E+ch6U=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQhEGYkqChCMBePUbORlZ5OJ2nSs9BdI4RxPsaLv+LFgwsevPgtdhYhJj4oeLxXRVU92xdcgWl+GQuLS8srq7G1+PrG5tZ2Yme3pLxAUlaknvBkxSaKCe6yInAQrOJLRhxbsLLdzw398j2TintuAQY+azik6/IOpwS01Epc1O941yHNsFqNWiGkrAfzHCJ8iXO/RqUyZeSaBZzCtyMhaiWSZtocAc8Ta0KSaIJ8K/Feb3s0cJgLVBClapbpQyMkEjgVLIrXA8V8Qvuky2qausRhqhGOnozwoVbauONJXS7gkTo9ERJHqYFj606HQE/NekPxP68WQOesEXLXD4C5dLyoEwgMHh4mhttcMgpioAmhkutbMe0RSSjoXOM6BGv25XlSOk5bJ+nMTSaZvZrEEUP76AAdIQudoiy6RnlURBQ9omf0it6MJ+PF+DA+x60LxmRmD/2B8f0DM7yjRw==</latexit>

⌃ZZ
t+1|0:t = C⌃XX

t+1|0:tC
T +Rt+1

<latexit sha1_base64="vTEsI0RhFdTOZfhHZC80dLrSRXg=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyyCIJQZKSqCUOzGZcXesDcyadqGZi4kZ4Qyzmu48VXcuFDEpa58G9N2kNr6Q+DnO+dwcn4nEFyBZX0bC4tLyyurqbX0+sbm1ra5s1tRfigpK1Nf+LLmEMUE91gZOAhWCyQjriNY1RkURvXqPZOK+14JhgFruqTn8S6nBDRqm1bjlvdc0opqd3E7gmP7wbqAGF/iX16b4oVWqW1mrKw1Fp43dmIyKFGxbX42Oj4NXeYBFUSpum0F0IyIBE4Fi9ONULGA0AHpsbq2HnGZakbjy2J8qEkHd32pnwd4TKcnIuIqNXQd3ekS6KvZ2gj+V6uH0D1vRtwLQmAenSzqhgKDj0cx4Q6XjIIYakOo5PqvmPaJJBR0mGkdgj178rypnGTt02zuJpfJXyVxpNA+OkBHyEZnKI+uURGVEUWP6Bm9ojfjyXgx3o2PSeuCkczsoT8yvn4ABfOfsA==</latexit>

⌃XZ
t+1|0:t = ⌃XX

t+1|0:tC
T

<latexit sha1_base64="Hg87iWe714R1FhJtaFlNx0Scweg=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiBEhDAjQUUQgrl4jJhlMJmEnk4nadKz0F0jhDE/4sVf8eJBEQ9exL+xswgx+qDg8V4VVfXcUHAFpvllJBYWl5ZXkquptfWNza309k5VBZGkrEIDEUjbJYoJ7rMKcBDMDiUjnitYze0XR37tjknFA78Mg5A5Hun6vMMpAS210vnGDe96pBnf2sNWDEfWvXkOQ3yBsz+GPWsUm+XDZrmVzpg5cwz8l1hTkkFTlFrpj0Y7oJHHfKCCKFW3zBCcmEjgVLBhqhEpFhLaJ11W19QnHlNOPP5uiA+00sadQOryAY/V2YmYeEoNPFd3egR6at4bif959Qg6Z07M/TAC5tPJok4kMAR4FBVuc8koiIEmhEqub8W0RyShoANN6RCs+Zf/kupxzjrJ5a/zmcLlNI4k2kP7KIssdIoK6AqVUAVR9ICe0At6NR6NZ+PNeJ+0JozpzC76BePzG2S+oNs=</latexit>

⌃ZX
t+1|0:t = (⌃XX

t+1|0:tC
T )T

<latexit sha1_base64="XeT1Zwzrudm3cLvkPNA05YUbQ70=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AIglASKSqeil48VrRtoI1hs922S3eTsDsRSgz4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg5kyBbX8bhYXFpeWV4mppbX1jc8vc3mmqKJGENkjEI+kGWFHOQtoABpy6saRYBJy2guHV2G89UKlYFN7BKKaewP2Q9RjBoCXf3Ovcsr7A96nrZn4Kx86jfQGZb5btij2BNU+cnJRRjrpvfnW6EUkEDYFwrFTbsWPwUiyBEU6zUidRNMZkiPu0rWmIBVVeOjk/sw610rV6kdQVgjVRf0+kWCg1EoHuFBgGatYbi/957QR6517KwjgBGpLpol7CLYiscRZWl0lKgI80wUQyfatFBlhiAjqxkg7BmX15njRPKs5ppXpTLdcu8ziKaB8doCPkoDNUQ9eojhqIoBQ9o1f0ZjwZL8a78TFtLRj5zC76A+PzB70rlVo=</latexit>

⌃XX
t+1|0:t

<latexit sha1_base64="UpSif31EzzPJWAogm6v9Z9c0WQQ=">AAAB+HicbVBNS8NAEN34WetHox69BIsgCCWRouKp6MVjBfsBbQyb7aZdupuE3Vmhxv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U+C639bS8srq2npho7i5tb1Tsnf3mirRktAGSXgi2yFWlLOYNoABp+1UUixCTlvh8Hritx6oVCyJ72CUUl/gfswiRjAYKbBLXaHv20EGJ96TewnjwC67FXcKZ5F4OSmjHPXA/ur2EqIFjYFwrFTHc1PwMyyBEU7Hxa5WNMVkiPu0Y2iMBVV+Nj187BwZpedEiTQVgzNVf09kWCg1EqHpFBgGat6biP95HQ3RhZ+xONVAYzJbFGnuQOJMUnB6TFICfGQIJpKZWx0ywBITMFkVTQje/MuLpHla8c4q1dtquXaVx1FAB+gQHSMPnaMaukF11EAEafSMXtGb9Wi9WO/Wx6x1ycpn9tEfWJ8/HWSSvw==</latexit>

µX
t+1|0:t

Now we just condition on Zt+1 = zt+1
<latexit sha1_base64="eKbXxh/n3UZXb+Jtgm7hpWl/5sc="></latexit>

=N (µX + ��1
XX�XY (y0 � µY ),�

�1
XX)

=N (µX + ⌃XY ⌃
�1
Y Y (y0 � µY ),⌃XX � ⌃XY ⌃

�1
Y Y ⌃Y X)

<latexit sha1_base64="CEuTexEULnNw5585rPgRiVR3+K0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/pF1KNs22odlsSLLCUvs3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvEBypo3rfju5ldW19Y38ZmFre2d3r7h/0NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1M/dYjVZrF4t6kkvoRHggWMoKNlbqy3H56QFco7bmnvWLJrbgzoGXiZaQEGeq94le3H5MkosIQjrXueK40/hgrwwink0I30VRiMsID2rFU4Ihqfzy7eYJOrNJHYaxsCYNm6u+JMY60TqPAdkbYDPWiNxX/8zqJCS/9MRMyMVSQ+aIw4cjEaBoA6jNFieGpJZgoZm9FZIgVJsbGVLAheIsvL5PmWcU7r1TvqqXadRZHHo7gGMrgwQXU4Bbq0AACEp7hFd6cxHlx3p2PeWvOyWYO4Q+czx8Yx5Bu</latexit>

p(X|Y = y0)

<latexit sha1_base64="LKSZ9aRaRJL+K0nM+d46fk7ajmE="></latexit>

= N (µt+1|0:t + ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1(zt+1 � Cµt+1|0:t),

⌃t+1|0:t � ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1C⌃t+1|0:t)

Remember

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

<latexit sha1_base64="LKSZ9aRaRJL+K0nM+d46fk7ajmE="></latexit>

= N (µt+1|0:t + ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1(zt+1 � Cµt+1|0:t),

⌃t+1|0:t � ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1C⌃t+1|0:t)

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t
<latexit sha1_base64="WXYsJIJz+eYAo71yI5YhplyYINA=">AAACCnicbVDLSsNAFJ3UV62vqks3o0WoICWRoi6LblxJFfuAJoTJZNIOnTyYuRFK6NqNv+LGhSJu/QJ3/o3TNgutHrhwOOde7r3HSwRXYJpfRmFhcWl5pbhaWlvf2Nwqb++0VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vGGlxO/c8+k4nF0B6OEOSHpRzzglICW3PK+7TMBxAVsKx5iOyQwoERk1+OqeYxvXThyyxWzZk6B/xIrJxWUo+mWP20/pmnIIqCCKNWzzAScjEjgVLBxyU4VSwgdkj7raRqRkCknm74yxoda8XEQS10R4Kn6cyIjoVKj0NOdk1PVvDcR//N6KQTnTsajJAUW0dmiIBUYYjzJBftcMgpipAmhkutbMR0QSSjo9Eo6BGv+5b+kfVKzTmv1m3qlcZHHUUR76ABVkYXOUANdoSZqIYoe0BN6Qa/Go/FsvBnvs9aCkc/sol8wPr4BkvWZig==</latexit>

�t ⇠ N (0, Rt)
<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

<latexit sha1_base64="CyAa6PXoVOewWH2J3gFys9An1HQ=">AAACGHicbVDLTgIxFO3gC/GFunTTSEwgGpwxRN2YENm4MmjkkQCZdEqBhs4j7R0jjnyGG3/FjQuNccvOv7HALBQ8SdOTc+7Nvfc4geAKTPPbSCwsLi2vJFdTa+sbm1vp7Z2q8kNJWYX6wpd1hygmuMcqwEGweiAZcR3Bak6/NPZr90wq7nt3MAhYyyVdj3c4JaAlO30cZB/tCA6t4dPD9M/hC9x0CfQoEdH1MFuK9SN8a0POTmfMvDkBnidWTDIoRtlOj5ptn4Yu84AKolTDMgNoRUQCp4INU81QsYDQPumyhqYecZlqRZPDhvhAK23c8aV+HuCJ+rsjIq5SA9fRleON1aw3Fv/zGiF0zlsR94IQmEengzqhwODjcUq4zSWjIAaaECq53hXTHpGEgs4ypUOwZk+eJ9WTvHWaL9wUMsXLOI4k2kP7KIssdIaK6AqVUQVR9Ixe0Tv6MF6MN+PT+JqWJoy4Zxf9gTH6AT5QnqQ=</latexit>

p(zt+1|xt+1) = N (Cxt+1, Rt)

Kalman Gain

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)



Linear Gaussian Systems: Observations

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

Previous belief

Updated belief

<latexit sha1_base64="9x40Vcc/OAZWGcLElwb86T1BaCk="></latexit>

p(xt+1|z0:t, u0:t) = N (µt+1|0:t,⌃t+1|0:t) Computed from dynamics step

Intuition: Correct the update linearly according to measurement error from expectation, 
shrink uncertainty accordingly



Unpacking the Kalman Gain

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

Previous belief

Updated belief

<latexit sha1_base64="9x40Vcc/OAZWGcLElwb86T1BaCk="></latexit>

p(xt+1|z0:t, u0:t) = N (µt+1|0:t,⌃t+1|0:t) Computed from dynamics step

For the sake of simplicity, let’s say C = I
in                       

<latexit sha1_base64="z/KM9sTDPuD2gkecMfuGQ3KuKGY=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIQqHMSLEiCEU3gpt66QXaMmTSTBuauZCcEco4j+LGV3HjQhHd6dOYtrPQ1h8CP985h5PzO6HgCkzzy8gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLYcoJrjP6sBBsFYoGfEcwZrO8GJcb94zqXjg38EoZF2P9H3uckpAIztfubJjKFoJPsMdVxIad2553yMT+GCeQpLMEVzEN4mdL5glcyI8b6zUFFCqmp3/7PQCGnnMByqIUm3LDKEbEwmcCpbkOpFiIaFD0mdtbX3iMdWNJwcm+ECTHnYDqZ8PeEJ/T8TEU2rkObrTIzBQs7Ux/K/WjsA96cbcDyNgPp0uciOBIcDjtHCPS0ZBjLQhVHL9V0wHROcEOtOcDsGaPXneNI5K1nGpfF0uVM/TOLJoD+2jQ2ShCqqiS1RDdUTRI3pGr+jNeDJejHfjY9qaMdKZXfRHxvcPpE2iCg==</latexit>

Kt+1 =
⌃t+1|0:t

⌃t+1|0:t +R

<latexit sha1_base64="BPxocy7HpLuFcEZFIAnlIvYj9lU=">AAACJXicbVDLSsNAFJ34rPUVdelmsAiKWBIRFVEodiO4qY+q0MYymU7bwZkkzNwIJeZn3PgrblxYRHDlrziNWfg6cOHMOfcy9x4/ElyD47xbI6Nj4xOThani9Mzs3Ly9sHipw1hRVqehCNW1TzQTPGB14CDYdaQYkb5gV/5tdehf3TGleRhcQD9iniTdgHc4JWCkln1w0kpgw03xIW6e864k2fPe2Ye0enOxVv1HxBv4bP0m2XTTll1yyk4G/Je4OSmhHLWWPWi2QxpLFgAVROuG60TgJUQBp4KlxWasWUToLemyhqEBkUx7SXZlileN0sadUJkKAGfq94mESK370jedkkBP//aG4n9eI4bOnpfwIIqBBfTro04sMIR4GBluc8UoiL4hhCpudsW0RxShYIItmhDc3yf/JZdbZXenvH26Xaoc5XEU0DJaQWvIRbuogo5RDdURRQ/oCb2ggfVoPVuv1ttX64iVzyyhH7A+PgEPzKKG</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +R)�1

Case 1: Very noisy sensor, R>>Σ

Case 2: Deterministic sensor, R = 0

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t



Intuition Behind Correction Step

Previous belief

New Measurement

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

For the sake of simplicity, let’s say C = I

<latexit sha1_base64="z/KM9sTDPuD2gkecMfuGQ3KuKGY=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIQqHMSLEiCEU3gpt66QXaMmTSTBuauZCcEco4j+LGV3HjQhHd6dOYtrPQ1h8CP985h5PzO6HgCkzzy8gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLYcoJrjP6sBBsFYoGfEcwZrO8GJcb94zqXjg38EoZF2P9H3uckpAIztfubJjKFoJPsMdVxIad2553yMT+GCeQpLMEVzEN4mdL5glcyI8b6zUFFCqmp3/7PQCGnnMByqIUm3LDKEbEwmcCpbkOpFiIaFD0mdtbX3iMdWNJwcm+ECTHnYDqZ8PeEJ/T8TEU2rkObrTIzBQs7Ux/K/WjsA96cbcDyNgPp0uciOBIcDjtHCPS0ZBjLQhVHL9V0wHROcEOtOcDsGaPXneNI5K1nGpfF0uVM/TOLJoD+2jQ2ShCqqiS1RDdUTRI3pGr+jNeDJejHfjY9qaMdKZXfRHxvcPpE2iCg==</latexit>

Kt+1 =
⌃t+1|0:t

⌃t+1|0:t +R

<latexit sha1_base64="eXygSq4ABWaOsFrap++i0tn38mQ="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � µt+1|0:t), (I �Kt+1)⌃t+1|0:t)

Corrects belief based on measurement
à Average between mean and measurement based on K 
à Scale down uncertainty based on K



Kalman Filter Pseudocode 
1. def Kalman_filter(              ):
2. Prediction: 

3. Correction:

4. Return ,

<latexit sha1_base64="cpvHwNFbWxjLQWMVpOEsYCqqz88=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqHgKevEYwTwgWcLsZDYZMo9lplcIaz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34PvfXmFldW19o7hZ2tre2d0r7x80rU4NZQ2qhTbtiFgmuGIN4CBYOzGMyEiwVjS6nfqtR2Ys1+oBxgkLJRkoHnNKwEmdrkx7GTz51zDplSt+1Z8BL5MgJxWUo94rf3X7mqaSKaCCWNsJ/ATCjBjgVLBJqZtalhA6IgPWcVQRyWyYzU6e4BOn9HGsjSsFeKb+nsiItHYsI9cpCQztojcV//M6KcRXYcZVkgJTdL4oTgUGjaf/4z43jIIYO0Ko4e5WTIfEEAoupZILIVh8eZk0z6rBRfX8/rxSu8njKKIjdIxOUYAuUQ3doTpqIIo0ekav6M0D78V79z7mrQUvnzlEf+B9/gBhSZFU</latexit>µt|0:t
<latexit sha1_base64="dAGT7L24xkTsIw35uuN+Ps160t8=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUfFU9OKxov2Adi3ZNNuGJtklmVXK2v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBbHgBlz328ktLa+sruXXCxubW9s7xd29hokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwvJr4zQemDY/UHYxi5kvSVzzklICV7ju3vC9JN4Un9wLG3WLJLbtT4EXiZaSEMtS6xa9OL6KJZAqoIMa0PTcGPyUaOBVsXOgkhsWEDkmftS1VRDLjp9Orx/jIKj0cRtqWAjxVf0+kRBozkoHtlAQGZt6biP957QTCcz/lKk6AKTpbFCYCQ4QnEeAe14yCGFlCqOb2VkwHRBMKNqiCDcGbf3mRNE7K3mm5clMpVS+zOPLoAB2iY+ShM1RF16iG6ogijZ7RK3pzHp0X5935mLXmnGxmH/2B8/kDd/KSgQ==</latexit>

⌃t|0:t
<latexit sha1_base64="MFv+Z/qzWUP3SIGZg8kgXwky4DA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7SP/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjek=</latexit>ut, , ,

<latexit sha1_base64="seAk/to6tDCkHqENfEeLrCoEa+o=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIhTIjRUUQat24rGAf0A5DJs20oZkHyR2hjP0AN/6KGxeKuPUD3Pk3pp1ZaOuBwMk555Lc40aCKzDNbyO3tLyyupZfL2xsbm3vFHf3WiqMJWVNGopQdlyimOABawIHwTqRZMR3BWu7o+up375nUvEwuINxxGyfDALucUpAS06x1PNjJ4Gy9WBewARf4qtUSK9lXI8d0CmzYs6AF4mVkRLK0HCKX71+SGOfBUAFUaprmRHYCZHAqWCTQi9WLCJ0RAasq2lAfKbsZLbMBB9ppY+9UOoTAJ6pvycS4is19l2d9AkM1bw3Ff/zujF453bCgygGFtD0IS8WGEI8bQb3uWQUxFgTQiXXf8V0SCShoPsr6BKs+ZUXSeukYp1WqrfVUq2e1ZFHB+gQHSMLnaEaukEN1EQUPaJn9IrejCfjxXg3PtJozshm9tEfGJ8/VXCZ5w==</latexit>

µt+1|0:t = Aµt|0:t +But
<latexit sha1_base64="fBoiU6ztLmu/OjdvqNEWIYCOPdY=">AAACFHicbZDLSgMxFIYzXmu9VV26CRZBKJQZKSqC0OrGZYu9QTsOmTTThmYuJGeEMvYh3Pgqblwo4taFO9/G9IJo6w+Bn++cw8n53UhwBab5ZSwsLi2vrKbW0usbm1vbmZ3dugpjSVmNhiKUTZcoJnjAasBBsGYkGfFdwRpu/2pUb9wxqXgYVGEQMdsn3YB7nBLQyMnk2je86xMngZx1b57DEF/g0g8bk9JtFedwxQEnkzXz5lh43lhTk0VTlZ3MZ7sT0thnAVBBlGpZZgR2QiRwKtgw3Y4Viwjtky5raRsQnyk7GR81xIeadLAXSv0CwGP6eyIhvlID39WdPoGemq2N4H+1VgzemZ3wIIqBBXSyyIsFhhCPEsIdLhkFMdCGUMn1XzHtEUko6BzTOgRr9uR5Uz/OWyf5QqWQLV5O40ihfXSAjpCFTlERXaMyqiGKHtATekGvxqPxbLwZ75PWBWM6s4f+yPj4BvajnOI=</latexit>

⌃t+1|0:t = A⌃t|0:tA
T +Qt

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

<latexit sha1_base64="Im0LnUKcIkxxvcWDQYEDspcV8jY=">AAACLHicbVDLSgMxFM3UV62vUZdugkWoFMuMFBVBKHYjuKlgH9AOQyZN29DMgyQj1HE+yI2/IogLi7j1O0yns+jDA0lOzrmX5B4nYFRIwxhrmZXVtfWN7GZua3tnd0/fP2gIP+SY1LHPfN5ykCCMeqQuqWSkFXCCXIeRpjOsTvzmE+GC+t6jHAXEclHfoz2KkVSSrVc7bmhHsmi+GNdqj+ENnFViWIT3yS0uPE9PeAbnmuJTW88bJSMBXCZmSvIgRc3WPzpdH4cu8SRmSIi2aQTSihCXFDMS5zqhIAHCQ9QnbUU95BJhRcmwMTxRShf2fK6WJ2GiznZEyBVi5Dqq0kVyIBa9ifif1w5l78qKqBeEknh4+lAvZFD6cJIc7FJOsGQjRRDmVP0V4gHiCEuVb06FYC6OvEwa5yXzolR+KOcrt2kcWXAEjkEBmOASVMAdqIE6wOAVvIMvMNbetE/tW/uZlma0tOcQzEH7/QPLJqTn</latexit>

µt+1|0:t+1 = µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t)
<latexit sha1_base64="D/j8nAVppQKPETGj3b1qvtrunXU=">AAACHHicbVBLSwMxGMz6rPW16tFLsAgVsexqURGEYi+Kl4r2Ae2yZNNsG5p9kGSFsu4P8eJf8eJBES8eBP+N6XYP2jqQMMzMR/KNEzIqpGF8azOzc/MLi7ml/PLK6tq6vrHZEEHEManjgAW85SBBGPVJXVLJSCvkBHkOI01nUB35zXvCBQ38OzkMieWhnk9dipFUkq0fdW5pz0N2LPfNB+NM3Qk8h8UreACvUzGp7k1EElsvGCUjBZwmZkYKIEPN1j873QBHHvElZkiItmmE0ooRlxQzkuQ7kSAhwgPUI21FfeQRYcXpcgncVUoXugFXx5cwVX9PxMgTYug5Kukh2ReT3kj8z2tH0j21YuqHkSQ+Hj/kRgzKAI6agl3KCZZsqAjCnKq/QtxHHGGp+syrEszJladJ47BkHpfKN+VC5SKrIwe2wQ4oAhOcgAq4BDVQBxg8gmfwCt60J+1Fe9c+xtEZLZvZAn+gff0ACgee4w==</latexit>

⌃t+1|0:t+1 = (I �Kt+1C)⌃t+1|0:t

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

<latexit sha1_base64="Wt+6uyosd9Fogn1+CgxjqPWvvt4=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCIJQZKSquim5cVrAPaIchk2ba0CQz5CHUsV/ixoUibv0Ud/6NaTsLbT1wL4dz7iU3J0oZVdrzvp3Cyura+kZxs7S1vbNbdvf2WyoxEpMmTlgiOxFShFFBmppqRjqpJIhHjLSj0c3Ubz8QqWgi7vU4JQFHA0FjipG2UuiWe9yEmT71n7wr2yehW/Gq3gxwmfg5qYAcjdD96vUTbDgRGjOkVNf3Uh1kSGqKGZmUekaRFOERGpCupQJxooJsdvgEHlulD+NE2hIaztTfGxniSo15ZCc50kO16E3F/7yu0fFlkFGRGk0Enj8UGwZ1AqcpwD6VBGs2tgRhSe2tEA+RRFjbrEo2BH/xy8ukdVb1z6u1u1qlfp3HUQSH4AicAB9cgDq4BQ3QBBgY8AxewZvz6Lw4787HfLTg5DsH4A+czx+UApJl</latexit>µt+1|0:t+1
<latexit sha1_base64="tTnYV3NySpbRF1FNPhXb8y/4rGI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQkmkqLgqunFZ0T6gDWEynbZDZ5IwMxFLzK+4caGIW3/EnX/jtM1CWw/cy+Gce5k7J4g5U9pxvq2l5ZXVtfXCRnFza3tn194rNVWUSEIbJOKRbAdYUc5C2tBMc9qOJcUi4LQVjK4nfuuBSsWi8F6PY+oJPAhZnxGsjeTbpe4dGwjsp/rEfXIuTc98u+xUnCnQInFzUoYcdd/+6vYikggaasKxUh3XibWXYqkZ4TQrdhNFY0xGeEA7hoZYUOWl09szdGSUHupH0lSo0VT9vZFiodRYBGZSYD1U895E/M/rJLp/4aUsjBNNQzJ7qJ9wpCM0CQL1mKRE87EhmEhmbkVkiCUm2sRVNCG4819eJM3TintWqd5Wy7WrPI4CHMAhHIML51CDG6hDAwg8wjO8wpuVWS/Wu/UxG12y8p19+APr8wevXJOS</latexit>

⌃t+1|0:t+1

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t

Reminder of the model



Kalman Filter Algorithm 
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)



Kalman Filter in Action

TODO



Kalman Filter Summary

n Highly efficient: Polynomial in measurement 
dimensionality k and state dimensionality n: 

O(k2.376 + n2)

n Optimal for linear Gaussian systems!

n Most robotics systems are nonlinear! à next time

Matrix Inversion (Correction)

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

Matrix Multiplication (Prediction)

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)



Why should we care in 2023?

Still a very widely used technique for estimation/localization/mapping in real problems



Why should we care in 2023?



Lecture Outline

Extended Kalman Filter

Kalman Filtering

Unscented Kalman Filter



Realistic Robotic Systems

n Most realistic robotic problems involve nonlinear functions

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t



Nonlinear Dynamic Systems

n Most realistic robotic problems involve nonlinear functions
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t
<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base 64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

Non-linear system

Additive Gaussian noise

More reasonable assumption than linear Gaussian. More on non-Gaussian systems next time



How do we deal with non-linearity?

n Differentiable non-linear functions can be 
expressed via their Taylor expansion 

<latexit sha1_base64="qRFGFCeBlRrzR01RQZYWHbzolKk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZph+ekUXfWKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQkv/ZSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFO69U76ql2nUWRx6O4BjK4MEF1OAW6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AEikjks=</latexit>

f(x) =

<latexit sha1_base64="yUj0sJteoWj6GeFZxzpQVG9TgAQ=">AAACEnicbVC7TgJBFJ3FF+Jr1dJmlBghRrJriFoSbSwxkUcChNwdZmHC7CMzsway2W+w8VdsLDTG1srOv3GALRQ8yU3OnHNv5t7jhJxJZVnfRmZpeWV1Lbue29jc2t4xd/fqMogEoTUS8EA0HZCUM5/WFFOcNkNBwXM4bTjDm4nfeKBCssC/V+OQdjzo+8xlBJSWumbRLYyKuA1hKIIRdgtQxKe47QogsXuiX0lsHyaF0RkUu2beKllT4EVipySPUlS75le7F5DIo74iHKRs2VaoOjEIxQinSa4dSRoCGUKftjT1waOyE09PSvCxVnrYDYQuX+Gp+nsiBk/KsefoTg/UQM57E/E/rxUp96oTMz+MFPXJ7CM34lgFeJIP7jFBieJjTYAIpnfFZAA6D6VTzOkQ7PmTF0n9vGRflMp35XzlOo0jiw7QESogG12iCrpFVVRDBD2iZ/SK3own48V4Nz5mrRkjndlHf2B8/gDDBpsG</latexit>

f(x) ⇡ f(a) +
f 0(a)

1!
(x� a) Dropping higher order terms, when x-a is small enough

Pretend that your function is linear in this neighborhood 
à Reapprox in a new neighborhood

Linear function in x



n Idea behind EKF: Linearize the dynamics and measurement 
around current μt

n Dynamics Model (linearize around previous belief):

n Measurement Model (linearize around post dynamics belief):

EKF Linearization: First Order Taylor Series Expansion

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="X36YrY29KKBICZbQgmPiQ0EoQl8=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoaMuMFHUjFF3osoJ9QDsMmTTThmYeJHfEUvoVbvwVNy4UcSvu/BvTaRfaeiDhcM65JPd4seAKLOvbyCwsLi2vZFdza+sbm1vm9k5dRYmkrEYjEcmmRxQTPGQ14CBYM5aMBJ5gDa9/NfYb90wqHoV3MIiZE5BuyH1OCWjJNYsXuFtoB4kLx1hfh/gIXxceXMBFnKpjoc1ixYVOg2vmrZKVAs8Te0ryaIqqa361OxFNAhYCFUSplm3F4AyJBE4FG+XaiWIxoX3SZS1NQxIw5QzTtUb4QCsd7EdSnxBwqv6eGJJAqUHg6WRAoKdmvbH4n9dKwD93hjyME2AhnTzkJwJDhMcd4Q6XjIIYaEKo5PqvmPaIJBR0kzldgj278jypn5Ts01L5tpyvXE7ryKI9tI8KyEZnqIJuUBXVEEWP6Bm9ojfjyXgx3o2PSTRjTGd20R8Ynz+TDJyQ</latexit>

= g(µt, ut) +G(xt � µt) + ✏t

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t
<latexit sha1_base64="xu0+4AyVNuArwz3hISSJNzcL3Hk=">AAACIXicbVDJSgNBEO1xjXGLevTSGISIGGYkaI5BLzlGMAtkwlDT6SSNPQvdNZIw5Fe8+CtePCiSm/gzdpaDRh8UPN6roqqeH0uh0bY/rZXVtfWNzcxWdntnd28/d3DY0FGiGK+zSEaq5YPmUoS8jgIlb8WKQ+BL3vQfbqd+85ErLaLwHkcx7wTQD0VPMEAjebmyC3GsoiEdFFwfVOoGydjDM3pOq4Whh/SCLslul0sED71c3i7aM9C/xFmQPFmg5uUmbjdiScBDZBK0bjt2jJ0UFAom+TjrJprHwB6gz9uGhhBw3UlnH47pqVG6tBcpUyHSmfpzIoVA61Hgm84AcKCXvan4n9dOsFfupCKME+Qhmy/qJZJiRKdx0a5QnKEcGQJMCXMrZQNQwNCEmjUhOMsv/yWNy6JzVSzdlfKVm0UcGXJMTkiBOOSaVEiV1EidMPJEXsgbebeerVfrw5rMW1esxcwR+QXr6xspDKJH</latexit>

⇡ h(µ̄t) +H(xt � µ̄t) + �t

Now everything is linear à back to Kalman filtering!



Modified System under EKF Linearization
n Start by linearizing dynamics model under current belief

n Dynamics Model (linearize around previous belief):

n Perform dynamics update

n Linearize measurement around post dynamics belief

n Perform measurement update

n Repeat

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t
<latexit sha1_base64="xu0+4AyVNuArwz3hISSJNzcL3Hk=">AAACIXicbVDJSgNBEO1xjXGLevTSGISIGGYkaI5BLzlGMAtkwlDT6SSNPQvdNZIw5Fe8+CtePCiSm/gzdpaDRh8UPN6roqqeH0uh0bY/rZXVtfWNzcxWdntnd28/d3DY0FGiGK+zSEaq5YPmUoS8jgIlb8WKQ+BL3vQfbqd+85ErLaLwHkcx7wTQD0VPMEAjebmyC3GsoiEdFFwfVOoGydjDM3pOq4Whh/SCLslul0sED71c3i7aM9C/xFmQPFmg5uUmbjdiScBDZBK0bjt2jJ0UFAom+TjrJprHwB6gz9uGhhBw3UlnH47pqVG6tBcpUyHSmfpzIoVA61Hgm84AcKCXvan4n9dOsFfupCKME+Qhmy/qJZJiRKdx0a5QnKEcGQJMCXMrZQNQwNCEmjUhOMsv/yWNy6JzVSzdlfKVm0UcGXJMTkiBOOSaVEiV1EidMPJEXsgbebeerVfrw5rMW1esxcwR+QXr6xspDKJH</latexit>

⇡ h(µ̄t) +H(xt � µ̄t) + �t



Linearity Assumption Revisited



Non-linear Function



EKF Linearization (1)



EKF Linearization (2) 



EKF Linearization (3)



EKF Dynamics Step

n Linearize dynamics around current mean belief

n Run standard Kalman filter with A = G and Bu = 

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="X36YrY29KKBICZbQgmPiQ0EoQl8=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoaMuMFHUjFF3osoJ9QDsMmTTThmYeJHfEUvoVbvwVNy4UcSvu/BvTaRfaeiDhcM65JPd4seAKLOvbyCwsLi2vZFdza+sbm1vm9k5dRYmkrEYjEcmmRxQTPGQ14CBYM5aMBJ5gDa9/NfYb90wqHoV3MIiZE5BuyH1OCWjJNYsXuFtoB4kLx1hfh/gIXxceXMBFnKpjoc1ixYVOg2vmrZKVAs8Te0ryaIqqa361OxFNAhYCFUSplm3F4AyJBE4FG+XaiWIxoX3SZS1NQxIw5QzTtUb4QCsd7EdSnxBwqv6eGJJAqUHg6WRAoKdmvbH4n9dKwD93hjyME2AhnTzkJwJDhMcd4Q6XjIIYaEKo5PqvmPaIJBR0kzldgj278jypn5Ts01L5tpyvXE7ryKI9tI8KyEZnqIJuUBXVEEWP6Bm9ojfjyXgx3o2PSTRjTGd20R8Ynz+TDJyQ</latexit>

= g(µt, ut) +G(xt � µt) + ✏t

<latexit sha1_base64="o0DOTja//3HNI4nzelnzGkxl+QI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQQcqMFHVZdOOygn1AO5RMmmlDk8yYZApl6He4caGIWz/GnX9j2s5CWw/cy+Gce8nNCWLOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo7uZ3xpTpVkkH80kpr7AA8lCRrCxkj8od0XSMxfItvNeseRW3DnQKvEyUoIM9V7xq9uPSCKoNIRjrTueGxs/xcowwum00E00jTEZ4QHtWCqxoNpP50dP0ZlV+iiMlC1p0Fz9vZFiofVEBHZSYDPUy95M/M/rJCa88VMm48RQSRYPhQlHJkKzBFCfKUoMn1iCiWL2VkSGWGFibE4FG4K3/OVV0ryseFeV6kO1VLvN4sjDCZxCGTy4hhrcQx0aQOAJnuEV3pyx8+K8Ox+L0ZyT7RzDHzifP6bGkWI=</latexit>

g(µt, ut)

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)

Standard Kalman filter

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)

Extended Kalman filter

<latexit sha1_base64="1TfCcFgUv53o0NYmOxHnH6LoPGo="></latexit>

⇠ N (g(µt, ut), G⌃t|0:tG
T +Qt)



EKF Measurement Step

n Linearize measurement around post dynamics belief:

n Run standard Kalman filter with C = H

<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t
<latexit sha1_base64="xu0+4AyVNuArwz3hISSJNzcL3Hk=">AAACIXicbVDJSgNBEO1xjXGLevTSGISIGGYkaI5BLzlGMAtkwlDT6SSNPQvdNZIw5Fe8+CtePCiSm/gzdpaDRh8UPN6roqqeH0uh0bY/rZXVtfWNzcxWdntnd28/d3DY0FGiGK+zSEaq5YPmUoS8jgIlb8WKQ+BL3vQfbqd+85ErLaLwHkcx7wTQD0VPMEAjebmyC3GsoiEdFFwfVOoGydjDM3pOq4Whh/SCLslul0sED71c3i7aM9C/xFmQPFmg5uUmbjdiScBDZBK0bjt2jJ0UFAom+TjrJprHwB6gz9uGhhBw3UlnH47pqVG6tBcpUyHSmfpzIoVA61Hgm84AcKCXvan4n9dOsFfupCKME+Qhmy/qJZJiRKdx0a5QnKEcGQJMCXMrZQNQwNCEmjUhOMsv/yWNy6JzVSzdlfKVm0UcGXJMTkiBOOSaVEiV1EidMPJEXsgbebeerVfrw5rMW1esxcwR+QXr6xspDKJH</latexit>

⇡ h(µ̄t) +H(xt � µ̄t) + �t

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

<latexit sha1_base64="BPxocy7HpLuFcEZFIAnlIvYj9lU=">AAACJXicbVDLSsNAFJ34rPUVdelmsAiKWBIRFVEodiO4qY+q0MYymU7bwZkkzNwIJeZn3PgrblxYRHDlrziNWfg6cOHMOfcy9x4/ElyD47xbI6Nj4xOThani9Mzs3Ly9sHipw1hRVqehCNW1TzQTPGB14CDYdaQYkb5gV/5tdehf3TGleRhcQD9iniTdgHc4JWCkln1w0kpgw03xIW6e864k2fPe2Ye0enOxVv1HxBv4bP0m2XTTll1yyk4G/Je4OSmhHLWWPWi2QxpLFgAVROuG60TgJUQBp4KlxWasWUToLemyhqEBkUx7SXZlileN0sadUJkKAGfq94mESK370jedkkBP//aG4n9eI4bOnpfwIIqBBfTro04sMIR4GBluc8UoiL4hhCpudsW0RxShYIItmhDc3yf/JZdbZXenvH26Xaoc5XEU0DJaQWvIRbuogo5RDdURRQ/oCb2ggfVoPVuv1ttX64iVzyyhH7A+PgEPzKKG</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +R)�1

<latexit sha1_base64="YZNwuc+Kpjy/ZQ7OnGBKlCSC3HU="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � h(µ̄t), (I �Kt+1H)⌃t+1|0:t)
<latexit sha1_base64="U7tEsl1t1X2JLHlxYbxIWxTu+jk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAiKWBIRFVEouim4qY+q0MYymU7bwZkkzNwIJeZn3PgrblxYRHDlrziNWfg6cOHMOfcy9x4/ElyD47xbI6Nj4xOThani9Mzs3Ly9sHipw1hRVqehCNW1TzQTPGB14CDYdaQYkb5gV/7t8dC/umNK8zC4gH7EPEm6Ae9wSsBILfvgpJXAhpviQ9w8511Jsue9sw9p9eZirfqPiDfw2fpNsummLbvklJ0M+C9xc1JCOWote9BshzSWLAAqiNYN14nAS4gCTgVLi81Ys4jQW9JlDUMDIpn2kuzKFK8apY07oTIVAM7U7xMJkVr3pW86JYGe/u0Nxf+8RgydPS/hQRQDC+jXR51YYAjxMDLc5opREH1DCFXc7IppjyhCwQRbNCG4v0/+Sy63yu5Oeft0u1Q5yuMooGW0gtaQi3ZRBVVRDdURRQ/oCb2ggfVoPVuv1ttX64iVzyyhH7A+PgEn+qKV</latexit>

Kt+1 = ⌃t+1|0:tH
T (H⌃t+1|0:tH

T +R)�1

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

Standard Kalman Filter Extended Kalman Filter



EKF Algorithm 
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z)

Linearize dynamics

Linearize measurement
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t

<latexit sha1_base64="qbVVvbUTrujt6KW9RsN/b/8Qy9k="></latexit>

⇡ h(µ̄t) +
@h(xt)

@xt

�����
xt=µ̄t

(xt � µ̄t) + �t

<latexit sha1_base64="YZNwuc+Kpjy/ZQ7OnGBKlCSC3HU="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � h(µ̄t), (I �Kt+1H)⌃t+1|0:t)
<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

<latexit sha1_base64="LMSZniBrUVM7HjNhPoZ5iXLWPbM="></latexit>

⇡ g(µt, ut) +
@g(xt, ut)

@xt

����
xt=µt

(xt � µt) + ✏t
<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)
<latexit sha1_base64="1TfCcFgUv53o0NYmOxHnH6LoPGo="></latexit>

⇠ N (g(µt, ut), G⌃t|0:tG
T +Qt)



EKF Pseudocode 
1. def Extended_Kalman_filter(              ):
2. Linearize dynamics: 
3. Prediction: 

4. Linear measurement: 
5. Correction: C = H

6. Return ,

<latexit sha1_base64="cpvHwNFbWxjLQWMVpOEsYCqqz88=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqHgKevEYwTwgWcLsZDYZMo9lplcIaz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34PvfXmFldW19o7hZ2tre2d0r7x80rU4NZQ2qhTbtiFgmuGIN4CBYOzGMyEiwVjS6nfqtR2Ys1+oBxgkLJRkoHnNKwEmdrkx7GTz51zDplSt+1Z8BL5MgJxWUo94rf3X7mqaSKaCCWNsJ/ATCjBjgVLBJqZtalhA6IgPWcVQRyWyYzU6e4BOn9HGsjSsFeKb+nsiItHYsI9cpCQztojcV//M6KcRXYcZVkgJTdL4oTgUGjaf/4z43jIIYO0Ko4e5WTIfEEAoupZILIVh8eZk0z6rBRfX8/rxSu8njKKIjdIxOUYAuUQ3doTpqIIo0ekav6M0D78V79z7mrQUvnzlEf+B9/gBhSZFU</latexit>µt|0:t
<latexit sha1_base64="dAGT7L24xkTsIw35uuN+Ps160t8=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUfFU9OKxov2Adi3ZNNuGJtklmVXK2v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBbHgBlz328ktLa+sruXXCxubW9s7xd29hokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwvJr4zQemDY/UHYxi5kvSVzzklICV7ju3vC9JN4Un9wLG3WLJLbtT4EXiZaSEMtS6xa9OL6KJZAqoIMa0PTcGPyUaOBVsXOgkhsWEDkmftS1VRDLjp9Orx/jIKj0cRtqWAjxVf0+kRBozkoHtlAQGZt6biP957QTCcz/lKk6AKTpbFCYCQ4QnEeAe14yCGFlCqOb2VkwHRBMKNqiCDcGbf3mRNE7K3mm5clMpVS+zOPLoAB2iY+ShM1RF16iG6ogijZ7RK3pzHp0X5935mLXmnGxmH/2B8/kDd/KSgQ==</latexit>

⌃t|0:t
<latexit sha1_base64="MFv+Z/qzWUP3SIGZg8kgXwky4DA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7SP/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjek=</latexit>ut, , , <latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

<latexit sha1_base64="Wt+6uyosd9Fogn1+CgxjqPWvvt4=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCIJQZKSquim5cVrAPaIchk2ba0CQz5CHUsV/ixoUibv0Ud/6NaTsLbT1wL4dz7iU3J0oZVdrzvp3Cyura+kZxs7S1vbNbdvf2WyoxEpMmTlgiOxFShFFBmppqRjqpJIhHjLSj0c3Ubz8QqWgi7vU4JQFHA0FjipG2UuiWe9yEmT71n7wr2yehW/Gq3gxwmfg5qYAcjdD96vUTbDgRGjOkVNf3Uh1kSGqKGZmUekaRFOERGpCupQJxooJsdvgEHlulD+NE2hIaztTfGxniSo15ZCc50kO16E3F/7yu0fFlkFGRGk0Enj8UGwZ1AqcpwD6VBGs2tgRhSe2tEA+RRFjbrEo2BH/xy8ukdVb1z6u1u1qlfp3HUQSH4AicAB9cgDq4BQ3QBBgY8AxewZvz6Lw4787HfLTg5DsH4A+czx+UApJl</latexit>µt+1|0:t+1
<latexit sha1_base64="tTnYV3NySpbRF1FNPhXb8y/4rGI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQkmkqLgqunFZ0T6gDWEynbZDZ5IwMxFLzK+4caGIW3/EnX/jtM1CWw/cy+Gce5k7J4g5U9pxvq2l5ZXVtfXCRnFza3tn194rNVWUSEIbJOKRbAdYUc5C2tBMc9qOJcUi4LQVjK4nfuuBSsWi8F6PY+oJPAhZnxGsjeTbpe4dGwjsp/rEfXIuTc98u+xUnCnQInFzUoYcdd/+6vYikggaasKxUh3XibWXYqkZ4TQrdhNFY0xGeEA7hoZYUOWl09szdGSUHupH0lSo0VT9vZFiodRYBGZSYD1U895E/M/rJLp/4aUsjBNNQzJ7qJ9wpCM0CQL1mKRE87EhmEhmbkVkiCUm2sRVNCG4819eJM3TintWqd5Wy7WrPI4CHMAhHIML51CDG6hDAwg8wjO8wpuVWS/Wu/UxG12y8p19+APr8wevXJOS</latexit>

⌃t+1|0:t+1

Reminder of the model

<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t
<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)
<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="LK6ObcZ8Jy/v2hGf3dbZPJpLdiI="></latexit>

G =
@g(xt, ut)

@xt

�����
xt=µt|0:t

<latexit sha1_base64="aV+CHvG5W2D7pryJiCw94ydp018=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUlDIjRUUQim5cVrAPaIchk2ba0MyD5I5Qxn6AG3/FjQtF3PoB7vwb0+kstPVA4OScc0nucSPBFZjmt5FbWFxaXsmvFtbWNza3its7TRXGkrIGDUUo2y5RTPCANYCDYO1IMuK7grXc4fXEb90zqXgY3MEoYrZP+gH3OCWgJadY6vqxk8CR9WBewBhf4n55qqT3Yxw7cKhTZsVMgeeJlZESylB3il/dXkhjnwVABVGqY5kR2AmRwKlg40I3ViwidEj6rKNpQHym7CRdZowPtNLDXij1CQCn6u+JhPhKjXxXJ30CAzXrTcT/vE4M3rmd8CCKgQV0+pAXCwwhnjSDe1wyCmKkCaGS679iOiCSUND9FXQJ1uzK86R5UrFOK9Xbaql2ldWRR3toH5WRhc5QDd2gOmogih7RM3pFb8aT8WK8Gx/TaM7IZnbRHxifP3eAmf0=</latexit>

µt+1|0:t = g(µt|0:t, ut)
<latexit sha1_base64="CURD5JiRvL4H8mIQNdFtdxqsqss=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAISqHMSFERhKKLumyxN2jHIZOmbWjmQnJGKGOfwY2v4saFIm5dufNtTC+Itv4Q+PnOOZyc3w0FV2CaX0ZiYXFpeSW5mlpb39jcSm/v1FQQScqqNBCBbLhEMcF9VgUOgjVCyYjnClZ3+1ejev2OScUDvwKDkNke6fq8wykBjZz0UeuGdz3ixJC17s1zGOILXPxhY1K8reAsLjvpjJkzx8LzxpqaDJqq5KQ/W+2ARh7zgQqiVNMyQ7BjIoFTwYapVqRYSGifdFlTW594TNnx+KQhPtCkjTuB1M8HPKa/J2LiKTXwXN3pEeip2doI/ldrRtA5s2PuhxEwn04WdSKBIcCjfHCbS0ZBDLQhVHL9V0x7RBIKOsWUDsGaPXne1I5z1kkuX85nCpfTOJJoD+2jQ2ShU1RA16iEqoiiB/SEXtCr8Wg8G2/G+6Q1YUxndtEfGR/fYzmcBw==</latexit>

⌃t+1|0:t = G⌃t|0:tG
T +Q

<latexit sha1_base64="3zC9PieQQrhct3XIHpJL0q+IpKE="></latexit>

H =
@h(xt)

@xt

�����
xt=µt+1|0:t

<latexit sha1_base64="wC7D1kQbhRYKuwjNcVQ/zKn1kL8=">AAACInicbZDLSgMxFIYzXmu9VV26CRahUiwzUryBILopuPHS2kI7LZk0rcHMheSMUMZ5Fje+ihsXiroSfBjTcRba+kPgz3fOITm/EwiuwDQ/jYnJqemZ2cxcdn5hcWk5t7J6rfxQUlajvvBlwyGKCe6xGnAQrBFIRlxHsLpzezqs1++YVNz3qjAImO2Svsd7nBLQqJM7OOtEULRifIRbV7zvkuR6bx5CXGlXcaHyiyakiC+32tG2FXdyebNkJsLjxkpNHqU67+TeW12fhi7zgAqiVNMyA7AjIoFTweJsK1QsIPSW9FlTW4+4TNlRsmKMNzXp4p4v9fEAJ/T3RERcpQauoztdAjdqtDaE/9WaIfT27Yh7QQjMoz8P9UKBwcfDvHCXS0ZBDLQhVHL9V0xviCQUdKpZHYI1uvK4ud4pWbul8kU5f3ySxpFB62gDFZCF9tAxqqBzVEMUPaAn9IJejUfj2XgzPn5aJ4x0Zg39kfH1DZsroT0=</latexit>

Kt+1 = ⌃t+1|0:tH
T (H⌃t+1H

T +R)�1
<latexit sha1_base64="4kyAj7c7jyMLr1ejT8Ql2NbrKE4=">AAACLnicbVDLSgMxFM34rPU16tJNsAgtxTIjRUUQiiIIbirYB7TDkEnTNjTzIMkIdZwvcuOv6EJQEbd+hul0Fn14IcnJOeeS3OMEjAppGB/awuLS8spqZi27vrG5ta3v7NaFH3JMathnPm86SBBGPVKTVDLSDDhBrsNIwxlcjfTGA+GC+t69HAbEclHPo12KkVSUrV+33dCOZNF8Ms7VHsMLOMnEsAhvk1ucfxyf8Aj281OeQsHWc0bJSArOAzMFOZBW1dbf2h0fhy7xJGZIiJZpBNKKEJcUMxJn26EgAcID1CMtBT3kEmFFybgxPFRMB3Z9rpYnYcJOdkTIFWLoOsrpItkXs9qI/E9rhbJ7ZkXUC0JJPDx+qBsyKH04yg52KCdYsqECCHOq/gpxH3GEpUo4q0IwZ0eeB/XjknlSKt+Vc5XLNI4M2AcHIA9McAoq4AZUQQ1g8AxewSf40l60d+1b+xlbF7S0Zw9Mlfb7B/QHpXE=</latexit>

µt+1|0:t+1 = µt+1|0:t +Kt+1(zt+1 � h(µt+1|0:t))
<latexit sha1_base64="Ko4727Bqf5SqmuRTpoJID5Ifh7Q=">AAACHHicbVBLSwMxGMz6rPW16tFLsAgVsexqURGEopeKl4r2Ae2yZNNsG5p9kGSFsu4P8eJf8eJBES8eBP+N6XYP2jqQMMzMR/KNEzIqpGF8azOzc/MLi7ml/PLK6tq6vrHZEEHEManjgAW85SBBGPVJXVLJSCvkBHkOI01ncDnym/eECxr4d3IYEstDPZ+6FCOpJFs/6tzSnofsWO6bD8aZuhN4DotX8ABep2JS3ZuIJLZeMEpGCjhNzIwUQIaarX92ugGOPOJLzJAQbdMIpRUjLilmJMl3IkFChAeoR9qK+sgjworT5RK4q5QudAOuji9hqv6eiJEnxNBzVNJDsi8mvZH4n9eOpHtqxdQPI0l8PH7IjRiUARw1BbuUEyzZUBGEOVV/hbiPOMJS9ZlXJZiTK0+TxmHJPC6Vb8qFykVWRw5sgx1QBCY4ARVQBTVQBxg8gmfwCt60J+1Fe9c+xtEZLZvZAn+gff0AEfCe6A==</latexit>

⌃t+1|0:t+1 = (I �Kt+1H)⌃t+1|0:t



Localization

n Given
n Map of the environment.
n Sequence of sensor measurements.

n Wanted
n Estimate of the robot’s position.

n Problem classes
n Position tracking
n Global localization
n Kidnapped robot problem (recovery)

“Using sensory information to locate the robot 
in its environment is the most fundamental 
problem to providing a mobile robot with 
autonomous capabilities.” [Cox ’91]



Landmark-based Localization



Estimation Sequence (1)



Estimation Sequence (2)



Comparison to GroundTruth



EKF Summary

n Highly efficient: Polynomial in measurement 
dimensionality k and state dimensionality n: 

O(k2.376 + n2)

n Not optimal!
n Can diverge if nonlinearities are large!
n Works surprisingly well even when all 

assumptions are violated!



EKF in Action

https://www.youtube.com/watch?v=dEd4cNfmi0s&ab_channel=ThePoorEngineer



EKF in Action

https://www.youtube.com/watch?v=ju27V142D2o&ab_channel=AtsushiSakai



When does the EKF struggle?

n With discontinuous dynamics, the linearization will not be valid

n For very non-linear functions, the first order Taylor approximation is poor

n The EKF can drift over time because of growing linearization errors

n Jacobian may be very expensive to compute and invert



Lecture Outline

Extended Kalman Filter

Kalman Filtering

Unscented Kalman Filter



How can we achieve closer approximations?
n Extended Kalman filters first linearize then send through Gaussian, can be 

quite poor when the dynamics/measurements are quite non-linear



How can we achieve closer approximations?
n Extended Kalman filters first linearize then send through Gaussian, can be 

quite poor when the dynamics/measurements are quite non-linear



How can we achieve closer approximations?

n Idea: Rather than linearizing first and then propagate, propagate through 
non-linear transform and re-estimate Gaussian  

n Ensure that first and second moments (mean and covariance) match as 
closely as possible on re-estimation

Non-linear transform
Sample points

Re-estimate post transform



Linearization via Unscented Transform

EKF UKF



UKF Sigma-Point Estimate (2)

EKF UKF



UKF Sigma-Point Estimate (3)

EKF UKF



How can we achieve closer approximations?
n Idea: Rather than linearizing first and then propagate, propagate through 

non-linear transform and re-estimate Gaussian  

Non-linear transform
Sample points

Re-estimate post transform

n Question 1: What points should we send through non linearity?
n Question 2: How should we restimate the means and covariances?
n Question 3: Why can this be better than the EKF?



Sigma Points

n Question 1: What points should we send through non linearity?
n Choose minimal points (2N + 1 to send through non-linearity to match 1,2 moments of a Gaussian

n What is a matrix square root?

n Why these points à they ensure that the moments match. Not a unique choice!
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<latexit sha1_base64="CfLx1EWMSyWq/KJbS4zKRZcLYy4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIUS9C0YsHDxXtBzSlbLabduluEncnSon9KV48KOLVX+LNf+O2zUFbHww83pthZp4fC67Bcb6t3NLyyupafr2wsbm1vWMXdxs6ShRldRqJSLV8opngIasDB8FasWJE+oI1/eHlxG8+MKV5FN7BKGYdSfohDzglYKSuXbzG59jT9wpS75b3JRl37ZJTdqbAi8TNSAllqHXtL68X0USyEKggWrddJ4ZOShRwKti44CWaxYQOSZ+1DQ2JZLqTTk8f40Oj9HAQKVMh4Kn6eyIlUuuR9E2nJDDQ895E/M9rJxCcdVIexgmwkM4WBYnAEOFJDrjHFaMgRoYQqri5FdMBUYSCSatgQnDnX14kjeOye1Ku3FRK1YssjjzaRwfoCLnoFFXRFaqhOqLoET2jV/RmPVkv1rv1MWvNWdnMHvoD6/MHjgmTkg==</latexit>

L =
p
⌃

<latexit sha1_base64="KohS6flR7GQWS59vGer4MggjP7g=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2likiJgvSM6wt9kkS3b3zt29QDjyO2wsFLH1x9j5b9wkV2jig4HHezPMzAsizrRx3W8ns7K6tr6R3cxtbe/s7uX3D+o6jBWhNRLyUDUDrClnktYMM5w2I0WxCDhtBMPbqd8YUaVZKKtmHFFf4L5kPUawsZJfLj9W0TVqP7C+wJ18wS26M6Bl4qWkACkqnfxXuxuSWFBpCMdatzw3Mn6ClWGE00muHWsaYTLEfdqyVGJBtZ/Mjp6gE6t0US9UtqRBM/X3RIKF1mMR2E6BzUAvelPxP68Vm96VnzAZxYZKMl/UizkyIZomgLpMUWL42BJMFLO3IjLAChNjc8rZELzFl5dJ/azoXRTP788LpZs0jiwcwTGcggeXUII7qEANCDzBM7zCmzNyXpx352PemnHSmUP4A+fzBzOwkRk=</latexit>

LLT = ⌃if



Unscented Transform
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Pass sigma points through nonlinear function

Recover mean and covariance

Re-estimate post transform

n Question 2: How should we re-estimate the means and covariances?



Why do these make sense?
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Filtering with the Unscented Transform
n Given the tool of the unscented transform, let us revisit the nonlinear filter

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)
<latexit sha1_base64="Rh3mNFJV+SQqs6xBGkRhXPkyy+g="></latexit>

Bel(xt) =

Z
p(xt|xt�1, ut�1)Bel(xt�1)dxt�1

Estimate 
<latexit sha1_base64="EmbSwGWJxPlhH1L1foAQf8u1Bzs=">AAACFnicbVDLSgMxFM34tr6qLt0Ei1AXlhkp6kYounGpYG2hHYZMeseGZh4kd8Q69ivc+CtuXCjiVtz5N2baLtR6IHA459wk9/iJFBpt+8uamp6ZnZtfWCwsLa+srhXXN650nCoOdR7LWDV9pkGKCOooUEIzUcBCX0LD753mfuMGlBZxdIn9BNyQXUciEJyhkbzi3gnI8q2Hu/SYtgEZTcp3Ht7nSjs2g/m9mckMhiGvWLIr9hB0kjhjUiJjnHvFz3Yn5mkIEXLJtG45doJuxhQKLmFQaKcaEsZ77BpahkYsBO1mw7UGdMcoHRrEypwI6VD9OZGxUOt+6JtkyLCr/3q5+J/XSjE4cjMRJSlCxEcPBamkGNO8I9oRCjjKviGMK2H+SnmXKcbRNFkwJTh/V54kV/sV56BSvaiWaifjOhbIFtkmZeKQQ1IjZ+Sc1AknD+SJvJBX69F6tt6s91F0yhrPbJJfsD6+AdAcnpQ=</latexit>

Bel(xt) = ⌘p(zt|xt)Bel(xt)
<latexit sha1_base64="Oye+WpwLcNCGV6JJtJGoMbNQazw="></latexit>

Bel(xt) =
p(zt|xt)Bel(xt)P

x0 p(zt|xt = x0)Bel(xt = x0)

<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)
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à Directly use unscented 
transform for dynamics

à Estimate empirical covariance 
matrix with unscented 

transform and do Kalman filter



Unscented KF Dynamics Step
n Sample Sigma points given current belief, send them through non-linear dynamics
n Re-estimate the post-update belief using the unscented transform
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<latexit sha1_base64="KZCAIKh5eQ45fw7FD2szTM8KpGQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIURGEohuXFewDmhgm00k7dPJg5kaosfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLCwuLa8UV0tr6xubW+b2TlPFqaSsQWMRy7ZPFBM8Yg3gIFg7kYyEvmAtf3A19lv3TCoeR7cwTJgbkl7EA04JaMkz9xza53cWvsBOmHoZPFrnMPLMslWxJsDzxM5JGeWoe+aX041pGrIIqCBKdWwrATcjEjgVbFRyUsUSQgekxzqaRiRkys0m14/woVa6OIilrgjwRP09kZFQqWHo686QQF/NemPxP6+TQnDmZjxKUmARnS4KUoEhxuMocJdLRkEMNSFUcn0rpn0iCQUdWEmHYM++PE+axxX7pFK9qZZrl3kcRbSPDtARstEpqqFrVEcNRNEDekav6M14Ml6Md+Nj2low8pld9AfG5w9DH5R6</latexit>

�0 = µt|0:t
<latexit sha1_base64="6pQm2kDRfDFp1GwxUytubG5K1uk="></latexit>

�i = µt|0:t ± (
q
(n+ �)⌃t|0:t)i

<latexit sha1_base64="jV4fIpbWuOMgaAPULeMMboZZrYM=">AAACFXicbVBNSwMxEM36bf1a9eglWARBKbsiKkKh6MWjgq2Fbrtk01RDk+ySzCpl3T/hxb/ixYMiXgVv/hvTj4NaHww83pthZl6UCG7A876cicmp6ZnZufnCwuLS8oq7ulYzcaopq9JYxLoeEcMEV6wKHASrJ5oRGQl2FXVP+/7VLdOGx+oSeglrSnKteIdTAlYK3d1ApmEGO/69dww5LuPApDLMeNnLW9meyvFdKFscB4nhLR66Ra/kDYDHiT8iRTTCeeh+Bu2YppIpoIIY0/C9BJoZ0cCpYHkhSA1LCO2Sa9awVBHJTDMbfJXjLau0cSfWthTggfpzIiPSmJ6MbKckcGP+en3xP6+RQueomXGVpMAUHS7qpAJDjPsR4TbXjILoWUKo5vZWTG+IJhRskAUbgv/35XFS2yv5B6X9i/1i5WQUxxzaQJtoG/noEFXQGTpHVUTRA3pCL+jVeXSenTfnfdg64Yxm1tEvOB/fJNSeNQ==</latexit>

µt+1|0:t =
2nX

i=0

wi
m 

i

Pass sigma points through nonlinear function

<latexit sha1_base64="NdZB1C3m/+hf11gmnTU3zNyQ2Tw="></latexit>

⌃t+1|0:t =
2nX

i=0

wi
c( 

i � µt+1|0:t)( 
i � µt+1|0:t)

T

<latexit sha1_base64="kFR7SeVCM5fYJHyiDIFzAyn8KAY=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIlSQkkhRN0LRjcsK9gJNDJPppB06uTBzIpTQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/H4iuALL+jYKS8srq2vF9dLG5tb2jrm711JxKilr0ljEsuMTxQSPWBM4CNZJJCOhL1jbH95M6u1HJhWPo3sYJcwNST/iAacEtOWZB06i+APHV7hfcehA4ylOPTjxzLJVtabCi2DnUEa5Gp755fRimoYsAiqIUl3bSsDNiAROBRuXnFSxhNAh6bOuxoiETLnZ9IAxPtZODwex1C8CPHV/T2QkVGoU+rozJDBQ87WJ+V+tm0Jw6WY8SlJgEZ0tClKBIcaTNHCPS0ZBjDQQKrn+K6YDIgkFnVlJh2DPn7wIrbOqfV6t3dXK9es8jiI6REeogmx0geroFjVQE1E0Rs/oFb0ZT8aL8W58zFoLRj6zj/7I+PwBpJCVKQ==</latexit>

 i = g(�i, ut)

<latexit sha1_base64="xXoR7xpvEAtnjCNeAdDIWhaWV0E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYoHlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8NOME/YgOJA85o8ZKDxek3iuW3LI7B1klXkZKkKHWK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqal2XvqlypV0rV2yyOPJzAKZyDB9dQhXuoQQMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AagaNPQ==</latexit>

+Q



Unscented KF Measurement Step
n More tricky because now C/H is not known! How to compute Kalman gain?

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

Covariance under forward transformCross covariance under forward transform

<latexit sha1_base64="h61rqyXriTYpMyFKeW7veHCGZRg="></latexit>

⌃t,t+1|0:t = E
⇥
(Xt|0:t � µt|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤

<latexit sha1_base64="SMNMOrRQ5R0seK5gPEfTjqH2Pt4=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARCkqZkaIiCFU3Liv2Bu04ZNK0Dc1cSM4IZewruPFV3LhQxK07d76N6QXR1h8CP985h5Pze5HgCizry0jNzS8sLqWXMyura+sb5uZWVYWxpKxCQxHKukcUEzxgFeAgWD2SjPieYDWvdzms1+6YVDwMytCPmOOTTsDbnBLQyDVzzRve8YmbwAGGffveOoUBPsM/dAzOb8uumbXy1kh41tgTk0UTlVzzs9kKaeyzAKggSjVsKwInIRI4FWyQacaKRYT2SIc1tA2Iz5STjC4a4D1NWrgdSv0CwCP6eyIhvlJ939OdPoGumq4N4X+1RgztEyfhQRQDC+h4UTsWGEI8jAe3uGQURF8bQiXXf8W0SyShoEPM6BDs6ZNnTfUwbx/lC9eFbPFiEkca7aBdlEM2OkZFdIVKqIIoekBP6AW9Go/Gs/FmvI9bU8ZkZhv9kfHxDexDm9Q=</latexit>

⌃t,t+1|0:t = ⌃t|0:tA
T

Cross Covariance 

<latexit sha1_base64="hO4pE1nSEuiQKmwoOlxC9LZ6SJY="></latexit>

= E
⇥
(Xt+1|0:t � µt+1|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤<latexit sha1_base64="iGHkwP+8kNUFL4evLKYPxv5XuG0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIsgCCWRouKp6MVjRfsBbQib7aZdursJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphwpsF1v63Cyura+kZxs7S1vbO7Z+8fNHWcKkIbJOaxaodYU84kbQADTtuJoliEnLbC4e3Ub42o0iyWjzBOqC9wX7KIEQxGCmy7+8D6AgcZnHlP7jVMArvsVtwZnGXi5aSMctQD+6vbi0kqqATCsdYdz03Az7ACRjidlLqppgkmQ9ynHUMlFlT72ezyiXNilJ4TxcqUBGem/p7IsNB6LELTKTAM9KI3Ff/zOilEV37GZJIClWS+KEq5A7EzjcHpMUUJ8LEhmChmbnXIACtMwIRVMiF4iy8vk+Z5xbuoVO+r5dpNHkcRHaFjdIo8dIlq6A7VUQMRNELP6BW9WZn1Yr1bH/PWgpXPHKI/sD5/AM5wkyI=</latexit>

⌃t+1|0:t
<latexit sha1_base64="MrfqEDPJaQS5Wm8Nbc8mjgZSdIY="></latexit>

= E
⇥
(AXt|0:t +But + ✏t �Aµt|0:t �But)(AXt|0:t +But + ✏t �Aµt|0:t �But)

T
⇤

<latexit sha1_base64="SxNxGSzePuUj+daSgGILYnGc8Lk="></latexit>

= AE
⇥
(Xt|0:t � µt|0:t)(Xt|0:t � µt|0:t)

T
⇤
AT +Qt

<latexit sha1_base64="HnE3gK4GEGllILkziFRQeu26uGc=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMgCGFGgoogJHrxmGA2SMahp9OTNOlZ6K4Rwhjw4q948aCIV3/Cm39jZzlo4oOCx3tVVNVzI8EVmOa3kVpYXFpeSa9m1tY3Nrey2zt1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdz+9chv3DOpeBhUYRAx2yfdgHucEtCSk927xKX2Le/6xEngwbyAYemuio9xxQEnmzPz5hh4nlhTkkNTlJ3sV7sT0thnAVBBlGpZZgR2QiRwKtgw044Viwjtky5raRoQnyk7Gf8wxIda6WAvlLoCwGP190RCfKUGvqs7fQI9NeuNxP+8VgzeuZ3wIIqBBXSyyIsFhhCPAsEdLhkFMdCEUMn1rZj2iCQUdGwZHYI1+/I8qZ/krdN8oVLIFa+mcaTRPjpAR8hCZ6iIblAZ1RBFj+gZvaI348l4Md6Nj0lrypjO7KI/MD5/ALNelko=</latexit>

= A⌃t|0:tA
T +Qt

Diagonal Covariance 

Remember from earlier



Unscented KF Measurement Step
n More tricky because now C/H is not known! How to compute Kalman gain?

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

Covariance under forward transformCross covariance under forward transform

<latexit sha1_base64="Z+2CduCr/SJ/9RazVUEjbEdtGvg=">AAACFXicbVDLSgMxFM34rPVVdekmWAQXUmZKUTeFohuXFewDOtMhk6ZtaJIZkoxSh/kJN/6KGxeKuBXc+Tem0y609cCFwzn3cu89QcSo0rb9bS0tr6yurec28ptb2zu7hb39pgpjiUkDhyyU7QApwqggDU01I+1IEsQDRlrB6Grit+6IVDQUt3ocEY+jgaB9ipE2kl84dQMkk4cUVqGrYu4ntGqn3aQsUnjv8y6Fme9GiqZd6heKdsnOABeJMyNFMEPdL3y5vRDHnAiNGVKq49iR9hIkNcWMpHk3ViRCeIQGpGOoQJwoL8m+SuGxUXqwH0pTQsNM/T2RIK7UmAemkyM9VPPeRPzP68S6f+ElVESxJgJPF/VjBnUIJxHBHpUEazY2BGFJza0QD5FEWJsg8yYEZ/7lRdIsl5yzUuWmUqxdzuLIgUNwBE6AA85BDVyDOmgADB7BM3gFb9aT9WK9Wx/T1iVrNnMA/sD6/AFrWJ8C</latexit>

z̄ =
2nX

i=0

wi
m ̄

i

<latexit sha1_base64="04SBflTRxbh2KBTkpQcv0BFKpqA=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdVMSKepGKLpxWcE+oIlhMp20QycPZiZiCQV/xY0LRdz6He78G6dtFtp64MLhnHu59x4/4Uwqy/o2CkvLK6trxfXSxubW9o65u9eScSoIbZKYx6LjY0k5i2hTMcVpJxEUhz6nbX94PfHbD1RIFkd3apRQN8T9iAWMYKUlzzxwfCwyJ5FsfM/QJRpUHj114pllq2pNgRaJnZMy5Gh45pfTi0ka0kgRjqXs2lai3AwLxQin45KTSppgMsR92tU0wiGVbjY9f4yOtdJDQSx0RQpN1d8TGQ6lHIW+7gyxGsh5byL+53VTFVy4GYuSVNGIzBYFKUcqRpMsUI8JShQfaYKJYPpWRAZYYKJ0YiUdgj3/8iJpnVbts2rttlauX+VxFOEQjqACNpxDHW6gAU0gkMEzvMKb8WS8GO/Gx6y1YOQz+/AHxucPM4GU/w==</latexit>

 ̄i = h(xt)Send sigma points through non-linear measurement model
<latexit sha1_base64="+BXSavCyKQbZ2q3KvZdxTYKs66s="></latexit>

S =
2nX

i=0

wi
c( ̄

i � z̄)( ̄i � z̄)T
<latexit sha1_base64="qVF7Z8tskE69EK8T07JguHmaXg0="></latexit>

T =
2nX

i=0

wi
c( 

i � µt+1|0:t)( ̄
i � z̄)T

<latexit sha1_base64="l9dNW8O8fCaeYV6dDKBVrt4BaA4=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0EQxLArQb0IQS+Cl4h5QbIus5NJMmT2wUyvEtb9FC8eFPHql3jzb5wke9DEgoaiqpvuLi8SXIFlfRsLi0vLK6u5tfz6xubWtlnYaagwlpTVaShC2fKIYoIHrA4cBGtFkhHfE6zpDa/GfvOBScXDoAajiDk+6Qe8xykBLblm4cZN4MhO8QWu3d0nx3bqmkWrZE2A54mdkSLKUHXNr043pLHPAqCCKNW2rQichEjgVLA034kViwgdkj5raxoQnyknmZye4gOtdHEvlLoCwBP190RCfKVGvqc7fQIDNeuNxf+8dgy9cyfhQRQDC+h0US8WGEI8zgF3uWQUxEgTQiXXt2I6IJJQ0GnldQj27MvzpHFSsk9L5dtysXKZxZFDe2gfHSIbnaEKukZVVEcUPaJn9IrejCfjxXg3PqatC0Y2s4v+wPj8ASoKkqg=</latexit>

Kt+1 = TS�1

Cross covariance Covariance

Then use standard KF measurement update



UKF Pseudocode 
def Unscented_Kalman_filter(              ):
1. Dynamics

1. Sample Sigma Points from 

2. Send them through 

3. Compute via UT 
2. Measurement:

1. Sample Sigma Points from 

2. Send them through 

3. Compute T, S as cross covariance and covariance

4. Compute

5. Use standard KF updates
3. Return mean, cov ,

<latexit sha1_base64="cpvHwNFbWxjLQWMVpOEsYCqqz88=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqHgKevEYwTwgWcLsZDYZMo9lplcIaz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34PvfXmFldW19o7hZ2tre2d0r7x80rU4NZQ2qhTbtiFgmuGIN4CBYOzGMyEiwVjS6nfqtR2Ys1+oBxgkLJRkoHnNKwEmdrkx7GTz51zDplSt+1Z8BL5MgJxWUo94rf3X7mqaSKaCCWNsJ/ATCjBjgVLBJqZtalhA6IgPWcVQRyWyYzU6e4BOn9HGsjSsFeKb+nsiItHYsI9cpCQztojcV//M6KcRXYcZVkgJTdL4oTgUGjaf/4z43jIIYO0Ko4e5WTIfEEAoupZILIVh8eZk0z6rBRfX8/rxSu8njKKIjdIxOUYAuUQ3doTpqIIo0ekav6M0D78V79z7mrQUvnzlEf+B9/gBhSZFU</latexit>µt|0:t
<latexit sha1_base64="dAGT7L24xkTsIw35uuN+Ps160t8=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUfFU9OKxov2Adi3ZNNuGJtklmVXK2v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBbHgBlz328ktLa+sruXXCxubW9s7xd29hokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwvJr4zQemDY/UHYxi5kvSVzzklICV7ju3vC9JN4Un9wLG3WLJLbtT4EXiZaSEMtS6xa9OL6KJZAqoIMa0PTcGPyUaOBVsXOgkhsWEDkmftS1VRDLjp9Orx/jIKj0cRtqWAjxVf0+kRBozkoHtlAQGZt6biP957QTCcz/lKk6AKTpbFCYCQ4QnEeAe14yCGFlCqOb2VkwHRBMKNqiCDcGbf3mRNE7K3mm5clMpVS+zOPLoAB2iY+ShM1RF16iG6ogijZ7RK3pzHp0X5935mLXmnGxmH/2B8/kDd/KSgQ==</latexit>

⌃t|0:t
<latexit sha1_base64="MFv+Z/qzWUP3SIGZg8kgXwky4DA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7SP/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjek=</latexit>ut, , , <latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

Reminder of the model

<latexit sha1_base64="OGK9sbLKtnj58l6UAOSewMjili8=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQiYRdCWojBG0sI5gHJMsyO5kkQ2YfzNyVhCW9jb9iY6GIrT9g5984SbbQxAMDh3PO5c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMb3kz95gOTiofBPYwj5vikH/AepwS05Jr5kZtAyZ7gK9wvjlw4xbELJ7iEOyxSXOgIuGbBKlsz4GVip6SAUtRc86vTDWnsswCoIEq1bSsCJyESOBVskuvEikWEDkmftTUNiM+Uk8xumeBjrXRxL5T6BYBn6u+JhPhKjX1PJ30CA7XoTcX/vHYMvUsn4UEUAwvofFEvFhhCPC0Gd7lkFMRYE0Il13/FdEAkoaDry+kS7MWTl0njrGyflyt3lUL1Oq0ji45QHhWRjS5QFd2iGqojih7RM3pFb8aT8WK8Gx/zaMZIZw7RHxifPz9RmU8=</latexit>

xt+1 = g(xt, ut) + ✏t
<latexit sha1_base64="a4nZ//seoi6fddUIYi0ab6XN+7s=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkLYlaBehKAXjxHMA5JlmZ2dJENmH8z0inEJXvwVLx4U8epXePNvnCR70MSChqKqm+4uLxZcgWV9G7mFxaXllfxqYW19Y3PL3N5pqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrsZ+845JxaPwFoYxcwLSC3mXUwJacs29BzeFEb7A/dK9C0f4GHd8JoC44JpFq2xNgOeJnZEiylBzza+OH9EkYCFQQZRq21YMTkokcCrYqNBJFIsJHZAea2sakoApJ528MMKHWvFxN5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC3XMn5WGcAAvpdFE3ERgiPM4D+1wyCmKoCaGS61sx7RNJKOjUCjoEe/bledI4Kdun5cpNpVi9zOLIo310gErIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP0oxlhg=</latexit>

zt = h(xt) + �t
<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)
<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="8caB0EDNPShMOlpO70S5/GHVa1w=">AAACEXicbVDLSgMxFM34rPU16tJNsAgVpMxIUXFVdONKKtoHtKVk0rQNzWSG5I5QxvkFN/6KGxeKuHXnzr8xbUfQ1gOBk3Pu5d57vFBwDY7zZc3NLywuLWdWsqtr6xub9tZ2VQeRoqxCAxGoukc0E1yyCnAQrB4qRnxPsJo3uBj5tTumNA/kLQxD1vJJT/IupwSM1LbzTZ9AnxIRXyWGR+0Y7p0zSA5x84b3fPLzP2jbOafgjIFniZuSHEpRbtufzU5AI59JoIJo3XCdEFoxUcCpYEm2GWkWEjogPdYwVBKf6VY8vijB+0bp4G6gzJOAx+rvjpj4Wg99z1SO9tfT3kj8z2tE0D1txVyGETBJJ4O6kcAQ4FE8uMMVoyCGhhCquNkV0z5RhIIJMWtCcKdPniXVo4J7XCheF3Ol8zSODNpFeyiPXHSCSugSlVEFUfSAntALerUerWfrzXqflM5Zac8O+gPr4xsfeZ0y</latexit>

N (µt|0:t,⌃t|0:t)
<latexit sha1_base64="pZsCiLdMFbnqQC/ta3XeRR8/IUM=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEqSNmVoh6LXjxWsB+wXZZsmrah2WRJZsWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5USK4Adf9dlZW19Y3Ngtbxe2d3b390sFhy6hUU9akSijdiYhhgkvWBA6CdRLNSBwJ1o5Gt1O//ci04Uo+wDhhQUwGkvc5JWAlf1B5CuEcpyGchaWyW3VnwMvEy0kZ5WiEpa9uT9E0ZhKoIMb4nptAkBENnAo2KXZTwxJCR2TAfEsliZkJstnJE3xqlR7uK21LAp6pvycyEhszjiPbGRMYmkVvKv7n+Sn0r4OMyyQFJul8UT8VGBSe/o97XDMKYmwJoZrbWzEdEk0o2JSKNgRv8eVl0rqoepfV2n2tXL/J4yigY3SCKshDV6iO7lADNRFFCj2jV/TmgPPivDsf89YVJ585Qn/gfP4AKDqQiA==</latexit>

g(xt, ut)
<latexit sha1_base64="T8bZ9SPUoJj/2RamFiBfzueMwiU=">AAACCHicbVDLSgNBEJyNrxhfqx49OBgEQQm7ElQ8Bb14jGgekCzL7GSSDJnZXWZ6hbDm6MVf8eJBEa9+gjf/xskD1MSChqKqm+6uIBZcg+N8WZm5+YXFpexybmV1bX3D3tyq6ihRlFVoJCJVD4hmgoesAhwEq8eKERkIVgt6l0O/dseU5lF4C/2YeZJ0Qt7mlICRfHu3KRM/hUP33jmHwRFu3vCOJD+Kb+edgjMCniXuhOTRBGXf/my2IppIFgIVROuG68TgpUQBp4INcs1Es5jQHumwhqEhkUx76eiRAd43Sgu3I2UqBDxSf0+kRGrdl4HplAS6etobiv95jQTaZ17KwzgBFtLxonYiMER4mApuccUoiL4hhCpubsW0SxShYLLLmRDc6ZdnSfW44J4UitfFfOliEkcW7aA9dIBcdIpK6AqVUQVR9ICe0At6tR6tZ+vNeh+3ZqzJzDb6A+vjGxknmMM=</latexit>

µt+1|0:t,⌃t+1|0:t

<latexit sha1_base64="lsVO+seEJzVjD2Ay0BUjCTaAZSE=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVS5mRouKq6MaVVLQP6JSSSdM2NJkZkjtCGfsTbvwVNy4UcSu4829MH6C2HggczrmXm3P8SHANjvNlzc0vLC4tp1bSq2vrG5v21nZFh7GirExDEaqaTzQTPGBl4CBYLVKMSF+wqt+7GPrVO6Y0D4Nb6EesIUkn4G1OCRipaec8SaBLiUiuBllPxs0EDt175wwGOezd8I4kP8pB0844eWcEPEvcCcmgCUpN+9NrhTSWLAAqiNZ114mgkRAFnAo2SHuxZhGhPdJhdUMDIpluJKNUA7xvlBZuh8q8APBI/b2REKl1X/pmcphBT3tD8T+vHkP7tJHwIIqBBXR8qB0LDCEeVoRbXDEKom8IoYqbv2LaJYpQMEWmTQnudORZUjnKu8f5wnUhUzyf1JFCu2gPZZGLTlARXaISKiOKHtATekGv1qP1bL1Z7+PROWuys4P+wPr4Bv8SnhI=</latexit>

N (µt+1|0:t,⌃t+1|0:t)
<latexit sha1_base64="3BjiMpi5qUXtLr0bCN/XSlm8XwU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhDiJexKUI9BLx4jmAckS5idTJIxszPLTK8YlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXGAtu0PO+nZXVtfWNzdxWfntnd2+/cHDYMCrRlNWpEkq3QmKY4JLVkaNgrVgzEoWCNcPRzdRvPjJtuJL3OI5ZEJGB5H1OCVqpMSw9dfGsWyh6ZW8Gd5n4GSlChlq38NXpKZpETCIVxJi278UYpEQjp4JN8p3EsJjQERmwtqWSRMwE6ezaiXtqlZ7bV9qWRHem/p5ISWTMOAptZ0RwaBa9qfif106wfxWkXMYJMknni/qJcFG509fdHteMohhbQqjm9laXDokmFG1AeRuCv/jyMmmcl/2LcuWuUqxeZ3Hk4BhOoAQ+XEIVbqEGdaDwAM/wCm+Ocl6cd+dj3rriZDNH8AfO5w//To7D</latexit>

h(xt)

<latexit sha1_base64="l9dNW8O8fCaeYV6dDKBVrt4BaA4=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0EQxLArQb0IQS+Cl4h5QbIus5NJMmT2wUyvEtb9FC8eFPHql3jzb5wke9DEgoaiqpvuLi8SXIFlfRsLi0vLK6u5tfz6xubWtlnYaagwlpTVaShC2fKIYoIHrA4cBGtFkhHfE6zpDa/GfvOBScXDoAajiDk+6Qe8xykBLblm4cZN4MhO8QWu3d0nx3bqmkWrZE2A54mdkSLKUHXNr043pLHPAqCCKNW2rQichEjgVLA034kViwgdkj5raxoQnyknmZye4gOtdHEvlLoCwBP190RCfKVGvqc7fQIDNeuNxf+8dgy9cyfhQRQDC+h0US8WGEI8zgF3uWQUxEgTQiXXt2I6IJJQ0GnldQj27MvzpHFSsk9L5dtysXKZxZFDe2gfHSIbnaEKukZVVEcUPaJn9IrejCfjxXg3PqatC0Y2s4v+wPj8ASoKkqg=</latexit>

Kt+1 = TS�1



How well does this do?



When/why is the UKF better than the EKF?
n EKF:

n First linearize then propagate
n Misses higher order terms

n UKF:
n First propagate then linearize
n Approximates the higher order terms as well

Approximately the same if sigma points are close to linearization point



Estimation Sequence

EKF                    PF                    UKF 



Estimation Sequence

EKF                                UKF 



Prediction Quality

EKF                               UKF 



UKF in Action
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UKF Summary

n Highly efficient: Same complexity as EKF, with 
a constant factor slower in typical practical 
applications 

n Better linearization than EKF: Accurate in first 
two terms of Taylor expansion (EKF only first 
term)

n Derivative-free: No Jacobians needed

n Still not optimal!



Lecture Outline

Extended Kalman Filter

Kalman Filtering

Unscented Kalman Filter


