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Recap: Course Overview

Filtering/Smoothing Localization >earch Motion Planning
Mapping SLAM TrajOpt Stability/Certification
MDPs and RL

Imitation Learning

Solving POMDPs
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Recap: Bayes Rule and Recursive Bayesian Updates

P(zly) = P<y]Lfv(>yJ;<x>

Recursive update to integrate in multiple measurements

P(x|z1,...,2n) = Nin | H P(z;|x)P(x)



Recap: Bayes Rule and Recursive Bayesian Updates

P(zplx,z1,.. ., 2n_1)P(x|21,. .., 2n_1)

P(x|z1,...,2n) =

P(znlz1, oy 2n-1)

Markov assumption: z, is conditionally

. . p(zn’xazlw”azn—l) :p(znh})
independent of z,,...,2,,_; given x.

_ P(zp|lx)P(x|z1, ..y 2n—1)

P(znl21, -y Zn-1)

= nP(z,|z)P(x|21, ..., 2n—-1)
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Let’s estimate “state” of our robot

= What affects uncertainty:
= Robot actions (increase uncertainty typically)

= Sensor measurements (decrease uncertainty typically)

.




Bayes Filters: Framework

= Given:
= Stream of observations z and action data u:
dt — {Z(),UQ, 1y ULy - .. ,Zt}
= Sensor model P(z|x).
= Action model P(x’| u, x)

= Prior probability of the initial system state P(x).
= Wanted:

= Estimate of the state X of a dynamical system.

= The posterior of the state is also called Belief:

BGZ(CBt) = P(xtlu():t—la ZO:t)



How do actions increase uncertainty?

= Actions transition the state of the system forward x =2 X’

= But they may (and usually) do so with errors/noise!

= Robot wheels have slippage/noise, joints have stochasticity,
environment introduces noise




How do sensors reduce uncertainty?

= Measurements usually convey more information about the state of
the world

= Sensor readings can range from images to laser scans to tactile
sensing, each of which has a different effect on uncertainty




Filtering

= Filtering is the process of making sense (“filtering”) of sensor
measurements and actions to estimate the system state

= Many different types of filters:
= Matched filters (known signal)

=  Wiener filters (signal from noise)

= Bayesian filters (bayesian state estimation)

= Kalman
= EKF/UKF



Example Situation for Filtering

“Where is my robot?”

= Sensor model: never more than 1
mistake

=  Know the heading (North, East,
South or West)

= Motion model: may not execute
Prob 0 n action with small prob.




Markov Assumption

p(CCt |Z0:t—17 UQ:t—1, $0:t—1) — P(Cfft ‘mt—la Ut—l)
p(Zt\iEozt, UQ:t—1, Zo:t—l) — p(Zt|$t)

Underlying Assumptions

= Static world
= Independent noise

= Perfect model, no approximation errors



Bayes Filters [¢zsen

state

Bel(xy) = P(x¢|uo:t—1, 20:¢)
We want to recursively express Bel(x,) in terms of three entities

p(zt|xt)

Measurement

p(Te|Te—1,Us—1) Bel(x;_1)

Dynamics Previous Belief



observation
action
state

Bayes Filters: Intuition

X © N
il

Bel(xy) = P(x¢|uo:t—1, 20:¢)

We want to recursively express Bel(x,) in terms of three entities

Integrate in effect of action

+ p(%\l’t—lyut—l) - Bel(fl?t)

Bel(xi_1)

Previous Belief Dynamics

With integration - understand the effect of taking an action



observation
action
state

Bayes Filters: Intuition

X © N
i

Bel(xy) = P(x¢|uo:t—1, 20:¢)
We want to recursively express Bel(x,) in terms of three entities

Integrate in Measurement
Bel(xy) + p(z¢|ze) —  Bel(xy)

Previous Belief Measurement

With normalization = understand the effect of your latest measurement



observation

Bayes Filters &z

X = state

BGZ(CIJt) — P(xt‘u():t—la ZO:t)

Bayes — 1 p(Zt’%:, UQ:t—1 Zo:t—l)P(th\Uo:t—b Zo:t—l)

Remember: Bayes Rule P(y,z) = P(y|x)p(x)

1
T, Ply, @)

P(x|ly) =nP(y,x)




Z = observation

Bayes Filters @ e

X = state

BGZ(CIJt) — P(xt‘u():t—la ZO:t)

Bayes — 1 p(zt Lt, UQ:t—1, ZO:t—l)P(xt‘uO:t—la ZO:t—l)

Markov = 1) p(2¢|T¢) P(2¢|uo:t—1, 20:¢—1)

Remember: Markov Property

P(It |Z():t—17 Up:t—1, CUO:t—l) — p(xt |37t—17 Ut—l)
P(Zt\ﬂfozt, U:t—1 Zozt—l) — p(Zt|il3t)



observation

Bayes Filters &z

state

BGZ(CIJt) — P(xt‘u():t—la ZO:t)

Bayes — 1) p(Zt Lty UQ:t—15 ZO:t—l)P(xt‘UO:t—la Zo:t—l)
Markov = 1) p(2¢|T¢) P(2¢|uo:t—1, 20:¢—1)
Total prob.

=1 p(2¢|7¢) /P(fvt\uozt—h 20:t—1, Tt —1) P(T—1|00:0—1, 20:4—1)dTs 1
Remember: Marginalization

p(r) = / p(z,y)dy

p(z,y) = p(z|y)p(y)



Bayes Filters [¢zsen

state

BGZ(CIJt) — P(xt‘u():t—la ZO:t)

Bayes — 1) p(Zt Lty UQ:t—15 ZO:t—l)P(xt‘UO:t—la Zo:t—l)
Markov = 1) p(2¢|T¢) P(2¢|uo:t—1, 20:¢—1)
Total prob.

=11 p(zt|$t) /P(fvt\uozt—h 20:t—15 37t—1)P(33t—1|U0:t—1, Zo:t—l)dflft—1

Markov = np(zt|xt)/P($t!ut1,$t1)P(CUt1\Uo:t1,Zozt1)dl‘t1

= np(zt’ﬂ?t)/P(ft”dt—laxt—1)36l($t—1)d$t—1



Understanding Bayes Filters =™

state

Bel(:z:t) — P(xt‘uO:t—la Zozt)
— ) (i) / Py, 70 1) Bel(zy1)dzs 1

|

Step 1: Dynamics Update

Incorporate the effect of motion on uncertainty (typically increases)



observation
action
state

Understanding Bayes Filters &

c
il

BGZ(CIJt) — P(xt‘u():t—la ZO:t)

— 1 plzi)ae) / Py 1,74 1) Bel(z 1)z

Step 2: Measurement Update

Incorporate the effect of new measurements on uncertainty (typically decreases)



observation
action
state

Understanding Bayes Filters &

c
il

BGZ(CIJt) — P(xt‘u():t—la ZO:t)

— 1 plzi)ae) / Py 1,74 1) Bel(z 1)z

All Bayes filter iterate between performing the dynamics (prediction) step
and the measurement (correction) step



Bayes Filter Algorithm

Dynamics/Prediction

Measurement/Correction

Initial Prior
p(xo)

[ Estimate Bel(x) A
B—el(%ﬁ) = /p($t|$t—1aUt—l)Bel(-??t—l)dﬂ?t—l
- J
4 : D
Estimate Bel(x;)
- p(2e|x) Bel ()
Bel(azt) = np(zt\a:t)Bel(xt) = Zm, p(Zt‘xt — x,)B—eltxt — x/)
- J




Example Run for Localization

Prob

0

t=0

HI

Sensor model: never more than 1
mistake

Know the heading (North, East,
South or West)

Motion model: may not execute
action with small prob.



Example Run for Localization

Prob

0

1

Sensor model: never more than 1
mistake

Know the heading (North, East,
South or West)

Motion model: may not execute
action with small prob.



Example Run for Localization

Prob

0

2

Sensor model: never more than 1
mistake

Know the heading (North, East,
South or West)

Motion model: may not execute
action with small prob.



Example Run for Localization

Prob

0

3

Sensor model: never more than 1
mistake

Know the heading (North, East,
South or West)

Motion model: may not execute
action with small prob.



Example Run for Localization

Prob

0

t

4

Sensor model: never more than 1
mistake

Know the heading (North, East,
South or West)

Motion model: may not execute
action with small prob.



Example Run for Localization

Prob

0

S

Sensor model: never more than 1
mistake

Know the heading (North, East,
South or West)

Motion model: may not execute
action with small prob.



Bayes Filters are Familiar!

Bel(xt) =1 P(Zt | xt) J‘P(.Xt | utaxt—l) Bel('xt—l) dxt—l

Kalman filters

Particle filters

Hidden Markov models
Dynamic Bayesian networks

Partially Observable Markov Decision Processes
(POMDPs)



Why is this difficult?

Bel(xt) =1 P(Zt | xt) J‘P(.Xt | utaxt—l) Bel('xt—l) dxt—l

Tractable Bayesian inference is challenging in the general case

We will work out the conjugate prior and discrete case,
leaving the MCMC/VI cases as an exercise
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Recap: Bayesian Filters

BGZ(CEt) — P(xt‘uO:t—la ZO:t)

:Up(zt!:vt)/P(:vt!ut_l,:Et_l)Bel(:vt_1)d:Et_1

= Dynamics (Prediction)
Bel(z;) = /P(:I:t\ut1,:1:,51)Bel(att1)dxt1

s Measurement (Correction)

Bel(x) = nP(z|x:)Bel(x¢)



What makes this challenging?

= Dynamics (Prediction)
Bel(xy) = /P(azt|ut1,a}t1)Bel(xt1)da:t1

s Measurement (Correction)

Bel(x) = nP(z|x:)Bel(x

Tractable computation of Bayesian posteriors



How can we make this more tractable?

= Dynamics (Prediction)
Bel(xy) = /P(azt|ut1,a}t1)Bel(xt1)dazt1

s Measurement (Correction)

Bel(;) = nP(z|7:) Bel ()

Model as Linear Gaussian



Let’s take a little Gaussian detour



Gaussians (1D)

= Gaussian with mean () and standard deviation (o)

X ~N(p,0?)

T — 2
p(x; p,0°) = G\/lﬂexp(—( 205) )

p(x; p, 0?)

34.1% | 34.1%




Gaussians (2D)

p(x) = N(1,%) y

A u?
\/ul

(
xa ‘LLa Y2
X = , MU= U1
\ xb 'ub

( A2
> > , ? 1/2
2 — ada a )\1
N Zba be
] Ly = (x-p)
- 2
p(X) D 1/2 €

(271')‘”2‘2‘



2D examples
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2D examples
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2D examples

uw = [0; O] w = [0; O] w = [0; O]
>=[1 -0.5:-0.5 1] >=[1 -0.8:-0.8 1] >=[3 0.8:0.8 1]



Multivariate Gaussians

XNN(IU,Z) T
— Y ~N(Adu+B,AZAT)
Y=AX+B
X, ~ N(, %)) Z, 2, 1
X)) p(X,)~N —— UL,
X2~N<u2,zz)}:’p( ) (21+22M+21+22ﬂ2 4T,

= Marginalization and conditioning in Gaussians results in Gaussians

= We stay in the “Gaussian world” as long as we start with Gaussians and perform
only linear transformations.

Let’s show how!



Partitioned Multivariate Gaussians

v =x( 1] 5 53])
o= (3G 1) Bex 20 (B1-[2))

Let us consider an arbitrary partitioning of a multivariate Gaussian

What is p(x) and p(x|y=y,)?

v N

Marginal Conditional



Important Gaussian ldentities

= Marginalization:

= Conditioning

p(X|Y =yo) =N(ux + Yxv Iy (Yo — iy ), Xxx — BxySyy Ty x)



Marginalization of Gaussian

oo = e (G- 12) B 221 (- 020)
1= [ s foo(3(E)- 21) Bz £ (61 (2]))

Sketch:
1. We will write out the whole likelihood in quadratic form

2. We will add and subtract terms to complete the square
3. We will use the fact that Gaussians integrate to 1 to simplify
4. We will show that the marginal is p(x)




Conditioning with Gaussians

]9 =gt (5[ 1]) s Sl (B 1))

xr

o p<[
Yo

];/L-E)

Sketch:

1. We will write out the whole likelihood in quadratic form

2. Separate out the y and x terms

3. Complete the square and back out to a conditional
Gaussian likelihood



Proofs (Skipped in Lecture)



Recap of linear algebra lemmas

m Matrix Inversion Lemma

- (M\D)™"  —AT'B(M\ A"

—-DC(M\ D)™ (M A)~

B
_C D_
(M\A)=D—-CA'B
(M\D)=A—-BD™'C

Schur Complement



Partitioned Multivariate Gaussians: Dual

—1

B I'ssxx I'xy  w—1 XX 2XY
= =1 =

_FYX Fyy_ _ZYX ZYY_
Remember matrix lemmas [é 5]_ = [_DE%>£)\_;)_1 _A_(Jl\f%)\—?)_ll

(M\A)=D-CA™'B
(M\D)=A—-BD™'C



Partitioned Multivariate Gaussians: Dual

—1

B I'ssxx I'xy  w—1 XX 2XY
= =1 =

_FYX Fyy_ _ZYX ZYY_
Remember matrix lemmas lé 5]_ = [_Dg\é}]\?)\_;)—l _A_(Jl\f%)\—?)_ll

Fxx = (Cxx — SxySye Sy x) !

Iyy = (Byy — SyxExxSxy)

I'syy = —Z)}&ny(xmf — ZYXZ)_(%XEXY)_l

lyx = Yy Yvx(Cxx — SxySyySyx)



Important Gaussian ldentities

= Marginalization:

= Conditioning

p(X|Y =yo) =N(ux + Yxv Iy (Yo — iy ), Xxx — BxySyy Ty x)



Marginalization of Gaussian

oo = e (G- 12) B 221 (- 020)
1= [ s foo(3(E)- 21) Bz £ (61 (2]))

Sketch:
1. We will write out the whole likelihood in quadratic form

2. We will add and subtract terms to complete the square
3. We will use the fact that Gaussians integrate to 1 to simplify
4. We will show that the marginal is p(x)




Marginalization of Gaussian

1= o= s [ (5 (B1-[1) [t 520 (ED-020) o
1

- s oo

s [ (

(= px)" Txx(@x—px) + @y —py) Ty (y — py) +2(y — py) Txy(z — px))dy

N | —

((z = px) Txx(@—px)+ (y—py) Ty (y — py)

N | —

+2(y — py) ' Tyy Iy Txy (2 — px)
+ (2 — pux) " TxyTyy Tyy Ty Ty x (z — pix)
—(z — ux) Txy 3y Tyy Ty Ty x (7 — px))dy

1 1 _ _ 1
= onEmps P ( — 5z~ px) Txx(z—px) — (@ — px) TxyTyy Tyy Ty Ty x (@ — ux))> /exp ( = 5 (=) Ty (y = py)

+2(y — py ) TyyTyy Ty (@ — pix)
+(z = pux) Txy vy Tyy Ty Ty x (¢ — px) ) dy

QWHTY’F;/;‘(M 1 T -1 —1
T omapps P T S(@—px)” (Pxx = TxyTyy TyyTyy yx) (@ — px)

= N(px, Txx —TxyTyyTyx) ™) = Nux, Exx)



Marginalization Recap

1
x] ;s 2) exp (—

DO |
N\
N
|
= T
Rl
N—~—

N
=
<X
<
=
<X
<
N\
N
I
= T
Rl
N~
N~

T on3|%[05

p(x) = N(ux, Txx —TxyTyyTyx) ™) = Mpx, Zxx)

Very simple result for marginalization

Simply grab the appropriate partitioned matrix, same holds for Y



Conditioning with Gaussians

]9 =gt (5[ 1]) s Sl (B 1))

xr

o p<[
Yo

];/L-E)

Sketch:

1. We will write out the whole likelihood in quadratic form

2. Separate out the y and x terms

3. Complete the square and back out to a conditional
Gaussian likelihood



Conditioning with Gaussians

DO | =

o= s (-3(0- 12]) By B (6)-20)

p(zlY =yo) o< p( Lj;] ; 1y )

X €exp (‘%(ﬂ? — px) Txx(x - px) = (z — px) Txy(yo — py) — %(yo —py) Tyy(yo - MY))

X exp (—%(w - ux)TFxx(il? - pix) — (@— NX)TFXY(yO - MY))

1 o i _ 1 . _
= exp <—§($ — pux) Txx(z—px) - (- ﬂX)TFXXFXIXFXY(yO — py) — §(yo = NY)FYXFXI)(FXXFxl)(FXY(yO - py) + §(yo - NY)FYXFXIXFXXFXIXFXY(ZJO - w))

il _ _ 1 _ =
= exp <—§(I — x5 Cxy (o — py) "Txx (2 — px + T Txy (yo — HY)) exp <§(yo — uy) Ty x5 TxxTxx Txy (Yo — NY))

1 . o
X exp <—§($ — ux + T Txy (o — py) "Txx(x — px + Ty Txy (yo — w))

=N(px + T Txy (Yo — oy ), Txx) 8

Conditional mean shifted depending on y,
=N(px + Sxy S5y (o — ty): Sxx — Exy Sy vy x)

m  Covariance not dependent on y,



Important Gaussian ldentities

= Marginalization:

= Conditioning

p(X]Y — yo) =N (pux + F)_(%XFXY(:UO — NY)»F)_(%X)
=N(ux +XxvXyy (Mo — 1y ), Xxx — XxvEyy Dy x)
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Discrete Kalman Filter

Kalman filter = Bayes filter with Linear Gaussian dynamics and sensor models

Lt—1 Tt Lt4+1




Discrete Kalman Filter

Estimates the state x of a discrete-time controlled
process that is governed by the linear stochastic

difference equation

Tti1 = Aﬂft -+ BU/t -+ €+
€r "~ N(07 Q) \

Linear Gaussian

//

with a measurement

241 = Cxyqq + 0y
(St ~/ N(O, R)



Components of a Kalman Filter

A Matrix (n x n) that describes how the state evolves
from t-1 to t without controls or noise.

B Matrix (n x ) that describes how the control u,,
changes the state from t-7to t

C Matrix (k x n) that describes how to map the state x, to
an observation z,.

€4 Random variables representing the process and
measurement noise that are assumed to be
5 independent and normally distributed with covariance
t R and Q respectively.



63

Goal of the Kalman Filter

Belief

@ Q @ p(xt|20:t7u0:t—l)

|dea: recursive update for Bayes filter

LTt—1 Lt Lt41
X (Zt|$t Q?t\fﬁt 1, Ut— 1 xt 1\2’0t 1, UO:t— 2 diUt 1

L 3 Measu rement \

Recursive Belief

2 step process:
= Dynamics update (incorporate action)

= Measurement update (incorporate sensor reading)



Linear Gaussian Systems: Initialization

= Initial belief is normally distributed:

bel(x,) = N(xo;,uO,ZO)



Linear Gaussian Systems: Dynamics

Measurement/Correction

Initial Prior
p(xo)

Estimate Bel(x) A
B—el(xt) = /p(.cvt|xt_1,ut_l)Bel(a:t_l)dazt_l
J
_________ ‘L || | | ] | | || | | || |
\

Estimate Bel(x;)

Bel(zy) = np(z¢|z,)Bel(xy) = _ P




Linear Gaussian Systems: Dynamics

= Integrate the effect of one action under the dynamics, before measurement comes in

Lt41 — Azy + Buy + € €t ™~ N(07 Qt)

p($t+1‘$t, ut) — N(Al“t + Buy, Qt)

p($t+1\zozt,uozt) =/p(zct\u():t_1,Zo:t)p(:thI:vt,ut)d:Et

@ Gaussian, easy!



Linear Gaussian Systems: Dynamics Intuition

Previous belief p($t|uo:t7 ZO:t) ~ N(th:ta Zt|0:t)
Belief Update P(Te41|20:, Uo:t41) ~ N(A,Lbﬂo:t + Buy, AzﬂoztAT + Q)

Intuition: Scale and shift the mean according to dynamics, uncertainty grows quadratically!

o‘ﬁ T T T T L} O'E

Belief at x, Belief post dynamics = shifted mean, scaled and shifted
variance



Linear Gaussian Systems: Dynamics

= Integrate the effect of one action under the dynamics, before measurement comes in

Lt41 — Azy + Buy + € €t ™~ N(07 Qt)
p($t+1‘$t, Ut) — N(A-??t + Buy, Qt)

p(ajt—|—1|ZO:tauO:t) :/p(%f‘uozt—l,Zozt)p(ﬂ7t+1!$t,ut)da:t

Previous belief p(It‘UO:t—la ZO:t) ~ N(,Uﬂo;t, Zt|0:t)

Belief Update P(Tig1]20:4, Uo:t) ™ N(A,Utm:t + Buy, AZt|OztAT + Q¢)

How??



Linear Gaussian Systems: Dynamics

= Integrate the effect of one action under the dynamics, before measurement comes in

p(xt—|—1|ZO:t7UO:t) :/P(ZI?t’Uo:t—l,Zozt)p($t+1\£€t,ut)dajt

Stays in Gaussian world

2it t4+10:t
2it4+1]0:¢

Current belief at time t

Et|0:t
Ht+1)0:t

(Xt+17Xt)|ZO:t>u0:t NN( [ Hejost

Now compute the mean and covariance and then marginalize



Linear Gaussian Systems: Dynamics

Ht4+1]0:¢ Zt—l—l,th:t Et+1|0:t

(Xett1, Xt)| ~N<[ Hit|0:t ] [ 2t|ost Et,t+1|0=t] )
? 20:t,U0:t ’

Ht+1|0:t = E [ Xtt1]20:¢, Uo:t]

Mean

Ye1jot = E [(Xeg1j0:e — te1(0:0) (Xet1j0: — ,LLt+1|0:t)T}

Diagonal Covariance

. 2t,t—|—1|0:t =E [(Xt|0:t - Ntyozt)(Xt+1|0:t - Nt+1|o:t)T]
Cross Covariance



Linear Gaussian Systems: Dynamics

Ht4+1]0:¢ Et+1,t|0:t Et+1|0:t

(Xt_|_1 Xt)| NN( [ lu‘t|02t ] [ Et|0:t Et,t+1|0:t] )
? 20:t,U0:t 3

Ht+1|0:t = E [ Xtt1]20:¢, Uo:t]

= E[AX: + Bus + €¢|20:¢, Uo:¢]

Mean
= AE [Xt‘ZO:ta UO:t] + But + E [€t|ZO:t7 uO:t]

= Apgjo:e + Buy

Sirr0t =B [(Xeg110:¢ — pet1j0) (Ko1)o — Het1jo:e)” ]
Diagona| Covariance =k [(AXﬂO:t + Buy + € — Apigjo:e — Buy)(AXyjo.e + Bue + €0 — Apigjor — But)T]

= AE [(Xt|0:t - Mt|0:t)(Xt|0:t - ,ut|0:t)T} A" + Q¢
= Azt|0:tAT + Qt

. 2t,t—|—1|0:t =E [(Xt|0:t - Ntyozt)(Xt+1|0:t - ,ut-l—1|0:t)T]
Cross Covariance

T
it t41)0:t = Et|0:tA



Linear Gaussian Systems: Dynamics

(Xt_|_1 Xt)| NN( [ Iu‘tl()Zt ] [ Et|0:t Zt,t+1|0:t] )
? 20:t,U0:t 3

Ht4+1]0:¢ Zt+1,t|0:t Et—|—1|0:t

Mean ,LLt—|—1|O:t — A,ut|0:t _I_ But

T
Diagonal Covariance Zt_|_1|0;t — AZt|OztA T Qt

Previous belief p(xt’uO:t—la ZO:t) ~ N(,th|0:t, Zt|0:t)
Belief Update p(zi11|20:t, wor) ~ N (Ao + Bug, Azt|0:tAT + Q)

Intuition: Scale and shift the mean according to dynamics, uncertainty grows quadratically!



Linear Gaussian Systems: Dynamics

Previous belief p(ll?t|u0:t7 ZO:t) ~ N(,Ut|0:ta Zt|0:t)
Belief Update P(Te41|20:, Uo:t41) ~ N(A,Utm:t + Buy, AzﬂoztAT + Q)

Intuition: Scale and shift the mean according to dynamics, uncertainty grows!

Valocify volocify



Intuition Behind Prediction Step

Previous belief p($t|uo:t7 ZO:t) ~ N(th:ta Zt|0:t)
Belief Update P(Te41|20:, Uo:t41) ~ N(A,Lbﬂo:t + Buy, AzﬂoztAT + Q)

Intuition: Scale and shift the mean according to dynamics, uncertainty grows!

o‘ﬁ T T T T L} O'E

Belief at x, Belief post dynamics = shifted mean, scaled and shifted
variance



Kalman Filter: Where are we?

Initial Prior
p(xo)

j:

4 Estimate Bel(x) h
Dynamics/Prediction
p(fﬁt+1\2’0:t7 uO:t—|—1) ~ N(A,ut|0:t + Buy, A2t|0:tAT T Qt)
\_ l_ J
4 )
Estimate Bel(x;)
Measurement/Correction
2797
\_ J




Linear Gaussian Systems: Observations

4 )
Estimate Bel(x)

Measurement/Correction
777

p(xt—I—l‘ZO:t—Fla Uo:t) — 7 p(Zt|fL‘t)p(il7t+1 |ZO:t7 Uo:t)

Need to do conditioning/normalization with Linear Gaussians



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

i CZCt_|_1 —+ 5t 575 ~ N(O, Rt)
p(2t+1\93t+1) — N(C$t+1, Rt)

p(il?t+1 ‘ZO:t—|—17 Uo:t) X p(2t+1 \$t+1)p($t+1 ‘Z():ta Uo:t)

Gaussian, easy to normalize




Linear Gaussian Systems: Observations Intuition

Az T T T T T oz

B Previous belief (post dynamics)

New Measurement /\ '

For the sake of simplicity, let's say C =1 s

Ereeh\g]?us p(zt—l-l |ZO:t7 uO:t) — N(,ut—|—1|0:t7 Zt—|—1|0:t)

Updated p(ajt+1 |ZO:t—|—17 UO:t)
belief \
Y

= N (pes1j0: + Keg1(ze401 — tegjo), (T — Kigp1)Eeg1)0:t)

Linearly interpolate between measurement and previous mean based on K
Scale down uncertainty based on K



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

i CCEt_|_1 —+ 5t 575 ~ N(O, Rt)
p(2t+1\$t+1) — N(Oajt—I—la Rt)

p($t+1 ‘ZO:t—I—la Uozt) X p(zt+1 \$t+1)p($t+1 ’Z():ta Uo:t)

Previous belief

p($t+1 \ZO;t, u():t) — N(Mt+1|0:t7 Zt+1|0:t) Computed from dynamics step

Updated belief p($t+1 ‘ZO:t—l—la Uozt)

= N (pi41104 + K1 (ze41 — Criesajo:4)s (I — Ke11C) Xi41)0:t)

How??



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics
P(Tt41]20:641, Uo:t) O P(2p41]Te41)D(Te41]|20:4, Vo:t)

Stays in Gaussian world, but now conditioning instead of marginalization

Sketch:

1. Construct the joint of x,,, and z.,, conditioned on the past
2. Solve for the mean and covariances of this joint

3. Perform conditioning with z ; equaling a particular value



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics
p(ﬂi‘t+1 ‘ZO:t—|—17 uO:t) o P(2t41|Te41)P(Te11]20:¢, Uo:t)

Stays in Gaussian world, but now conditioning instead of marginalization



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

p(ﬂi‘t+1 ‘ZO:t—|—17 Uozt) X p(2t+1 \$t+1)p(ﬂit+1 \Zozt, Uo:t)

Stays in Gaussian world, but now conditioning instead of marginalization

Xt+1|0:t7 Zt+1|0:t ~ N

X
Hi+41]0:t

Z X
Het1]0:t = C:ut+1|0:t

—

Following the same procedure as last time

—

—

—

—

Et+1|0 it

X
Hii1)0:t
Z

2t—|—1|0 4

( t+1|0 tCT)

Fit10:t

Belief from the dynamics step

—_—

T
Et+1|0 it = t+1|0 ne

Et—i—1|0 it T Czt—i—1|0 tCT + Rt+1

—



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

— —
— —

X XX T
zZ _ X T ZZ T
Hetijo:t = C“t+1|0:t Zt+1|0 it ( t—|—1|0 tC ) Zt+1|0 = CZH”O O 4+ Ry

— —

Z
Het1)0:¢ = E [Zt+1 \Xt+1] EtZ+Z1|o 4 =E (Zit41 — MtZ+1|o;t)(Zt+1 - MtZ+1|o;t)T] EtZ+Z1|0 +=E [(ZtJrl - /~LtZ+1|o:t)(Xt+1|0:t - Mt+1|o;t)T]




Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

— —
— —

X T
Fet1)0:t S ox Et+1|0t t+1\0 ne

zZ X T T
Hit1]0:e = C'“t+1|0:t Zt+1|0 it ( t—|—1|0 tC ) Zt+1|0 = Czt+1|0 O 4+ Ry

— —
— —

Now we just condition on Z,,, = z,,;
Remember p(X|Y =yo)=N(ux + T xTxy (%o — #y), Ixy)
=N(px + ExvEyy (Mo — pv), Exx — SxvSyy Sy x)

p(xt—l—l |ZO:t—|—17 UO:t) = N(pes110:6 + Sig1j0 HCY 16C + Ry 1)_1(Zt—|—1¥,ut—l—10:t)a
2it41)0:t — Et—|—1|0:tCT<CZt—|—1|O:tCT + Rt—l—l)_lczt+1|0:t)



Linear Gaussian Systems: Observations

= Integrate the effect of an observation using sensor model, after dynamics

zi41 = Cxyyp1 + 0 Of ~ N(O, Rt) @
p(zt+1|Tit1) = N(Cxpyn, By) @

Kalman Gain

A
| |

p(xt—l—l ‘ZO:t—|—17 uO:t) — N(Mt+1|0:t + Et+1|0:tOT(Czt+l|0:tCT T Rt+1)_1(zt+1 — Clut—i—1|0:t)a
Y110t — 24100:4CT (OB 110:4C" + Rev1) T CZih11040)

Ky = Zt—|—1|0:tCT(CZt—|—1|O:tCT + Ri1)™!

p(xt+1 ‘Z();t+17 Uozt) — N(Mt+1|0:t + Kt+1(2’t+1 — C,Ut+1|0:t)a (I — Kt+1C)Et+1|0:t)



Linear Gaussian Systems: Observations

Previous belief P(x441]20:4, U0:t) = N (He1]0:4» Di+1]0:4)  Computed from dynamics step

Updated belief p(CE‘t+1 ‘ZO:t—I—la UO:t)
= N(p41)0:¢ + Kip1 (Ze41 — Ciggay0:), { — Ki41C)Xi1110:)

Intuition: Correct the update linearly according to measurement error from expectation,
shrink uncertainty accordingly

estimatc L
mwpr estimate 2

\mw covayiance




Unpacking the Kalman Gain

Previous belief P(x441]20:4, U0:t) = N (He1]0:4» Di+1]0:4)  Computed from dynamics step

Updated belief p($t+1 |Z0:t—|—17 UO:t)

= N(Mt+1|0:t + Kir1(zi41 — C,Ut+1|0:t)v (L — Kt+10)2t+1|02t)
Kiv1 = 241)04C" (CEp41)02CT + R)™

For the sake of simplicity, let's say C = |

) Case 1: Very noisy sensor, R>>>
in 241 = Cxpq1 + 04 y y

Case 2: Deterministic sensor, R=0
2ipr1)0:¢ + IR



Intuition Behind Correction Step

0z T T T T T Az

oz - azb

B Previous belief -

New Measurement

For the sake of simplicity, let's say C = |

P(Ter1|20:041, Vo:t) = N (peg1j0:¢ + K1 (ze41 — tag1j0:¢), (I — Kep1)Sit110:2) i

| 1
Yt 41]0:t ar} i

K —
e Yipt1j0: + R

Corrects belief based on measurement /. N
- Average between mean and measurement based on K T
—> Scale down uncertainty based on K




Kalman Filter Pseudocode

—
.

2.

3.

def Kalman_filter(#tjo:t, Sy0.¢,ue 2e11):
Prediction:
Ht+1)0:t — A,ut|o:t + Buy
2it41)0:t = AzﬂoztAT + Qy

Correction:
Ky = Zt—|—1|0:tCT(Czt—|—1|0:tCT + Re) ™!

Pi1)0:+1 = Met1)0:¢ T Kip1(ze41 — Cliggao:t)
Y1041 = (L — Kip1C) e 41)0:4

Return He+1]0:641,2¢41]0:¢+1

Tyl = ACBt + But + €4
€t ~~ N(07 Q)

Zi41 = Cxyq1 + 0y
5t ~ N(07 R)

Reminder of the model



Kalman Filter Algorithm

Dynamics/Prediction
(given some u)

Measurement/Correction
(given some z)

Initial Prior
p(CCO)

P

\ 4

\_

Estimate Bel(x)

p($t+1\2’0:t7 uO:t—|—1) ~ N(A,Uﬂo:t + Buy, A2t|0:tAT T Qt)

J

-

\_

Estimate Bel(x;)

p(xt—|—1|ZO:t—|—17 uO:t)
= N(pes1j0:t + Kip1 (i1 — Ciggay0:), { — Ki41C) Xi4110:)

~




Kalman Filter in Action

Thrust Intensities Centroidal Momentum
Left Arm Right Arm Linear x Component Linear y Component Linear z Component
1|)0" 100 ~- 30 ~— 30} ~ 30
— = G o C
= = =
£ ‘ £ =20 =20 =20
@ sof % so E £ £
3 S 5 5
2 g 10 = 10} =10
o - 3 < l €
=~ B S 0 30
of = z | — . I . - i Actal -t J 3 S S . : . J
15 -10 5 0 15 10 5 0 EXP jetaionnt. dym 15 10 5 0 15 10 5 0 15 10 S 0
EXF cont dyn only
Left Back Right Back Angular x Component * Angular y Component Angular z Component
150 } 150 ol - = ~I
g = € 05 £ 05} E 0s
Z 100} £ 100 = Z =
;‘ '5‘; !: 0 E ol $ g 0
E SO} £ 50 - = | <
= & 05 5 05| 505
c c <
0t 0 < \ < 1 < 1
15 10 S 0 15 10 5 0 15 10 5 0 : 15 10 5 0 15 10 5 0

Time [s] Time [s] Time [5] Time [s] Time [s]




Kalman Filter Summary

= Highly efficient: Polynomial in measurement
dimensionality k and state dimensionality n:
O(k?8 + n?)

Matrix Inversion (Correction) Matrix Multiplication (Prediction)

Kyl = Et+1|0:tCT(Cthuuo:tCT + Rt—i—l)_l P(Tp41|20:45 Voit41) ~ N(AMﬂO:t + Buy, A2t|0:tAT + Q)

s Optimal for linear Gaussian systems!

= Most robotics systems are nonlinear! = next time



Why should we care in 20237

Still a very widely used technique for estimation/localization/mapping in real problems




Why should we care in 20237

Mastering Diverse Domains through World Models

Danijar Hafner!? Jurgis Pasukonis! Jimmy Ba? Timothy Lillicrap!
Embed to Control: A Locally Lij

Dynamics Model for Control from 'DeepMind  2University of Toronto
Manuel Watter* Jost Tobias Springenberg* Martin Riedmiller
Joschka Boedecker Google DeenMind

University of Freiburg, Germany
{watterm, springj, jboedeck}@cs.uni-freij

SOLAR: Deep Structured Representations for
Model-Based Reinforcement Learning

Marvin Zhang*! Sharad Vikram “? Laura Smith' Pieter Abbeel! Matthew J. Johnson® Sergey Levine !
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