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Recap: Bayes Rule and Recursive Bayesian Updates

<latexit sha1_base64="9ZlqFIe6XG9TeEjBUfA77NfxJNc=">AAACGHicbVBNS8NAEN34bf2qevSyWIQWSk1EVISC6MVjBdsKbQibzUYXN5uwO5HW2J/hxb/ixYMiXr35b9zWHLT1wcDjvZndmecngmuw7S9ranpmdm5+YbGwtLyyulZc32jpOFWUNWksYnXlE80El6wJHAS7ShQjkS9Y2789G/rtO6Y0j+Ul9BPmRuRa8pBTAkbyirt13GVAvMw5lgPcTVQceBmvO1XcDWLQVWzURvne4w+9SqPcq3jFkl2zR8CTxMlJCeVoeMVP8xBNIyaBCqJ1x7ETcDOigFPBBoVuqllC6C25Zh1DJYmYdrPRYQO8Y5QAh7EyJQGP1N8TGYm07ke+6YwI3Ohxbyj+53VSCI/cjMskBSbpz0dhKjDEeJgSDrhiFETfEEIVN7tiekMUoWCyLJgQnPGTJ0lrr+Yc1PYv9ksnp3kcC2gLbaMyctAhOkHnqIGaiKJH9Ixe0Zv1ZL1Y79bHT+uUlc9soj+wPr8Bi2KeOA==</latexit>

= ⌘1:n
Y

i=1,...,n

P (zi|x)P (x)
<latexit sha1_base64="z34fVkQaz4jXCZYVHVZBNB+FwVQ=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRahQikzUtRl0Y3LCvYB7TBk0rQNzWSGJCO2tfgrblwo4tb/cOffmLaz0NYDgcM593BvThBzprTjfFtLyyura+uZjezm1vbOrr23X1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN60L+e+PV7KhWLxJ0exNQLcVewDiNYG8m3Dyv5h8eh7xZQqx1pVUBDX5z6ds4pOlOgReKmJAcpKr79ZdIkCanQhGOlmq4Ta2+EpWaE03G2lSgaY9LHXdo0VOCQKm80vX6MTozSRp1Imic0mqq/EyMcKjUIAzMZYt1T895E/M9rJrpz6Y2YiBNNBZkt6iQc6QhNqkBtJinRfGAIJpKZWxHpYYmJNoVlTQnu/JcXSe2s6J4XS7elXPkqrSMDR3AMeXDhAspwAxWoAoEhPMMrvFlP1ov1bn3MRpesNHMAf2B9/gCiEZQQ</latexit>

P (x|z1, . . . , zn)

<latexit sha1_base64="tcxr0sX7UMK781sFfxiLPezhK44=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFHUjFN24jGAv0IYymU7aoZMLMxNpSLN146u4caGIW9/AnW/jpM1CW38Y+PjPOZw5vxsxKqRpfmsrq2vrG5ulrfL2zu7evn5w2BJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3yT19sPhAsaBvcyiYjjo2FAPYqRVFZfh3Z1Mk0MeAV7Hkc4tavJdGIo08hyNrK+XjFr5kxwGawCKqCQ3de/eoMQxz4JJGZIiK5lRtJJEZcUM5KVe7EgEcJjNCRdhQHyiXDS2SUZPFXOAHohVy+QcOb+nkiRL0Tiu6rTR3IkFmu5+V+tG0vv0klpEMWSBHi+yIsZlCHMY4EDygmWLFGAMKfqrxCPkEpEqvDKKgRr8eRlaJ3VrPNa/a5eaVwXcZTAMTgBVWCBC9AAt8AGTYDBI3gGr+BNe9JetHftY966ohUzR+CPtM8fBUaYqA==</latexit>

P (x|y) = P (y|x)P (x)

P (y)
<latexit sha1_base64="1cwLyX60lIlCXaM6BkcItmseE04=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARWpEyI0XdCEU3LkewF2iHkkkzbWjmQpKRTqd9Bze+ihsXirh14863MTPtQqsHQn6+/xyS8zsho0IaxpeWW1peWV3Lrxc2Nre2d/TdvYYIIo5JHQcs4C0HCcKoT+qSSkZaISfIcxhpOsPr1G/eEy5o4N/JOCS2h/o+dSlGUqGufmyVRpP4BI7L8BJ2XI5wYpXiySglqTUuTzOg7q5eNCpGVvCvMOeiCOZldfXPTi/AkUd8iRkSom0aobQTxCXFjEwLnUiQEOEh6pO2kj7yiLCTbKcpPFKkB92Aq+NLmNGfEwnyhIg9R3V6SA7EopfC/7x2JN0LO6F+GEni49lDbsSgDGAaEOxRTrBksRIIc6r+CvEAqWCkirGgQjAXV/4rGqcV86xSva0Wa1fzOPLgAByCEjDBOaiBG2CBOsDgATyBF/CqPWrP2pv2PmvNafOZffCrtI9vLvuchA==</latexit>

P (x|y, z) = P (y|x, z)P (x|z)
P (y|z)

Recursive update to integrate in multiple measurements



Recap: Bayes Rule and Recursive Bayesian Updates

Markov assumption: zn is conditionally 
independent of z1,...,zn-1 given x.

<latexit sha1_base64="AiF8t8NK/K9H+0YMJLEA/U9B9t0=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARWqhlRoq6EYpuXFawF2iHIZOmbWgmMyQZsR37Cm58FTcuFHHrzp1vY6adhbYeCHz8/zlJzu+FjEplWd9GZml5ZXUtu57b2Nza3jF39xoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9IZXid+8I0LSgN+qUUgcH/U57VGMlJZcsxAWxi5/uC/BsWuXYKcbKJlwzI/tSRFewNQvumbeKlvTgotgp5AHadVc80tfhiOfcIUZkrJtW6FyYiQUxYxMcp1IkhDhIeqTtkaOfCKdeLrRBB5ppQt7gdCHKzhVf0/EyJdy5Hu600dqIOe9RPzPa0eqd+7ElIeRIhzPHupFDKoAJvHALhUEKzbSgLCg+q8QD5BAWOkQczoEe37lRWiclO3TcuWmkq9epnFkwQE4BAVggzNQBdegBuoAg0fwDF7Bm/FkvBjvxsesNWOkM/vgTxmfPyw9m1o=</latexit>

p(zn|x, z1, . . . , zn�1) = p(zn|x)

<latexit sha1_base64="z34fVkQaz4jXCZYVHVZBNB+FwVQ=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRahQikzUtRl0Y3LCvYB7TBk0rQNzWSGJCO2tfgrblwo4tb/cOffmLaz0NYDgcM593BvThBzprTjfFtLyyura+uZjezm1vbOrr23X1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN60L+e+PV7KhWLxJ0exNQLcVewDiNYG8m3Dyv5h8eh7xZQqx1pVUBDX5z6ds4pOlOgReKmJAcpKr79ZdIkCanQhGOlmq4Ta2+EpWaE03G2lSgaY9LHXdo0VOCQKm80vX6MTozSRp1Imic0mqq/EyMcKjUIAzMZYt1T895E/M9rJrpz6Y2YiBNNBZkt6iQc6QhNqkBtJinRfGAIJpKZWxHpYYmJNoVlTQnu/JcXSe2s6J4XS7elXPkqrSMDR3AMeXDhAspwAxWoAoEhPMMrvFlP1ov1bn3MRpesNHMAf2B9/gCiEZQQ</latexit>

P (x|z1, . . . , zn)
<latexit sha1_base64="yDOn4eXBtVVyO1rcLSLFkPYnVvE="></latexit>

=
P (zn|x, z1, . . . , zn�1)P (x|z1, . . . , zn�1)

P (zn|z1, . . . , zn�1)

<latexit sha1_base64="Mj+OH/rc6r+nEK1UJZQfP9Z4lkY=">AAACLnicbVBbSwJBGJ21m9nN6rGXIQkUTHZDqpdAiqBHg7yAyjI7zurg7OwyMxvq6i/qpb9SD0FF9NrPaNR9KPXAwOGc883Md5yAUalM891IrKyurW8kN1Nb2zu7e+n9g6r0Q4FJBfvMF3UHScIoJxVFFSP1QBDkOYzUnN7NxK89EiGpzx/UICAtD3U4dSlGSkt2+vYKNl2BcFTODm0+6ufK2f5oaFt52Gz7Subh0I74qTXOjePEUs9OZ8yCOQVcJFZMMiBG2U6/6itw6BGuMENSNiwzUK0ICUUxI+NUM5QkQLiHOqShKUceka1ouu4YnmilDV1f6MMVnKp/JyLkSTnwHJ30kOrKeW8iLvMaoXIvWxHlQagIx7OH3JBB5cNJd7BNBcGKDTRBWFD9V4i7SLendMMpXYI1v/IiqZ4VrPNC8b6YKV3HdSTBETgGWWCBC1ACd6AMKgCDJ/ACPsCn8Wy8GV/G9yyaMOKZQ/APxs8vwW2nKg==</latexit>

=
P (zn|x)P (x|z1, . . . , zn�1)

P (zn|z1, . . . , zn�1)

<latexit sha1_base64="C0xA1hqpbWJun5yW5x4OLbpq86s=">AAACEHicbVDLSgMxFM3UV62vqks3wSK2UMuMiLoRim5cjmAf0JYhk6Y1mMkMyR1pO+0nuPFX3LhQxK1Ld/6N6WPh68CFwzn3JvcePxJcg21/Wqm5+YXFpfRyZmV1bX0ju7lV1WGsKKvQUISq7hPNBJesAhwEq0eKkcAXrObfXoz92h1TmofyGvoRawWkK3mHUwJG8rL7Z7jJgGA3P/DksFdw873hwHOKuNkOQRfxwEvkgTMqeNmcXbInwH+JMyM5NIPrZT/MCzQOmAQqiNYNx46glRAFnAo2yjRjzSJCb0mXNQyVJGC6lUwOGuE9o7RxJ1SmJOCJ+n0iIYHW/cA3nQGBG/3bG4v/eY0YOqethMsoBibp9KNOLDCEeJwObnPFKIi+IYQqbnbF9IYoQsFkmDEhOL9P/kuqhyXnuHR0dZQrn8/iSKMdtIvyyEEnqIwukYsqiKJ79Iie0Yv1YD1Zr9bbtDVlzWa20Q9Y71+agpsT</latexit>

= ⌘P (zn|x)P (x|z1, . . . , zn�1)

<latexit sha1_base64="9ZlqFIe6XG9TeEjBUfA77NfxJNc=">AAACGHicbVBNS8NAEN34bf2qevSyWIQWSk1EVISC6MVjBdsKbQibzUYXN5uwO5HW2J/hxb/ixYMiXr35b9zWHLT1wcDjvZndmecngmuw7S9ranpmdm5+YbGwtLyyulZc32jpOFWUNWksYnXlE80El6wJHAS7ShQjkS9Y2789G/rtO6Y0j+Ul9BPmRuRa8pBTAkbyirt13GVAvMw5lgPcTVQceBmvO1XcDWLQVWzURvne4w+9SqPcq3jFkl2zR8CTxMlJCeVoeMVP8xBNIyaBCqJ1x7ETcDOigFPBBoVuqllC6C25Zh1DJYmYdrPRYQO8Y5QAh7EyJQGP1N8TGYm07ke+6YwI3Ohxbyj+53VSCI/cjMskBSbpz0dhKjDEeJgSDrhiFETfEEIVN7tiekMUoWCyLJgQnPGTJ0lrr+Yc1PYv9ksnp3kcC2gLbaMyctAhOkHnqIGaiKJH9Ixe0Zv1ZL1Y79bHT+uUlc9soj+wPr8Bi2KeOA==</latexit>

= ⌘1:n
Y

i=1,...,n

P (zi|x)P (x)

<latexit sha1_base64="z34fVkQaz4jXCZYVHVZBNB+FwVQ=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRahQikzUtRl0Y3LCvYB7TBk0rQNzWSGJCO2tfgrblwo4tb/cOffmLaz0NYDgcM593BvThBzprTjfFtLyyura+uZjezm1vbOrr23X1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN60L+e+PV7KhWLxJ0exNQLcVewDiNYG8m3Dyv5h8eh7xZQqx1pVUBDX5z6ds4pOlOgReKmJAcpKr79ZdIkCanQhGOlmq4Ta2+EpWaE03G2lSgaY9LHXdo0VOCQKm80vX6MTozSRp1Imic0mqq/EyMcKjUIAzMZYt1T895E/M9rJrpz6Y2YiBNNBZkt6iQc6QhNqkBtJinRfGAIJpKZWxHpYYmJNoVlTQnu/JcXSe2s6J4XS7elXPkqrSMDR3AMeXDhAspwAxWoAoEhPMMrvFlP1ov1bn3MRpesNHMAf2B9/gCiEZQQ</latexit>

P (x|z1, . . . , zn)
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Let’s estimate “state” of our robot
n What affects uncertainty: 

n Robot actions  (increase uncertainty typically)

n Sensor measurements (decrease uncertainty typically)



Bayes Filters: Framework
n Given:

n Stream of observations z and action data u:

n Sensor model P(z|x).

n Action model P(x’| u, x) 

n Prior probability of the initial system state P(x).

n Wanted: 

n Estimate of the state X of a dynamical system.

n The posterior of the state is also called Belief:

<latexit sha1_base64="wGrMZuyVHfUvxUvY4xQdkDo71ow=">AAACEXicbVC7SgNBFJ2Nrxhfq5Y2g0FIIWFXgtoIQRvLCOYBSVhmJ5NkyOzsMnNXSJb8go2/YmOhiK2dnX/jbLKFJl6Yy+Gce7hzjx8JrsFxvq3cyura+kZ+s7C1vbO7Z+8fNHQYK8rqNBShavlEM8ElqwMHwVqRYiTwBWv6o5tUbz4wpXko72EcsW5ABpL3OSVgKM8u9TzAV7iTTDznFMdpm3huikzr9ELQKQGdqWcXnbIzK7wM3AwUUVY1z/4ydhoHTAIVROu260TQTYgCTgWbFjqxZhGhIzJgbQMlCZjuJrOLpvjEMD3cD5V5EvCM/e1ISKD1OPDNZEBgqBe1lPxPa8fQv+wmXEYxMEnni/qxwBDiNB7c44pREGMDCFXc/BXTIVGEggmxYEJwF09eBo2zsntertxVitXrLI48OkLHqIRcdIGq6BbVUB1R9Iie0St6s56sF+vd+piP5qzMc4j+lPX5A/xbmqM=</latexit>

dt = {z0, u0, z1, u1, . . . , zt}

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)



How do actions increase uncertainty?

n Actions transition the state of the system forward x à x’
n But they may (and usually) do so with errors/noise!

n Robot wheels have slippage/noise, joints have stochasticity, 
environment introduces noise



How do sensors reduce uncertainty?
n Measurements usually convey more information about the state of 

the world

n Sensor readings can range from images to laser scans to tactile 
sensing, each of which has a different effect on uncertainty



Filtering
n Filtering is the process of making sense (“filtering”) of sensor 

measurements and actions to estimate the system state

n Many different types of filters:

n Matched filters (known signal)

n Wiener filters (signal from noise)

n Bayesian filters (bayesian state estimation)
n Kalman
n EKF / UKF
n ….



Example Situation for Filtering

n Sensor model: never more than 1 
mistake 

n Know the heading (North, East, 
South or West) 

n Motion model: may not execute 
action with small prob.

“Where is my robot?”



Markov Assumption

Underlying Assumptions

n Static world

n Independent noise

n Perfect model, no approximation errors

<latexit sha1_base64="NRj5JyW06PTH0w5J7R52HQC7RDQ=">AAACK3icbVDLSgMxFM3UV62vqks3wSJU0DIjRUUQSt24rGAf0JYhk6ZtaOZBckdax/6PG3/FhS584Nb/MNNW0dYDgZNzziW5xwkEV2Cab0Zibn5hcSm5nFpZXVvfSG9uVZQfSsrK1Be+rDlEMcE9VgYOgtUCyYjrCFZ1ehexX71hUnHfu4ZBwJou6Xi8zSkBLdnpYpDt23B3a0fmGRxawwMcxjSKub70v/V9fI7HUS39BEeOnc6YOXMEPEusCcmgCUp2+qnR8mnoMg+oIErVLTOAZkQkcCrYMNUIFQsI7ZEOq2vqEZepZjTadYj3tNLCbV/q4wEeqb8nIuIqNXAdnXQJdNW0F4v/efUQ2qfNiHtBCMyj44faocDg47g43OKSURADTQiVXP8V0y6RhIKuN6VLsKZXniWVo5x1nMtf5TOF4qSOJNpBuyiLLHSCCugSlVAZUXSPHtELejUejGfj3fgYRxPGZGYb/YHx+QX0GaUQ</latexit>

p(xt|z0:t�1, u0:t�1, x0:t�1) = p(xt|xt�1, ut�1)
<latexit sha1_base64="pF9hFgvKn+Zm9etH68nFG4yr96k=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAILWiZkXpBEIpuXFawF2jLkEnTNjRzITkjtuM8iRtfxY0LRQRX+jamF0Rbfwh8+c85JOd3AsEVmOaXkZibX1hcSi6nVlbX1jfSm1sV5YeSsjL1hS9rDlFMcI+VgYNgtUAy4jqCVZ3e5bBevWVScd+7gX7Ami7peLzNKQFt2emjIDuw4f7OjswziPdxOIQIDqxYXwYjV3MOn+OfRohzdjpj5s2R8CxYE8igiUp2+qPR8mnoMg+oIErVLTOAZkQkcCpYnGqEigWE9kiH1TV6xGWqGY3Wi/Gedlq47Ut9PMAj9/dERFyl+q6jO10CXTVdG5r/1eohtE+bEfeCEJhHxw+1Q4HBx8OscItLRkH0NRAquf4rpl0iCQWdaEqHYE2vPAuVw7x1nC9cFzLFi0kcSbSDdlEWWegEFdEVKqEyougBPaEX9Go8Gs/Gm/E+bk0Yk5lt9EfG5zeYa6Ds</latexit>

p(zt|x0:t, u0:t�1, z0:t�1) = p(zt|xt)



Bayes Filters
z = observation
u = action
x = state

We want to recursively express Bel(xt) in terms of three entities

<latexit sha1_base64="Y7dyJfWI8vW8KkSIDdtXYUm+VkQ=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmKCF9Iaoh6JXjxiIh8JNM122cKG7bbuTolY+R1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/FhwDbb9beVWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vJ76rRFTmkfyDsYxc0PSlzzglICRXByXHz14evBSmJx6xZJdsWfAy8TJSAllqHvFr24voknIJFBBtO44dgxuShRwKtik0E00iwkdkj7rGCpJyLSbzo6e4BOj9HAQKVMS8Ez9PZGSUOtx6JvOkMBAL3pT8T+vk0Bw6aZcxgkwSeeLgkRgiPA0AdzjilEQY0MIVdzciumAKELB5FQwITiLLy+T5lnFOa9Ub6ul2lUWRx4doWNURg66QDV0g+qogSi6R8/oFb1ZI+vFerc+5q05K5s5RH9gff4AghaR8g==</latexit>

p(zt|xt)

<latexit sha1_base64="NB9fUzyhyKY6rN6GTMHTiGlSyUA=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJDmKCjlaEeh148TnAvsJWSZukWlqYlScVRC178Kl48KOLVL+HNb2O69aCbDyT8+P+fh+T5exGjUlnWt1FYWFxaXimultbWNza3zO2dlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90VXmt++IkDTkt2ocESdAA059ipHSkmvuwahy7yYqfcjuEzs9hvEUjlyzbFWtScF5sHMog7warvnV64c4DghXmCEpu7YVKSdBQlHMSFrqxZJECI/QgHQ1chQQ6SSTHVJ4qJU+9EOhD1dwov6eSFAg5TjwdGeA1FDOepn4n9eNlX/hJJRHsSIcTx/yYwZVCLNAYJ8KghUba0BYUP1XiIdIIKx0bCUdgj278jy0Tqv2WbV2UyvXL/M4imAfHIAKsME5qINr0ABNgMEjeAav4M14Ml6Md+Nj2low8pld8KeMzx+mFpbj</latexit>

p(xt|xt�1, ut�1)
<latexit sha1_base64="2fBHQkXN0CmYwmFQa8ypC35zorI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQD5ZEinos9eKxgv2ANpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zM82PBNTrOt5VbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmshRsE6sGAl9wdr++Hbmtx+Z0jySDziJmReSoeQBpwSN1KszUX7qp3jhTs/7xZJTceawV4mbkRJkaPSLX71BRJOQSaSCaN11nRi9lCjkVLBpoZdoFhM6JkPWNVSSkGkvnd88tc+MMrCDSJmSaM/V3xMpCbWehL7pDAmO9LI3E//zugkGN17KZZwgk3SxKEiEjZE9C8AecMUoiokhhCpubrXpiChC0cRUMCG4yy+vktZlxb2qVO+rpVo9iyMPJ3AKZXDhGmpwBw1oAoUYnuEV3qzEerHerY9Fa87KZo7hD6zPH/hxkQA=</latexit>

Bel(xt�1)

Dynamics

Measurement

Previous Belief

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)



Bayes Filters: Intuition z = observation
u = action
x = state

We want to recursively express Bel(xt) in terms of three entities

<latexit sha1_base64="NB9fUzyhyKY6rN6GTMHTiGlSyUA=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJDmKCjlaEeh148TnAvsJWSZukWlqYlScVRC178Kl48KOLVL+HNb2O69aCbDyT8+P+fh+T5exGjUlnWt1FYWFxaXimultbWNza3zO2dlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90VXmt++IkDTkt2ocESdAA059ipHSkmvuwahy7yYqfcjuEzs9hvEUjlyzbFWtScF5sHMog7warvnV64c4DghXmCEpu7YVKSdBQlHMSFrqxZJECI/QgHQ1chQQ6SSTHVJ4qJU+9EOhD1dwov6eSFAg5TjwdGeA1FDOepn4n9eNlX/hJJRHsSIcTx/yYwZVCLNAYJ8KghUba0BYUP1XiIdIIKx0bCUdgj278jy0Tqv2WbV2UyvXL/M4imAfHIAKsME5qINr0ABNgMEjeAav4M14Ml6Md+Nj2low8pld8KeMzx+mFpbj</latexit>

p(xt|xt�1, ut�1)
<latexit sha1_base64="2fBHQkXN0CmYwmFQa8ypC35zorI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQD5ZEinos9eKxgv2ANpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zM82PBNTrOt5VbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmshRsE6sGAl9wdr++Hbmtx+Z0jySDziJmReSoeQBpwSN1KszUX7qp3jhTs/7xZJTceawV4mbkRJkaPSLX71BRJOQSaSCaN11nRi9lCjkVLBpoZdoFhM6JkPWNVSSkGkvnd88tc+MMrCDSJmSaM/V3xMpCbWehL7pDAmO9LI3E//zugkGN17KZZwgk3SxKEiEjZE9C8AecMUoiokhhCpubrXpiChC0cRUMCG4yy+vktZlxb2qVO+rpVo9iyMPJ3AKZXDhGmpwBw1oAoUYnuEV3qzEerHerY9Fa87KZo7hD6zPH/hxkQA=</latexit>

Bel(xt�1)

DynamicsPrevious Belief

+

With integration à understand the effect of taking an action

Integrate in effect of action
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)



Bayes Filters: Intuition z = observation
u = action
x = state

We want to recursively express Bel(xt) in terms of three entities

MeasurementPrevious Belief

+

With normalization à understand the effect of your latest measurement

Integrate in Measurement
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)
<latexit sha1_base64="Y7dyJfWI8vW8KkSIDdtXYUm+VkQ=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmKCF9Iaoh6JXjxiIh8JNM122cKG7bbuTolY+R1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/FhwDbb9beVWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vJ76rRFTmkfyDsYxc0PSlzzglICRXByXHz14evBSmJx6xZJdsWfAy8TJSAllqHvFr24voknIJFBBtO44dgxuShRwKtik0E00iwkdkj7rGCpJyLSbzo6e4BOj9HAQKVMS8Ez9PZGSUOtx6JvOkMBAL3pT8T+vk0Bw6aZcxgkwSeeLgkRgiPA0AdzjilEQY0MIVdzciumAKELB5FQwITiLLy+T5lnFOa9Ub6ul2lUWRx4doWNURg66QDV0g+qogSi6R8/oFb1ZI+vFerc+5q05K5s5RH9gff4AghaR8g==</latexit>

p(zt|xt)
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)



Bayes Filters

Bayes

z = observation
u = action
x = state

Remember: Bayes Rule
<latexit sha1_base64="ShvIrHcETsHZeKeBCiDhmxWZPXI=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsQgtSZqSoG6HoxmUFe4F2KJk004ZmLiQZ6ViLr+LGhSJufQ93vo1pOwtt/SHw8Z9zOCe/G3EmlWV9G5ml5ZXVtex6bmNza3vH3N2ryzAWhNZIyEPRdLGknAW0ppjitBkJin2X04Y7uJ7UG/dUSBYGdyqJqOPjXsA8RrDSVsc8qBaSEzQsokuk6XFYjArDYsfMWyVrKrQIdgp5SFXtmF/tbkhinwaKcCxly7Yi5YywUIxwOs61Y0kjTAa4R1saA+xT6Yym14/RsXa6yAuFfoFCU/f3xAj7Uia+qzt9rPpyvjYx/6u1YuVdOCMWRLGiAZkt8mKOVIgmUaAuE5QonmjARDB9KyJ9LDBROrCcDsGe//Ii1E9L9lmpfFvOV67SOLJwCEdQABvOoQI3UIUaEHiAZ3iFN+PJeDHejY9Za8ZIZ/bhj4zPHybdkx4=</latexit>

P (y, x) = P (y|x)p(x)
<latexit sha1_base64="MNiEUy/HAGxFOZn1Lt9z7eJqVNE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREiroRim5cVrAPaEKYTCft0MkkzEykIWTpxl9x40IRt36CO//G6WOhrQcuHM65l3vv8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w5ux334gQtKI36s0Jm6I+pwGFCOlJc88dIhC8Ao6gUA4s/PMkUnojWCjkp7C0UnumWWrak0AF4k9I2UwQ8Mzv5xehJOQcIUZkrJrW7FyMyQUxYzkJSeRJEZ4iPqkqylHIZFuNnkkh8da6cEgErq4ghP190SGQinT0NedIVIDOe+Nxf+8bqKCSzejPE4U4Xi6KEgYVBEcpwJ7VBCsWKoJwoLqWyEeIB2J0tmVdAj2/MuLpHVWtc+rtbtauX49i6MIDsARqAAbXIA6uAUN0AQYPIJn8ArejCfjxXg3PqatBWM2sw/+wPj8Ad0/mJw=</latexit>

⌘ =
1P

x P (y, x)

<latexit sha1_base64="QZTnLs+ud2E+7MQzC7pB5caq2lg=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQxCAhJ2JagXIejF4wrmAckSZieTZMjsg5leybIG/BUvHhTx6nd482+cJHvQxIKGoqqb7i4vElyBZX0bS8srq2vruY385tb2zq65t19XYSwpq9FQhLLpEcUED1gNOAjWjCQjvidYwxveTPzGA5OKh8E9JBFzfdIPeI9TAlrqmIdOcfSYlPAVbjMg2Ckmp3hU6pgFq2xNgReJnZECyuB0zK92N6SxzwKggijVsq0I3JRI4FSwcb4dKxYROiR91tI0ID5Tbjo9f4xPtNLFvVDqCgBP1d8TKfGVSnxPd/oEBmrem4j/ea0YepduyoMoBhbQ2aJeLDCEeJIF7nLJKIhEE0Il17diOiCSUNCJ5XUI9vzLi6R+VrbPy5W7SqF6ncWRQ0foGBWRjS5QFd0iB9UQRSl6Rq/ozXgyXox342PWumRkMwfoD4zPHxafk6U=</latexit>

P (x|y) = ⌘P (y, x)

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="unbPeollLtL+bbFoUFRHorLQ7fw="></latexit>

= ⌘ p(zt|xt, u0:t�1, z0:t�1)P (xt|u0:t�1, z0:t�1)



Bayes Filters

Bayes

z = observation
u = action
x = state

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="unbPeollLtL+bbFoUFRHorLQ7fw="></latexit>

= ⌘ p(zt|xt, u0:t�1, z0:t�1)P (xt|u0:t�1, z0:t�1)
<latexit sha1_base64="hA5rsCDVd0DfbUQPtrJOaKcv4H4="></latexit>

= ⌘ p(zt|xt)P (xt|u0:t�1, z0:t�1)Markov

Remember: Markov Property

<latexit sha1_base64="NRj5JyW06PTH0w5J7R52HQC7RDQ=">AAACK3icbVDLSgMxFM3UV62vqks3wSJU0DIjRUUQSt24rGAf0JYhk6ZtaOZBckdax/6PG3/FhS584Nb/MNNW0dYDgZNzziW5xwkEV2Cab0Zibn5hcSm5nFpZXVvfSG9uVZQfSsrK1Be+rDlEMcE9VgYOgtUCyYjrCFZ1ehexX71hUnHfu4ZBwJou6Xi8zSkBLdnpYpDt23B3a0fmGRxawwMcxjSKub70v/V9fI7HUS39BEeOnc6YOXMEPEusCcmgCUp2+qnR8mnoMg+oIErVLTOAZkQkcCrYMNUIFQsI7ZEOq2vqEZepZjTadYj3tNLCbV/q4wEeqb8nIuIqNXAdnXQJdNW0F4v/efUQ2qfNiHtBCMyj44faocDg47g43OKSURADTQiVXP8V0y6RhIKuN6VLsKZXniWVo5x1nMtf5TOF4qSOJNpBuyiLLHSCCugSlVAZUXSPHtELejUejGfj3fgYRxPGZGYb/YHx+QX0GaUQ</latexit>

p(xt|z0:t�1, u0:t�1, x0:t�1) = p(xt|xt�1, ut�1)
<latexit sha1_base64="pF9hFgvKn+Zm9etH68nFG4yr96k=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAILWiZkXpBEIpuXFawF2jLkEnTNjRzITkjtuM8iRtfxY0LRQRX+jamF0Rbfwh8+c85JOd3AsEVmOaXkZibX1hcSi6nVlbX1jfSm1sV5YeSsjL1hS9rDlFMcI+VgYNgtUAy4jqCVZ3e5bBevWVScd+7gX7Ami7peLzNKQFt2emjIDuw4f7OjswziPdxOIQIDqxYXwYjV3MOn+OfRohzdjpj5s2R8CxYE8igiUp2+qPR8mnoMg+oIErVLTOAZkQkcCpYnGqEigWE9kiH1TV6xGWqGY3Wi/Gedlq47Ut9PMAj9/dERFyl+q6jO10CXTVdG5r/1eohtE+bEfeCEJhHxw+1Q4HBx8OscItLRkH0NRAquf4rpl0iCQWdaEqHYE2vPAuVw7x1nC9cFzLFi0kcSbSDdlEWWegEFdEVKqEyougBPaEX9Go8Gs/Gm/E+bk0Yk5lt9EfG5zeYa6Ds</latexit>

p(zt|x0:t, u0:t�1, z0:t�1) = p(zt|xt)



Bayes Filters
z = observation
u = action
x = state

Total prob.

Remember: Marginalization
<latexit sha1_base64="63ZKzXvCT/yidkqgz3TCP9QvWc0=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaEHKjBR1IxTduKxgH9AOJZPJtKGZB0lGHGoX/oobF4q49Tfc+Tem7Sy09UDgcM693JPjxpxJZVnfRm5peWV1Lb9e2Njc2t4xd/eaMkoEoQ0S8Ui0XSwpZyFtKKY4bceC4sDltOUOryd+654KyaLwTqUxdQLcD5nPCFZa6pkHcemhjC5Rl4UKaX6C0jLy0p5ZtCrWFGiR2BkpQoZ6z/zqehFJAhoqwrGUHduKlTPCQjHC6bjQTSSNMRniPu1oGuKASmc0zT9Gx1rxkB8J/XSMqfp7Y4QDKdPA1ZMBVgM5703E/7xOovwLZ8TCOFE0JLNDfsKRitCkDOQxQYniqSaYCKazIjLAAhOlKyvoEuz5Ly+S5mnFPqtUb6vF2lVWRx4O4QhKYMM51OAG6tAAAo/wDK/wZjwZL8a78TEbzRnZzj78gfH5A8WelAg=</latexit>

p(x) =

Z
p(x, y)dy

<latexit sha1_base64="zFIgnGvNLPigQRMNMGdW0a/ewqk=">AAAB/XicbZDLSgMxFIYzXmu9jZedm2ARWpAyI0XdCEU3LivYC7RDyaSZNjSTCUlGHMfiq7hxoYhb38Odb2PazkJbfwh8/OcczsnvC0aVdpxva2FxaXllNbeWX9/Y3Nq2d3YbKoolJnUcsUi2fKQIo5zUNdWMtIQkKPQZafrDq3G9eUekohG/1YkgXoj6nAYUI22srr0vivfHMCnBC2joMSmJYlLq2gWn7EwE58HNoAAy1br2V6cX4TgkXGOGlGq7jtBeiqSmmJFRvhMrIhAeoj5pG+QoJMpLJ9eP4JFxejCIpHlcw4n7eyJFoVJJ6JvOEOmBmq2Nzf9q7VgH515KuYg14Xi6KIgZ1BEcRwF7VBKsWWIAYUnNrRAPkERYm8DyJgR39svz0Dgpu6flyk2lUL3M4siBA3AIisAFZ6AKrkEN1AEGD+AZvII368l6sd6tj2nrgpXN7IE/sj5/AIzdk18=</latexit>

p(x, y) = p(x|y)p(y)

Bayes

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="unbPeollLtL+bbFoUFRHorLQ7fw="></latexit>

= ⌘ p(zt|xt, u0:t�1, z0:t�1)P (xt|u0:t�1, z0:t�1)
<latexit sha1_base64="hA5rsCDVd0DfbUQPtrJOaKcv4H4="></latexit>

= ⌘ p(zt|xt)P (xt|u0:t�1, z0:t�1)Markov

<latexit sha1_base64="oeR2qa4xhXljn44O7IlzkmNBK3s="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|u0:t�1, z0:t�1, xt�1)P (xt�1|u0:t�1, z0:t�1)dxt�1



Bayes Filters
z = observation
u = action
x = state

Markov

Total prob.

Bayes

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="unbPeollLtL+bbFoUFRHorLQ7fw="></latexit>

= ⌘ p(zt|xt, u0:t�1, z0:t�1)P (xt|u0:t�1, z0:t�1)
<latexit sha1_base64="hA5rsCDVd0DfbUQPtrJOaKcv4H4="></latexit>

= ⌘ p(zt|xt)P (xt|u0:t�1, z0:t�1)Markov

<latexit sha1_base64="oeR2qa4xhXljn44O7IlzkmNBK3s="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|u0:t�1, z0:t�1, xt�1)P (xt�1|u0:t�1, z0:t�1)dxt�1

<latexit sha1_base64="ZXw5cqnb6MutBYK4MOxV6NI1gSo="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)P (xt�1|u0:t�1, z0:t�1)dxt�1

<latexit sha1_base64="x2F3RCIHnC9v1pWNFGkIiTfFaXw="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1



Understanding Bayes Filters z = observation
u = action
x = state

Step 1: Dynamics Update

Incorporate the effect of motion on uncertainty (typically increases)

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="x2F3RCIHnC9v1pWNFGkIiTfFaXw="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1



Understanding Bayes Filters z = observation
u = action
x = state

Step 2: Measurement Update

Incorporate the effect of new measurements on uncertainty (typically decreases)

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="x2F3RCIHnC9v1pWNFGkIiTfFaXw="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1



Understanding Bayes Filters z = observation
u = action
x = state

All Bayes filter iterate between performing the dynamics (prediction) step 
and the measurement (correction) step

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="x2F3RCIHnC9v1pWNFGkIiTfFaXw="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1



Bayes Filter Algorithm 
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)
<latexit sha1_base64="Rh3mNFJV+SQqs6xBGkRhXPkyy+g="></latexit>

Bel(xt) =

Z
p(xt|xt�1, ut�1)Bel(xt�1)dxt�1

Estimate 
<latexit sha1_base64="EmbSwGWJxPlhH1L1foAQf8u1Bzs=">AAACFnicbVDLSgMxFM34tr6qLt0Ei1AXlhkp6kYounGpYG2hHYZMeseGZh4kd8Q69ivc+CtuXCjiVtz5N2baLtR6IHA459wk9/iJFBpt+8uamp6ZnZtfWCwsLa+srhXXN650nCoOdR7LWDV9pkGKCOooUEIzUcBCX0LD753mfuMGlBZxdIn9BNyQXUciEJyhkbzi3gnI8q2Hu/SYtgEZTcp3Ht7nSjs2g/m9mckMhiGvWLIr9hB0kjhjUiJjnHvFz3Yn5mkIEXLJtG45doJuxhQKLmFQaKcaEsZ77BpahkYsBO1mw7UGdMcoHRrEypwI6VD9OZGxUOt+6JtkyLCr/3q5+J/XSjE4cjMRJSlCxEcPBamkGNO8I9oRCjjKviGMK2H+SnmXKcbRNFkwJTh/V54kV/sV56BSvaiWaifjOhbIFtkmZeKQQ1IjZ+Sc1AknD+SJvJBX69F6tt6s91F0yhrPbJJfsD6+AdAcnpQ=</latexit>

Bel(xt) = ⌘p(zt|xt)Bel(xt)
<latexit sha1_base64="Oye+WpwLcNCGV6JJtJGoMbNQazw="></latexit>

Bel(xt) =
p(zt|xt)Bel(xt)P

x0 p(zt|xt = x0)Bel(xt = x0)

<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction

Measurement/Correction



Example Run for Localization

n Sensor model: never more than 1 
mistake 

n Know the heading (North, East, 
South or West) 

n Motion model: may not execute 
action with small prob.
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Bayes Filters are Familiar!

n Kalman filters

n Particle filters

n Hidden Markov models

n Dynamic Bayesian networks

n Partially Observable Markov Decision Processes 
(POMDPs)

111 )(),|()|()( ---ò= tttttttt dxxBelxuxPxzPxBel h



Why is this difficult?

111 )(),|()|()( ---ò= tttttttt dxxBelxuxPxzPxBel h

Tractable Bayesian inference is challenging in the general case

We will work out the conjugate prior and discrete case, 
leaving the MCMC/VI cases as an exercise



Lecture Outline

Bayesian Filtering

Kalman Filtering

Recap

Gaussian Properties



n Dynamics (Prediction)

n Measurement (Correction)

Recap: Bayesian Filters
<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="x2F3RCIHnC9v1pWNFGkIiTfFaXw="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1

<latexit sha1_base64="mO0sx6Q+AoX8ruzHqbbIHz3kpnY="></latexit>

Bel(xt) =

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)



What makes this challenging?

Tractable computation of Bayesian posteriors

n Dynamics (Prediction)

n Measurement (Correction)

<latexit sha1_base64="mO0sx6Q+AoX8ruzHqbbIHz3kpnY="></latexit>

Bel(xt) =

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)



How can we make this more tractable?

Model as Linear Gaussian

n Dynamics (Prediction)

n Measurement (Correction)

<latexit sha1_base64="mO0sx6Q+AoX8ruzHqbbIHz3kpnY="></latexit>

Bel(xt) =

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)



Let’s take a little Gaussian detour



Gaussians (1D)

Page 2

Univariate Gaussian 

!  Gaussian distribution with mean µ, and standard deviation σ: 

!  Densities integrate to one:  

!  Mean: 

!  Variance: 

Properties of Gaussians 

n Gaussian with mean (    ) and standard deviation (   )µ σ



Gaussians (2D)

   

p(x) = Ν(µ,Σ)

x =
xa

xb
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2D examples Slide from Pieter Abbeel

Page 5

Multi-variate Gaussians: examples 

!  µ = [0; 0] 

!  Σ = [1 0 ; 0 1] 

"  µ = [0; 0] 
"  Σ = [.6 0 ; 0 .6] 

"  µ = [0; 0] 
"  Σ = [2 0 ; 0 2] 

"  µ = [0; 0] 
"  Σ = [1  0; 0  1] 

"  µ = [0; 0] 
"  Σ = [1  0.5; 0.5 1] 

"  µ = [0; 0] 
"  Σ = [1  0.8; 0.8  1] 

Multi-variate Gaussians: examples 
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"  µ = [0; 0] 
"  Σ = [1  0; 0  1] 

"  µ = [0; 0] 
"  Σ = [1  0.5; 0.5  1] 

"  µ = [0; 0] 
"  Σ = [1  0.8; 0.8  1] 

Multi-variate Gaussians: examples 

"  µ = [0; 0] 
"  Σ = [1  -0.5 ; -0.5  1] 

"  µ = [0; 0] 
"  Σ = [1  -0.8 ; -0.8  1] 

"  µ = [0; 0] 
"  Σ = [3  0.8 ; 0.8  1] 

Multi-variate Gaussians: examples 
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"  µ = [0; 0] 
"  Σ = [1  0; 0  1] 

"  µ = [0; 0] 
"  Σ = [1  0.5; 0.5  1] 

"  µ = [0; 0] 
"  Σ = [1  0.8; 0.8  1] 

Multi-variate Gaussians: examples 

"  µ = [0; 0] 
"  Σ = [1  -0.5 ; -0.5  1] 

"  µ = [0; 0] 
"  Σ = [1  -0.8 ; -0.8  1] 

"  µ = [0; 0] 
"  Σ = [3  0.8 ; 0.8  1] 

Multi-variate Gaussians: examples 
Slide from Pieter Abbeel



n Marginalization and conditioning in Gaussians results in Gaussians

n We stay in the “Gaussian world” as long as we start with Gaussians and perform 
only linear transformations.
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Let’s show how!



Partitioned Multivariate Gaussians

<latexit sha1_base64="ATq8o/+pK7RO4MHEmxEY+v60Acg="></latexit>
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<latexit sha1_base64="g56L/SBiUq2zlzvj6z472NgB7lU="></latexit>
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Let us consider an arbitrary partitioning of a multivariate Gaussian

What is p(x) and p(x|y=y0)?

Marginal Conditional



Important Gaussian Identities
n Marginalization: 

n Conditioning
<latexit sha1_base64="eKbXxh/n3UZXb+Jtgm7hpWl/5sc="></latexit>

=N (µX + ��1
XX�XY (y0 � µY ),�

�1
XX)

=N (µX + ⌃XY ⌃
�1
Y Y (y0 � µY ),⌃XX � ⌃XY ⌃

�1
Y Y ⌃Y X)

<latexit sha1_base64="CEuTexEULnNw5585rPgRiVR3+K0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/pF1KNs22odlsSLLCUvs3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvEBypo3rfju5ldW19Y38ZmFre2d3r7h/0NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1M/dYjVZrF4t6kkvoRHggWMoKNlbqy3H56QFco7bmnvWLJrbgzoGXiZaQEGeq94le3H5MkosIQjrXueK40/hgrwwink0I30VRiMsID2rFU4Ihqfzy7eYJOrNJHYaxsCYNm6u+JMY60TqPAdkbYDPWiNxX/8zqJCS/9MRMyMVSQ+aIw4cjEaBoA6jNFieGpJZgoZm9FZIgVJsbGVLAheIsvL5PmWcU7r1TvqqXadRZHHo7gGMrgwQXU4Bbq0AACEp7hFd6cxHlx3p2PeWvOyWYO4Q+czx8Yx5Bu</latexit>

p(X|Y = y0)

<latexit sha1_base64="0mRS8x/BwdDZxdHmRuyp14w5kdQ=">AAACD3icbVDLSgMxFM34rPU16tJNsCgtSJmRom6EohtXUtG2A50yZNK0DU0yQ5IRyjB/4MZfceNCEbdu3fk3po+Fth64cDjnXu69J4wZVdpxvq2FxaXlldXcWn59Y3Nr297ZbagokZjUccQi6YVIEUYFqWuqGfFiSRAPGWmGg6uR33wgUtFI3OthTNoc9QTtUoy0kQL7KC56JXgBfY50HyOW3mRFnyeBdwz9O9rjKEg9LysFdsEpO2PAeeJOSQFMUQvsL78T4YQToTFDSrVcJ9btFElNMSNZ3k8UiREeoB5pGSoQJ6qdjv/J4KFROrAbSVNCw7H6eyJFXKkhD03n6Gw1643E/7xWorvn7ZSKONFE4MmibsKgjuAoHNihkmDNhoYgLKm5FeI+kghrE2HehODOvjxPGidl97Rcua0UqpfTOHJgHxyAInDBGaiCa1ADdYDBI3gGr+DNerJerHfrY9K6YE1n9sAfWJ8/l2ubKA==</latexit>

p(X) = N (µX ,⌃XX)
<latexit sha1_base64="XvECzi8KvwNUjBb689UBFnx7O6o=">AAACD3icbVDLSsNAFJ34rPVVdelmsCgtSEmkqBuh6MaVVLSP0IQwmU7boTNJmJkIJeQP3Pgrblwo4tatO//GSduFth64cDjnXu69x48Ylco0v42FxaXlldXcWn59Y3Nru7Cz25RhLDBp4JCFou0jSRgNSENRxUg7EgRxn5GWP7zK/NYDEZKGwb0aRcTlqB/QHsVIackrHEUluwwvoMORGmDEkpu05PDYs4+hc0f7HHmJbadlr1A0K+YYcJ5YU1IEU9S9wpfTDXHMSaAwQ1J2LDNSboKEopiRNO/EkkQID1GfdDQNECfSTcb/pPBQK13YC4WuQMGx+nsiQVzKEfd1Z3a2nPUy8T+vE6veuZvQIIoVCfBkUS9mUIUwCwd2qSBYsZEmCAuqb4V4gATCSkeY1yFYsy/Pk+ZJxTqtVG+rxdrlNI4c2AcHoAQscAZq4BrUQQNg8AiewSt4M56MF+Pd+Ji0LhjTmT3wB8bnD52xmyw=</latexit>

p(Y ) = N (µY ,⌃Y Y )



Marginalization of Gaussian
<latexit sha1_base64="Artc383MYuk9BGasAcb/0sqVcP4="></latexit>
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<latexit sha1_base64="0xPBptOuge9mdGsGaOsDmRAl6aQ="></latexit>
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Sketch: 
1. We will write out the whole likelihood in quadratic form
2. We will add and subtract terms to complete the square
3. We will use the fact that Gaussians integrate to 1 to simplify
4. We will show that the marginal is p(x)



Conditioning with Gaussians
<latexit sha1_base64="Artc383MYuk9BGasAcb/0sqVcP4="></latexit>
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Sketch: 
1. We will write out the whole likelihood in quadratic form
2. Separate out the y and x terms 
3. Complete the square and back out to a conditional 

Gaussian likelihood



Proofs (Skipped in Lecture)



Recap of linear algebra lemmas 
n Matrix Inversion Lemma

<latexit sha1_base64="GpMyFarKYuNIrgU2jJcWxQQbF00="></latexit>
A B
C D

��1

=


(M \D)�1 �A�1B(M \A)�1

�D�1C(M \D)�1 (M \A)�1

�

<latexit sha1_base64="yATO+wrZlIRYiRMAU1zWYfX2dcw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQFy2JFHUj9OHCjVDBPqCNZTKdtEMnkzAzEUrozo2/4saFIm79BXf+jdM2C209cOFwzr3ce48bMiqVZX0bqaXlldW19HpmY3Nre8fc3WvIIBKY1HHAAtFykSSMclJXVDHSCgVBvstI0x1WJ37zgQhJA36nRiFxfNTn1KMYKS11zcPcDexIonzKIwnLJ/ASXsE8rJbv47w9rnTNrFWwpoCLxE5IFiSodc2vTi/AkU+4wgxJ2batUDkxEopiRsaZTiRJiPAQ9UlbU458Ip14+scYHmulB71A6OIKTtXfEzHypRz5ru70kRrIeW8i/ue1I+VdODHlYaQIx7NFXsSgCuAkFNijgmDFRpogLKi+FeIBEggrHV1Gh2DPv7xIGqcF+6xQvC1mS5UkjjQ4AEcgB2xwDkrgGtRAHWDwCJ7BK3gznowX4934mLWmjGRmH/yB8fkDbB6Wew==</latexit>

(M \A) = D � CA�1B
<latexit sha1_base64="z779Rt4QwAkvqxUz37Qda3lTEu4=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQFy2JFHUj1LYLN0IF+4A2lsl00g6dTMLMRCihOzf+ihsXirj1F9z5N07bLLT1wIXDOfdy7z1uyKhUlvVtpJaWV1bX0uuZjc2t7R1zd68hg0hgUscBC0TLRZIwykldUcVIKxQE+S4jTXdYmfjNByIkDfidGoXE8VGfU49ipLTUNQ9zN7AjifIpjySsnsBLeAXzsFy9j/P2uNI1s1bBmgIuEjshWZCg1jW/Or0ARz7hCjMkZdu2QuXESCiKGRlnOpEkIcJD1CdtTTnyiXTi6R9jeKyVHvQCoYsrOFV/T8TIl3Lku7rTR2og572J+J/XjpR34cSUh5EiHM8WeRGDKoCTUGCPCoIVG2mCsKD6VogHSCCsdHQZHYI9//IiaZwW7LNC8baYLZWTONLgAByBHLDBOSiBa1ADdYDBI3gGr+DNeDJejHfjY9aaMpKZffAHxucPcMSWfg==</latexit>

(M \D) = A�BD�1C
Schur Complement



Partitioned Multivariate Gaussians: Dual
<latexit sha1_base64="LHH5SG5LSxbccMXTcGuWr9rSqmU="></latexit>

� =
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�XX �XY

�Y X �Y Y

�
= ⌃�1 =
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⌃XX ⌃XY

⌃Y X ⌃Y Y

��1

Remember matrix lemmas
<latexit sha1_base64="GpMyFarKYuNIrgU2jJcWxQQbF00="></latexit>
A B
C D

��1

=


(M \D)�1 �A�1B(M \A)�1

�D�1C(M \D)�1 (M \A)�1

�

<latexit sha1_base64="yATO+wrZlIRYiRMAU1zWYfX2dcw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQFy2JFHUj9OHCjVDBPqCNZTKdtEMnkzAzEUrozo2/4saFIm79BXf+jdM2C209cOFwzr3ce48bMiqVZX0bqaXlldW19HpmY3Nre8fc3WvIIBKY1HHAAtFykSSMclJXVDHSCgVBvstI0x1WJ37zgQhJA36nRiFxfNTn1KMYKS11zcPcDexIonzKIwnLJ/ASXsE8rJbv47w9rnTNrFWwpoCLxE5IFiSodc2vTi/AkU+4wgxJ2batUDkxEopiRsaZTiRJiPAQ9UlbU458Ip14+scYHmulB71A6OIKTtXfEzHypRz5ru70kRrIeW8i/ue1I+VdODHlYaQIx7NFXsSgCuAkFNijgmDFRpogLKi+FeIBEggrHV1Gh2DPv7xIGqcF+6xQvC1mS5UkjjQ4AEcgB2xwDkrgGtRAHWDwCJ7BK3gznowX4934mLWmjGRmH/yB8fkDbB6Wew==</latexit>

(M \A) = D � CA�1B
<latexit sha1_base64="z779Rt4QwAkvqxUz37Qda3lTEu4=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQFy2JFHUj1LYLN0IF+4A2lsl00g6dTMLMRCihOzf+ihsXirj1F9z5N07bLLT1wIXDOfdy7z1uyKhUlvVtpJaWV1bX0uuZjc2t7R1zd68hg0hgUscBC0TLRZIwykldUcVIKxQE+S4jTXdYmfjNByIkDfidGoXE8VGfU49ipLTUNQ9zN7AjifIpjySsnsBLeAXzsFy9j/P2uNI1s1bBmgIuEjshWZCg1jW/Or0ARz7hCjMkZdu2QuXESCiKGRlnOpEkIcJD1CdtTTnyiXTi6R9jeKyVHvQCoYsrOFV/T8TIl3Lku7rTR2og572J+J/XjpR34cSUh5EiHM8WeRGDKoCTUGCPCoIVG2mCsKD6VogHSCCsdHQZHYI9//IiaZwW7LNC8baYLZWTONLgAByBHLDBOSiBa1ADdYDBI3gGr+DNeDJejHfjY9aaMpKZffAHxucPcMSWfg==</latexit>

(M \D) = A�BD�1C



Partitioned Multivariate Gaussians: Dual
<latexit sha1_base64="LHH5SG5LSxbccMXTcGuWr9rSqmU="></latexit>
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Remember matrix lemmas

<latexit sha1_base64="h2kEki/IfgKHOmwK+YVPNA3IhNg=">AAACMnicbVDLTgIxFO3gC/GFunTTSExwAZkxRN2YEF2oO4wCQwBJpxRoaGcmbceETOab3PglJi50oTFu/QgLDD7AmzQ5j3tze4/jMyqVaT4bibn5hcWl5HJqZXVtfSO9uVWRXiAwKWOPecJ2kCSMuqSsqGLE9gVB3GGk6vTPhn71jghJPfdGDXzS5Kjr0g7FSGmplb5snCPOUSu07QiewGzjmnYnNAe/WS2awFotug1z1g+3o/2R0EpnzLw5KjgLrBhkQFylVvqx0fZwwImrMENS1i3TV80QCUUxI1GqEUjiI9xHXVLX0EWcyGY4OjmCe1ppw44n9HMVHKm/J0LEpRxwR3dypHpy2huK/3n1QHWOmyF1/UARF48XdQIGlQeH+cE2FQQrNtAAYUH1XyHuIYGw0imndAjW9MmzoHKQtw7zhatCpngax5EEO2AXZIEFjkARXIASKAMM7sETeAVvxoPxYrwbH+PWhBHPbIM/ZXx+AZE1qcs=</latexit>

�XX = (⌃XX � ⌃XY ⌃
�1
Y Y ⌃Y X)�1

<latexit sha1_base64="L5SI/gxN0iaVn4tdFNSm207s980=">AAACMnicbVDLTgIxFO3gC/GFunTTSExwAZkxRN2YEF2oO4wCQwBJpxRoaGcmbceETOab3PglJi50oTFu/QgLDD7AmzQ5j3tze4/jMyqVaT4bibn5hcWl5HJqZXVtfSO9uVWRXiAwKWOPecJ2kCSMuqSsqGLE9gVB3GGk6vTPhn71jghJPfdGDXzS5Kjr0g7FSGmplb5snCPOUSus1SJ4ArONa9qd0Bz8ZnY0gbYd3YY564fXov2R0EpnzLw5KjgLrBhkQFylVvqx0fZwwImrMENS1i3TV80QCUUxI1GqEUjiI9xHXVLX0EWcyGY4OjmCe1ppw44n9HMVHKm/J0LEpRxwR3dypHpy2huK/3n1QHWOmyF1/UARF48XdQIGlQeH+cE2FQQrNtAAYUH1XyHuIYGw0imndAjW9MmzoHKQtw7zhatCpngax5EEO2AXZIEFjkARXIASKAMM7sETeAVvxoPxYrwbH+PWhBHPbIM/ZXx+AZTuqc0=</latexit>

�Y Y = (⌃Y Y � ⌃Y X⌃�1
XX⌃XY )

�1

<latexit sha1_base64="5QTT4Zr4PCFPg+zq+1o+crnmLoo="></latexit>

�XY = �⌃�1
XX⌃XY (⌃Y Y � ⌃Y X⌃�1

XX⌃XY )
�1

<latexit sha1_base64="IdVzgMqUYMlzAEm1B7J2Ir78Rj8="></latexit>

�Y X = �⌃�1
Y Y ⌃Y X(⌃XX � ⌃XY ⌃

�1
Y Y ⌃Y X)�1

<latexit sha1_base64="GpMyFarKYuNIrgU2jJcWxQQbF00="></latexit>
A B
C D

��1

=


(M \D)�1 �A�1B(M \A)�1

�D�1C(M \D)�1 (M \A)�1

�



Important Gaussian Identities
n Marginalization: 

n Conditioning
<latexit sha1_base64="eKbXxh/n3UZXb+Jtgm7hpWl/5sc="></latexit>

=N (µX + ��1
XX�XY (y0 � µY ),�

�1
XX)

=N (µX + ⌃XY ⌃
�1
Y Y (y0 � µY ),⌃XX � ⌃XY ⌃

�1
Y Y ⌃Y X)

<latexit sha1_base64="CEuTexEULnNw5585rPgRiVR3+K0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/pF1KNs22odlsSLLCUvs3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvEBypo3rfju5ldW19Y38ZmFre2d3r7h/0NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1M/dYjVZrF4t6kkvoRHggWMoKNlbqy3H56QFco7bmnvWLJrbgzoGXiZaQEGeq94le3H5MkosIQjrXueK40/hgrwwink0I30VRiMsID2rFU4Ihqfzy7eYJOrNJHYaxsCYNm6u+JMY60TqPAdkbYDPWiNxX/8zqJCS/9MRMyMVSQ+aIw4cjEaBoA6jNFieGpJZgoZm9FZIgVJsbGVLAheIsvL5PmWcU7r1TvqqXadRZHHo7gGMrgwQXU4Bbq0AACEp7hFd6cxHlx3p2PeWvOyWYO4Q+czx8Yx5Bu</latexit>

p(X|Y = y0)

<latexit sha1_base64="0mRS8x/BwdDZxdHmRuyp14w5kdQ=">AAACD3icbVDLSgMxFM34rPU16tJNsCgtSJmRom6EohtXUtG2A50yZNK0DU0yQ5IRyjB/4MZfceNCEbdu3fk3po+Fth64cDjnXu69J4wZVdpxvq2FxaXlldXcWn59Y3Nr297ZbagokZjUccQi6YVIEUYFqWuqGfFiSRAPGWmGg6uR33wgUtFI3OthTNoc9QTtUoy0kQL7KC56JXgBfY50HyOW3mRFnyeBdwz9O9rjKEg9LysFdsEpO2PAeeJOSQFMUQvsL78T4YQToTFDSrVcJ9btFElNMSNZ3k8UiREeoB5pGSoQJ6qdjv/J4KFROrAbSVNCw7H6eyJFXKkhD03n6Gw1643E/7xWorvn7ZSKONFE4MmibsKgjuAoHNihkmDNhoYgLKm5FeI+kghrE2HehODOvjxPGidl97Rcua0UqpfTOHJgHxyAInDBGaiCa1ADdYDBI3gGr+DNerJerHfrY9K6YE1n9sAfWJ8/l2ubKA==</latexit>

p(X) = N (µX ,⌃XX)
<latexit sha1_base64="XvECzi8KvwNUjBb689UBFnx7O6o=">AAACD3icbVDLSsNAFJ34rPVVdelmsCgtSEmkqBuh6MaVVLSP0IQwmU7boTNJmJkIJeQP3Pgrblwo4tatO//GSduFth64cDjnXu69x48Ylco0v42FxaXlldXcWn59Y3Nru7Cz25RhLDBp4JCFou0jSRgNSENRxUg7EgRxn5GWP7zK/NYDEZKGwb0aRcTlqB/QHsVIackrHEUluwwvoMORGmDEkpu05PDYs4+hc0f7HHmJbadlr1A0K+YYcJ5YU1IEU9S9wpfTDXHMSaAwQ1J2LDNSboKEopiRNO/EkkQID1GfdDQNECfSTcb/pPBQK13YC4WuQMGx+nsiQVzKEfd1Z3a2nPUy8T+vE6veuZvQIIoVCfBkUS9mUIUwCwd2qSBYsZEmCAuqb4V4gATCSkeY1yFYsy/Pk+ZJxTqtVG+rxdrlNI4c2AcHoAQscAZq4BrUQQNg8AiewSt4M56MF+Pd+Ji0LhjTmT3wB8bnD52xmyw=</latexit>

p(Y ) = N (µY ,⌃Y Y )



Marginalization of Gaussian
<latexit sha1_base64="Artc383MYuk9BGasAcb/0sqVcP4="></latexit>
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<latexit sha1_base64="0xPBptOuge9mdGsGaOsDmRAl6aQ="></latexit>
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Sketch: 
1. We will write out the whole likelihood in quadratic form
2. We will add and subtract terms to complete the square
3. We will use the fact that Gaussians integrate to 1 to simplify
4. We will show that the marginal is p(x)



Marginalization of Gaussian
<latexit sha1_base64="0xPBptOuge9mdGsGaOsDmRAl6aQ="></latexit>
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<latexit sha1_base64="SOQXJVuP1ptfViV3fk6RTZ3IszA="></latexit>
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<latexit sha1_base64="32xGRenRj6qEDXrXT8WpfC3aJ3E="></latexit>

=
1

2⇡
n
2 |⌃|0.5

Z
exp

 
� 1

2
((x� µX)T�XX(x� µX) + (y � µY )

T�Y (y � µY )

+ 2(y � µY )
T�Y Y �

�1
Y Y �XY (x� µX)

+ (x� µX)T�XY �
�1
Y Y �Y Y �

�1
Y Y �Y X(x� µX)

�(x� µX)T�XY �
�1
Y Y �Y Y �

�1
Y Y �Y X(x� µX))dy

<latexit sha1_base64="9QkE4MngZdIpa3s6tnff4PUcbtM="></latexit>

=
1

2⇡
n
2 |⌃|0.5

exp

 
� 1

2
((x� µX)T�XX(x� µX)� (x� µX)T�XY �

�1
Y Y �Y Y �

�1
Y Y �Y X(x� µX))

!
<latexit sha1_base64="h6uCwNzOoNwv/+3PKqa1xzw2CEo="></latexit>Z

exp

 
� 1

2
((y � µY )

T�Y (y � µY )

+2(y � µY )
T�Y Y �

�1
Y Y �XY (x� µX)

+(x� µX)T�XY �
�1
Y Y �Y Y �

�1
Y Y �Y X(x� µX))dy

<latexit sha1_base64="y0GJhpcgG9kN1SDjx81+Os9jLrQ="></latexit>

=
2⇡

nY
2 |��1

Y Y |0.5

2⇡
n
2 |⌃|0.5

exp

 
� 1

2
((x� µX)T (�XX � �XY �

�1
Y Y �Y Y �

�1
Y Y �Y X)(x� µX))

!

<latexit sha1_base64="6V6Z9ISFZN+z/IuMKcpZacMUW7E="></latexit>

= N (µX , (�XX � �XY �
�1
Y Y �Y X)�1) = N (µX ,⌃XX)



Marginalization Recap
<latexit sha1_base64="Artc383MYuk9BGasAcb/0sqVcP4="></latexit>

p(


x
y

�
;µ,⌃) =

1

2⇡
n
2 |⌃|0.5

exp

 
� 1

2

 
x
y

�
�

µX

µY

�!T 
�XX �XY

�Y X �Y Y

� 
x
y

�
�

µX

µY

�!!

<latexit sha1_base64="Rh2VxMn0Za4O1hpRDCQziLhoHfY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlx9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHfpON5A==</latexit>

p(x)

Very simple result for marginalization

Simply grab the appropriate partitioned matrix, same holds for Y

<latexit sha1_base64="6V6Z9ISFZN+z/IuMKcpZacMUW7E="></latexit>

= N (µX , (�XX � �XY �
�1
Y Y �Y X)�1) = N (µX ,⌃XX)



Conditioning with Gaussians
<latexit sha1_base64="Artc383MYuk9BGasAcb/0sqVcP4="></latexit>

p(


x
y

�
;µ,⌃) =

1

2⇡
n
2 |⌃|0.5

exp

 
� 1

2

 
x
y

�
�

µX

µY

�!T 
�XX �XY

�Y X �Y Y

� 
x
y

�
�

µX

µY

�!!

Sketch: 
1. We will write out the whole likelihood in quadratic form
2. Separate out the y and x terms 
3. Complete the square and back out to a conditional 

Gaussian likelihood



Conditioning with Gaussians
<latexit sha1_base64="Artc383MYuk9BGasAcb/0sqVcP4="></latexit>

p(


x
y

�
;µ,⌃) =

1

2⇡
n
2 |⌃|0.5

exp

 
� 1

2

 
x
y

�
�

µX

µY

�!T 
�XX �XY

�Y X �Y Y

� 
x
y

�
�

µX

µY

�!!

<latexit sha1_base64="eKbXxh/n3UZXb+Jtgm7hpWl/5sc="></latexit>

=N (µX + ��1
XX�XY (y0 � µY ),�

�1
XX)

=N (µX + ⌃XY ⌃
�1
Y Y (y0 � µY ),⌃XX � ⌃XY ⌃

�1
Y Y ⌃Y X)

n Conditional mean shifted depending on y0

n Covariance not dependent on y0



Important Gaussian Identities
n Marginalization: 

n Conditioning
<latexit sha1_base64="eKbXxh/n3UZXb+Jtgm7hpWl/5sc="></latexit>

=N (µX + ��1
XX�XY (y0 � µY ),�

�1
XX)

=N (µX + ⌃XY ⌃
�1
Y Y (y0 � µY ),⌃XX � ⌃XY ⌃

�1
Y Y ⌃Y X)

<latexit sha1_base64="CEuTexEULnNw5585rPgRiVR3+K0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/pF1KNs22odlsSLLCUvs3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvEBypo3rfju5ldW19Y38ZmFre2d3r7h/0NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1M/dYjVZrF4t6kkvoRHggWMoKNlbqy3H56QFco7bmnvWLJrbgzoGXiZaQEGeq94le3H5MkosIQjrXueK40/hgrwwink0I30VRiMsID2rFU4Ihqfzy7eYJOrNJHYaxsCYNm6u+JMY60TqPAdkbYDPWiNxX/8zqJCS/9MRMyMVSQ+aIw4cjEaBoA6jNFieGpJZgoZm9FZIgVJsbGVLAheIsvL5PmWcU7r1TvqqXadRZHHo7gGMrgwQXU4Bbq0AACEp7hFd6cxHlx3p2PeWvOyWYO4Q+czx8Yx5Bu</latexit>

p(X|Y = y0)

<latexit sha1_base64="0mRS8x/BwdDZxdHmRuyp14w5kdQ=">AAACD3icbVDLSgMxFM34rPU16tJNsCgtSJmRom6EohtXUtG2A50yZNK0DU0yQ5IRyjB/4MZfceNCEbdu3fk3po+Fth64cDjnXu69J4wZVdpxvq2FxaXlldXcWn59Y3Nr297ZbagokZjUccQi6YVIEUYFqWuqGfFiSRAPGWmGg6uR33wgUtFI3OthTNoc9QTtUoy0kQL7KC56JXgBfY50HyOW3mRFnyeBdwz9O9rjKEg9LysFdsEpO2PAeeJOSQFMUQvsL78T4YQToTFDSrVcJ9btFElNMSNZ3k8UiREeoB5pGSoQJ6qdjv/J4KFROrAbSVNCw7H6eyJFXKkhD03n6Gw1643E/7xWorvn7ZSKONFE4MmibsKgjuAoHNihkmDNhoYgLKm5FeI+kghrE2HehODOvjxPGidl97Rcua0UqpfTOHJgHxyAInDBGaiCa1ADdYDBI3gGr+DNerJerHfrY9K6YE1n9sAfWJ8/l2ubKA==</latexit>

p(X) = N (µX ,⌃XX)
<latexit sha1_base64="XvECzi8KvwNUjBb689UBFnx7O6o=">AAACD3icbVDLSsNAFJ34rPVVdelmsCgtSEmkqBuh6MaVVLSP0IQwmU7boTNJmJkIJeQP3Pgrblwo4tatO//GSduFth64cDjnXu69x48Ylco0v42FxaXlldXcWn59Y3Nru7Cz25RhLDBp4JCFou0jSRgNSENRxUg7EgRxn5GWP7zK/NYDEZKGwb0aRcTlqB/QHsVIackrHEUluwwvoMORGmDEkpu05PDYs4+hc0f7HHmJbadlr1A0K+YYcJ5YU1IEU9S9wpfTDXHMSaAwQ1J2LDNSboKEopiRNO/EkkQID1GfdDQNECfSTcb/pPBQK13YC4WuQMGx+nsiQVzKEfd1Z3a2nPUy8T+vE6veuZvQIIoVCfBkUS9mUIUwCwd2qSBYsZEmCAuqb4V4gATCSkeY1yFYsy/Pk+ZJxTqtVG+rxdrlNI4c2AcHoAQscAZq4BrUQQNg8AiewSt4M56MF+Pd+Ji0LhjTmT3wB8bnD52xmyw=</latexit>

p(Y ) = N (µY ,⌃Y Y )



Lecture Outline

Bayesian Filtering

Kalman Filtering

Recap

Gaussian Properties



Discrete Kalman Filter

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

Kalman filter = Bayes filter with Linear Gaussian dynamics and sensor models



Discrete Kalman Filter
Estimates the state x of a discrete-time controlled 
process that is governed by the linear stochastic 
difference equation

with a measurement Linear Gaussian

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base 64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t
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Components of a Kalman Filter
Matrix (n x n) that describes how the state evolves 
from t-1 to t without controls or noise.

Matrix (n x l) that describes how the control ut-1
changes the state from t-1 to t

Matrix (k x n) that describes how to map the state xt to 
an observation zt.

Random variables representing the process and 
measurement noise that are assumed to be 
independent and normally distributed with covariance 
R and Q respectively.

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C

<latexit sha1_base64="XF9VczO2tu6+DAjBLH3xLQrwIGU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02MNEcxHLvumXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NL56SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMzeJwOukBkxsYQyxe2thI2ooszYkEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsWgtOPnMMfyB8/kD4IuREA==</latexit>✏t
<latexit sha1_base64="YAFQJimcJgUMZO0zofxobKMB15M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmkf++WKW3XnIKvEy0kFcjT65a9emLAs5gqZpMZ0PTdFf0I1Cib5tNTLDE8pG9EB71qqaMyNP5nfOyVnVglJlGhbCslc/T0xobEx4ziwnTHFoVn2ZuJ/XjfD6NqfCJVmyBVbLIoySTAhs+dJKDRnKMeWUKaFvZWwIdWUoY2oZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExhIeIZXeHMenRfn3flYtBacfOYY/sD5/AEjbZAM</latexit>

�t
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Goal of the Kalman Filter

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

Belief

Idea: recursive update for Bayes filter

Measurement

Dynamics

Recursive Belief

2 step process:

n Dynamics update (incorporate action)

n Measurement update (incorporate sensor reading) 

<latexit sha1_base64="/OL0PycvDRxjdDpQ688ap6rOa1g=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoYKWGSkqropuXFawF2jLkEnTNjRzITkj1nFw46u4caGIW5/CnW9j2s5CW38IfPznHE7O74aCK7CsbyMzN7+wuJRdzq2srq1vmJtbNRVEkrIqDUQgGy5RTHCfVYGDYI1QMuK5gtXdweWoXr9lUvHAv4FhyNoe6fm8yykBbTnmTli4c+Dh3omtc0gOcTSGIzs5cMy8VbTGwrNgp5BHqSqO+dXqBDTymA9UEKWathVCOyYSOBUsybUixUJCB6THmhp94jHVjscnJHhfOx3cDaR+PuCx+3siJp5SQ8/VnR6Bvpqujcz/as0IumftmPthBMynk0XdSGAI8CgP3OGSURBDDYRKrv+KaZ9IQkGnltMh2NMnz0LtuGifFEvXpXz5Io0ji3bRHiogG52iMrpCFVRFFD2iZ/SK3own48V4Nz4mrRkjndlGf2R8/gCFOZY5</latexit>

p(xt|z0:t, u0:t�1)

<latexit sha1_base64="I8rOzZyQTiWCBTdNdwt2SMHt1RA="></latexit>

/ p(zt|xt)

Z
p(xt|xt�1, ut�1)p(xt�1|z0:t�1, u0:t�2)dxt�1



( )0000 ,;)( S= µxNxbel

Linear Gaussian Systems: Initialization

n Initial belief is normally distributed:



Linear Gaussian Systems: Dynamics
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)
<latexit sha1_base64="Rh3mNFJV+SQqs6xBGkRhXPkyy+g="></latexit>

Bel(xt) =

Z
p(xt|xt�1, ut�1)Bel(xt�1)dxt�1

Estimate 
<latexit sha1_base64="EmbSwGWJxPlhH1L1foAQf8u1Bzs=">AAACFnicbVDLSgMxFM34tr6qLt0Ei1AXlhkp6kYounGpYG2hHYZMeseGZh4kd8Q69ivc+CtuXCjiVtz5N2baLtR6IHA459wk9/iJFBpt+8uamp6ZnZtfWCwsLa+srhXXN650nCoOdR7LWDV9pkGKCOooUEIzUcBCX0LD753mfuMGlBZxdIn9BNyQXUciEJyhkbzi3gnI8q2Hu/SYtgEZTcp3Ht7nSjs2g/m9mckMhiGvWLIr9hB0kjhjUiJjnHvFz3Yn5mkIEXLJtG45doJuxhQKLmFQaKcaEsZ77BpahkYsBO1mw7UGdMcoHRrEypwI6VD9OZGxUOt+6JtkyLCr/3q5+J/XSjE4cjMRJSlCxEcPBamkGNO8I9oRCjjKviGMK2H+SnmXKcbRNFkwJTh/V54kV/sV56BSvaiWaifjOhbIFtkmZeKQQ1IjZ+Sc1AknD+SJvJBX69F6tt6s91F0yhrPbJJfsD6+AdAcnpQ=</latexit>

Bel(xt) = ⌘p(zt|xt)Bel(xt)
<latexit sha1_base64="Oye+WpwLcNCGV6JJtJGoMbNQazw="></latexit>

Bel(xt) =
p(zt|xt)Bel(xt)P

x0 p(zt|xt = x0)Bel(xt = x0)

<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction

Measurement/Correction



n Integrate the effect of one action under the dynamics, before measurement comes in 

Linear Gaussian Systems: Dynamics
<latexit sha1_base64="N4V/QtRwq5nBE8+Pm0LLLykVs0Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRV0W3biSFuwDOkPJpJk2NJkZkjtCGfoBbvwVNy4UcesHuPNvzLRdaOuBwOGcc8m9x48F12Db31ZuZXVtfSO/Wdja3tndK+4ftHSUKMqaNBKR6vhEM8FD1gQOgnVixYj0BWv7o5vMbz8wpXkU3sM4Zp4kg5AHnBIwUq9YclmsuTAUsKu5xK4kMKREpHeTsn2GGz04NSm7Yk+Bl4kzJyU0R71X/HL7EU0kC4EKonXXsWPwUqKAU8EmBTfRLCZ0RAasa2hIJNNeOj1mgk+M0sdBpMwLAU/V3xMpkVqPpW+S2ap60cvE/7xuAsGVl/IwToCFdPZRkAgMEc6awX2uGAUxNoRQxc2umA6JIhRMfwVTgrN48jJpnVeci0q1US3Vrud15NEROkZl5KBLVEO3qI6aiKJH9Ixe0Zv1ZL1Y79bHLJqz5jOH6A+szx9mrZqN</latexit>

✏t ⇠ N (0, Qt)
<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t
<latexit sha1_base64="YOJb8nInV/HAAHdfBOF85uqTFoo="></latexit>

p(xt+1|xt, ut) = N (Axt +But, Qt)

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut Gaussian, easy!

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)
<latexit sha1_base64="UVL+s8qZtBuqCy/ynL0Ixxa6cXQ="></latexit>

=

Z
p(xt|u0:t�1, z0:t)p(xt+1|xt, ut)dxt



Linear Gaussian Systems: Dynamics Intuition

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="B8B8i9mk9O6YUh0rMboSx5bEuoY="></latexit>

p(xt|u0:t, z0:t) ⇠ N (µt|0:t,⌃t|0:t)Previous belief

Belief Update

Intuition: Scale and shift the mean according to dynamics, uncertainty grows quadratically!

Belief at xt Belief post dynamics à shifted mean, scaled and shifted 
variance



n Integrate the effect of one action under the dynamics, before measurement comes in 

Linear Gaussian Systems: Dynamics
<latexit sha1_base64="N4V/QtRwq5nBE8+Pm0LLLykVs0Y=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRV0W3biSFuwDOkPJpJk2NJkZkjtCGfoBbvwVNy4UcesHuPNvzLRdaOuBwOGcc8m9x48F12Db31ZuZXVtfSO/Wdja3tndK+4ftHSUKMqaNBKR6vhEM8FD1gQOgnVixYj0BWv7o5vMbz8wpXkU3sM4Zp4kg5AHnBIwUq9YclmsuTAUsKu5xK4kMKREpHeTsn2GGz04NSm7Yk+Bl4kzJyU0R71X/HL7EU0kC4EKonXXsWPwUqKAU8EmBTfRLCZ0RAasa2hIJNNeOj1mgk+M0sdBpMwLAU/V3xMpkVqPpW+S2ap60cvE/7xuAsGVl/IwToCFdPZRkAgMEc6awX2uGAUxNoRQxc2umA6JIhRMfwVTgrN48jJpnVeci0q1US3Vrud15NEROkZl5KBLVEO3qI6aiKJH9Ixe0Zv1ZL1Y79bHLJqz5jOH6A+szx9mrZqN</latexit>

✏t ⇠ N (0, Qt)
<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t
<latexit sha1_base64="YOJb8nInV/HAAHdfBOF85uqTFoo="></latexit>

p(xt+1|xt, ut) = N (Axt +But, Qt)
<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)
<latexit sha1_base64="UVL+s8qZtBuqCy/ynL0Ixxa6cXQ="></latexit>

=

Z
p(xt|u0:t�1, z0:t)p(xt+1|xt, ut)dxt

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="B8B8i9mk9O6YUh0rMboSx5bEuoY="></latexit>

p(xt|u0:t, z0:t) ⇠ N (µt|0:t,⌃t|0:t)Previous belief

Belief Update
<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)

<latexit sha1_base64="xP8rNR7HMOE9ec+VCFIw+yBu2/o=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoYKWGSkqropuXFawF2jLkEnTNjRzITkj1nFw46u4caGIW5/CnW9j2s5CW38IfPznHE7O74aCK7CsbyMzN7+wuJRdzq2srq1vmJtbNRVEkrIqDUQgGy5RTHCfVYGDYI1QMuK5gtXdweWoXr9lUvHAv4FhyNoe6fm8yykBbTnmTli4c+AhcmLrHI7s5BDfjzE5cMy8VbTGwrNgp5BHqSqO+dXqBDTymA9UEKWathVCOyYSOBUsybUixUJCB6THmhp94jHVjscnJHhfOx3cDaR+PuCx+3siJp5SQ8/VnR6Bvpqujcz/as0IumftmPthBMynk0XdSGAI8CgP3OGSURBDDYRKrv+KaZ9IQkGnltMh2NMnz0LtuGifFEvXpXz5Io0ji3bRHiogG52iMrpCFVRFFD2iZ/SK3own48V4Nz4mrRkjndlGf2R8/gCCZJY5</latexit>

p(xt|u0:t�1, z0:t)

How??



n Integrate the effect of one action under the dynamics, before measurement comes in 

Linear Gaussian Systems: Dynamics

Stays in Gaussian world

<latexit sha1_base64="M0ER3ZqCqhlWinxBHZe6lBDVKxQ="></latexit>

(Xt+1, Xt)|z0:t,u0:t ⇠ N
 

µt|0:t
µt+1|0:t

�
,


⌃t|0:t ⌃t,t+1|0:t

⌃t+1,t|0:t ⌃t+1|0:t

�!

Now compute the mean and covariance and then marginalize

Current belief at time t

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)
<latexit sha1_base64="UVL+s8qZtBuqCy/ynL0Ixxa6cXQ="></latexit>

=

Z
p(xt|u0:t�1, z0:t)p(xt+1|xt, ut)dxt



Linear Gaussian Systems: Dynamics
<latexit sha1_base64="M0ER3ZqCqhlWinxBHZe6lBDVKxQ="></latexit>

(Xt+1, Xt)|z0:t,u0:t ⇠ N
 

µt|0:t
µt+1|0:t

�
,


⌃t|0:t ⌃t,t+1|0:t

⌃t+1,t|0:t ⌃t+1|0:t

�!

<latexit sha1_base64="A9MAuPmbPf3uBT/psVeoOhcAlWQ="></latexit>

µt+1|0:t = E [Xt+1|z0:t, u0:t]

<latexit sha1_base64="hO4pE1nSEuiQKmwoOlxC9LZ6SJY="></latexit>

= E
⇥
(Xt+1|0:t � µt+1|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤<latexit sha1_base64="iGHkwP+8kNUFL4evLKYPxv5XuG0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIsgCCWRouKp6MVjRfsBbQib7aZdursJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphwpsF1v63Cyura+kZxs7S1vbO7Z+8fNHWcKkIbJOaxaodYU84kbQADTtuJoliEnLbC4e3Ub42o0iyWjzBOqC9wX7KIEQxGCmy7+8D6AgcZnHlP7jVMArvsVtwZnGXi5aSMctQD+6vbi0kqqATCsdYdz03Az7ACRjidlLqppgkmQ9ynHUMlFlT72ezyiXNilJ4TxcqUBGem/p7IsNB6LELTKTAM9KI3Ff/zOilEV37GZJIClWS+KEq5A7EzjcHpMUUJ8LEhmChmbnXIACtMwIRVMiF4iy8vk+Z5xbuoVO+r5dpNHkcRHaFjdIo8dIlq6A7VUQMRNELP6BW9WZn1Yr1bH/PWgpXPHKI/sD5/AM5wkyI=</latexit>

⌃t+1|0:t

<latexit sha1_base64="h61rqyXriTYpMyFKeW7veHCGZRg="></latexit>

⌃t,t+1|0:t = E
⇥
(Xt|0:t � µt|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤

Mean 

Diagonal Covariance 

Cross Covariance 



Linear Gaussian Systems: Dynamics
<latexit sha1_base64="M0ER3ZqCqhlWinxBHZe6lBDVKxQ="></latexit>

(Xt+1, Xt)|z0:t,u0:t ⇠ N
 

µt|0:t
µt+1|0:t

�
,


⌃t|0:t ⌃t,t+1|0:t

⌃t+1,t|0:t ⌃t+1|0:t

�!

<latexit sha1_base64="A9MAuPmbPf3uBT/psVeoOhcAlWQ="></latexit>

µt+1|0:t = E [Xt+1|z0:t, u0:t]
<latexit sha1_base64="rt0ENPLLRb5KmhPiIVq8T6Xaccg="></latexit>

= E [AXt +But + ✏t|z0:t, u0:t]
<latexit sha1_base64="+r3yP6Ylm0YG1yOjlf/adc3bBgg="></latexit>

= AE [Xt|z0:t, u0:t] +But + E [✏t|z0:t, u0:t]
<latexit sha1_base64="v3AW5MuCbbluNgy3gyHYTONK2EI=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBEISwK0FFEGK8eIxgHpAsy+xkNhky+2CmVwibHPwVLx4U8epvePNvnCR70MSChqKqm+4uLxZcgWV9G7ml5ZXVtfx6YWNza3vH3N1rqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNbid+85FJxaPwAYYxcwLSC7nPKQEtuebBNb7pBImbwsi6gjHGp7iauOCaRatkTYEXiZ2RIspQc82vTjeiScBCoIIo1batGJyUSOBUsHGhkygWEzogPdbWNCQBU046vX+Mj7XSxX4kdYWAp+rviZQESg0DT3cGBPpq3puI/3ntBPxLJ+VhnAAL6WyRnwgMEZ6EgbtcMgpiqAmhkutbMe0TSSjoyAo6BHv+5UXSOCvZ56XyfblYqWZx5NEhOkInyEYXqILuUA3VEUUj9Ixe0ZvxZLwY78bHrDVnZDP76A+Mzx+9BZSm</latexit>

= Aµt|0:t +But

<latexit sha1_base64="hO4pE1nSEuiQKmwoOlxC9LZ6SJY="></latexit>

= E
⇥
(Xt+1|0:t � µt+1|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤<latexit sha1_base64="iGHkwP+8kNUFL4evLKYPxv5XuG0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIsgCCWRouKp6MVjRfsBbQib7aZdursJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphwpsF1v63Cyura+kZxs7S1vbO7Z+8fNHWcKkIbJOaxaodYU84kbQADTtuJoliEnLbC4e3Ub42o0iyWjzBOqC9wX7KIEQxGCmy7+8D6AgcZnHlP7jVMArvsVtwZnGXi5aSMctQD+6vbi0kqqATCsdYdz03Az7ACRjidlLqppgkmQ9ynHUMlFlT72ezyiXNilJ4TxcqUBGem/p7IsNB6LELTKTAM9KI3Ff/zOilEV37GZJIClWS+KEq5A7EzjcHpMUUJ8LEhmChmbnXIACtMwIRVMiF4iy8vk+Z5xbuoVO+r5dpNHkcRHaFjdIo8dIlq6A7VUQMRNELP6BW9WZn1Yr1bH/PWgpXPHKI/sD5/AM5wkyI=</latexit>

⌃t+1|0:t
<latexit sha1_base64="MrfqEDPJaQS5Wm8Nbc8mjgZSdIY="></latexit>

= E
⇥
(AXt|0:t +But + ✏t �Aµt|0:t �But)(AXt|0:t +But + ✏t �Aµt|0:t �But)

T
⇤

<latexit sha1_base64="SxNxGSzePuUj+daSgGILYnGc8Lk="></latexit>

= AE
⇥
(Xt|0:t � µt|0:t)(Xt|0:t � µt|0:t)

T
⇤
AT +Qt

<latexit sha1_base64="HnE3gK4GEGllILkziFRQeu26uGc=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMgCGFGgoogJHrxmGA2SMahp9OTNOlZ6K4Rwhjw4q948aCIV3/Cm39jZzlo4oOCx3tVVNVzI8EVmOa3kVpYXFpeSa9m1tY3Nrey2zt1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdz+9chv3DOpeBhUYRAx2yfdgHucEtCSk927xKX2Le/6xEngwbyAYemuio9xxQEnmzPz5hh4nlhTkkNTlJ3sV7sT0thnAVBBlGpZZgR2QiRwKtgw044Viwjtky5raRoQnyk7Gf8wxIda6WAvlLoCwGP190RCfKUGvqs7fQI9NeuNxP+8VgzeuZ3wIIqBBXSyyIsFhhCPAsEdLhkFMdCEUMn1rZj2iCQUdGwZHYI1+/I8qZ/krdN8oVLIFa+mcaTRPjpAR8hCZ6iIblAZ1RBFj+gZvaI348l4Md6Nj0lrypjO7KI/MD5/ALNelko=</latexit>

= A⌃t|0:tA
T +Qt

<latexit sha1_base64="h61rqyXriTYpMyFKeW7veHCGZRg="></latexit>

⌃t,t+1|0:t = E
⇥
(Xt|0:t � µt|0:t)(Xt+1|0:t � µt+1|0:t)

T
⇤

<latexit sha1_base64="SMNMOrRQ5R0seK5gPEfTjqH2Pt4=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARCkqZkaIiCFU3Liv2Bu04ZNK0Dc1cSM4IZewruPFV3LhQxK07d76N6QXR1h8CP985h5Pze5HgCizry0jNzS8sLqWXMyura+sb5uZWVYWxpKxCQxHKukcUEzxgFeAgWD2SjPieYDWvdzms1+6YVDwMytCPmOOTTsDbnBLQyDVzzRve8YmbwAGGffveOoUBPsM/dAzOb8uumbXy1kh41tgTk0UTlVzzs9kKaeyzAKggSjVsKwInIRI4FWyQacaKRYT2SIc1tA2Iz5STjC4a4D1NWrgdSv0CwCP6eyIhvlJ939OdPoGumq4N4X+1RgztEyfhQRQDC+h4UTsWGEI8jAe3uGQURF8bQiXXf8W0SyShoEPM6BDs6ZNnTfUwbx/lC9eFbPFiEkca7aBdlEM2OkZFdIVKqIIoekBP6AW9Go/Gs/FmvI9bU8ZkZhv9kfHxDexDm9Q=</latexit>

⌃t,t+1|0:t = ⌃t|0:tA
T

Mean 

Diagonal Covariance 

Cross Covariance 



Linear Gaussian Systems: Dynamics
<latexit sha1_base64="M0ER3ZqCqhlWinxBHZe6lBDVKxQ="></latexit>

(Xt+1, Xt)|z0:t,u0:t ⇠ N
 

µt|0:t
µt+1|0:t

�
,


⌃t|0:t ⌃t,t+1|0:t

⌃t+1,t|0:t ⌃t+1|0:t

�!

<latexit sha1_base64="v3AW5MuCbbluNgy3gyHYTONK2EI=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBEISwK0FFEGK8eIxgHpAsy+xkNhky+2CmVwibHPwVLx4U8epvePNvnCR70MSChqKqm+4uLxZcgWV9G7ml5ZXVtfx6YWNza3vH3N1rqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNbid+85FJxaPwAYYxcwLSC7nPKQEtuebBNb7pBImbwsi6gjHGp7iauOCaRatkTYEXiZ2RIspQc82vTjeiScBCoIIo1batGJyUSOBUsHGhkygWEzogPdbWNCQBU046vX+Mj7XSxX4kdYWAp+rviZQESg0DT3cGBPpq3puI/3ntBPxLJ+VhnAAL6WyRnwgMEZ6EgbtcMgpiqAmhkutbMe0TSSjoyAo6BHv+5UXSOCvZ56XyfblYqWZx5NEhOkInyEYXqILuUA3VEUUj9Ixe0ZvxZLwY78bHrDVnZDP76A+Mzx+9BZSm</latexit>

= Aµt|0:t +But

<latexit sha1_base64="iGHkwP+8kNUFL4evLKYPxv5XuG0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIsgCCWRouKp6MVjRfsBbQib7aZdursJu5NCif0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphwpsF1v63Cyura+kZxs7S1vbO7Z+8fNHWcKkIbJOaxaodYU84kbQADTtuJoliEnLbC4e3Ub42o0iyWjzBOqC9wX7KIEQxGCmy7+8D6AgcZnHlP7jVMArvsVtwZnGXi5aSMctQD+6vbi0kqqATCsdYdz03Az7ACRjidlLqppgkmQ9ynHUMlFlT72ezyiXNilJ4TxcqUBGem/p7IsNB6LELTKTAM9KI3Ff/zOilEV37GZJIClWS+KEq5A7EzjcHpMUUJ8LEhmChmbnXIACtMwIRVMiF4iy8vk+Z5xbuoVO+r5dpNHkcRHaFjdIo8dIlq6A7VUQMRNELP6BW9WZn1Yr1bH/PWgpXPHKI/sD5/AM5wkyI=</latexit>

⌃t+1|0:t
<latexit sha1_base64="HnE3gK4GEGllILkziFRQeu26uGc=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMgCGFGgoogJHrxmGA2SMahp9OTNOlZ6K4Rwhjw4q948aCIV3/Cm39jZzlo4oOCx3tVVNVzI8EVmOa3kVpYXFpeSa9m1tY3Nrey2zt1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdz+9chv3DOpeBhUYRAx2yfdgHucEtCSk927xKX2Le/6xEngwbyAYemuio9xxQEnmzPz5hh4nlhTkkNTlJ3sV7sT0thnAVBBlGpZZgR2QiRwKtgw044Viwjtky5raRoQnyk7Gf8wxIda6WAvlLoCwGP190RCfKUGvqs7fQI9NeuNxP+8VgzeuZ3wIIqBBXSyyIsFhhCPAsEdLhkFMdCEUMn1rZj2iCQUdGwZHYI1+/I8qZ/krdN8oVLIFa+mcaTRPjpAR8hCZ6iIblAZ1RBFj+gZvaI348l4Md6Nj0lrypjO7KI/MD5/ALNelko=</latexit>

= A⌃t|0:tA
T +Qt

Mean 

Diagonal Covariance 

<latexit sha1_base64="flur5mbfl4qATkjp66SQ0FFLHJ0=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIsgCGVXioqnohePFewHtEvJptk2NMmuyWyhrP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhALbsB1v53cyura+kZ+s7C1vbO7V9w/aJgo0ZTVaSQi3QqIYYIrVgcOgrVizYgMBGsGw9up3xwxbXikHmAcM1+SvuIhpwSs5Hdk0k3hzHtyr2HSLZbcsjsDXiZeRkooQ61b/Or0IppIpoAKYkzbc2PwU6KBU8EmhU5iWEzokPRZ21JFJDN+Ojt6gk+s0sNhpG0pwDP190RKpDFjGdhOSWBgFr2p+J/XTiC88lOu4gSYovNFYSIwRHiaAO5xzSiIsSWEam5vxXRANKFgcyrYELzFl5dJ47zsXZQr95VS9SaLI4+O0DE6RR66RFV0h2qojih6RM/oFb05I+fFeXc+5q05J5s5RH/gfP4APcmRxA==</latexit>µt+1|0:t

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="B8B8i9mk9O6YUh0rMboSx5bEuoY="></latexit>

p(xt|u0:t, z0:t) ⇠ N (µt|0:t,⌃t|0:t)Previous belief

Belief Update

Intuition: Scale and shift the mean according to dynamics, uncertainty grows quadratically!

<latexit sha1_base64="TG+HP5//z+ZL6eAx6be5p5eq0X8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgRJSwK0HFKmhjGcFcIFmW2ckkGTJ7YeasGNctbHwVGwtFbH0IO9/GyaXQxB8GPv5zDmfO70WCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW8weWo3rhlUvEwuIFhxByf9ALe5ZSAtlwzHxXv3AQO7fTh3k2sc0iPcDyBA9csWCVrLDwP9hQKaKqqa361OyGNfRYAFUSplm1F4CREAqeCpbl2rFhE6ID0WEtjQHymnGR8RIr3tdPB3VDqFwAeu78nEuIrNfQ93ekT6KvZ2sj8r9aKoXvmJDyIYmABnSzqxgJDiEeJ4A6XjIIYaiBUcv1XTPtEEgo6t5wOwZ49eR7qxyX7pFS+LhcqF9M4siiP9lAR2egUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w9WE5dD</latexit>

p(xt+1|z0:t, u0:t)

<latexit sha1_base64="xP8rNR7HMOE9ec+VCFIw+yBu2/o=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoYKWGSkqropuXFawF2jLkEnTNjRzITkj1nFw46u4caGIW5/CnW9j2s5CW38IfPznHE7O74aCK7CsbyMzN7+wuJRdzq2srq1vmJtbNRVEkrIqDUQgGy5RTHCfVYGDYI1QMuK5gtXdweWoXr9lUvHAv4FhyNoe6fm8yykBbTnmTli4c+AhcmLrHI7s5BDfjzE5cMy8VbTGwrNgp5BHqSqO+dXqBDTymA9UEKWathVCOyYSOBUsybUixUJCB6THmhp94jHVjscnJHhfOx3cDaR+PuCx+3siJp5SQ8/VnR6Bvpqujcz/as0IumftmPthBMynk0XdSGAI8CgP3OGSURBDDYRKrv+KaZ9IQkGnltMh2NMnz0LtuGifFEvXpXz5Io0ji3bRHiogG52iMrpCFVRFFD2iZ/SK3own48V4Nz4mrRkjndlGf2R8/gCCZJY5</latexit>

p(xt|u0:t�1, z0:t)



Linear Gaussian Systems: Dynamics
<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="B8B8i9mk9O6YUh0rMboSx5bEuoY="></latexit>

p(xt|u0:t, z0:t) ⇠ N (µt|0:t,⌃t|0:t)Previous belief

Belief Update

Intuition: Scale and shift the mean according to dynamics, uncertainty grows!



Intuition Behind Prediction Step
<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

<latexit sha1_base64="B8B8i9mk9O6YUh0rMboSx5bEuoY="></latexit>

p(xt|u0:t, z0:t) ⇠ N (µt|0:t,⌃t|0:t)Previous belief

Belief Update

Intuition: Scale and shift the mean according to dynamics, uncertainty grows!

Belief at xt Belief post dynamics à shifted mean, scaled and shifted 
variance



Kalman Filter: Where are we?
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction

Measurement/Correction

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)

???



Linear Gaussian Systems: Observations

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)
Measurement/Correction

???

<latexit sha1_base64="mC+x8K72KPSSQ4Qf5qFSE49+jfY="></latexit>

p(xt+1|z0:t+1, u0:t) = ⌘ p(zt|xt)p(xt+1|z0:t, u0:t)

Need to do conditioning/normalization with Linear Gaussians



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Gaussian, easy to normalize

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t
<latexit sha1_base64="WXYsJIJz+eYAo71yI5YhplyYINA=">AAACCnicbVDLSsNAFJ3UV62vqks3o0WoICWRoi6LblxJFfuAJoTJZNIOnTyYuRFK6NqNv+LGhSJu/QJ3/o3TNgutHrhwOOde7r3HSwRXYJpfRmFhcWl5pbhaWlvf2Nwqb++0VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vGGlxO/c8+k4nF0B6OEOSHpRzzglICW3PK+7TMBxAVsKx5iOyQwoERk1+OqeYxvXThyyxWzZk6B/xIrJxWUo+mWP20/pmnIIqCCKNWzzAScjEjgVLBxyU4VSwgdkj7raRqRkCknm74yxoda8XEQS10R4Kn6cyIjoVKj0NOdk1PVvDcR//N6KQTnTsajJAUW0dmiIBUYYjzJBftcMgpipAmhkutbMR0QSSjo9Eo6BGv+5b+kfVKzTmv1m3qlcZHHUUR76ABVkYXOUANdoSZqIYoe0BN6Qa/Go/FsvBnvs9aCkc/sol8wPr4BkvWZig==</latexit>

�t ⇠ N (0, Rt)

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

<latexit sha1_base64="CyAa6PXoVOewWH2J3gFys9An1HQ=">AAACGHicbVDLTgIxFO3gC/GFunTTSEwgGpwxRN2YENm4MmjkkQCZdEqBhs4j7R0jjnyGG3/FjQuNccvOv7HALBQ8SdOTc+7Nvfc4geAKTPPbSCwsLi2vJFdTa+sbm1vp7Z2q8kNJWYX6wpd1hygmuMcqwEGweiAZcR3Bak6/NPZr90wq7nt3MAhYyyVdj3c4JaAlO30cZB/tCA6t4dPD9M/hC9x0CfQoEdH1MFuK9SN8a0POTmfMvDkBnidWTDIoRtlOj5ptn4Yu84AKolTDMgNoRUQCp4INU81QsYDQPumyhqYecZlqRZPDhvhAK23c8aV+HuCJ+rsjIq5SA9fRleON1aw3Fv/zGiF0zlsR94IQmEengzqhwODjcUq4zSWjIAaaECq53hXTHpGEgs4ypUOwZk+eJ9WTvHWaL9wUMsXLOI4k2kP7KIssdIaK6AqVUQVR9Ixe0Tv6MF6MN+PT+JqWJoy4Zxf9gTH6AT5QnqQ=</latexit>

p(zt+1|xt+1) = N (Cxt+1, Rt)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)
<latexit sha1_base64="I95Mhc0UunJqlW6EJNzVHakdO2A=">AAACHnicbZDLTgIxFIY7eEO8oS7dNBITiIbMGLzEFdGNS0zkkgAhnVKgoTPTtGeMOPAkbnwVNy40xsSVvo0FZqHgSZp++f9z0p7flYJrsO1vK7GwuLS8klxNra1vbG6lt3cqOggVZWUaiEDVXKKZ4D4rAwfBalIx4rmCVd3+1div3jGleeDfwkCypke6Pu9wSsBIrfRJQ6pAQoBl9qEVwaEzGt5P75zMxjQ0jn0BoyMcTiHXSmfsvD0pPA9ODBkUV6mV/my0Axp6zAcqiNZ1x5bQjIgCTgUbpRqhZpLQPumyukGfeEw3o8l6I3xglDbuBMocH/BE/T0REU/rgeeaTo9AT896Y/E/rx5C57wZcV+GwHw6fagTCmziGGeF21wxCmJggFDFzV8x7RFFKJhEUyYEZ3bleagc553TfOGmkClexnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1se0NWHFM7voT1lfPzP7oeQ=</latexit>

/ p(zt+1|xt+1)p(xt+1|z0:t, u0:t)



Linear Gaussian Systems: Observations Intuition

Previous belief (post dynamics)

New Measurement

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

Previous 
belief

Updated 
belief

<latexit sha1_base64="9x40Vcc/OAZWGcLElwb86T1BaCk="></latexit>

p(xt+1|z0:t, u0:t) = N (µt+1|0:t,⌃t+1|0:t)

Linearly interpolate between measurement and previous mean based on K
Scale down uncertainty based on K 

For the sake of simplicity, let’s say C = I

<latexit sha1_base64="eXygSq4ABWaOsFrap++i0tn38mQ="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � µt+1|0:t), (I �Kt+1)⌃t+1|0:t)



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t
<latexit sha1_base64="WXYsJIJz+eYAo71yI5YhplyYINA=">AAACCnicbVDLSsNAFJ3UV62vqks3o0WoICWRoi6LblxJFfuAJoTJZNIOnTyYuRFK6NqNv+LGhSJu/QJ3/o3TNgutHrhwOOde7r3HSwRXYJpfRmFhcWl5pbhaWlvf2Nwqb++0VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vGGlxO/c8+k4nF0B6OEOSHpRzzglICW3PK+7TMBxAVsKx5iOyQwoERk1+OqeYxvXThyyxWzZk6B/xIrJxWUo+mWP20/pmnIIqCCKNWzzAScjEjgVLBxyU4VSwgdkj7raRqRkCknm74yxoda8XEQS10R4Kn6cyIjoVKj0NOdk1PVvDcR//N6KQTnTsajJAUW0dmiIBUYYjzJBftcMgpipAmhkutbMR0QSSjo9Eo6BGv+5b+kfVKzTmv1m3qlcZHHUUR76ABVkYXOUANdoSZqIYoe0BN6Qa/Go/FsvBnvs9aCkc/sol8wPr4BkvWZig==</latexit>

�t ⇠ N (0, Rt)
<latexit sha1_base64="CyAa6PXoVOewWH2J3gFys9An1HQ=">AAACGHicbVDLTgIxFO3gC/GFunTTSEwgGpwxRN2YENm4MmjkkQCZdEqBhs4j7R0jjnyGG3/FjQuNccvOv7HALBQ8SdOTc+7Nvfc4geAKTPPbSCwsLi2vJFdTa+sbm1vp7Z2q8kNJWYX6wpd1hygmuMcqwEGweiAZcR3Bak6/NPZr90wq7nt3MAhYyyVdj3c4JaAlO30cZB/tCA6t4dPD9M/hC9x0CfQoEdH1MFuK9SN8a0POTmfMvDkBnidWTDIoRtlOj5ptn4Yu84AKolTDMgNoRUQCp4INU81QsYDQPumyhqYecZlqRZPDhvhAK23c8aV+HuCJ+rsjIq5SA9fRleON1aw3Fv/zGiF0zlsR94IQmEengzqhwODjcUq4zSWjIAaaECq53hXTHpGEgs4ypUOwZk+eJ9WTvHWaL9wUMsXLOI4k2kP7KIssdIaK6AqVUQVR9Ixe0Tv6MF6MN+PT+JqWJoy4Zxf9gTH6AT5QnqQ=</latexit>

p(zt+1|xt+1) = N (Cxt+1, Rt)
<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)
<latexit sha1_base64="I95Mhc0UunJqlW6EJNzVHakdO2A=">AAACHnicbZDLTgIxFIY7eEO8oS7dNBITiIbMGLzEFdGNS0zkkgAhnVKgoTPTtGeMOPAkbnwVNy40xsSVvo0FZqHgSZp++f9z0p7flYJrsO1vK7GwuLS8klxNra1vbG6lt3cqOggVZWUaiEDVXKKZ4D4rAwfBalIx4rmCVd3+1div3jGleeDfwkCypke6Pu9wSsBIrfRJQ6pAQoBl9qEVwaEzGt5P75zMxjQ0jn0BoyMcTiHXSmfsvD0pPA9ODBkUV6mV/my0Axp6zAcqiNZ1x5bQjIgCTgUbpRqhZpLQPumyukGfeEw3o8l6I3xglDbuBMocH/BE/T0REU/rgeeaTo9AT896Y/E/rx5C57wZcV+GwHw6fagTCmziGGeF21wxCmJggFDFzV8x7RFFKJhEUyYEZ3bleagc553TfOGmkClexnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1se0NWHFM7voT1lfPzP7oeQ=</latexit>

/ p(zt+1|xt+1)p(xt+1|z0:t, u0:t)

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

Previous belief

Updated belief

<latexit sha1_base64="9x40Vcc/OAZWGcLElwb86T1BaCk="></latexit>

p(xt+1|z0:t, u0:t) = N (µt+1|0:t,⌃t+1|0:t) Computed from dynamics step

How??



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Stays in Gaussian world, but now conditioning instead of marginalization

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)
<latexit sha1_base64="I95Mhc0UunJqlW6EJNzVHakdO2A=">AAACHnicbZDLTgIxFIY7eEO8oS7dNBITiIbMGLzEFdGNS0zkkgAhnVKgoTPTtGeMOPAkbnwVNy40xsSVvo0FZqHgSZp++f9z0p7flYJrsO1vK7GwuLS8klxNra1vbG6lt3cqOggVZWUaiEDVXKKZ4D4rAwfBalIx4rmCVd3+1div3jGleeDfwkCypke6Pu9wSsBIrfRJQ6pAQoBl9qEVwaEzGt5P75zMxjQ0jn0BoyMcTiHXSmfsvD0pPA9ODBkUV6mV/my0Axp6zAcqiNZ1x5bQjIgCTgUbpRqhZpLQPumyukGfeEw3o8l6I3xglDbuBMocH/BE/T0REU/rgeeaTo9AT896Y/E/rx5C57wZcV+GwHw6fagTCmziGGeF21wxCmJggFDFzV8x7RFFKJhEUyYEZ3bleagc553TfOGmkClexnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1se0NWHFM7voT1lfPzP7oeQ=</latexit>

/ p(zt+1|xt+1)p(xt+1|z0:t, u0:t)

Sketch: 
1. Construct the joint of xt+1 and zt+1 conditioned on the past
2. Solve for the mean and covariances of this joint
3. Perform conditioning with zt+1 equaling a particular value



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Stays in Gaussian world, but now conditioning instead of marginalization

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)
<latexit sha1_base64="I95Mhc0UunJqlW6EJNzVHakdO2A=">AAACHnicbZDLTgIxFIY7eEO8oS7dNBITiIbMGLzEFdGNS0zkkgAhnVKgoTPTtGeMOPAkbnwVNy40xsSVvo0FZqHgSZp++f9z0p7flYJrsO1vK7GwuLS8klxNra1vbG6lt3cqOggVZWUaiEDVXKKZ4D4rAwfBalIx4rmCVd3+1div3jGleeDfwkCypke6Pu9wSsBIrfRJQ6pAQoBl9qEVwaEzGt5P75zMxjQ0jn0BoyMcTiHXSmfsvD0pPA9ODBkUV6mV/my0Axp6zAcqiNZ1x5bQjIgCTgUbpRqhZpLQPumyukGfeEw3o8l6I3xglDbuBMocH/BE/T0REU/rgeeaTo9AT896Y/E/rx5C57wZcV+GwHw6fagTCmziGGeF21wxCmJggFDFzV8x7RFFKJhEUyYEZ3bleagc553TfOGmkClexnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1se0NWHFM7voT1lfPzP7oeQ=</latexit>

/ p(zt+1|xt+1)p(xt+1|z0:t, u0:t)



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

Stays in Gaussian world, but now conditioning instead of marginalization

Following the same procedure as last time

<latexit sha1_base64="oJyMVgeyGu2eufOckPCC+rG7SbQ="></latexit>

Xt+1|0:t, Zt+1|0:t ⇠ N
 "

µX
t+1|0:t

µZ
t+1|0:t

#
,

"
⌃XX

t+1|0:t ⌃XZ
t+1|0:t

⌃ZX
t+1|0:t ⌃ZZ

t+1|0:t

#!

<latexit sha1_base64="sWCJzxK3uBq0wPgArK0/Yg3Mo2g=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiCEKZkaIiCMVuXFawF2zHkknTNjRzITkjlLF7N76KGxeKuPUF3Pk2ZtoBtfWHwM93zuHk/G4ouALL+jIyC4tLyyvZ1dza+sbmlrm9U1dBJCmr0UAEsukSxQT3WQ04CNYMJSOeK1jDHVaSeuOOScUD/xpGIXM80vd5j1MCGnXMfNuLbm86MRza99YZjPE5riSo+YM6ZsEqWhPheWOnpoBSVTvmZ7sb0MhjPlBBlGrZVghOTCRwKtg4144UCwkdkj5raesTjyknntwyxvuadHEvkPr5gCf090RMPKVGnqs7PQIDNVtL4H+1VgS9UyfmfhgB8+l0US8SGAKcBIO7XDIKYqQNoZLrv2I6IJJQ0PHldAj27Mnzpn5UtI+LpatSoXyRxpFFeyiPDpCNTlAZXaIqqiGKHtATekGvxqPxbLwZ79PWjJHO7KI/Mj6+Aed7mbQ=</latexit>

µZ
t+1|0:t = CµX

t+1|0:t

Belief from the dynamics step

<latexit sha1_base64="yjHnzUW92LzFcrWvFRg44E+ch6U=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQhEGYkqChCMBePUbORlZ5OJ2nSs9BdI4RxPsaLv+LFgwsevPgtdhYhJj4oeLxXRVU92xdcgWl+GQuLS8srq7G1+PrG5tZ2Yme3pLxAUlaknvBkxSaKCe6yInAQrOJLRhxbsLLdzw398j2TintuAQY+azik6/IOpwS01Epc1O941yHNsFqNWiGkrAfzHCJ8iXO/RqUyZeSaBZzCtyMhaiWSZtocAc8Ta0KSaIJ8K/Feb3s0cJgLVBClapbpQyMkEjgVLIrXA8V8Qvuky2qausRhqhGOnozwoVbauONJXS7gkTo9ERJHqYFj606HQE/NekPxP68WQOesEXLXD4C5dLyoEwgMHh4mhttcMgpioAmhkutbMe0RSSjoXOM6BGv25XlSOk5bJ+nMTSaZvZrEEUP76AAdIQudoiy6RnlURBQ9omf0it6MJ+PF+DA+x60LxmRmD/2B8f0DM7yjRw==</latexit>

⌃ZZ
t+1|0:t = C⌃XX

t+1|0:tC
T +Rt+1

<latexit sha1_base64="vTEsI0RhFdTOZfhHZC80dLrSRXg=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyyCIJQZKSqCUOzGZcXesDcyadqGZi4kZ4Qyzmu48VXcuFDEpa58G9N2kNr6Q+DnO+dwcn4nEFyBZX0bC4tLyyurqbX0+sbm1ra5s1tRfigpK1Nf+LLmEMUE91gZOAhWCyQjriNY1RkURvXqPZOK+14JhgFruqTn8S6nBDRqm1bjlvdc0opqd3E7gmP7wbqAGF/iX16b4oVWqW1mrKw1Fp43dmIyKFGxbX42Oj4NXeYBFUSpum0F0IyIBE4Fi9ONULGA0AHpsbq2HnGZakbjy2J8qEkHd32pnwd4TKcnIuIqNXQd3ekS6KvZ2gj+V6uH0D1vRtwLQmAenSzqhgKDj0cx4Q6XjIIYakOo5PqvmPaJJBR0mGkdgj178rypnGTt02zuJpfJXyVxpNA+OkBHyEZnKI+uURGVEUWP6Bm9ojfjyXgx3o2PSeuCkczsoT8yvn4ABfOfsA==</latexit>

⌃XZ
t+1|0:t = ⌃XX

t+1|0:tC
T

<latexit sha1_base64="Hg87iWe714R1FhJtaFlNx0Scweg=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiBEhDAjQUUQgrl4jJhlMJmEnk4nadKz0F0jhDE/4sVf8eJBEQ9exL+xswgx+qDg8V4VVfXcUHAFpvllJBYWl5ZXkquptfWNza309k5VBZGkrEIDEUjbJYoJ7rMKcBDMDiUjnitYze0XR37tjknFA78Mg5A5Hun6vMMpAS210vnGDe96pBnf2sNWDEfWvXkOQ3yBsz+GPWsUm+XDZrmVzpg5cwz8l1hTkkFTlFrpj0Y7oJHHfKCCKFW3zBCcmEjgVLBhqhEpFhLaJ11W19QnHlNOPP5uiA+00sadQOryAY/V2YmYeEoNPFd3egR6at4bif959Qg6Z07M/TAC5tPJok4kMAR4FBVuc8koiIEmhEqub8W0RyShoANN6RCs+Zf/kupxzjrJ5a/zmcLlNI4k2kP7KIssdIoK6AqVUAVR9ICe0At6NR6NZ+PNeJ+0JozpzC76BePzG2S+oNs=</latexit>

⌃ZX
t+1|0:t = (⌃XX

t+1|0:tC
T )T

<latexit sha1_base64="XeT1Zwzrudm3cLvkPNA05YUbQ70=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AIglASKSqeil48VrRtoI1hs922S3eTsDsRSgz4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg5kyBbX8bhYXFpeWV4mppbX1jc8vc3mmqKJGENkjEI+kGWFHOQtoABpy6saRYBJy2guHV2G89UKlYFN7BKKaewP2Q9RjBoCXf3Ovcsr7A96nrZn4Kx86jfQGZb5btij2BNU+cnJRRjrpvfnW6EUkEDYFwrFTbsWPwUiyBEU6zUidRNMZkiPu0rWmIBVVeOjk/sw610rV6kdQVgjVRf0+kWCg1EoHuFBgGatYbi/957QR6517KwjgBGpLpol7CLYiscRZWl0lKgI80wUQyfatFBlhiAjqxkg7BmX15njRPKs5ppXpTLdcu8ziKaB8doCPkoDNUQ9eojhqIoBQ9o1f0ZjwZL8a78TFtLRj5zC76A+PzB70rlVo=</latexit>

⌃XX
t+1|0:t

<latexit sha1_base64="UpSif31EzzPJWAogm6v9Z9c0WQQ=">AAAB+HicbVBNS8NAEN34WetHox69BIsgCCWRouKp6MVjBfsBbQyb7aZdupuE3Vmhxv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U+C639bS8srq2npho7i5tb1Tsnf3mirRktAGSXgi2yFWlLOYNoABp+1UUixCTlvh8Hritx6oVCyJ72CUUl/gfswiRjAYKbBLXaHv20EGJ96TewnjwC67FXcKZ5F4OSmjHPXA/ur2EqIFjYFwrFTHc1PwMyyBEU7Hxa5WNMVkiPu0Y2iMBVV+Nj187BwZpedEiTQVgzNVf09kWCg1EqHpFBgGat6biP95HQ3RhZ+xONVAYzJbFGnuQOJMUnB6TFICfGQIJpKZWx0ywBITMFkVTQje/MuLpHla8c4q1dtquXaVx1FAB+gQHSMPnaMaukF11EAEafSMXtGb9Wi9WO/Wx6x1ycpn9tEfWJ8/HWSSvw==</latexit>

µX
t+1|0:t

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)
<latexit sha1_base64="I95Mhc0UunJqlW6EJNzVHakdO2A=">AAACHnicbZDLTgIxFIY7eEO8oS7dNBITiIbMGLzEFdGNS0zkkgAhnVKgoTPTtGeMOPAkbnwVNy40xsSVvo0FZqHgSZp++f9z0p7flYJrsO1vK7GwuLS8klxNra1vbG6lt3cqOggVZWUaiEDVXKKZ4D4rAwfBalIx4rmCVd3+1div3jGleeDfwkCypke6Pu9wSsBIrfRJQ6pAQoBl9qEVwaEzGt5P75zMxjQ0jn0BoyMcTiHXSmfsvD0pPA9ODBkUV6mV/my0Axp6zAcqiNZ1x5bQjIgCTgUbpRqhZpLQPumyukGfeEw3o8l6I3xglDbuBMocH/BE/T0REU/rgeeaTo9AT896Y/E/rx5C57wZcV+GwHw6fagTCmziGGeF21wxCmJggFDFzV8x7RFFKJhEUyYEZ3bleagc553TfOGmkClexnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1se0NWHFM7voT1lfPzP7oeQ=</latexit>

/ p(zt+1|xt+1)p(xt+1|z0:t, u0:t)



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

<latexit sha1_base64="sWCJzxK3uBq0wPgArK0/Yg3Mo2g=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiCEKZkaIiCMVuXFawF2zHkknTNjRzITkjlLF7N76KGxeKuPUF3Pk2ZtoBtfWHwM93zuHk/G4ouALL+jIyC4tLyyvZ1dza+sbmlrm9U1dBJCmr0UAEsukSxQT3WQ04CNYMJSOeK1jDHVaSeuOOScUD/xpGIXM80vd5j1MCGnXMfNuLbm86MRza99YZjPE5riSo+YM6ZsEqWhPheWOnpoBSVTvmZ7sb0MhjPlBBlGrZVghOTCRwKtg4144UCwkdkj5raesTjyknntwyxvuadHEvkPr5gCf090RMPKVGnqs7PQIDNVtL4H+1VgS9UyfmfhgB8+l0US8SGAKcBIO7XDIKYqQNoZLrv2I6IJJQ0PHldAj27Mnzpn5UtI+LpatSoXyRxpFFeyiPDpCNTlAZXaIqqiGKHtATekGvxqPxbLwZ79PWjJHO7KI/Mj6+Aed7mbQ=</latexit>

µZ
t+1|0:t = CµX

t+1|0:t

<latexit sha1_base64="yjHnzUW92LzFcrWvFRg44E+ch6U=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQhEGYkqChCMBePUbORlZ5OJ2nSs9BdI4RxPsaLv+LFgwsevPgtdhYhJj4oeLxXRVU92xdcgWl+GQuLS8srq7G1+PrG5tZ2Yme3pLxAUlaknvBkxSaKCe6yInAQrOJLRhxbsLLdzw398j2TintuAQY+azik6/IOpwS01Epc1O941yHNsFqNWiGkrAfzHCJ8iXO/RqUyZeSaBZzCtyMhaiWSZtocAc8Ta0KSaIJ8K/Feb3s0cJgLVBClapbpQyMkEjgVLIrXA8V8Qvuky2qausRhqhGOnozwoVbauONJXS7gkTo9ERJHqYFj606HQE/NekPxP68WQOesEXLXD4C5dLyoEwgMHh4mhttcMgpioAmhkutbMe0RSSjoXOM6BGv25XlSOk5bJ+nMTSaZvZrEEUP76AAdIQudoiy6RnlURBQ9omf0it6MJ+PF+DA+x60LxmRmD/2B8f0DM7yjRw==</latexit>

⌃ZZ
t+1|0:t = C⌃XX

t+1|0:tC
T +Rt+1

<latexit sha1_base64="vTEsI0RhFdTOZfhHZC80dLrSRXg=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyyCIJQZKSqCUOzGZcXesDcyadqGZi4kZ4Qyzmu48VXcuFDEpa58G9N2kNr6Q+DnO+dwcn4nEFyBZX0bC4tLyyurqbX0+sbm1ra5s1tRfigpK1Nf+LLmEMUE91gZOAhWCyQjriNY1RkURvXqPZOK+14JhgFruqTn8S6nBDRqm1bjlvdc0opqd3E7gmP7wbqAGF/iX16b4oVWqW1mrKw1Fp43dmIyKFGxbX42Oj4NXeYBFUSpum0F0IyIBE4Fi9ONULGA0AHpsbq2HnGZakbjy2J8qEkHd32pnwd4TKcnIuIqNXQd3ekS6KvZ2gj+V6uH0D1vRtwLQmAenSzqhgKDj0cx4Q6XjIIYakOo5PqvmPaJJBR0mGkdgj178rypnGTt02zuJpfJXyVxpNA+OkBHyEZnKI+uURGVEUWP6Bm9ojfjyXgx3o2PSeuCkczsoT8yvn4ABfOfsA==</latexit>

⌃XZ
t+1|0:t = ⌃XX

t+1|0:tC
T

<latexit sha1_base64="Hg87iWe714R1FhJtaFlNx0Scweg=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiBEhDAjQUUQgrl4jJhlMJmEnk4nadKz0F0jhDE/4sVf8eJBEQ9exL+xswgx+qDg8V4VVfXcUHAFpvllJBYWl5ZXkquptfWNza309k5VBZGkrEIDEUjbJYoJ7rMKcBDMDiUjnitYze0XR37tjknFA78Mg5A5Hun6vMMpAS210vnGDe96pBnf2sNWDEfWvXkOQ3yBsz+GPWsUm+XDZrmVzpg5cwz8l1hTkkFTlFrpj0Y7oJHHfKCCKFW3zBCcmEjgVLBhqhEpFhLaJ11W19QnHlNOPP5uiA+00sadQOryAY/V2YmYeEoNPFd3egR6at4bif959Qg6Z07M/TAC5tPJok4kMAR4FBVuc8koiIEmhEqub8W0RyShoANN6RCs+Zf/kupxzjrJ5a/zmcLlNI4k2kP7KIssdIoK6AqVUAVR9ICe0At6NR6NZ+PNeJ+0JozpzC76BePzG2S+oNs=</latexit>

⌃ZX
t+1|0:t = (⌃XX

t+1|0:tC
T )T

<latexit sha1_base64="XeT1Zwzrudm3cLvkPNA05YUbQ70=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AIglASKSqeil48VrRtoI1hs922S3eTsDsRSgz4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg5kyBbX8bhYXFpeWV4mppbX1jc8vc3mmqKJGENkjEI+kGWFHOQtoABpy6saRYBJy2guHV2G89UKlYFN7BKKaewP2Q9RjBoCXf3Ovcsr7A96nrZn4Kx86jfQGZb5btij2BNU+cnJRRjrpvfnW6EUkEDYFwrFTbsWPwUiyBEU6zUidRNMZkiPu0rWmIBVVeOjk/sw610rV6kdQVgjVRf0+kWCg1EoHuFBgGatYbi/957QR6517KwjgBGpLpol7CLYiscRZWl0lKgI80wUQyfatFBlhiAjqxkg7BmX15njRPKs5ppXpTLdcu8ziKaB8doCPkoDNUQ9eojhqIoBQ9o1f0ZjwZL8a78TFtLRj5zC76A+PzB70rlVo=</latexit>

⌃XX
t+1|0:t

<latexit sha1_base64="UpSif31EzzPJWAogm6v9Z9c0WQQ=">AAAB+HicbVBNS8NAEN34WetHox69BIsgCCWRouKp6MVjBfsBbQyb7aZdupuE3Vmhxv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U+C639bS8srq2npho7i5tb1Tsnf3mirRktAGSXgi2yFWlLOYNoABp+1UUixCTlvh8Hritx6oVCyJ72CUUl/gfswiRjAYKbBLXaHv20EGJ96TewnjwC67FXcKZ5F4OSmjHPXA/ur2EqIFjYFwrFTHc1PwMyyBEU7Hxa5WNMVkiPu0Y2iMBVV+Nj187BwZpedEiTQVgzNVf09kWCg1EqHpFBgGat6biP95HQ3RhZ+xONVAYzJbFGnuQOJMUnB6TFICfGQIJpKZWx0ywBITMFkVTQje/MuLpHla8c4q1dtquXaVx1FAB+gQHSMPnaMaukF11EAEafSMXtGb9Wi9WO/Wx6x1ycpn9tEfWJ8/HWSSvw==</latexit>

µX
t+1|0:t

<latexit sha1_base64="bfX6Enz2ThW5Vpxfbp+QlytEWN0=">AAACIXicbVDLSgMxFM34rPVVdekmWARBKDNStAhCUQSXFeyDdsaSSTNtaOZBckco0/kVN/6KGxeKdCf+jOljoa0HQg7n3Mu997iR4ApM88tYWl5ZXVvPbGQ3t7Z3dnN7+zUVxpKyKg1FKBsuUUzwgFWBg2CNSDLiu4LV3f7N2K8/Mal4GDzAIGKOT7oB9zgloKV2rmT7cTuBU2toXkL62MRX2PYJ9Fw3uU1twTxoNSd+OmxMf1vybg+cdi5vFswJ8CKxZiSPZqi0cyO7E9LYZwFQQZRqWWYETkIkcCpYmrVjxSJC+6TLWpoGxGfKSSYXpvhYKx3shVK/APBE/d2REF+pge/qyvH2at4bi/95rRi8kpPwIIqBBXQ6yIsFhhCP48IdLhkFMdCEUMn1rpj2iCQUdKhZHYI1f/IiqZ0VrPNC8b6YL1/P4sigQ3SETpCFLlAZ3aEKqiKKntErekcfxovxZnwao2npkjHrOUB/YHz/ADLeo5Q=</latexit>

µZ
t+1|0:t = E [Zt+1|Xt+1]

<latexit sha1_base64="FF1IKgiGUhj78tBvTUGUYWgCD0Q="></latexit>

⌃ZZ
t+1|0:t = E

h
(Zt+1 � µZ

t+1|0:t)(Zt+1 � µZ
t+1|0:t)

T
i <latexit sha1_base64="t04cq0VzTkPV98xOco8ABeyXPq8="></latexit>

⌃ZZ
t+1|0:t = E

h
(Zt+1 � µZ

t+1|0:t)(Xt+1|0:t � µt+1|0:t)
T
i



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

<latexit sha1_base64="sWCJzxK3uBq0wPgArK0/Yg3Mo2g=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiCEKZkaIiCMVuXFawF2zHkknTNjRzITkjlLF7N76KGxeKuPUF3Pk2ZtoBtfWHwM93zuHk/G4ouALL+jIyC4tLyyvZ1dza+sbmlrm9U1dBJCmr0UAEsukSxQT3WQ04CNYMJSOeK1jDHVaSeuOOScUD/xpGIXM80vd5j1MCGnXMfNuLbm86MRza99YZjPE5riSo+YM6ZsEqWhPheWOnpoBSVTvmZ7sb0MhjPlBBlGrZVghOTCRwKtg4144UCwkdkj5raesTjyknntwyxvuadHEvkPr5gCf090RMPKVGnqs7PQIDNVtL4H+1VgS9UyfmfhgB8+l0US8SGAKcBIO7XDIKYqQNoZLrv2I6IJJQ0PHldAj27Mnzpn5UtI+LpatSoXyRxpFFeyiPDpCNTlAZXaIqqiGKHtATekGvxqPxbLwZ79PWjJHO7KI/Mj6+Aed7mbQ=</latexit>

µZ
t+1|0:t = CµX

t+1|0:t

<latexit sha1_base64="yjHnzUW92LzFcrWvFRg44E+ch6U=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQhEGYkqChCMBePUbORlZ5OJ2nSs9BdI4RxPsaLv+LFgwsevPgtdhYhJj4oeLxXRVU92xdcgWl+GQuLS8srq7G1+PrG5tZ2Yme3pLxAUlaknvBkxSaKCe6yInAQrOJLRhxbsLLdzw398j2TintuAQY+azik6/IOpwS01Epc1O941yHNsFqNWiGkrAfzHCJ8iXO/RqUyZeSaBZzCtyMhaiWSZtocAc8Ta0KSaIJ8K/Feb3s0cJgLVBClapbpQyMkEjgVLIrXA8V8Qvuky2qausRhqhGOnozwoVbauONJXS7gkTo9ERJHqYFj606HQE/NekPxP68WQOesEXLXD4C5dLyoEwgMHh4mhttcMgpioAmhkutbMe0RSSjoXOM6BGv25XlSOk5bJ+nMTSaZvZrEEUP76AAdIQudoiy6RnlURBQ9omf0it6MJ+PF+DA+x60LxmRmD/2B8f0DM7yjRw==</latexit>

⌃ZZ
t+1|0:t = C⌃XX

t+1|0:tC
T +Rt+1

<latexit sha1_base64="vTEsI0RhFdTOZfhHZC80dLrSRXg=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyyCIJQZKSqCUOzGZcXesDcyadqGZi4kZ4Qyzmu48VXcuFDEpa58G9N2kNr6Q+DnO+dwcn4nEFyBZX0bC4tLyyurqbX0+sbm1ra5s1tRfigpK1Nf+LLmEMUE91gZOAhWCyQjriNY1RkURvXqPZOK+14JhgFruqTn8S6nBDRqm1bjlvdc0opqd3E7gmP7wbqAGF/iX16b4oVWqW1mrKw1Fp43dmIyKFGxbX42Oj4NXeYBFUSpum0F0IyIBE4Fi9ONULGA0AHpsbq2HnGZakbjy2J8qEkHd32pnwd4TKcnIuIqNXQd3ekS6KvZ2gj+V6uH0D1vRtwLQmAenSzqhgKDj0cx4Q6XjIIYakOo5PqvmPaJJBR0mGkdgj178rypnGTt02zuJpfJXyVxpNA+OkBHyEZnKI+uURGVEUWP6Bm9ojfjyXgx3o2PSeuCkczsoT8yvn4ABfOfsA==</latexit>

⌃XZ
t+1|0:t = ⌃XX

t+1|0:tC
T

<latexit sha1_base64="Hg87iWe714R1FhJtaFlNx0Scweg=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiBEhDAjQUUQgrl4jJhlMJmEnk4nadKz0F0jhDE/4sVf8eJBEQ9exL+xswgx+qDg8V4VVfXcUHAFpvllJBYWl5ZXkquptfWNza309k5VBZGkrEIDEUjbJYoJ7rMKcBDMDiUjnitYze0XR37tjknFA78Mg5A5Hun6vMMpAS210vnGDe96pBnf2sNWDEfWvXkOQ3yBsz+GPWsUm+XDZrmVzpg5cwz8l1hTkkFTlFrpj0Y7oJHHfKCCKFW3zBCcmEjgVLBhqhEpFhLaJ11W19QnHlNOPP5uiA+00sadQOryAY/V2YmYeEoNPFd3egR6at4bif959Qg6Z07M/TAC5tPJok4kMAR4FBVuc8koiIEmhEqub8W0RyShoANN6RCs+Zf/kupxzjrJ5a/zmcLlNI4k2kP7KIssdIoK6AqVUAVR9ICe0At6NR6NZ+PNeJ+0JozpzC76BePzG2S+oNs=</latexit>

⌃ZX
t+1|0:t = (⌃XX

t+1|0:tC
T )T

<latexit sha1_base64="XeT1Zwzrudm3cLvkPNA05YUbQ70=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AIglASKSqeil48VrRtoI1hs922S3eTsDsRSgz4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg5kyBbX8bhYXFpeWV4mppbX1jc8vc3mmqKJGENkjEI+kGWFHOQtoABpy6saRYBJy2guHV2G89UKlYFN7BKKaewP2Q9RjBoCXf3Ovcsr7A96nrZn4Kx86jfQGZb5btij2BNU+cnJRRjrpvfnW6EUkEDYFwrFTbsWPwUiyBEU6zUidRNMZkiPu0rWmIBVVeOjk/sw610rV6kdQVgjVRf0+kWCg1EoHuFBgGatYbi/957QR6517KwjgBGpLpol7CLYiscRZWl0lKgI80wUQyfatFBlhiAjqxkg7BmX15njRPKs5ppXpTLdcu8ziKaB8doCPkoDNUQ9eojhqIoBQ9o1f0ZjwZL8a78TFtLRj5zC76A+PzB70rlVo=</latexit>

⌃XX
t+1|0:t

<latexit sha1_base64="UpSif31EzzPJWAogm6v9Z9c0WQQ=">AAAB+HicbVBNS8NAEN34WetHox69BIsgCCWRouKp6MVjBfsBbQyb7aZdupuE3Vmhxv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U+C639bS8srq2npho7i5tb1Tsnf3mirRktAGSXgi2yFWlLOYNoABp+1UUixCTlvh8Hritx6oVCyJ72CUUl/gfswiRjAYKbBLXaHv20EGJ96TewnjwC67FXcKZ5F4OSmjHPXA/ur2EqIFjYFwrFTHc1PwMyyBEU7Hxa5WNMVkiPu0Y2iMBVV+Nj187BwZpedEiTQVgzNVf09kWCg1EqHpFBgGat6biP95HQ3RhZ+xONVAYzJbFGnuQOJMUnB6TFICfGQIJpKZWx0ywBITMFkVTQje/MuLpHla8c4q1dtquXaVx1FAB+gQHSMPnaMaukF11EAEafSMXtGb9Wi9WO/Wx6x1ycpn9tEfWJ8/HWSSvw==</latexit>

µX
t+1|0:t

Now we just condition on Zt+1 = zt+1
<latexit sha1_base64="eKbXxh/n3UZXb+Jtgm7hpWl/5sc="></latexit>

=N (µX + ��1
XX�XY (y0 � µY ),�

�1
XX)

=N (µX + ⌃XY ⌃
�1
Y Y (y0 � µY ),⌃XX � ⌃XY ⌃

�1
Y Y ⌃Y X)

<latexit sha1_base64="CEuTexEULnNw5585rPgRiVR3+K0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/pF1KNs22odlsSLLCUvs3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvEBypo3rfju5ldW19Y38ZmFre2d3r7h/0NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1M/dYjVZrF4t6kkvoRHggWMoKNlbqy3H56QFco7bmnvWLJrbgzoGXiZaQEGeq94le3H5MkosIQjrXueK40/hgrwwink0I30VRiMsID2rFU4Ihqfzy7eYJOrNJHYaxsCYNm6u+JMY60TqPAdkbYDPWiNxX/8zqJCS/9MRMyMVSQ+aIw4cjEaBoA6jNFieGpJZgoZm9FZIgVJsbGVLAheIsvL5PmWcU7r1TvqqXadRZHHo7gGMrgwQXU4Bbq0AACEp7hFd6cxHlx3p2PeWvOyWYO4Q+czx8Yx5Bu</latexit>

p(X|Y = y0)

<latexit sha1_base64="LKSZ9aRaRJL+K0nM+d46fk7ajmE="></latexit>

= N (µt+1|0:t + ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1(zt+1 � Cµt+1|0:t),

⌃t+1|0:t � ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1C⌃t+1|0:t)

Remember

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)



n Integrate the effect of an observation using sensor model, after dynamics

Linear Gaussian Systems: Observations

<latexit sha1_base64="LKSZ9aRaRJL+K0nM+d46fk7ajmE="></latexit>

= N (µt+1|0:t + ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1(zt+1 � Cµt+1|0:t),

⌃t+1|0:t � ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1C⌃t+1|0:t)

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t
<latexit sha1_base64="WXYsJIJz+eYAo71yI5YhplyYINA=">AAACCnicbVDLSsNAFJ3UV62vqks3o0WoICWRoi6LblxJFfuAJoTJZNIOnTyYuRFK6NqNv+LGhSJu/QJ3/o3TNgutHrhwOOde7r3HSwRXYJpfRmFhcWl5pbhaWlvf2Nwqb++0VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vGGlxO/c8+k4nF0B6OEOSHpRzzglICW3PK+7TMBxAVsKx5iOyQwoERk1+OqeYxvXThyyxWzZk6B/xIrJxWUo+mWP20/pmnIIqCCKNWzzAScjEjgVLBxyU4VSwgdkj7raRqRkCknm74yxoda8XEQS10R4Kn6cyIjoVKj0NOdk1PVvDcR//N6KQTnTsajJAUW0dmiIBUYYjzJBftcMgpipAmhkutbMR0QSSjo9Eo6BGv+5b+kfVKzTmv1m3qlcZHHUUR76ABVkYXOUANdoSZqIYoe0BN6Qa/Go/FsvBnvs9aCkc/sol8wPr4BkvWZig==</latexit>

�t ⇠ N (0, Rt)
<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

<latexit sha1_base64="CyAa6PXoVOewWH2J3gFys9An1HQ=">AAACGHicbVDLTgIxFO3gC/GFunTTSEwgGpwxRN2YENm4MmjkkQCZdEqBhs4j7R0jjnyGG3/FjQuNccvOv7HALBQ8SdOTc+7Nvfc4geAKTPPbSCwsLi2vJFdTa+sbm1vp7Z2q8kNJWYX6wpd1hygmuMcqwEGweiAZcR3Bak6/NPZr90wq7nt3MAhYyyVdj3c4JaAlO30cZB/tCA6t4dPD9M/hC9x0CfQoEdH1MFuK9SN8a0POTmfMvDkBnidWTDIoRtlOj5ptn4Yu84AKolTDMgNoRUQCp4INU81QsYDQPumyhqYecZlqRZPDhvhAK23c8aV+HuCJ+rsjIq5SA9fRleON1aw3Fv/zGiF0zlsR94IQmEengzqhwODjcUq4zSWjIAaaECq53hXTHpGEgs4ypUOwZk+eJ9WTvHWaL9wUMsXLOI4k2kP7KIssdIaK6AqVUQVR9Ixe0Tv6MF6MN+PT+JqWJoy4Zxf9gTH6AT5QnqQ=</latexit>

p(zt+1|xt+1) = N (Cxt+1, Rt)

Kalman Gain

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)



Linear Gaussian Systems: Observations

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

Previous belief

Updated belief

<latexit sha1_base64="9x40Vcc/OAZWGcLElwb86T1BaCk="></latexit>

p(xt+1|z0:t, u0:t) = N (µt+1|0:t,⌃t+1|0:t) Computed from dynamics step

Intuition: Correct the update linearly according to measurement error from expectation, 
shrink uncertainty accordingly



Unpacking the Kalman Gain

<latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

Previous belief

Updated belief

<latexit sha1_base64="9x40Vcc/OAZWGcLElwb86T1BaCk="></latexit>

p(xt+1|z0:t, u0:t) = N (µt+1|0:t,⌃t+1|0:t) Computed from dynamics step

For the sake of simplicity, let’s say C = I
in                       

<latexit sha1_base64="z/KM9sTDPuD2gkecMfuGQ3KuKGY=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIQqHMSLEiCEU3gpt66QXaMmTSTBuauZCcEco4j+LGV3HjQhHd6dOYtrPQ1h8CP985h5PzO6HgCkzzy8gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLYcoJrjP6sBBsFYoGfEcwZrO8GJcb94zqXjg38EoZF2P9H3uckpAIztfubJjKFoJPsMdVxIad2553yMT+GCeQpLMEVzEN4mdL5glcyI8b6zUFFCqmp3/7PQCGnnMByqIUm3LDKEbEwmcCpbkOpFiIaFD0mdtbX3iMdWNJwcm+ECTHnYDqZ8PeEJ/T8TEU2rkObrTIzBQs7Ux/K/WjsA96cbcDyNgPp0uciOBIcDjtHCPS0ZBjLQhVHL9V0wHROcEOtOcDsGaPXneNI5K1nGpfF0uVM/TOLJoD+2jQ2ShCqqiS1RDdUTRI3pGr+jNeDJejHfjY9qaMdKZXfRHxvcPpE2iCg==</latexit>

Kt+1 =
⌃t+1|0:t

⌃t+1|0:t +R

<latexit sha1_base64="BPxocy7HpLuFcEZFIAnlIvYj9lU=">AAACJXicbVDLSsNAFJ34rPUVdelmsAiKWBIRFVEodiO4qY+q0MYymU7bwZkkzNwIJeZn3PgrblxYRHDlrziNWfg6cOHMOfcy9x4/ElyD47xbI6Nj4xOThani9Mzs3Ly9sHipw1hRVqehCNW1TzQTPGB14CDYdaQYkb5gV/5tdehf3TGleRhcQD9iniTdgHc4JWCkln1w0kpgw03xIW6e864k2fPe2Ye0enOxVv1HxBv4bP0m2XTTll1yyk4G/Je4OSmhHLWWPWi2QxpLFgAVROuG60TgJUQBp4KlxWasWUToLemyhqEBkUx7SXZlileN0sadUJkKAGfq94mESK370jedkkBP//aG4n9eI4bOnpfwIIqBBfTro04sMIR4GBluc8UoiL4hhCpudsW0RxShYIItmhDc3yf/JZdbZXenvH26Xaoc5XEU0DJaQWvIRbuogo5RDdURRQ/oCb2ggfVoPVuv1ttX64iVzyyhH7A+PgEPzKKG</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +R)�1

Case 1: Very noisy sensor, R>>Σ

Case 2: Deterministic sensor, R = 0

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t



Intuition Behind Correction Step

Previous belief

New Measurement

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

For the sake of simplicity, let’s say C = I

<latexit sha1_base64="z/KM9sTDPuD2gkecMfuGQ3KuKGY=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAIQqHMSLEiCEU3gpt66QXaMmTSTBuauZCcEco4j+LGV3HjQhHd6dOYtrPQ1h8CP985h5PzO6HgCkzzy8gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLYcoJrjP6sBBsFYoGfEcwZrO8GJcb94zqXjg38EoZF2P9H3uckpAIztfubJjKFoJPsMdVxIad2553yMT+GCeQpLMEVzEN4mdL5glcyI8b6zUFFCqmp3/7PQCGnnMByqIUm3LDKEbEwmcCpbkOpFiIaFD0mdtbX3iMdWNJwcm+ECTHnYDqZ8PeEJ/T8TEU2rkObrTIzBQs7Ux/K/WjsA96cbcDyNgPp0uciOBIcDjtHCPS0ZBjLQhVHL9V0wHROcEOtOcDsGaPXneNI5K1nGpfF0uVM/TOLJoD+2jQ2ShCqqiS1RDdUTRI3pGr+jNeDJejHfjY9qaMdKZXfRHxvcPpE2iCg==</latexit>

Kt+1 =
⌃t+1|0:t

⌃t+1|0:t +R

<latexit sha1_base64="eXygSq4ABWaOsFrap++i0tn38mQ="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � µt+1|0:t), (I �Kt+1)⌃t+1|0:t)

Corrects belief based on measurement
à Average between mean and measurement based on K 
à Scale down uncertainty based on K



Kalman Filter Pseudocode 
1. def Kalman_filter(              ):
2. Prediction: 

3. Correction:

4. Return ,

<latexit sha1_base64="cpvHwNFbWxjLQWMVpOEsYCqqz88=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqHgKevEYwTwgWcLsZDYZMo9lplcIaz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34PvfXmFldW19o7hZ2tre2d0r7x80rU4NZQ2qhTbtiFgmuGIN4CBYOzGMyEiwVjS6nfqtR2Ys1+oBxgkLJRkoHnNKwEmdrkx7GTz51zDplSt+1Z8BL5MgJxWUo94rf3X7mqaSKaCCWNsJ/ATCjBjgVLBJqZtalhA6IgPWcVQRyWyYzU6e4BOn9HGsjSsFeKb+nsiItHYsI9cpCQztojcV//M6KcRXYcZVkgJTdL4oTgUGjaf/4z43jIIYO0Ko4e5WTIfEEAoupZILIVh8eZk0z6rBRfX8/rxSu8njKKIjdIxOUYAuUQ3doTpqIIo0ekav6M0D78V79z7mrQUvnzlEf+B9/gBhSZFU</latexit>µt|0:t
<latexit sha1_base64="dAGT7L24xkTsIw35uuN+Ps160t8=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUfFU9OKxov2Adi3ZNNuGJtklmVXK2v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBbHgBlz328ktLa+sruXXCxubW9s7xd29hokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwvJr4zQemDY/UHYxi5kvSVzzklICV7ju3vC9JN4Un9wLG3WLJLbtT4EXiZaSEMtS6xa9OL6KJZAqoIMa0PTcGPyUaOBVsXOgkhsWEDkmftS1VRDLjp9Orx/jIKj0cRtqWAjxVf0+kRBozkoHtlAQGZt6biP957QTCcz/lKk6AKTpbFCYCQ4QnEeAe14yCGFlCqOb2VkwHRBMKNqiCDcGbf3mRNE7K3mm5clMpVS+zOPLoAB2iY+ShM1RF16iG6ogijZ7RK3pzHp0X5935mLXmnGxmH/2B8/kDd/KSgQ==</latexit>

⌃t|0:t
<latexit sha1_base64="MFv+Z/qzWUP3SIGZg8kgXwky4DA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7SP/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjek=</latexit>ut, , ,

<latexit sha1_base64="seAk/to6tDCkHqENfEeLrCoEa+o=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIhTIjRUUQat24rGAf0A5DJs20oZkHyR2hjP0AN/6KGxeKuPUD3Pk3pp1ZaOuBwMk555Lc40aCKzDNbyO3tLyyupZfL2xsbm3vFHf3WiqMJWVNGopQdlyimOABawIHwTqRZMR3BWu7o+up375nUvEwuINxxGyfDALucUpAS06x1PNjJ4Gy9WBewARf4qtUSK9lXI8d0CmzYs6AF4mVkRLK0HCKX71+SGOfBUAFUaprmRHYCZHAqWCTQi9WLCJ0RAasq2lAfKbsZLbMBB9ppY+9UOoTAJ6pvycS4is19l2d9AkM1bw3Ff/zujF453bCgygGFtD0IS8WGEI8bQb3uWQUxFgTQiXXf8V0SCShoPsr6BKs+ZUXSeukYp1WqrfVUq2e1ZFHB+gQHSMLnaEaukEN1EQUPaJn9IrejCfjxXg3PtJozshm9tEfGJ8/VXCZ5w==</latexit>

µt+1|0:t = Aµt|0:t +But
<latexit sha1_base64="fBoiU6ztLmu/OjdvqNEWIYCOPdY=">AAACFHicbZDLSgMxFIYzXmu9VV26CRZBKJQZKSqC0OrGZYu9QTsOmTTThmYuJGeEMvYh3Pgqblwo4taFO9/G9IJo6w+Bn++cw8n53UhwBab5ZSwsLi2vrKbW0usbm1vbmZ3dugpjSVmNhiKUTZcoJnjAasBBsGYkGfFdwRpu/2pUb9wxqXgYVGEQMdsn3YB7nBLQyMnk2je86xMngZx1b57DEF/g0g8bk9JtFedwxQEnkzXz5lh43lhTk0VTlZ3MZ7sT0thnAVBBlGpZZgR2QiRwKtgw3Y4Viwjtky5raRsQnyk7GR81xIeadLAXSv0CwGP6eyIhvlID39WdPoGemq2N4H+1VgzemZ3wIIqBBXSyyIsFhhCPEsIdLhkFMdCGUMn1XzHtEUko6BzTOgRr9uR5Uz/OWyf5QqWQLV5O40ihfXSAjpCFTlERXaMyqiGKHtATekGvxqPxbLwZ75PWBWM6s4f+yPj4BvajnOI=</latexit>

⌃t+1|0:t = A⌃t|0:tA
T +Qt

<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

<latexit sha1_base64="Im0LnUKcIkxxvcWDQYEDspcV8jY=">AAACLHicbVDLSgMxFM3UV62vUZdugkWoFMuMFBVBKHYjuKlgH9AOQyZN29DMgyQj1HE+yI2/IogLi7j1O0yns+jDA0lOzrmX5B4nYFRIwxhrmZXVtfWN7GZua3tnd0/fP2gIP+SY1LHPfN5ykCCMeqQuqWSkFXCCXIeRpjOsTvzmE+GC+t6jHAXEclHfoz2KkVSSrVc7bmhHsmi+GNdqj+ENnFViWIT3yS0uPE9PeAbnmuJTW88bJSMBXCZmSvIgRc3WPzpdH4cu8SRmSIi2aQTSihCXFDMS5zqhIAHCQ9QnbUU95BJhRcmwMTxRShf2fK6WJ2GiznZEyBVi5Dqq0kVyIBa9ifif1w5l78qKqBeEknh4+lAvZFD6cJIc7FJOsGQjRRDmVP0V4gHiCEuVb06FYC6OvEwa5yXzolR+KOcrt2kcWXAEjkEBmOASVMAdqIE6wOAVvIMvMNbetE/tW/uZlma0tOcQzEH7/QPLJqTn</latexit>

µt+1|0:t+1 = µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t)
<latexit sha1_base64="D/j8nAVppQKPETGj3b1qvtrunXU=">AAACHHicbVBLSwMxGMz6rPW16tFLsAgVsexqURGEYi+Kl4r2Ae2yZNNsG5p9kGSFsu4P8eJf8eJBES8eBP+N6XYP2jqQMMzMR/KNEzIqpGF8azOzc/MLi7ml/PLK6tq6vrHZEEHEManjgAW85SBBGPVJXVLJSCvkBHkOI01nUB35zXvCBQ38OzkMieWhnk9dipFUkq0fdW5pz0N2LPfNB+NM3Qk8h8UreACvUzGp7k1EElsvGCUjBZwmZkYKIEPN1j873QBHHvElZkiItmmE0ooRlxQzkuQ7kSAhwgPUI21FfeQRYcXpcgncVUoXugFXx5cwVX9PxMgTYug5Kukh2ReT3kj8z2tH0j21YuqHkSQ+Hj/kRgzKAI6agl3KCZZsqAjCnKq/QtxHHGGp+syrEszJladJ47BkHpfKN+VC5SKrIwe2wQ4oAhOcgAq4BDVQBxg8gmfwCt60J+1Fe9c+xtEZLZvZAn+gff0ACgee4w==</latexit>

⌃t+1|0:t+1 = (I �Kt+1C)⌃t+1|0:t

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

<latexit sha1_base64="Wt+6uyosd9Fogn1+CgxjqPWvvt4=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCIJQZKSquim5cVrAPaIchk2ba0CQz5CHUsV/ixoUibv0Ud/6NaTsLbT1wL4dz7iU3J0oZVdrzvp3Cyura+kZxs7S1vbNbdvf2WyoxEpMmTlgiOxFShFFBmppqRjqpJIhHjLSj0c3Ubz8QqWgi7vU4JQFHA0FjipG2UuiWe9yEmT71n7wr2yehW/Gq3gxwmfg5qYAcjdD96vUTbDgRGjOkVNf3Uh1kSGqKGZmUekaRFOERGpCupQJxooJsdvgEHlulD+NE2hIaztTfGxniSo15ZCc50kO16E3F/7yu0fFlkFGRGk0Enj8UGwZ1AqcpwD6VBGs2tgRhSe2tEA+RRFjbrEo2BH/xy8ukdVb1z6u1u1qlfp3HUQSH4AicAB9cgDq4BQ3QBBgY8AxewZvz6Lw4787HfLTg5DsH4A+czx+UApJl</latexit>µt+1|0:t+1
<latexit sha1_base64="tTnYV3NySpbRF1FNPhXb8y/4rGI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQkmkqLgqunFZ0T6gDWEynbZDZ5IwMxFLzK+4caGIW3/EnX/jtM1CWw/cy+Gce5k7J4g5U9pxvq2l5ZXVtfXCRnFza3tn194rNVWUSEIbJOKRbAdYUc5C2tBMc9qOJcUi4LQVjK4nfuuBSsWi8F6PY+oJPAhZnxGsjeTbpe4dGwjsp/rEfXIuTc98u+xUnCnQInFzUoYcdd/+6vYikggaasKxUh3XibWXYqkZ4TQrdhNFY0xGeEA7hoZYUOWl09szdGSUHupH0lSo0VT9vZFiodRYBGZSYD1U895E/M/rJLp/4aUsjBNNQzJ7qJ9wpCM0CQL1mKRE87EhmEhmbkVkiCUm2sRVNCG4819eJM3TintWqd5Wy7WrPI4CHMAhHIML51CDG6hDAwg8wjO8wpuVWS/Wu/UxG12y8p19+APr8wevXJOS</latexit>

⌃t+1|0:t+1

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t

Reminder of the model



Kalman Filter Algorithm 
Initial Prior

<latexit sha1_base64="5TRA0bR8cbOorMqU1TkX2pjBnJk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1IrLT333vF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBpEKOhw==</latexit>

p(x0)

Estimate 
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

Estimate 
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

Dynamics/Prediction 
(given some u)

Measurement/Correction 
(given some z) <latexit sha1_base64="kHUAhCWwJPC8bEAyJvBvEE0V58c="></latexit>

= N (µt+1|0:t +Kt+1(zt+1 � Cµt+1|0:t), (I �Kt+1C)⌃t+1|0:t)

<latexit sha1_base64="JClAuvWTet4gIsh8eOR8219CKgU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJSSSFFxVXTjsoK9QBvCZDpph04uzEzEGrNy46u4caGIW5/BnW/jJM1CW38Y+PjPOZw5vxMyKqRhfGuFufmFxaXicmlldW19Q9/caokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7pM6+1bwgUN/Bs5DonloYFPXYqRVJat74aVOzuWh2bycG/HxnlKRzDKMDmw9bJRNTLBWTBzKINcDVv/6vUDHHnEl5ghIbqmEUorRlxSzEhS6kWChAiP0IB0FfrII8KKszMSuK+cPnQDrp4vYeb+noiRJ8TYc1Snh+RQTNdS879aN5LumRVTP4wk8fFkkRsxKAOYZgL7lBMs2VgBwpyqv0I8RBxhqZIrqRDM6ZNnoXVcNU+qtetauX6Rx1EEO2APVIAJTkEdXIEGaAIMHsEzeAVv2pP2or1rH5PWgpbPbIM/0j5/ADvrl7M=</latexit>

p(xt+1|z0:t+1, u0:t)

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)



Kalman Filter in Action

TODO



Kalman Filter Summary

n Highly efficient: Polynomial in measurement 
dimensionality k and state dimensionality n: 

O(k2.8 + n2)

n Optimal for linear Gaussian systems!

n Most robotics systems are nonlinear! à next time

Matrix Inversion (Correction)
<latexit sha1_base64="Qdt1OEiW/BEhyPVZRTcqO5HIRJs=">AAACK3icbVBJSwMxGM241rpVPXoJFqFSLDNSVAShtBfBS9Vu0I1MmrahmYXkG6GM83+8+Fc86MEFr/4P0+WgrQ8CL+99j+R7ti+4AtP8MBYWl5ZXVmNr8fWNza3txM5uRXmBpKxMPeHJmk0UE9xlZeAgWM2XjDi2YFV7UBj51XsmFffcEgx91nRIz+VdTgloqZ3IX7dDSFsRvsSNO95zyPj6YF5AVGiVUoV/RJzGt5PQUSs8tqJ2ImlmzDHwPLGmJImmKLYTL42ORwOHuUAFUapumT40QyKBU8GieCNQzCd0QHqsrqlLHKaa4XjXCB9qpYO7ntTHBTxWfydC4ig1dGw96RDoq1lvJP7n1QPonjdD7voBMJdOHuoGAoOHR8XhDpeMghhqQqjk+q+Y9okkFHS9cV2CNbvyPKmcZKzTTPYmm8zlp3XE0D46QClkoTOUQ1eoiMqIokf0jN7Qu/FkvBqfxtdkdMGYZvbQHxjfP7BapOk=</latexit>

Kt+1 = ⌃t+1|0:tC
T (C⌃t+1|0:tC

T +Rt+1)
�1

Matrix Multiplication (Prediction)

<latexit sha1_base64="gss36Rp48SwUOlrWLShMwdCVa1A="></latexit>

p(xt+1|z0:t, u0:t+1) ⇠ N (Aµt|0:t +But, A⌃t|0:tA
T +Qt)



Why should we care in 2023?

Still a very widely used technique for estimation/localization/mapping in real problems



Why should we care in 2023?
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Gaussian Properties


