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Why state estimation?
n “State” is an extremely hard thing to define and measure

n Usually unobservable (only “measurements” are observable)

n State can be a choice

n More detailed state, less uncertainty

n Less detailed state, more uncertainty

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt Pose/velocity of the object Position and momentum of all particles



n When state is abstracted/incomplete, this manifests as noise/uncertainty

n Being probabilistic allows for: 

n Robustness to external noise

n Exploration to get better/gather information

n Dealing with inherently stochastic systems

n Accounting for inaccurate hardware/software

Why probabilistic state estimation?

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt Pose/velocity of the object



Probabilistic Robotics
Key idea: Explicit representation of uncertainty 

(using the calculus of probability theory)

n Perception  = state estimation

n Action = utility optimization



n State: position and heading

n Sensors: 

n Odometry (=sensing motion of actuators): e.g., wheel encoders 

n Laser range finder:  
n Measures time of flight of a laser beam between departure and return
n Return is typically happening when hitting a surface that reflects the beam back to where 

it came from

n Dynamics: Noise from wheel slippage, unmodeled variation in floor

Example of Probabilistic Robotic Systems: Mobile Robot



Example of Probabilistic Robotic Systems: Robot Arm

n State: Joint encoders, object pose, object velocity

n Sensors: 

n Joint Encoders: Measure position and velocity at different joints

n Camera images: Informs the position and semantics of objects in the scene

n Depth images: Indicates the 3-D position and occupancy of object in the scene

n Dynamics: 

n Noise from: unmodeled contact dynamics, non-rigid contact or unmodeled friction



Fundamental Axioms of Probability

n Pr(A) denotes probability that the outcome

n ω is an element of the set of possible outcomes A. 

n A is often called an event. Same for B. 

n Ω is the set of all possible outcomes. 

n ϕ is the empty set.



Useful Corollaries from Axioms

If A and B have no overlap then 

<latexit sha1_base64="0wIc9yigTSmtGJDBPRJqcZHLJeQ=">AAACGnicbVDLSgMxFM3UV62vUZdugkVoEcqMFHUj1LpxWcE+oDOUTJq2oZkHyR2xDP0ON/6KGxeKuBM3/o1pO4vaeuDCyTn3knuPFwmuwLJ+jMzK6tr6RnYzt7W9s7tn7h80VBhLyuo0FKFseUQxwQNWBw6CtSLJiO8J1vSGNxO/+cCk4mFwD6OIuT7pB7zHKQEtdUzbAfYISU2OC9fYoXGEq0V8hefUIj6de1aLHTNvlawp8DKxU5JHKWod88vphjT2WQBUEKXathWBmxAJnAo2zjmxYhGhQ9JnbU0D4jPlJtPTxvhEK13cC6WuAPBUnZ9IiK/UyPd0p09goBa9ifif146hd+kmPIhiYAGdfdSLBYYQT3LCXS4ZBTHShFDJ9a6YDogkFHSaOR2CvXjyMmmclezzUvmunK9U0ziy6AgdowKy0QWqoFtUQ3VE0RN6QW/o3Xg2Xo0P43PWmjHSmUP0B8b3L/nInvQ=</latexit>

Pr(A [B) = Pr(A) + Pr(B)



n X denotes a random variable.

n X can take on a countable number of values in {x1, x2, 
…, xn}.

n P(X=xi), or P(xi), is the probability that the random 
variable X takes on value xi, between [0, 1]

n P( ) is called probability mass function (sums to 1)

n E.g.

Discrete Random Variables

02.0,08.0,2.0,7.0)( =RoomP

.



Examples of Discrete Random Variables
Binomial

Bernoulli

Multinomial

Poisson



n X denotes a random variable.

n X can take on a continuum of values in the support of 
the probability density function

n P(X=x), or P(x), is the probability density function

n Density function positive but not upper bounded by 1

n Integrates to 1

Continuous Random Variables

<latexit sha1_base64="zjR86rqaqP7Lkod8NQ/fbQzsMAM=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0KGVGiroRim5cVrAP6NSSSdM2NJMZkjvSMvQj3Pgrblwo4taFO//GTNuFth64cHLOveTe44WCa7Dtbyu1tLyyupZez2xsbm3vZHf3ajqIFGVVGohANTyimeCSVYGDYI1QMeJ7gtW9wXXi1x+Y0jyQdzAKWcsnPcm7nBIwUjt77AIbQlxR4/wQu1ziPDnBXqGAL5MXtGMyvvdwmB8WOsN2NmcX7QnwInFmJIdmqLSzX24noJHPJFBBtG46dgitmCjgVLBxxo00CwkdkB5rGiqJz3Qrnhw1xkdG6eBuoExJwBP190RMfK1Hvmc6fQJ9Pe8l4n9eM4LuRSvmMoyASTr9qBsJDAFOEsIdrhgFMTKEUMXNrpj2iSIUTI4ZE4Izf/IiqZ0WnbNi6baUK1/N4kijA3SI8shB56iMblAFVRFFj+gZvaI368l6sd6tj2lryprN7KM/sD5/AJr0nKo=</latexit>

Pr(x 2 (a, b)) =

Z b

a
p(x)dx



Examples of Continuous Random Variables

.

Multivariate Gaussian Beta Distribution

Uniform Distribution



n P(X=x and Y=y) = P(x,y)

n If X and Y are independent then 
P(x,y) = P(x) P(y)

n P(x | y) is the probability of x given y
P(x | y) = P(x,y) / P(y)
P(x,y)   = P(x | y) P(y)

n If X and Y are independent then
P(x | y) = P(x)

Joint and Conditional Probability



Law of Total Probability, Marginals
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Events

n P(+x, +y) ?

n P(+x) ?

n P(-y OR +x) ?

n Independent?

X Y P

+x +y 0.2
+x -y 0.3
-x +y 0.4
-x -y 0.1



Marginal Distributions

X Y P

+x +y 0.2

+x -y 0.3

-x +y 0.4

-x -y 0.1

X P

+x

-x

Y P

+y

-y



Conditional Probabilities

X Y P

+x +y 0.2

+x -y 0.3

-x +y 0.4

-x -y 0.1

n P(+x | +y) ?

n P(-x | +y) ?

n P(-y | +x) ?
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Bayes Formula

<latexit sha1_base64="RTCnP4UY5AnZ7hbzXdBs7yhE9wY=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUkLIrRT0WvXisYD+gXUo2zbah2WRJsuKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvp367UeqNJPiwaQx9SM8FCxkBBsrtRuVp3OUnvVLZbfqzoCWiZeTMuRo9EtfvYEkSUSFIRxr3fXc2PgZVoYRTifFXqJpjMkYD2nXUoEjqv1sdu4EnVplgEKpbAmDZurviQxHWqdRYDsjbEZ60ZuK/3ndxITXfsZEnBgqyHxRmHBkJJr+jgZMUWJ4agkmitlbERlhhYmxCRVtCN7iy8ukdVH1Lqu1+1q5fpPHUYBjOIEKeHAFdbiDBjSBwBie4RXenNh5cd6dj3nripPPHMEfOJ8/6yeOpw==</latexit>

P (x, y)
<latexit sha1_base64="Bl+KscJmGxBqZcSsumCxDqqYlmY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSK0l5JIUY9FLx4j2A9sQ9lsN+3SzSbsbsQQ+y+8eFDEq//Gm//GbZuDtj4YeLw3w8w8P+ZMadv+tlZW19Y3Ngtbxe2d3b390sFhS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Hrqtx+oVCwSdzqNqRfioWABI1gb6d6tPD6lVbeSVvulsl2zZ0DLxMlJGXK4/dJXbxCRJKRCE46V6jp2rL0MS80Ip5NiL1E0xmSMh7RrqMAhVV42u3iCTo0yQEEkTQmNZurviQyHSqWhbzpDrEdq0ZuK/3ndRAeXXsZEnGgqyHxRkHCkIzR9Hw2YpETz1BBMJDO3IjLCEhNtQiqaEJzFl5dJ66zmnNfqt/Vy4yqPowDHcAIVcOACGnADLjSBgIBneIU3S1kv1rv1MW9dsfKZI/gD6/MHV4eQDw==</latexit>

P (x|y)P (y)
<latexit sha1_base64="vfvK//908q2pBP/GKAmZn0glHAE=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmICF9Iaoh6JXjxiIh8RGrJdtrBhu212t4am8i+8eNAYr/4bb/4bF+hBwZdM8vLeTGbmeRFnStv2t5VbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1745uZ336kUrFQ3Oskom6Ah4L5jGBtpIdGOXmaVBrlSaVfLNlVew60SpyMlCBDo1/86g1CEgdUaMKxUl3HjrSbYqkZ4XRa6MWKRpiM8ZB2DRU4oMpN5xdP0ZlRBsgPpSmh0Vz9PZHiQKkk8ExngPVILXsz8T+vG2v/yk2ZiGJNBVks8mOOdIhm76MBk5RonhiCiWTmVkRGWGKiTUgFE4Kz/PIqaZ1XnYtq7a5Wql9nceThBE6hDA5cQh1uoQFNICDgGV7hzVLWi/VufSxac1Y2cwx/YH3+AFYEkA4=</latexit>

P (y|x)P (x)<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>= <latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="tcxr0sX7UMK781sFfxiLPezhK44=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFHUjFN24jGAv0IYymU7aoZMLMxNpSLN146u4caGIW9/AnW/jpM1CW38Y+PjPOZw5vxsxKqRpfmsrq2vrG5ulrfL2zu7evn5w2BJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3yT19sPhAsaBvcyiYjjo2FAPYqRVFZfh3Z1Mk0MeAV7Hkc4tavJdGIo08hyNrK+XjFr5kxwGawCKqCQ3de/eoMQxz4JJGZIiK5lRtJJEZcUM5KVe7EgEcJjNCRdhQHyiXDS2SUZPFXOAHohVy+QcOb+nkiRL0Tiu6rTR3IkFmu5+V+tG0vv0klpEMWSBHi+yIsZlCHMY4EDygmWLFGAMKfqrxCPkEpEqvDKKgRr8eRlaJ3VrPNa/a5eaVwXcZTAMTgBVWCBC9AAt8AGTYDBI3gGr+BNe9JetHftY966ohUzR+CPtM8fBUaYqA==</latexit>

P (x|y) = P (y|x)P (x)

P (y)

<latexit sha1_base64="zarjA1zGDZ1U96vzz3eVcgXOHAI=">AAACIXicbVBNSwMxFMz6WetX1aOXYBE8lV0R7UUoevFYwWqhLSWbfWtDs5sleVssy/4VL/4VLx4U8Sb+GdN2D2odCAwz7yWZ8RMpDLrup7OwuLS8slpaK69vbG5tV3Z2b41KNYcWV1Lpts8MSBFDCwVKaCcaWORLuPOHlxP/bgTaCBXf4DiBXsTuYxEKztBK/Ur9nHZDzXjWRXjATIqhvWqgVJDXZkqihdJ5XvgwEgHEHPK8X6m6NXcKOk+8glRJgWa/8tENFE8jiJFLZkzHcxPsZUyj4BLycjc1kDA+ZPfQsTRmEZheNk2Y00OrBDRU2p4Y6VT9uZGxyJhx5NvJiOHA/PUm4n9eJ8Ww3stEnKRoc80eClNJUdFJXTQQGjjKsSWMa2H/SvmA2cLQllq2JXh/I8+T2+Oad1o7uT6pNi6KOkpknxyQI+KRM9IgV6RJWoSTR/JMXsmb8+S8OO/Ox2x0wSl29sgvOF/fbsimNQ==</latexit>

=
likelihood.prior

evidence



Bayes Formula
<latexit sha1_base64="4XiRp/aULV8mHRYNGMdbrn4C/fs="></latexit>

P (x | y) = P (y | x)P (x)

P (y)

P (y) =
X

x0

P (y | x0)P (x0)

Can replace with integral

<latexit sha1_base64="ShvIrHcETsHZeKeBCiDhmxWZPXI=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsQgtSZqSoG6HoxmUFe4F2KJk004ZmLiQZ6ViLr+LGhSJufQ93vo1pOwtt/SHw8Z9zOCe/G3EmlWV9G5ml5ZXVtex6bmNza3vH3N2ryzAWhNZIyEPRdLGknAW0ppjitBkJin2X04Y7uJ7UG/dUSBYGdyqJqOPjXsA8RrDSVsc8qBaSEzQsokuk6XFYjArDYsfMWyVrKrQIdgp5SFXtmF/tbkhinwaKcCxly7Yi5YywUIxwOs61Y0kjTAa4R1saA+xT6Yym14/RsXa6yAuFfoFCU/f3xAj7Uia+qzt9rPpyvjYx/6u1YuVdOCMWRLGiAZkt8mKOVIgmUaAuE5QonmjARDB9KyJ9LDBROrCcDsGe//Ii1E9L9lmpfFvOV67SOLJwCEdQABvOoQI3UIUaEHiAZ3iFN+PJeDHejY9Za8ZIZ/bhj4zPHybdkx4=</latexit>

P (y, x) = P (y|x)p(x)
<latexit sha1_base64="MNiEUy/HAGxFOZn1Lt9z7eJqVNE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREiroRim5cVrAPaEKYTCft0MkkzEykIWTpxl9x40IRt36CO//G6WOhrQcuHM65l3vv8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w5ux334gQtKI36s0Jm6I+pwGFCOlJc88dIhC8Ao6gUA4s/PMkUnojWCjkp7C0UnumWWrak0AF4k9I2UwQ8Mzv5xehJOQcIUZkrJrW7FyMyQUxYzkJSeRJEZ4iPqkqylHIZFuNnkkh8da6cEgErq4ghP190SGQinT0NedIVIDOe+Nxf+8bqKCSzejPE4U4Xi6KEgYVBEcpwJ7VBCsWKoJwoLqWyEeIB2J0tmVdAj2/MuLpHVWtc+rtbtauX49i6MIDsARqAAbXIA6uAUN0AQYPIJn8ArejCfjxXg3PqatBWM2sw/+wPj8Ad0/mJw=</latexit>

⌘ =
1P

x P (y, x)

<latexit sha1_base64="QZTnLs+ud2E+7MQzC7pB5caq2lg=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQxCAhJ2JagXIejF4wrmAckSZieTZMjsg5leybIG/BUvHhTx6nd482+cJHvQxIKGoqqb7i4vElyBZX0bS8srq2vruY385tb2zq65t19XYSwpq9FQhLLpEcUED1gNOAjWjCQjvidYwxveTPzGA5OKh8E9JBFzfdIPeI9TAlrqmIdOcfSYlPAVbjMg2Ckmp3hU6pgFq2xNgReJnZECyuB0zK92N6SxzwKggijVsq0I3JRI4FSwcb4dKxYROiR91tI0ID5Tbjo9f4xPtNLFvVDqCgBP1d8TKfGVSnxPd/oEBmrem4j/ea0YepduyoMoBhbQ2aJeLDCEeJIF7nLJKIhEE0Il17diOiCSUNCJ5XUI9vzLi6R+VrbPy5W7SqF6ncWRQ0foGBWRjS5QFd0iB9UQRSl6Rq/ozXgyXox342PWumRkMwfoD4zPHxafk6U=</latexit>

P (x|y) = ⌘P (y, x)

<latexit sha1_base64="4XiRp/aULV8mHRYNGMdbrn4C/fs="></latexit>

P (x | y) = P (y | x)P (x)

P (y)

P (y) =
X

x0

P (y | x0)P (x0)



Example of Bayes Formula in Action

Just because everyone with cancer has the 
symptom, doesn’t mean everyone with the 

symptom has cancer



Why Bayes Formula?
<latexit sha1_base64="4XiRp/aULV8mHRYNGMdbrn4C/fs="></latexit>

P (x | y) = P (y | x)P (x)

P (y)

P (y) =
X

x0

P (y | x0)P (x0)

Diagnostic Causal

n Causal knowledge may be easier to obtain/estimate/represent

n Which direction is causal is not always clear though!

n Allows us to estimate “beliefs” based on “measurements”



Simple Example of State Estimation
n Suppose a robot obtains measurement z

n What is P(open | z)?



Example

67.0
3
2

5.03.05.06.0
5.06.0)|(
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==
×+×

×
=

¬¬+
=

zopenP

openpopenzPopenpopenzP
openPopenzPzopenP

• z raises the probability that the door is open.

P(z | open) = 0.6 P(z |¬open) = 0.3
P(open) = P(¬open) = 0.5



Conditioning
n Bayes rule and background knowledge:

<latexit sha1_base64="OZg62Ptq0kRZ36H/c2Gu+0JlxNI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyYpL7X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup76rQeqNJPizqQx9SM8ECxkBBsrNevlx6f0tFcsuRV3BrRMvIyUIEO9V/zq9iVJIioM4VjrjufGxh9jZRjhdFLoJprGmIzwgHYsFTii2h/Prp2gE6v0USiVLWHQTP09McaR1mkU2M4Im6Fe9Kbif14nMeGlP2YiTgwVZL4oTDgyEk1fR32mKDE8tQQTxeytiAyxwsTYgAo2BG/x5WXSPKt455XqbbVUu8riyMMRHEMZPLiAGtxAHRpA4B6e4RXeHOm8OO/Ox7w152Qzh/AHzucPDkyOzQ==</latexit>

P (x|y)
<latexit sha1_base64="c/TIrbfFxWup1owJo5iGML8YUK4=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKgboejGZQX7gDaUyWTSDp1MwsxETGPd+CtuXCji1r9w5984bbPQ1gMzHM65l3vvcSNGpbKsbyO3sLi0vJJfLaytb2xumds7DRnGApM6DlkoWi6ShFFO6ooqRlqRIChwGWm6g6ux37wjQtKQ36okIk6Aepz6FCOlpa65dwE7lCtYK90/JMdweKSZ/rxh1yxaZWsCOE/sjBRBhlrX/Op4IY4DwhVmSMq2bUXKSZFQFDMyKnRiSSKEB6hH2ppyFBDppJMLRvBQKx70Q6Gf3mai/u5IUSBlEri6MkCqL2e9sfif146Vf+6klEexIhxPB/kxgyqE4zigRwXBiiWaICyo3hXiPhIIKx1aQYdgz548TxonZfu0XLmpFKuXWRx5sA8OQAnY4AxUwTWogTrA4BE8g1fwZjwZL8a78TEtzRlZzy74A+PzBzlAlNU=</latexit>

=

Z
P (x|y, z)P (z)dz

<latexit sha1_base64="VBHyc9uTklsQDQ/RMiAqHec9EE4=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFaEFKIkXdCEU3LivYC7ShTCaTduhkEmYmYnoBN76KGxeKuPUl3Pk2TtsstPWHgY//nMOc87sRo1JZ1reRWVpeWV3Lruc2Nre2d8zdvboMY4FJDYcsFE0XScIoJzVFFSPNSBAUuIw03P71pN64J0LSkN+pJCJOgLqc+hQjpa2OeXAJ25QrWC08jJITOChqGoySIvQGHTNvlayp4CLYKeRBqmrH/Gp7IY4DwhVmSMqWbUXKGSKhKGZknGvHkkQI91GXtDRyFBDpDKc3jOGxdjzoh0I/vc/U/T0xRIGUSeDqzgCpnpyvTcz/aq1Y+RfOkPIoVoTj2Ud+zKAK4SQQ6FFBsGKJBoQF1btC3EMCYaVjy+kQ7PmTF6F+WrLPSuXbcr5ylcaRBYfgCBSADc5BBdyAKqgBDB7BM3gFb8aT8WK8Gx+z1oyRzuyDPzI+fwAHepXe</latexit>

=

Z
P (x|y, z)P (z|y)dz

<latexit sha1_base64="BcvxcxdhIGDOn/Bdrubgi5EkcJg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUkJJIUTdC0Y3LCvYBbSiTyaQdOpmEmYmYpgU3/oobF4q49Sfc+TdO2yy09cAwh3Pu5d573IhRqSzr21hYXFpeWc2t5dc3Nre2zZ3dugxjgUkNhywUTRdJwignNUUVI81IEBS4jDTc/vXYb9wTIWnI71QSESdAXU59ipHSUsfcv4RtyhWsFh+GyQkcHGuWDPXnDTpmwSpZE8B5YmekADJUO+ZX2wtxHBCuMENStmwrUk6KhKKYkVG+HUsSIdxHXdLSlKOASCed3DCCR1rxoB8K/fQ+E/V3R4oCKZPA1ZUBUj05643F/7xWrPwLJ6U8ihXheDrIjxlUIRwHAj0qCFYs0QRhQfWuEPeQQFjp2PI6BHv25HlSPy3ZZ6XybblQucriyIEDcAiKwAbnoAJuQBXUAAaP4Bm8gjfjyXgx3o2PaemCkfXsgT8wPn8AB3iV3g==</latexit>

=

Z
P (x|y, z)P (y|z)dz

<latexit sha1_base64="1cwLyX60lIlCXaM6BkcItmseE04=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARWpEyI0XdCEU3LkewF2iHkkkzbWjmQpKRTqd9Bze+ihsXirh14863MTPtQqsHQn6+/xyS8zsho0IaxpeWW1peWV3Lrxc2Nre2d/TdvYYIIo5JHQcs4C0HCcKoT+qSSkZaISfIcxhpOsPr1G/eEy5o4N/JOCS2h/o+dSlGUqGufmyVRpP4BI7L8BJ2XI5wYpXiySglqTUuTzOg7q5eNCpGVvCvMOeiCOZldfXPTi/AkUd8iRkSom0aobQTxCXFjEwLnUiQEOEh6pO2kj7yiLCTbKcpPFKkB92Aq+NLmNGfEwnyhIg9R3V6SA7EopfC/7x2JN0LO6F+GEni49lDbsSgDGAaEOxRTrBksRIIc6r+CvEAqWCkirGgQjAXV/4rGqcV86xSva0Wa1fzOPLgAByCEjDBOaiBG2CBOsDgATyBF/CqPWrP2pv2PmvNafOZffCrtI9vLvuchA==</latexit>

P (x|y, z) = P (y|x, z)P (x|z)
P (y|z)

?

?

?



Conditional Independence

)|()|(),( zyPzxPzyxP =

),|()( yzxPzxP =

),|()( xzyPzyP =

Equivalent to

and



Second Simple Example of State Estimation

n Suppose our robot obtains another observation z2.

n What is P(open | z1, z2)?



Recursive Bayesian Updating

Markov assumption: zn is conditionally 
independent of z1,...,zn-1 given x.

<latexit sha1_base64="AiF8t8NK/K9H+0YMJLEA/U9B9t0=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARWqhlRoq6EYpuXFawF2iHIZOmbWgmMyQZsR37Cm58FTcuFHHrzp1vY6adhbYeCHz8/zlJzu+FjEplWd9GZml5ZXUtu57b2Nza3jF39xoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9IZXid+8I0LSgN+qUUgcH/U57VGMlJZcsxAWxi5/uC/BsWuXYKcbKJlwzI/tSRFewNQvumbeKlvTgotgp5AHadVc80tfhiOfcIUZkrJtW6FyYiQUxYxMcp1IkhDhIeqTtkaOfCKdeLrRBB5ppQt7gdCHKzhVf0/EyJdy5Hu600dqIOe9RPzPa0eqd+7ElIeRIhzPHupFDKoAJvHALhUEKzbSgLCg+q8QD5BAWOkQczoEe37lRWiclO3TcuWmkq9epnFkwQE4BAVggzNQBdegBuoAg0fwDF7Bm/FkvBjvxsesNWOkM/vgTxmfPyw9m1o=</latexit>

p(zn|x, z1, . . . , zn�1) = p(zn|x)

<latexit sha1_base64="z34fVkQaz4jXCZYVHVZBNB+FwVQ=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRahQikzUtRl0Y3LCvYB7TBk0rQNzWSGJCO2tfgrblwo4tb/cOffmLaz0NYDgcM593BvThBzprTjfFtLyyura+uZjezm1vbOrr23X1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN60L+e+PV7KhWLxJ0exNQLcVewDiNYG8m3Dyv5h8eh7xZQqx1pVUBDX5z6ds4pOlOgReKmJAcpKr79ZdIkCanQhGOlmq4Ta2+EpWaE03G2lSgaY9LHXdo0VOCQKm80vX6MTozSRp1Imic0mqq/EyMcKjUIAzMZYt1T895E/M9rJrpz6Y2YiBNNBZkt6iQc6QhNqkBtJinRfGAIJpKZWxHpYYmJNoVlTQnu/JcXSe2s6J4XS7elXPkqrSMDR3AMeXDhAspwAxWoAoEhPMMrvFlP1ov1bn3MRpesNHMAf2B9/gCiEZQQ</latexit>

P (x|z1, . . . , zn)
<latexit sha1_base64="yDOn4eXBtVVyO1rcLSLFkPYnVvE="></latexit>

=
P (zn|x, z1, . . . , zn�1)P (x|z1, . . . , zn�1)

P (zn|z1, . . . , zn�1)

<latexit sha1_base64="Mj+OH/rc6r+nEK1UJZQfP9Z4lkY=">AAACLnicbVBbSwJBGJ21m9nN6rGXIQkUTHZDqpdAiqBHg7yAyjI7zurg7OwyMxvq6i/qpb9SD0FF9NrPaNR9KPXAwOGc883Md5yAUalM891IrKyurW8kN1Nb2zu7e+n9g6r0Q4FJBfvMF3UHScIoJxVFFSP1QBDkOYzUnN7NxK89EiGpzx/UICAtD3U4dSlGSkt2+vYKNl2BcFTODm0+6ufK2f5oaFt52Gz7Subh0I74qTXOjePEUs9OZ8yCOQVcJFZMMiBG2U6/6itw6BGuMENSNiwzUK0ICUUxI+NUM5QkQLiHOqShKUceka1ouu4YnmilDV1f6MMVnKp/JyLkSTnwHJ30kOrKeW8iLvMaoXIvWxHlQagIx7OH3JBB5cNJd7BNBcGKDTRBWFD9V4i7SLendMMpXYI1v/IiqZ4VrPNC8b6YKV3HdSTBETgGWWCBC1ACd6AMKgCDJ/ACPsCn8Wy8GV/G9yyaMOKZQ/APxs8vwW2nKg==</latexit>

=
P (zn|x)P (x|z1, . . . , zn�1)

P (zn|z1, . . . , zn�1)

<latexit sha1_base64="C0xA1hqpbWJun5yW5x4OLbpq86s=">AAACEHicbVDLSgMxFM3UV62vqks3wSK2UMuMiLoRim5cjmAf0JYhk6Y1mMkMyR1pO+0nuPFX3LhQxK1Ld/6N6WPh68CFwzn3JvcePxJcg21/Wqm5+YXFpfRyZmV1bX0ju7lV1WGsKKvQUISq7hPNBJesAhwEq0eKkcAXrObfXoz92h1TmofyGvoRawWkK3mHUwJG8rL7Z7jJgGA3P/DksFdw873hwHOKuNkOQRfxwEvkgTMqeNmcXbInwH+JMyM5NIPrZT/MCzQOmAQqiNYNx46glRAFnAo2yjRjzSJCb0mXNQyVJGC6lUwOGuE9o7RxJ1SmJOCJ+n0iIYHW/cA3nQGBG/3bG4v/eY0YOqethMsoBibp9KNOLDCEeJwObnPFKIi+IYQqbnbF9IYoQsFkmDEhOL9P/kuqhyXnuHR0dZQrn8/iSKMdtIvyyEEnqIwukYsqiKJ79Iie0Yv1YD1Zr9bbtDVlzWa20Q9Y71+agpsT</latexit>

= ⌘P (zn|x)P (x|z1, . . . , zn�1)

<latexit sha1_base64="9ZlqFIe6XG9TeEjBUfA77NfxJNc=">AAACGHicbVBNS8NAEN34bf2qevSyWIQWSk1EVISC6MVjBdsKbQibzUYXN5uwO5HW2J/hxb/ixYMiXr35b9zWHLT1wcDjvZndmecngmuw7S9ranpmdm5+YbGwtLyyulZc32jpOFWUNWksYnXlE80El6wJHAS7ShQjkS9Y2789G/rtO6Y0j+Ul9BPmRuRa8pBTAkbyirt13GVAvMw5lgPcTVQceBmvO1XcDWLQVWzURvne4w+9SqPcq3jFkl2zR8CTxMlJCeVoeMVP8xBNIyaBCqJ1x7ETcDOigFPBBoVuqllC6C25Zh1DJYmYdrPRYQO8Y5QAh7EyJQGP1N8TGYm07ke+6YwI3Ohxbyj+53VSCI/cjMskBSbpz0dhKjDEeJgSDrhiFETfEEIVN7tiekMUoWCyLJgQnPGTJ0lrr+Yc1PYv9ksnp3kcC2gLbaMyctAhOkHnqIGaiKJH9Ixe0Zv1ZL1Y79bHT+uUlc9soj+wPr8Bi2KeOA==</latexit>

= ⌘1:n
Y

i=1,...,n

P (zi|x)P (x)

<latexit sha1_base64="z34fVkQaz4jXCZYVHVZBNB+FwVQ=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRahQikzUtRl0Y3LCvYB7TBk0rQNzWSGJCO2tfgrblwo4tb/cOffmLaz0NYDgcM593BvThBzprTjfFtLyyura+uZjezm1vbOrr23X1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN60L+e+PV7KhWLxJ0exNQLcVewDiNYG8m3Dyv5h8eh7xZQqx1pVUBDX5z6ds4pOlOgReKmJAcpKr79ZdIkCanQhGOlmq4Ta2+EpWaE03G2lSgaY9LHXdo0VOCQKm80vX6MTozSRp1Imic0mqq/EyMcKjUIAzMZYt1T895E/M9rJrpz6Y2YiBNNBZkt6iQc6QhNqkBtJinRfGAIJpKZWxHpYYmJNoVlTQnu/JcXSe2s6J4XS7elXPkqrSMDR3AMeXDhAspwAxWoAoEhPMMrvFlP1ov1bn3MRpesNHMAf2B9/gCiEZQQ</latexit>

P (x|z1, . . . , zn)



Example: Second Measurement 
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n z2 lowers the probability that the door is open.

P(z2 | open) = 0.5 P(z2 |¬open) = 0.6
P(open | z1) = 2 / 3 P(¬open | z1) = 1/ 3



Effects of Incorrect Independencies

n If redundant sensors, z1…zn are 
treated as independent, leads to 
double counting

à overconfident predictions
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<latexit sha1_base64="9ZlqFIe6XG9TeEjBUfA77NfxJNc=">AAACGHicbVBNS8NAEN34bf2qevSyWIQWSk1EVISC6MVjBdsKbQibzUYXN5uwO5HW2J/hxb/ixYMiXr35b9zWHLT1wcDjvZndmecngmuw7S9ranpmdm5+YbGwtLyyulZc32jpOFWUNWksYnXlE80El6wJHAS7ShQjkS9Y2789G/rtO6Y0j+Ul9BPmRuRa8pBTAkbyirt13GVAvMw5lgPcTVQceBmvO1XcDWLQVWzURvne4w+9SqPcq3jFkl2zR8CTxMlJCeVoeMVP8xBNIyaBCqJ1x7ETcDOigFPBBoVuqllC6C25Zh1DJYmYdrPRYQO8Y5QAh7EyJQGP1N8TGYm07ke+6YwI3Ohxbyj+53VSCI/cjMskBSbpz0dhKjDEeJgSDrhiFETfEEIVN7tiekMUoWCyLJgQnPGTJ0lrr+Yc1PYv9ksnp3kcC2gLbaMyctAhOkHnqIGaiKJH9Ixe0Zv1ZL1Y79bHT+uUlc9soj+wPr8Bi2KeOA==</latexit>

= ⌘1:n
Y

i=1,...,n

P (zi|x)P (x)
<latexit sha1_base64="z34fVkQaz4jXCZYVHVZBNB+FwVQ=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRahQikzUtRl0Y3LCvYB7TBk0rQNzWSGJCO2tfgrblwo4tb/cOffmLaz0NYDgcM593BvThBzprTjfFtLyyura+uZjezm1vbOrr23X1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN60L+e+PV7KhWLxJ0exNQLcVewDiNYG8m3Dyv5h8eh7xZQqx1pVUBDX5z6ds4pOlOgReKmJAcpKr79ZdIkCanQhGOlmq4Ta2+EpWaE03G2lSgaY9LHXdo0VOCQKm80vX6MTozSRp1Imic0mqq/EyMcKjUIAzMZYt1T895E/M9rJrpz6Y2YiBNNBZkt6iQc6QhNqkBtJinRfGAIJpKZWxHpYYmJNoVlTQnu/JcXSe2s6J4XS7elXPkqrSMDR3AMeXDhAspwAxWoAoEhPMMrvFlP1ov1bn3MRpesNHMAf2B9/gCiEZQQ</latexit>

P (x|z1, . . . , zn)



Why is it challenging to be Bayesian?



Why is it challenging to be Bayesian?
<latexit sha1_base64="4XiRp/aULV8mHRYNGMdbrn4C/fs="></latexit>

P (x | y) = P (y | x)P (x)

P (y)

P (y) =
X

x0

P (y | x0)P (x0)

<latexit sha1_base64="Nfze7E5OYxg6LUKvalip6pLRgv4=">AAACBHicbVC7TsMwFHV4lvIKMHaxqFDbpUpQBSxIFSyMRaIPqY0qx3Faq44T2Q5qFDqw8CssDCDEykew8Te4bQZoOZKto3Pu1b33uBGjUlnWt7Gyura+sZnbym/v7O7tmweHLRnGApMmDlkoOi6ShFFOmooqRjqRIChwGWm7o+up374nQtKQ36kkIk6ABpz6FCOlpb5ZiMpJBV7CHuUKav4wLlWisv68calvFq2qNQNcJnZGiiBDo29+9bwQxwHhCjMkZde2IuWkSCiKGZnke7EkEcIjNCBdTTkKiHTS2RETeKIVD/qh0E/vMlN/d6QokDIJXF0ZIDWUi95U/M/rxsq/cFLKo1gRjueD/JhBFcJpItCjgmDFEk0QFlTvCvEQCYSVzi2vQ7AXT14mrdOqfVat3daK9assjhwogGNQBjY4B3VwAxqgCTB4BM/gFbwZT8aL8W58zEtXjKznCPyB8fkDS1uV+A==</latexit>

p(y) =

Z
p(y|x0)p(x0)dx0

Difficult to compute analytically because of integral



How can we address this?
<latexit sha1_base64="Nfze7E5OYxg6LUKvalip6pLRgv4=">AAACBHicbVC7TsMwFHV4lvIKMHaxqFDbpUpQBSxIFSyMRaIPqY0qx3Faq44T2Q5qFDqw8CssDCDEykew8Te4bQZoOZKto3Pu1b33uBGjUlnWt7Gyura+sZnbym/v7O7tmweHLRnGApMmDlkoOi6ShFFOmooqRjqRIChwGWm7o+up374nQtKQ36kkIk6ABpz6FCOlpb5ZiMpJBV7CHuUKav4wLlWisv68calvFq2qNQNcJnZGiiBDo29+9bwQxwHhCjMkZde2IuWkSCiKGZnke7EkEcIjNCBdTTkKiHTS2RETeKIVD/qh0E/vMlN/d6QokDIJXF0ZIDWUi95U/M/rxsq/cFLKo1gRjueD/JhBFcJpItCjgmDFEk0QFlTvCvEQCYSVzi2vQ7AXT14mrdOqfVat3daK9assjhwogGNQBjY4B3VwAxqgCTB4BM/gFbwZT8aL8W58zEtXjKznCPyB8fkDS1uV+A==</latexit>

p(y) =

Z
p(y|x0)p(x0)dx0Partition function

Markov Chain Monte Carlo

Variational Inference

Conjugate Priors

Discretization



Markov-Chain Monte Carlo

Construct a Markov chain 
with equilibrium distribution 

equal to joint 
à Inference via sampling



Markov-Chain Monte Carlo: Metropolis Hastings

A simple MCMC algorithm:
Assume access to an unnormalized p(x, y)

1. Start at some x, given a y
2. Propose a new x’ according to some 

symmetric q(x’|x)
3. Compute acceptance ratio

4. Accept x’ with likelihood 𝛼

<latexit sha1_base64="UqG+pnSgG9fwGe3zPs/LKOyDcNc=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARK5SSSFE3QtGNywr2Ak0ok+mkHTqZhJmJGEK3bnwVNy4UcesbuPNtnLRZaOsPAx//OYcz5/ciRqWyrG+jsLS8srpWXC9tbG5t75i7e20ZxgKTFg5ZKLoekoRRTlqKKka6kSAo8BjpeOPrrN65J0LSkN+pJCJugIac+hQjpa2+CR3EohGCl9DxBcJpVHk4riYnkwyqUEPfLFs1ayq4CHYOZZCr2Te/nEGI44BwhRmSsmdbkXJTJBTFjExKTixJhPAYDUlPI0cBkW46vWQCj7QzgH4o9OMKTt3fEykKpEwCT3cGSI3kfC0z/6v1YuVfuCnlUawIx7NFfsygCmEWCxxQQbBiiQaEBdV/hXiEdCJKh1fSIdjzJy9C+7Rmn9Xqt/Vy4yqPowgOwCGoABucgwa4AU3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39kfP4ALkWYvg==</latexit>

↵ =
p(x0, y)

p(x, y)

Hard to converge in high dimensions



Variational Inference

𝑦

X

<latexit sha1_base64="4XiRp/aULV8mHRYNGMdbrn4C/fs="></latexit>

P (x | y) = P (y | x)P (x)

P (y)

P (y) =
X

x0

P (y | x0)P (x0)
<latexit sha1_base64="Nfze7E5OYxg6LUKvalip6pLRgv4=">AAACBHicbVC7TsMwFHV4lvIKMHaxqFDbpUpQBSxIFSyMRaIPqY0qx3Faq44T2Q5qFDqw8CssDCDEykew8Te4bQZoOZKto3Pu1b33uBGjUlnWt7Gyura+sZnbym/v7O7tmweHLRnGApMmDlkoOi6ShFFOmooqRjqRIChwGWm7o+up374nQtKQ36kkIk6ABpz6FCOlpb5ZiMpJBV7CHuUKav4wLlWisv68calvFq2qNQNcJnZGiiBDo29+9bwQxwHhCjMkZde2IuWkSCiKGZnke7EkEcIjNCBdTTkKiHTS2RETeKIVD/qh0E/vMlN/d6QokDIJXF0ZIDWUi95U/M/rxsq/cFLKo1gRjueD/JhBFcJpItCjgmDFEk0QFlTvCvEQCYSVzi2vQ7AXT14mrdOqfVat3daK9assjhwogGNQBjY4B3VwAxqgCTB4BM/gFbwZT8aL8W58zEtXjKznCPyB8fkDS1uV+A==</latexit>

p(y) =

Z
p(y|x0)p(x0)dx0

Instead of explicitly computing posterior, 
approximate with a tractable family

<latexit sha1_base64="2rj2gor10M7mzdIHoTy4uTJKxm4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpM1yYpL7X/w4kERr/4fb/4b03YPWn0w8Hhvhpl5QcyZNq775eSWlldW1/LrhY3Nre2d4u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU791j1VmklxY9KY+hEeCBYygo2Vmnflh8f0uFcsuRV3BvSXeBkpQYZ6r/jZ7UuSRFQYwrHWHc+NjT/GyjDC6aTQTTSNMRnhAe1YKnBEtT+eXTtBR1bpo1AqW8KgmfpzYowjrdMosJ0RNkO96E3F/7xOYsJzf8xEnBgqyHxRmHBkJJq+jvpMUWJ4agkmitlbERlihYmxARVsCN7iy39J86TinVaq19VS7SKLIw8HcAhl8OAManAFdWgAgVt4ghd4daTz7Lw57/PWnJPN7MMvOB/fQPWO7g==</latexit>

q(x|y)
<latexit sha1_base64="cSzeeo9cnCWz1eAltF80CbjYWic=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyYpL7X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup76rQeqNJPizqQx9SM8ECxkBBsrNePy41N62iuW3Io7A1omXkZKkKHeK351+5IkERWGcKx1x3Nj44+xMoxwOil0E01jTEZ4QDuWChxR7Y9n107QiVX6KJTKljBopv6eGONI6zQKbGeEzVAvelPxP6+TmPDSHzMRJ4YKMl8UJhwZiaavoz5TlBieWoKJYvZWRIZYYWJsQAUbgrf48jJpnlW880r1tlqqXWVx5OEIjqEMHlxADW6gDg0gcA/P8ApvjnRenHfnY96ac7KZQ/gD5/MHP2yO7Q==</latexit>

p(x|y)

<latexit sha1_base64="6EqPUMoILlVrVGp0keVBeFTRWb8=">AAACD3icbZC7TsMwFIYd7pRbgZHFogK1S5UgBIwVMCDBABK9SG0VOa5brDpOsE9QozRvwMKrsDCAECsrG2+Dm3bg9kuWPv3nHB2f3wsF12Dbn9bU9Mzs3PzCYm5peWV1Lb++UdNBpCir0kAEquERzQSXrAocBGuEihHfE6zu9U9G9fodU5oH8hrikLV90pO8yykBY7n53ZbPpXuLT92kBWwAyflFmhZvi4NhXMLDIQ4zKrn5gl22M+G/4EyggCa6dPMfrU5AI59JoIJo3XTsENoJUcCpYGmuFWkWEtonPdY0KInPdDvJ7knxjnE6uBso8yTgzP0+kRBf69j3TKdP4Eb/ro3M/2rNCLpH7YTLMAIm6XhRNxIYAjwKB3e4YhREbIBQxc1fMb0hilAwEeZMCM7vk/9Cba/sHJT3r/YLleNJHAtoC22jInLQIaqgM3SJqoiie/SIntGL9WA9Wa/W27h1yprMbKIfst6/AOpYm/E=</latexit>

min
q

DKL(q(x|y)||p(x|y))Gaussian approximation Actually optimize a lower bound



Variational Inference: Evidence Lower bound

𝑦

X

<latexit sha1_base64="6EqPUMoILlVrVGp0keVBeFTRWb8=">AAACD3icbZC7TsMwFIYd7pRbgZHFogK1S5UgBIwVMCDBABK9SG0VOa5brDpOsE9QozRvwMKrsDCAECsrG2+Dm3bg9kuWPv3nHB2f3wsF12Dbn9bU9Mzs3PzCYm5peWV1Lb++UdNBpCir0kAEquERzQSXrAocBGuEihHfE6zu9U9G9fodU5oH8hrikLV90pO8yykBY7n53ZbPpXuLT92kBWwAyflFmhZvi4NhXMLDIQ4zKrn5gl22M+G/4EyggCa6dPMfrU5AI59JoIJo3XTsENoJUcCpYGmuFWkWEtonPdY0KInPdDvJ7knxjnE6uBso8yTgzP0+kRBf69j3TKdP4Eb/ro3M/2rNCLpH7YTLMAIm6XhRNxIYAjwKB3e4YhREbIBQxc1fMb0hilAwEeZMCM7vk/9Cba/sHJT3r/YLleNJHAtoC22jInLQIaqgM3SJqoiie/SIntGL9WA9Wa/W27h1yprMbKIfst6/AOpYm/E=</latexit>

min
q

DKL(q(x|y)||p(x|y))

<latexit sha1_base64="y2yFklvjVN6aZj0KKsFbzxmPblY=">AAACGnicbVDLSsNAFJ3UV62vqks3g0VIEUoiRV0WReiygn1AE8pkOm2HTh6dmUhDzHe48VfcuFDEnbjxb5ykXWjrgQuHc+7l3nucgFEhDeNby62srq1v5DcLW9s7u3vF/YOW8EOOSRP7zOcdBwnCqEeakkpGOgEnyHUYaTvj69Rv3xMuqO/dySggtouGHh1QjKSSekXTGpIJtFwkR44T3yR6oEcP03KgT8tleDozMGJxPdEnmVPuFUtGxcgAl4k5JyUwR6NX/LT6Pg5d4knMkBBd0wikHSMuKWYkKVihIAHCYz QkXUU95BJhx9lrCTxRSh8OfK7KkzBTf0/EyBUich3VmZ4qFr1U/M/rhnJwacfUC0JJPDxbNAgZlD5Mc4J9ygmWLFIEYU7VrRCPEEdYqjQLKgRz8eVl0jqrmOeV6m21VLuax5EHR+AY6MAEF6AG6qABmgCDR/AMXsGb9qS9aO/ax6w1p81nDsEfaF8/yo2fdw==</latexit>

� E(p(y|x)p(x)) +H(q(y|x))

<latexit sha1_base64="4XiRp/aULV8mHRYNGMdbrn4C/fs="></latexit>

P (x | y) = P (y | x)P (x)

P (y)

P (y) =
X

x0

P (y | x0)P (x0)Instead of explicitly computing posterior, 
approximate with a tractable family

<latexit sha1_base64="2rj2gor10M7mzdIHoTy4uTJKxm4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpM1yYpL7X/w4kERr/4fb/4b03YPWn0w8Hhvhpl5QcyZNq775eSWlldW1/LrhY3Nre2d4u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU791j1VmklxY9KY+hEeCBYygo2Vmnflh8f0uFcsuRV3BvSXeBkpQYZ6r/jZ7UuSRFQYwrHWHc+NjT/GyjDC6aTQTTSNMRnhAe1YKnBEtT+eXTtBR1bpo1AqW8KgmfpzYowjrdMosJ0RNkO96E3F/7xOYsJzf8xEnBgqyHxRmHBkJJq+jvpMUWJ4agkmitlbERlihYmxARVsCN7iy39J86TinVaq19VS7SKLIw8HcAhl8OAManAFdWgAgVt4ghd4daTz7Lw57/PWnJPN7MMvOB/fQPWO7g==</latexit>

q(x|y)
<latexit sha1_base64="cSzeeo9cnCWz1eAltF80CbjYWic=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyYpL7X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup76rQeqNJPizqQx9SM8ECxkBBsrNePy41N62iuW3Io7A1omXkZKkKHeK351+5IkERWGcKx1x3Nj44+xMoxwOil0E01jTEZ4QDuWChxR7Y9n107QiVX6KJTKljBopv6eGONI6zQKbGeEzVAvelPxP6+TmPDSHzMRJ4YKMl8UJhwZiaavoz5TlBieWoKJYvZWRIZYYWJsQAUbgrf48jJpnlW880r1tlqqXWVx5OEIjqEMHlxADW6gDg0gcA/P8ApvjnRenHfnY96ac7KZQ/gD5/MHP2yO7Q==</latexit>

p(x|y)

Tractable optimization à inference becomes optimization 



Conjugate Priors

Normal posterior:
Normal prior * Normal likelihood → Normal posterior



Discretization
<latexit sha1_base64="4XiRp/aULV8mHRYNGMdbrn4C/fs="></latexit>

P (x | y) = P (y | x)P (x)

P (y)

P (y) =
X

x0

P (y | x0)P (x0)

Grows exponentially with dimension!



Lecture Outline
Probability Review

Bayesian Inference

Bayesian Filtering



Let’s estimate “state” of our robot
n What affects uncertainty: 

n Robot actions  (increase uncertainty typically)

n Sensor measurements (decrease uncertainty typically)



How do actions increase uncertainty?

n Actions transition the state of the system forward x à x’
n But they may (and usually) do so with errors/noise!

n Robot wheels have slippage/noise, joints have stochasticity, 
environment introduces noise



How do sensors reduce uncertainty?
n Measurements usually convey more information about the state of 

the world

n Sensor readings can range from images to laser scans to tactile 
sensing, each of which has a different effect on uncertainty



Filtering
n Filtering is the process of making sense (“filtering”) of sensor 

measurements and actions to estimate the system state

n Many different types of filters:

n Matched filters (known signal)

n Wiener filters (signal from noise)

n Bayesian filters (bayesian state estimation)
n Kalman
n EKF / UKF
n ….



Bayes Filters: Framework
n Given:

n Stream of observations z and action data u:

n Sensor model P(z|x).

n Action model P(x’| u, x) 

n Prior probability of the initial system state P(x).

n Wanted: 

n Estimate of the state X of a dynamical system.

n The posterior of the state is also called Belief:

<latexit sha1_base64="wGrMZuyVHfUvxUvY4xQdkDo71ow=">AAACEXicbVC7SgNBFJ2Nrxhfq5Y2g0FIIWFXgtoIQRvLCOYBSVhmJ5NkyOzsMnNXSJb8go2/YmOhiK2dnX/jbLKFJl6Yy+Gce7hzjx8JrsFxvq3cyura+kZ+s7C1vbO7Z+8fNHQYK8rqNBShavlEM8ElqwMHwVqRYiTwBWv6o5tUbz4wpXko72EcsW5ABpL3OSVgKM8u9TzAV7iTTDznFMdpm3huikzr9ELQKQGdqWcXnbIzK7wM3AwUUVY1z/4ydhoHTAIVROu260TQTYgCTgWbFjqxZhGhIzJgbQMlCZjuJrOLpvjEMD3cD5V5EvCM/e1ISKD1OPDNZEBgqBe1lPxPa8fQv+wmXEYxMEnni/qxwBDiNB7c44pREGMDCFXc/BXTIVGEggmxYEJwF09eBo2zsntertxVitXrLI48OkLHqIRcdIGq6BbVUB1R9Iie0St6s56sF+vd+piP5qzMc4j+lPX5A/xbmqM=</latexit>

dt = {z0, u0, z1, u1, . . . , zt}

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)



Example Situation for Filtering

n Sensor model: never more than 1 
mistake 

n Know the heading (North, East, 
South or West) 

n Motion model: may not execute 
action with small prob.

“Where is my robot?”



Markov Assumption

Underlying Assumptions

n Static world

n Independent noise

n Perfect model, no approximation errors

<latexit sha1_base64="NRj5JyW06PTH0w5J7R52HQC7RDQ=">AAACK3icbVDLSgMxFM3UV62vqks3wSJU0DIjRUUQSt24rGAf0JYhk6ZtaOZBckdax/6PG3/FhS584Nb/MNNW0dYDgZNzziW5xwkEV2Cab0Zibn5hcSm5nFpZXVvfSG9uVZQfSsrK1Be+rDlEMcE9VgYOgtUCyYjrCFZ1ehexX71hUnHfu4ZBwJou6Xi8zSkBLdnpYpDt23B3a0fmGRxawwMcxjSKub70v/V9fI7HUS39BEeOnc6YOXMEPEusCcmgCUp2+qnR8mnoMg+oIErVLTOAZkQkcCrYMNUIFQsI7ZEOq2vqEZepZjTadYj3tNLCbV/q4wEeqb8nIuIqNXAdnXQJdNW0F4v/efUQ2qfNiHtBCMyj44faocDg47g43OKSURADTQiVXP8V0y6RhIKuN6VLsKZXniWVo5x1nMtf5TOF4qSOJNpBuyiLLHSCCugSlVAZUXSPHtELejUejGfj3fgYRxPGZGYb/YHx+QX0GaUQ</latexit>

p(xt|z0:t�1, u0:t�1, x0:t�1) = p(xt|xt�1, ut�1)
<latexit sha1_base64="pF9hFgvKn+Zm9etH68nFG4yr96k=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAILWiZkXpBEIpuXFawF2jLkEnTNjRzITkjtuM8iRtfxY0LRQRX+jamF0Rbfwh8+c85JOd3AsEVmOaXkZibX1hcSi6nVlbX1jfSm1sV5YeSsjL1hS9rDlFMcI+VgYNgtUAy4jqCVZ3e5bBevWVScd+7gX7Ami7peLzNKQFt2emjIDuw4f7OjswziPdxOIQIDqxYXwYjV3MOn+OfRohzdjpj5s2R8CxYE8igiUp2+qPR8mnoMg+oIErVLTOAZkQkcCpYnGqEigWE9kiH1TV6xGWqGY3Wi/Gedlq47Ut9PMAj9/dERFyl+q6jO10CXTVdG5r/1eohtE+bEfeCEJhHxw+1Q4HBx8OscItLRkH0NRAquf4rpl0iCQWdaEqHYE2vPAuVw7x1nC9cFzLFi0kcSbSDdlEWWegEFdEVKqEyougBPaEX9Go8Gs/Gm/E+bk0Yk5lt9EfG5zeYa6Ds</latexit>

p(zt|x0:t, u0:t�1, z0:t�1) = p(zt|xt)



Bayes Filters
z = observation
u = action
x = state

We want to recursively express Bel(xt) in terms of three entities

<latexit sha1_base64="Y7dyJfWI8vW8KkSIDdtXYUm+VkQ=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmKCF9Iaoh6JXjxiIh8JNM122cKG7bbuTolY+R1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/FhwDbb9beVWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vJ76rRFTmkfyDsYxc0PSlzzglICRXByXHz14evBSmJx6xZJdsWfAy8TJSAllqHvFr24voknIJFBBtO44dgxuShRwKtik0E00iwkdkj7rGCpJyLSbzo6e4BOj9HAQKVMS8Ez9PZGSUOtx6JvOkMBAL3pT8T+vk0Bw6aZcxgkwSeeLgkRgiPA0AdzjilEQY0MIVdzciumAKELB5FQwITiLLy+T5lnFOa9Ub6ul2lUWRx4doWNURg66QDV0g+qogSi6R8/oFb1ZI+vFerc+5q05K5s5RH9gff4AghaR8g==</latexit>

p(zt|xt)

<latexit sha1_base64="NB9fUzyhyKY6rN6GTMHTiGlSyUA=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJDmKCjlaEeh148TnAvsJWSZukWlqYlScVRC178Kl48KOLVL+HNb2O69aCbDyT8+P+fh+T5exGjUlnWt1FYWFxaXimultbWNza3zO2dlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90VXmt++IkDTkt2ocESdAA059ipHSkmvuwahy7yYqfcjuEzs9hvEUjlyzbFWtScF5sHMog7warvnV64c4DghXmCEpu7YVKSdBQlHMSFrqxZJECI/QgHQ1chQQ6SSTHVJ4qJU+9EOhD1dwov6eSFAg5TjwdGeA1FDOepn4n9eNlX/hJJRHsSIcTx/yYwZVCLNAYJ8KghUba0BYUP1XiIdIIKx0bCUdgj278jy0Tqv2WbV2UyvXL/M4imAfHIAKsME5qINr0ABNgMEjeAav4M14Ml6Md+Nj2low8pld8KeMzx+mFpbj</latexit>

p(xt|xt�1, ut�1)
<latexit sha1_base64="2fBHQkXN0CmYwmFQa8ypC35zorI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQD5ZEinos9eKxgv2ANpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zM82PBNTrOt5VbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmshRsE6sGAl9wdr++Hbmtx+Z0jySDziJmReSoeQBpwSN1KszUX7qp3jhTs/7xZJTceawV4mbkRJkaPSLX71BRJOQSaSCaN11nRi9lCjkVLBpoZdoFhM6JkPWNVSSkGkvnd88tc+MMrCDSJmSaM/V3xMpCbWehL7pDAmO9LI3E//zugkGN17KZZwgk3SxKEiEjZE9C8AecMUoiokhhCpubrXpiChC0cRUMCG4yy+vktZlxb2qVO+rpVo9iyMPJ3AKZXDhGmpwBw1oAoUYnuEV3qzEerHerY9Fa87KZo7hD6zPH/hxkQA=</latexit>

Bel(xt�1)

Dynamics

Measurement

Previous Belief

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)



Bayes Filters: Intuition z = observation
u = action
x = state

We want to recursively express Bel(xt) in terms of three entities

<latexit sha1_base64="NB9fUzyhyKY6rN6GTMHTiGlSyUA=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJDmKCjlaEeh148TnAvsJWSZukWlqYlScVRC178Kl48KOLVL+HNb2O69aCbDyT8+P+fh+T5exGjUlnWt1FYWFxaXimultbWNza3zO2dlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90VXmt++IkDTkt2ocESdAA059ipHSkmvuwahy7yYqfcjuEzs9hvEUjlyzbFWtScF5sHMog7warvnV64c4DghXmCEpu7YVKSdBQlHMSFrqxZJECI/QgHQ1chQQ6SSTHVJ4qJU+9EOhD1dwov6eSFAg5TjwdGeA1FDOepn4n9eNlX/hJJRHsSIcTx/yYwZVCLNAYJ8KghUba0BYUP1XiIdIIKx0bCUdgj278jy0Tqv2WbV2UyvXL/M4imAfHIAKsME5qINr0ABNgMEjeAav4M14Ml6Md+Nj2low8pld8KeMzx+mFpbj</latexit>

p(xt|xt�1, ut�1)
<latexit sha1_base64="2fBHQkXN0CmYwmFQa8ypC35zorI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQD5ZEinos9eKxgv2ANpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zM82PBNTrOt5VbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmshRsE6sGAl9wdr++Hbmtx+Z0jySDziJmReSoeQBpwSN1KszUX7qp3jhTs/7xZJTceawV4mbkRJkaPSLX71BRJOQSaSCaN11nRi9lCjkVLBpoZdoFhM6JkPWNVSSkGkvnd88tc+MMrCDSJmSaM/V3xMpCbWehL7pDAmO9LI3E//zugkGN17KZZwgk3SxKEiEjZE9C8AecMUoiokhhCpubrXpiChC0cRUMCG4yy+vktZlxb2qVO+rpVo9iyMPJ3AKZXDhGmpwBw1oAoUYnuEV3qzEerHerY9Fa87KZo7hD6zPH/hxkQA=</latexit>

Bel(xt�1)

DynamicsPrevious Belief

+

With integration

Integrate in effect of action
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)



Bayes Filters: Intuition z = observation
u = action
x = state

We want to recursively express Bel(xt) in terms of three entities

MeasurementPrevious Belief

+

With normalization

Integrate in Measurement
<latexit sha1_base64="2Zq+TGpUpE2+pbS0/EsK/vcMas4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsxIUZelblxWsA9ohyGTZtrQTDIkGXEY6q+4caGIWz/EnX9jpp2Fth4IHM65h3tzgphRpR3n21pb39jc2i7tlHf39g8O7aPjrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvcn93gORigp+r9OYeBEacxpSjLSRfLsyFMbO01mLsFnt0dfnvl116s4ccJW4BamCAm3f/hqOBE4iwjVmSKmB68Tay5DUFDMyKw8TRWKEp2hMBoZyFBHlZfPjZ/DMKCMYCmke13Cu/k5kKFIqjQIzGSE9UcteLv7nDRIdXnsZ5XGiCceLRWHCoBYwbwKOqCRYs9QQhCU1t0I8QRJhbfoqmxLc5S+vku5F3b2sN+4a1WarqKMETsApqAEXXIEmuAVt0AEYpOAZvII368l6sd6tj8XomlVkKuAPrM8fw2uU2Q==</latexit>

Bel(xt)
<latexit sha1_base64="Y7dyJfWI8vW8KkSIDdtXYUm+VkQ=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmKCF9Iaoh6JXjxiIh8JNM122cKG7bbuTolY+R1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/FhwDbb9beVWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vJ76rRFTmkfyDsYxc0PSlzzglICRXByXHz14evBSmJx6xZJdsWfAy8TJSAllqHvFr24voknIJFBBtO44dgxuShRwKtik0E00iwkdkj7rGCpJyLSbzo6e4BOj9HAQKVMS8Ez9PZGSUOtx6JvOkMBAL3pT8T+vk0Bw6aZcxgkwSeeLgkRgiPA0AdzjilEQY0MIVdzciumAKELB5FQwITiLLy+T5lnFOa9Ub6ul2lUWRx4doWNURg66QDV0g+qogSi6R8/oFb1ZI+vFerc+5q05K5s5RH9gff4AghaR8g==</latexit>

p(zt|xt)
<latexit sha1_base64="LJC272dvVf1f/mMsaRyV7EM/eZk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh5LvXisYD+gDWWznbRLN5u4uxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHNzO//YhSsUjc60mMXkiGggWMEm2kTh15+amvz/vFklNx5rBXiZuREmRo9ItfvUFEkxCFppwo1XWdWHspkZpRjtNCL1EYEzomQ+waKkiIykvn907tM6MM7CCSpoS25+rviZSESk1C33SGRI/UsjcT//O6iQ6uvZSJONEo6GJRkHBbR/bseXvAJFLNJ4YQKpm51aYjIgnVJqKCCcFdfnmVtC4q7mWlelct1epZHHk4gVMogwtXUINbaEATKHB4hld4sx6sF+vd+li05qxs5hj+wPr8AVC2j4I=</latexit>

Bel(xt)

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)



Bayes Filters

Bayes

z = observation
u = action
x = state

Remember: Bayes Rule
<latexit sha1_base64="ShvIrHcETsHZeKeBCiDhmxWZPXI=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsQgtSZqSoG6HoxmUFe4F2KJk004ZmLiQZ6ViLr+LGhSJufQ93vo1pOwtt/SHw8Z9zOCe/G3EmlWV9G5ml5ZXVtex6bmNza3vH3N2ryzAWhNZIyEPRdLGknAW0ppjitBkJin2X04Y7uJ7UG/dUSBYGdyqJqOPjXsA8RrDSVsc8qBaSEzQsokuk6XFYjArDYsfMWyVrKrQIdgp5SFXtmF/tbkhinwaKcCxly7Yi5YywUIxwOs61Y0kjTAa4R1saA+xT6Yym14/RsXa6yAuFfoFCU/f3xAj7Uia+qzt9rPpyvjYx/6u1YuVdOCMWRLGiAZkt8mKOVIgmUaAuE5QonmjARDB9KyJ9LDBROrCcDsGe//Ii1E9L9lmpfFvOV67SOLJwCEdQABvOoQI3UIUaEHiAZ3iFN+PJeDHejY9Za8ZIZ/bhj4zPHybdkx4=</latexit>

P (y, x) = P (y|x)p(x)
<latexit sha1_base64="MNiEUy/HAGxFOZn1Lt9z7eJqVNE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREiroRim5cVrAPaEKYTCft0MkkzEykIWTpxl9x40IRt36CO//G6WOhrQcuHM65l3vv8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w5ux334gQtKI36s0Jm6I+pwGFCOlJc88dIhC8Ao6gUA4s/PMkUnojWCjkp7C0UnumWWrak0AF4k9I2UwQ8Mzv5xehJOQcIUZkrJrW7FyMyQUxYzkJSeRJEZ4iPqkqylHIZFuNnkkh8da6cEgErq4ghP190SGQinT0NedIVIDOe+Nxf+8bqKCSzejPE4U4Xi6KEgYVBEcpwJ7VBCsWKoJwoLqWyEeIB2J0tmVdAj2/MuLpHVWtc+rtbtauX49i6MIDsARqAAbXIA6uAUN0AQYPIJn8ArejCfjxXg3PqatBWM2sw/+wPj8Ad0/mJw=</latexit>

⌘ =
1P

x P (y, x)

<latexit sha1_base64="QZTnLs+ud2E+7MQzC7pB5caq2lg=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQxCAhJ2JagXIejF4wrmAckSZieTZMjsg5leybIG/BUvHhTx6nd482+cJHvQxIKGoqqb7i4vElyBZX0bS8srq2vruY385tb2zq65t19XYSwpq9FQhLLpEcUED1gNOAjWjCQjvidYwxveTPzGA5OKh8E9JBFzfdIPeI9TAlrqmIdOcfSYlPAVbjMg2Ckmp3hU6pgFq2xNgReJnZECyuB0zK92N6SxzwKggijVsq0I3JRI4FSwcb4dKxYROiR91tI0ID5Tbjo9f4xPtNLFvVDqCgBP1d8TKfGVSnxPd/oEBmrem4j/ea0YepduyoMoBhbQ2aJeLDCEeJIF7nLJKIhEE0Il17diOiCSUNCJ5XUI9vzLi6R+VrbPy5W7SqF6ncWRQ0foGBWRjS5QFd0iB9UQRSl6Rq/ozXgyXox342PWumRkMwfoD4zPHxafk6U=</latexit>

P (x|y) = ⌘P (y, x)

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="unbPeollLtL+bbFoUFRHorLQ7fw="></latexit>

= ⌘ p(zt|xt, u0:t�1, z0:t�1)P (xt|u0:t�1, z0:t�1)



Bayes Filters

Bayes

z = observation
u = action
x = state

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="unbPeollLtL+bbFoUFRHorLQ7fw="></latexit>

= ⌘ p(zt|xt, u0:t�1, z0:t�1)P (xt|u0:t�1, z0:t�1)
<latexit sha1_base64="hA5rsCDVd0DfbUQPtrJOaKcv4H4="></latexit>

= ⌘ p(zt|xt)P (xt|u0:t�1, z0:t�1)Markov

Remember: Markov Property

<latexit sha1_base64="NRj5JyW06PTH0w5J7R52HQC7RDQ=">AAACK3icbVDLSgMxFM3UV62vqks3wSJU0DIjRUUQSt24rGAf0JYhk6ZtaOZBckdax/6PG3/FhS584Nb/MNNW0dYDgZNzziW5xwkEV2Cab0Zibn5hcSm5nFpZXVvfSG9uVZQfSsrK1Be+rDlEMcE9VgYOgtUCyYjrCFZ1ehexX71hUnHfu4ZBwJou6Xi8zSkBLdnpYpDt23B3a0fmGRxawwMcxjSKub70v/V9fI7HUS39BEeOnc6YOXMEPEusCcmgCUp2+qnR8mnoMg+oIErVLTOAZkQkcCrYMNUIFQsI7ZEOq2vqEZepZjTadYj3tNLCbV/q4wEeqb8nIuIqNXAdnXQJdNW0F4v/efUQ2qfNiHtBCMyj44faocDg47g43OKSURADTQiVXP8V0y6RhIKuN6VLsKZXniWVo5x1nMtf5TOF4qSOJNpBuyiLLHSCCugSlVAZUXSPHtELejUejGfj3fgYRxPGZGYb/YHx+QX0GaUQ</latexit>

p(xt|z0:t�1, u0:t�1, x0:t�1) = p(xt|xt�1, ut�1)
<latexit sha1_base64="pF9hFgvKn+Zm9etH68nFG4yr96k=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAILWiZkXpBEIpuXFawF2jLkEnTNjRzITkjtuM8iRtfxY0LRQRX+jamF0Rbfwh8+c85JOd3AsEVmOaXkZibX1hcSi6nVlbX1jfSm1sV5YeSsjL1hS9rDlFMcI+VgYNgtUAy4jqCVZ3e5bBevWVScd+7gX7Ami7peLzNKQFt2emjIDuw4f7OjswziPdxOIQIDqxYXwYjV3MOn+OfRohzdjpj5s2R8CxYE8igiUp2+qPR8mnoMg+oIErVLTOAZkQkcCpYnGqEigWE9kiH1TV6xGWqGY3Wi/Gedlq47Ut9PMAj9/dERFyl+q6jO10CXTVdG5r/1eohtE+bEfeCEJhHxw+1Q4HBx8OscItLRkH0NRAquf4rpl0iCQWdaEqHYE2vPAuVw7x1nC9cFzLFi0kcSbSDdlEWWegEFdEVKqEyougBPaEX9Go8Gs/Gm/E+bk0Yk5lt9EfG5zeYa6Ds</latexit>

p(zt|x0:t, u0:t�1, z0:t�1) = p(zt|xt)



Bayes Filters
z = observation
u = action
x = state

Total prob.

Remember: Marginalization
<latexit sha1_base64="63ZKzXvCT/yidkqgz3TCP9QvWc0=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaEHKjBR1IxTduKxgH9AOJZPJtKGZB0lGHGoX/oobF4q49Tfc+Tem7Sy09UDgcM693JPjxpxJZVnfRm5peWV1Lb9e2Njc2t4xd/eaMkoEoQ0S8Ui0XSwpZyFtKKY4bceC4sDltOUOryd+654KyaLwTqUxdQLcD5nPCFZa6pkHcemhjC5Rl4UKaX6C0jLy0p5ZtCrWFGiR2BkpQoZ6z/zqehFJAhoqwrGUHduKlTPCQjHC6bjQTSSNMRniPu1oGuKASmc0zT9Gx1rxkB8J/XSMqfp7Y4QDKdPA1ZMBVgM5703E/7xOovwLZ8TCOFE0JLNDfsKRitCkDOQxQYniqSaYCKazIjLAAhOlKyvoEuz5Ly+S5mnFPqtUb6vF2lVWRx4O4QhKYMM51OAG6tAAAo/wDK/wZjwZL8a78TEbzRnZzj78gfH5A8WelAg=</latexit>

p(x) =

Z
p(x, y)dy

<latexit sha1_base64="zFIgnGvNLPigQRMNMGdW0a/ewqk=">AAAB/XicbZDLSgMxFIYzXmu9jZedm2ARWpAyI0XdCEU3LivYC7RDyaSZNjSTCUlGHMfiq7hxoYhb38Odb2PazkJbfwh8/OcczsnvC0aVdpxva2FxaXllNbeWX9/Y3Nq2d3YbKoolJnUcsUi2fKQIo5zUNdWMtIQkKPQZafrDq3G9eUekohG/1YkgXoj6nAYUI22srr0vivfHMCnBC2joMSmJYlLq2gWn7EwE58HNoAAy1br2V6cX4TgkXGOGlGq7jtBeiqSmmJFRvhMrIhAeoj5pG+QoJMpLJ9eP4JFxejCIpHlcw4n7eyJFoVJJ6JvOEOmBmq2Nzf9q7VgH515KuYg14Xi6KIgZ1BEcRwF7VBKsWWIAYUnNrRAPkERYm8DyJgR39svz0Dgpu6flyk2lUL3M4siBA3AIisAFZ6AKrkEN1AEGD+AZvII368l6sd6tj2nrgpXN7IE/sj5/AIzdk18=</latexit>

p(x, y) = p(x|y)p(y)

Bayes

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="unbPeollLtL+bbFoUFRHorLQ7fw="></latexit>

= ⌘ p(zt|xt, u0:t�1, z0:t�1)P (xt|u0:t�1, z0:t�1)
<latexit sha1_base64="hA5rsCDVd0DfbUQPtrJOaKcv4H4="></latexit>

= ⌘ p(zt|xt)P (xt|u0:t�1, z0:t�1)Markov

<latexit sha1_base64="oeR2qa4xhXljn44O7IlzkmNBK3s="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|u0:t�1, z0:t�1, xt�1)P (xt�1|u0:t�1, z0:t�1)dxt�1



Bayes Filters
z = observation
u = action
x = state

Markov

Total prob.

Bayes

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="unbPeollLtL+bbFoUFRHorLQ7fw="></latexit>

= ⌘ p(zt|xt, u0:t�1, z0:t�1)P (xt|u0:t�1, z0:t�1)
<latexit sha1_base64="hA5rsCDVd0DfbUQPtrJOaKcv4H4="></latexit>

= ⌘ p(zt|xt)P (xt|u0:t�1, z0:t�1)Markov

<latexit sha1_base64="oeR2qa4xhXljn44O7IlzkmNBK3s="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|u0:t�1, z0:t�1, xt�1)P (xt�1|u0:t�1, z0:t�1)dxt�1

<latexit sha1_base64="ZXw5cqnb6MutBYK4MOxV6NI1gSo="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)P (xt�1|u0:t�1, z0:t�1)dxt�1

<latexit sha1_base64="x2F3RCIHnC9v1pWNFGkIiTfFaXw="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1



Understanding Bayes Filters z = observation
u = action
x = state

Step 1: Dynamics Update

Incorporate the effect of motion on uncertainty (typically increases)

<latexit sha1_base64="p1WGBxE7kLSzOn6kyRnuP72uv5s=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKLWiZkaIiCKVuXFawF2iHIZOmbWjmQnJGrGNfwI2v4saFIm7du/NtTNtZaPWHwMd/zuHk/G4ouALT/DJSc/MLi0vp5czK6tr6RnZzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7gY1xs3TCoe+NcwDJntkZ7Pu5wS0JaT3aswkb91oIDPcXUM95ETm2dwaI0O8N0ERwUnmzOL5kT4L1gJ5FCiqpP9bHcCGnnMByqIUi3LDMGOiQROBRtl2pFiIaED0mMtjT7xmLLjyTUjvK+dDu4GUj8f8MT9ORETT6mh5+pOj0BfzdbG5n+1VgTdUzvmfhgB8+l0UTcSGAI8jgZ3uGQUxFADoZLrv2LaJ5JQ0AFmdAjW7Ml/oX5UtI6LpatSrlxJ4kijHbSL8shCJ6iMLlEV1RBFD+gJvaBX49F4Nt6M92lrykhmttEvGR/fGPSZsw==</latexit>

Bel(xt) = P (xt|u0:t�1, z0:t)
<latexit sha1_base64="x2F3RCIHnC9v1pWNFGkIiTfFaXw="></latexit>

= ⌘ p(zt|xt)

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1



Understanding Bayes Filters z = observation
u = action
x = state

Step 2: Measurement Update

Incorporate the effect of new measurements on uncertainty (typically decreases)
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Understanding Bayes Filters z = observation
u = action
x = state

All Bayes filter iterate between performing the dynamics (prediction) step 
and the measurement (correction) step
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Bayes Filter Algorithm 



Example Run for Localization

n Sensor model: never more than 1 
mistake 

n Know the heading (North, East, 
South or West) 

n Motion model: may not execute 
action with small prob.
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Representations for Bayesian Robot Localization

Discrete approaches (’95)
• Topological representation (’95)

• uncertainty handling (POMDPs)
• occas. global localization, recovery

• Grid-based, metric representation (’96)
• global localization, recovery

Multi-hypothesis (’00)
• multiple Kalman filters
• global localization, recovery

Particle filters (’99)
• sample-based representation
• global localization, recovery

Kalman filters (late-80s)
• Gaussians, unimodal
• approximately linear models
• position tracking

AI

Robotics



Bayes Filters are Familiar!

n Kalman filters

n Particle filters

n Hidden Markov models

n Dynamic Bayesian networks

n Partially Observable Markov Decision Processes 
(POMDPs)

111 )(),|()|()( ---ò= tttttttt dxxBelxuxPxzPxBel h



Why is this difficult?

111 )(),|()|()( ---ò= tttttttt dxxBelxuxPxzPxBel h

Tractable Bayesian inference is challenging in the general case

We will work out the conjugate prior and discrete case, 
leaving the MCMC/VI cases as an exercise



Lecture Outline
Probability Review

Bayesian Inference

Bayesian Filtering



Summary
n Bayes rule allows us to compute probabilities 

that are hard to assess otherwise.

n Under the Markov assumption, recursive 
Bayesian updating can be used to efficiently 
combine evidence.

n Bayes filters are a probabilistic tool for 
estimating the state of dynamic systems.


