CSE-571
Robotics: Algorithms and
Applications

Kalman Filters

Slides adapted from Dieter Fox and probabilistic-robotics.org



Bayes Filter Reminder

® Prediction
@(xt) = j p(x, |u,,x,_)bel(x,_,) dx,,

® Correction
bel(x,)=n p(z, | x,)bel(x,)



Properties of Gaussians

X ~N(p,07)

= Y~N(au+b,a’c”’
Y=aX+b } (ap )




Properties of Gaussians

X, ~ N(y,,0,")
X, ~ N(/,LZ,O'ZZ)

}:)p(Xl)-p(Xz)~N(
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Multivariate Gaussians

X ~N(u,2)
Y=AX+B

} = Y ~N(Au+B,434")

Xl ~ N(:ulazl)

Yo N%Zz)}: PX)-p(X,) ~

N(Z3(Z1 +20) T 4 Z1(21 4 22) we), (BT + 25471

® Marginalization and conditioning in Gaussians
results in Gaussians

e We stay in the "Gaussian world” as long as we
start with Gaussians and perform only linear
transformations.



Discrete Kalman Filter

Estimates the state x of a discrete-time
controlled process that is governed by the
linear stochastic difference equation

x, =Ax_,+Bu, +¢,

with a measurement

z, =C,x, +0,




Components of a Kalman Filter

y Matrix (nxn) that describes how the state
! evolves from ¢1 to ¢+ without controls or

noise.

B Matrix (nxl) that describes how the control «
‘] changes the state from ¢ to I

C Matrix (kxn) that describes how to map the
‘| state x, to an observation z..

g Random variables representing the process
! and measurement noise that are assumed to
S be independent and normally distributed

t with covariance R, and Q, respectively.




Linear Gaussian Systems: Initialization

e Initial belief is normally distributed:

bel(x,) = N(x,; i1, 2, )




Linear Gaussian Systems: Dynamics

® Dynamics are linear function of state and
control plus additive noise:

x, =Ax_, +Bu, +¢,

tvt—1

p(x, |ut,xt_1)=N(x Ax_ +Bu R)

t2 7t t—1 A A

b—el(x,) = jp(xt u,, x;_l) bel(xt—l) dxr—l

U U
~N(x°Ax + B u R) ~N(xt_1;1u,_1,2t_l)

121 t-1 A S |




Linear Gaussian Systems: Dynamics

bel(x,) = | p(x, [u,.x, ) bel(x, ,) dx, ,
U U
~ N(xt; Atxt—l + Bt”t’ Rt) ~ N(xt—l 7 ut—l 2 Z:t—l )
U

b—el(xt) =N Iexp{_%(xt — Azxt—l _Btuz )T Rc_l (xt o Atxt—l _Brut )}

1 _
exp{— E (xr—l —H, )T Zt—ll (xz—l —H, )} dxr—l

o, = Atur—l T Brut

W

t=t-1




Linear Gaussian Systems: Observations

® Observations are linear function of state
plus additive noise:

z, =C.x, +0,
p(Zt |’xt):N( Z;, L X t’Qt)
bel(x)= n p(z,|x,) bel(x,)

U U
~ (t’ X wQ) NN(X,;;t,it)




Linear Gaussian Systems: Observations

bel(x)= 1 plz,|x) bel(x,)
U U
~N(zt;Ctxt,Qt) ~N(xt;ﬁtj;)
U

bel(x,)=n exp{—%(zt _Cx)' 0, —Ctxt)}exp{—é(xt ST (x, - E)}

H, = AL_Lt +Kz(Zt _Cﬂaz)

! ith K =xC/Czcl+0)"
ZIZ(]—KICI)Er W t t z( t =ty Qz)

bel(x,)= {
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Kalman Filter Algorithm

Algorithm Kalman_filter (ut_l,zt_l,

Prediction:
lLtt — Atut—l + Btut
=A% _A +R

t=—t-1

Correction:

K, :_Z’CtT (CzZ’CtT iQr)_l
H = H, +Kt(Zt__ Ct lut)

>, =(I-K,C)

Return u,,2,

u,z)"



Kalman Filter Updates in 1D

14



Kalman Filter Updates in 1D

bel(x,) =+

-

W, = ﬁt +Kz(zt _ﬁt)
o, =(1-K))o,

—2
Gt

with K, =—

bel(x,) =+

M, = ﬁt + Kt(Zt — Ctﬁt)
> =(I-KC)Z

with K =Z.C'(CZCT+0)"

15



Kalman Filter Updates in 1D

7 9 r ﬁt — al‘ut—l -I_btut
bel(x,)=1 :

)
o) _at Gt +Gact,t

!

r_lljt :Atut—1+Btut
S =A%, AT + R,

-1

@(xt) =<




Kalman Filter Update
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The Prediction-Correction-Cycle

18



The Prediction-Correction-Cycle

/-\\ ]
u=n+K,(z,—n,) 52
bel(x,) = C T Y K, == =l ]
Gt :(I_Kt)o-t o-t +o—obs,t
=n +K,(z,-C, L, = = 1 |
bel(xy = =P EE—CR) S orc S0 10y
s, =(I—K,C)Z : . . . o N

-

19



The Prediction-Correction-Cycle

& N

M= p+ K (2, — 1) 5, — [, =a +bu
bel(x)=1 "~ I bel(x) =1 5 — 7
O-t = (1 - Kt )O-t 0-t + cyobs,t Gt = at Gt + Gac
T 4+ K(z—-Cm _ _ — o =A + Bu
bel(x,) =4 ~H (2 _t“'), K, =%,.CI(C,=.Cl +0)" bel(x,) = L i -
3, =(I—-K,C)H=, >, =A%, A" + R

20



Kalman Filter Summary

e Highly efficient: Polynomial in
measurement dimensionality k and

state dimensionality n:
O(k2'376 + n2)

® Optimal for linear Gaussian systems!

® Most robotics systems are nonlinear!



Going non-linear

EXTENDED KALMAN
FILTER

22



Nonlinear Dynamic Systems

® Most realistic robotic problems involve
nonlinear functions

Xy = g(ut ) xt—l)

z, =h(x,)




Linearity Assumption Revisited

6| 6
piy)= N{y;an +b,a%c?) m—y-3x+h
R Mean of p(y) = Meanp
o) 5
a4
N s @
3/ e |
2 it
1 : . : 1 )
0 05 1 15 0 0.5 1
6| ]

pEd) = N( %, 6%
&= Mean of p(x)

P
o N M




Non-linear Function

Py
— Gaussian of p(y)

4l X Meanof piy)

-4 : : : :
0 0204 06 0.8

— Function gi{x)
= Meanp

O oW

0.5

P(x)
= Meanp




EKF Linearization (1)

6
piy)
— Gaussian of p(y)
4 )| — EFK Gaussian

0 020406 0.8

Y=g

— Function g{x)
— Taylor approx.
= Meanp

O uw

0.5

p(x)
= Meanp




EKF Linearization (2)

6
piy)
— Gaussian of p(y)
4 N — EFK Gaussian

Y=g

— Function g{x)
— Taylor approx.
= Meanp

O uw

0 0.5 1

p(x)
= Meanp




EKF Linearization (3)

Py
— Gaussian of p(y)

— EFK Gaussian

Y=g

20 ¢

MYy

10|

— Function gi{x)
— Taylor approx.
= Meanp

O uw

0.5

p(x)
= Meanp




EKF Linearization: First Order
Taylor Series Expansion

® Prediction:

ag(ut > lut—l) (.X
X1

g(uz > xt—l) ~ g(uz > :uz—l) + Gl (‘xl—l _ :uz—l)

glu,x,_ )= g, pu,_ )+ 1~ M)

® Correction:
Oh(IL,)

X

h(x,) ~ h(E,)+

h(xt) ~ h(ﬁt)_I_Hz (xt _:L_tt)

(‘xt o ;Et)
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EKF Algorithm

Extended_Kalman_filter(y .2, ,u,,z):

Prediction:

ﬁl‘ = g(ut"ut—l) - Et — Ataut—l +Bz‘ut

> =GX_G +R «— X, =43 A +R
Correction:
Kt :E,HtT(HtZthT_-|- Qt)_l — Kt ZE’CtT(CzZ’CtT _I__Qt)_l
:ut :lut-I_Kt(Zt __h(ul‘)) D E— :ut ::ut_I_Kt(Zt__Ctlut)
2. =(I-KH,)% «— 2 =([-K,C)X,
Return u,,2,

g o on) o 08, py)

t t
ox ox,

t




Localization

“Using sensory information to locate the robot
in its environment is the most fundamental
problem to providing a mobile robot with
autonomous capabilities.” [Cox 91]

® Given
e Map of the environment.
e Sequence of sensor measurements.

® Wanted
o Estimate of the robot’s position.

® Problem classes

e Position tracking
e Global localization

e Kidnapped robot problem (recovery)



Landmark-based Localization




EKF_localization (

Prediction:
G = ogu, 1y y)
ox, |
I/l — ag(ul b lLtt—] ) —
ou

;Et — g(uw ;ut—l)

ox ox' ox'
a.ur—l,x a:ut—l,y 8:“[—1,8
oy’ ' o'
Oty OMeyy  OHyyg
00’ 00’ 00'
a:ut—l,x aut—l,y 5:“;-1,9
o o
ov, O,
@Y
ov, O,
o0 oo
ov, 0o,

> =GX, G +VMV'

ut—l’zt—l’ut’zl‘ ):

Jacobian of g w.r.t location

Jacobian of g w.r.t control

Motion noise

Predicted mean
Predicted covariance



1. EKF_localization ( 4,2, ,,4,,Z, ): See Notes

Prediction:
0 = pe—1,0
1 0 —Ztcosf+ Ztcos(f + wiAt)
Ge=1 0 1 —Ztsinf+ Ztsin(f + wiAt)
0 0 1
— 8in 0+4sin(0+w At) v (sin 6 — sm(9+tht)) ol v¢ cos(O+wi At)At
wt w wt
1 = cos 0 —cos(0+wiAt) ~ wvi(cos 6— cos(0+tht)) 13 v¢ sin(04+wi At) At
%= wt w? wt
0 At
2 2 0
M, — ( a1V + Qawi )
= 0 2 2
Q3V; + QWi

—bsinf + 7t sin(6 + wiAt)
pt = pt—1 + b cosf — =t cos(0 + wiAt)
wi At
=GX, G +VvMV' Predicted covariance

t=t-1



EKF Prediction Step

250

200}

2501

200}

E' 150
-~
100}
S0 ]
o ! 1 . I | | |
& 100 150 200 = "
x [em]




1. EKF _localization ( u_,2 _.,u,z, ): See Notes

=127t

Correction:

I 2 —
2. 5 - Vo, -} +(my_”f=y)z_ Predicted measurement mean
atan 2 m, — Et,yﬁmx —Hix )Tl

[ or, or, or, )

3., _ OnE.m)  _ Ol O,  Ohy Jacobian of h w.r.t location

t ox, o9 Op  Op

a_tx a_ty a_t

4 / Gf 0 \ ,Ll, ,U’ :U,e
> S =HZH +0 Pred. measurement covariance
6. K, =X H'S Kalman gain
/ w=u+K/ (z, -z Updated mean
o) _

> =(I-K,H,)% Updated covariance



EKF Correction Step
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Estimation Sequence (1)

500 S00
® ®

400 400
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100 100}
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Estimation Sequence (2)




EKF Summary

® Highly efficient: Polynomial in
measurement dimensionality k and

state dimensionality n:
O(k2'376 + n2)

® Not optimal!
® Can diverge if nonlinearities are large!

® \Works surprisingly well even when all
assumptions are violated!



