3a. More sampling theory

Digital filtering

Let’s consider the case where we want to filter a
sampled signal and then resample it.

We can write this as:

where r(z) is the reconstruction filter and h(z) is the
filter we wish to apply.

Digital filtering, cont’d

We can show that convolution is associative:

(axb)xc=ax(bxc)

so that:

g9(z) = {[f(z) - M(z)] * (r(z) * h(z))} 11I(z)
{[f(z) - 1M(@)]  h(z)} TT1(z)

where h(z) = r(z) * h(z).

Digital filtering, cont’d

Now let’s start building the terms:
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{[f@)1(@)] * h(z)} TT(z) = %? flih(z — i)d(z — k)

- Ek:%jf[z’]ﬁ[k —i]6(x — k)
= %{f[k] * hlk]} é(z — k)

We now have the notion of “digital” or “discrete”
convolution:

glk] = FlK] * hlk] = Eiif[iﬁt[k — 1




2D Fourier transform

The Fourier transform generalizes into 2D as:

F(sg,8y) = Fy{Fu{f(z,9)}}
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and the inverse 2D Fourier transform:
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Separable functions

For separable functions, f(z,y) = fu()f,(y), so that:

F(sa,8y) = Fol) f(y)e =m0 du dy
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fo(@)e ™ da [ f,(y)e ™0 dy

Fo{ (@)} Fy { £, ()}
= Fy,(ss) sy(sy)

Separable function example

For example:

2D sampling
We can also define a 2D impulse train as:
M(z,y) =>> 0z —i,y — k)
ik

As in 1D, the 2D impulse train is its own Fourier
transform:

(z,y) 5 1M1(s,, s,)




2D sampling, cont’d

If the Fourier transform of f(z,y) is:

then sampling and reconstruction yield:

Convolution in 2D

In two dimensions, convolution becomes:

h(z,y) = f(z,y)*9(z,y)

/770 fla. B)g(z — a,y — B)dadf3

Similarly, discrete convolution in 2D is:

hliy k] = fli, k] * g[i, k]
;n:%:f[m,l]g[i—m,k—l]
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