Affine transformations

Reading

Requirad:

* Shirley, Sec. 24, 2.7

* Shirley, Ch.5.1-5.3

* Shirley, Ch.é
Further reading:

& Foley, atal, Chapter 5.1-5.5.

+ DavidF. Rogersand 1. Alan Adams,
Mathematical Bemen ts for Computer Graphics,
20 Edl, MecGraw-Hill, Mew Y ork, 1990, Chapter 2.

Geometric transformations

Geometric transformation s will map points in one
space to pointsinanother: &'y ') = fix, y. 2.

These tranformations can be very simple, such as
scalingeach coordinate, or complex, such asnon-
linear twists and bends.

We'll focus on transformations that can be
represented easily with matrix operations.

we'l startin 2D..

Representation

Wecanrepresenta point p = (). inthe plane
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Representation, cont.

We can representa 2-D transformation M by a

matrix
a b
c d

If pis a column vector, M goes on the left:

(AR =EF

(AB = 8747
(A g " 7>

p'=Mp
x| [a b x
y'| Le dlly
If pis arow vector, J‘.-?Tgoes onthe right:
p'=ph’
a ¢
-0 ;o]

Wewill use column vectors.




Two-dimensional transformations

Here's all you get with a 2 x 2 transformation matrix

M:
x' _|a bl x
v'] Le dlly
Soe
x'=ax+ by
¥'= o+ dy

Wewill develop some intimacy with the elements
abeod.

Identity

Suppose we choose asd=1, b=c=0:

* Givesthe identity matrix:

o]

* Doesn't move the peints atall

Scaling

Suppose we set b=c=0, but let g and d take on any
positive value:

* Givesasaling matrix:

o i)

+ Providesdifferential (non-uniform) scaling in
xandy: ,
¥'=ax
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Refle gcon

Suppose we keep b=c=0, but leteither a or d go
negative.

Examples:
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MNow let's leave a=d=1 andexperiment with b. . ..

The matrix

Effect on unit square

Let's see how a general 2 x 2 transformation M affects
the unit square:

gives:
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Rotation

Effect on unit square, cont.

Ohbserve:
* Origin invariant under M
* M can be determined just by knowing how the
corners (1,07 and (0,13 are mapped
* gandd give x-andy-scaling
* bandc give x-andy-shearing

From our ohservations of the effect on the unit
square, it should be easy to write down a matrix for
“rotation about the origin™

-
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Thus,
Cotl -8
M=R(&=| .
¥ L&) s‘hﬁ [‘“_&
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Degrees of freedom

For any transformation, we can count its degrees of
freedom - the number of independent ithough not
necessarily unique) parameters needed to specify the
transformation.

One way to count them is to add up all the
apparently free variables and subtract the number of
equations that constrain them.

kb
How many degrees of freedom does an arbitrary 2X2 o
transformation have? gf - d

How many degrees of freedom does a 20 rotation
have?
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Linear transformations

The unit square observations alsotell usthe 2x2
maitrix transformation implies that we are
representinga pointin a new coordinate system:

p'=Mp
a b«
e dy
X

=fu v
w vl ]
=X U+ -V

where u=[a c]"andv=[bd]" are vectors that define a
new basis for a linear space.

The transformation to this new hasis (a.ka. change
of basis) is a linear transformation.

Limitations of the 2 x 2 matrix

A 2% 2 linear transformation matrix allows

Scaling
Rotation
Reflection
Shearing

* & & @

Q:What important operation does that leave out?
il
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Affine transformations

In ordertoincorporate the ideathat both the basis
and the arigin can change, we augment the linear
space u v with an origin t.

We call u, v, and t (basis and origin) a frameforan
affine space.

Then, we can represent a change of frame as:
p'=x-u+y-v+t

This change of frame is also known as an affine
transformation.

How dowe write an affine transformation with
matrices?




Homogeneous coordinates

Ideais to loft the problem up into 3-space, addinga
third component toevery point:

X

i}
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And then transform with a 3 x 3 matrix:
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...givestranslation!

Anatomy of an affine matrix

In matrix form, 2D affine transformations always look
like this: I

7
a oo

M=) d
[V

2D affine tran sformation s always have a bottom row
of (D0 1]

An “affine point” is a”linear point” with an added w-
coordinate which isalways 1:

P )
P =[ llin} ¥
1

Applyingan affine transformation gives another
affine point:

3 Ap +t]
"hpaff = [ I|]n

[
]

¥

i
P -
B
~ v
Mo s

Rotation about arbitrary points

Until now, we have only considerad rotation about

the origin. Cs5 yn ©
. . ] i lay ©
With homogeneous coordinates, you can specify a 6 6 )

rotation, & aboutany point ¢ =[q,, q?]T'u'.'ith a
MaLrix:

¥
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Mj/ T = P\La\J; Tf‘t\.

M =T Q)R T(-¢)

1. Translate q to crigin
2. Rotate
3. Translate back

Mote: Transformation order isimportant!!

Points and vectors

Yedors have an additional coordinate of w=0. Thus,
a change of origin has noeffect on vectors.

Q:'What happens ifwe multiply a vector by an affine
matrix?

These representations reflect some of the rules of
affine operations on pointsandvedors:

a b ‘t'—p‘ " Lk e n.b'l‘k ;1‘,_7
c A {-;-t yi=
0 X_& T =) AvanglFilbn
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vector + vector
scalar - vector
point - point
point + vector
point + point

One useful combination of affine operations is:
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piti=p, +tu

Q:What does this describe?




Barycentric coordinates

A set of points can be usedto create an affine frame.
Consicer a triangle ABCand a point &

)
C_

We can form a frame with an origin Candthe vectors
from C tothe other vertices:

u=A-C wv=F-C t=C
We can then write £ in this coordinate frame:

P=qgu+ v+t

-« (A-O) +f(B-O+C

— A tpB (1T

= oA tPEE YL L Yl=p
atrhtY = |

The coordinates (¢ 8 # are called the barycentric
coordinates of £ relativeto A, 8 and C.
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Computing barycentric coordinates

Starting from atriangle in the x- plane

AN
Iy
(&

we can compute the barycentric coordinates of P

A By Ca] [P
aA+ GB+yC=|A, B, C |l g|=|P,
R F2ARE

Simple matrix analysis gives the solution:

PP:’ B)'.’ CP:’ "é')’ Il:’):’ C)" AP:’ 8)‘.’ P)"
"nb‘ 8}‘ C}‘ A}' "n)‘ C)‘ A}‘ 8}' P}‘
11 1 (I 11 1
w=s A=13 ¥=1a
"L')‘.’ 87 C}‘.’ w 8}'.’ I:'_):’ s 82’ C)'.’
A}‘ F}’ C}‘ A}‘ F}' C}‘ A}' B}‘ c}'
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Computing the determinant of the denominator
gives:
_-‘?ny - 'R;-'Cx + ﬁyCz - J'-'XC}. +f-|z_-"<‘y— hy_-fc‘z
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Cross productsin 2D
Recall the 30 cross product:

I J k
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What happenswhen uand v lie in the x-+ plane?
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Barycentric coords from area ratios

Mow, let’s rearrange the equation from two slides ago:

- - 4 A 1 2 _
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f T A v_¢ T 21
I AN, - A I.B,;_ AN, A

The determinant isthen just the z-componentof  (B-
A)x (C-A) which is two times the area of triangle ABCQ

Thus, we find:

. S\:ﬁ.rea A= SArealAPC)  _ SArealASF)

SAreal ARC) SArealARC) y SAreal AEC)

Where SAreaiRST) isthe signed area of a triangle, which
can be computedwith cross-products.

What does it mean fora barycentric coordinate to be

negative? P M,!/ —Lh-:,‘,ﬂl-f A}(E’v(_




Affine, vector, and convex combinations

Mote that we seem to have constructed a point by
adding points together, which we said wasillegal, but
as longas they have coefficients that sum to one, it's ok.

More generally:
P=oA+---+a,A

et

is an affine combination if:

n

Sa=1
il
It is a vector combination if:
Sl =0
= ,
i .
Anditisa convex combination if: s
n fjf b 5-""\?&.
S =1 and o z0 I
= ' Zn,
Q:Why is it called a convex combination? :
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Basic 3-D transformations: scaling

Some of the 3-D transformations are just like the 2-D
ones.

For example, scaling:

x' s, 0 0 0=«
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Translation in 3D
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Rotation in 3D

Rotation now has more possibilities in 3D:

10 o 0
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Rotation in 3D (cont'd)

How many degrees of freedaom are there in an
arbitrary rotation?

q \‘.f'...l’s
w ~
v Weas=| w20 L
Vo = Wi 20 t)i'-f/"h‘-‘_,u}
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Howelse might you specify a 3D rotation?
\%H'U'"‘ q:¢1+-b3+-gk¢ét
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Shearing in 3D

Shearing is also more complicated. Here is ane
example:

x' 1 b 0 0«
¥ O 1 0 0f ¥
| [oo 1 0z
1 00 0 11

51
[

We call this a shear with respect to the xz plane.

a4

Preservation of affine combinations

Atransformation Fisan affine transformation if it
preserves affine combinations:

Flogh + -+ A V= FA ) +--+a FlA)

where the A; are points, and:

i

=1

=t

i=l

Clearly, the matrix form of £ has this property.

One special example is a matrix that drops a
dimension. For example:

This tran sformation, known asan orth ographic
projection is an affine transformation.

we'll use this fact later...
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Properties of affine transformations

Here are some useful properties of affine
transformation s

Lines maptolines
Parallel lines remain parallel

Midpaoints map to midpoints (in fact, ratios are
always preserved)

¥
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Affine transformations in OpenGL

OpenGL maintains a “modelview” matrix that holds the
current transformation M.

The modelview matrix is applied to points (usually
vertices of polygons) before drawing.

It is modified by commands including:

+ glloadIdentity() Ml
- set Mto identity

* glTranslatefit , t© , T M« MT
- translate by (t, t, t;)

+ glRotatef(B8, x, ¥, Z) M« MR
- rotate by angle e about axis (x. y. z)

+ gl3calefis , =3, =) M~ MS
- scale by (5,5, 5)

Mote that OpenGL adds tran sformations by
postmultiplication of the modelview matrix.
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