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Variational Methods Goal
« S

=
m Recall task: Characterize the posterior E(Q,% [%)

DN AMS latent vars

m Turn posterior inference into anoptimization task

m Introduce a “tractable” family of distributions over parameters
and latent variables
Family is indexed by a set of “free rs”
Find member of the family closest to: ¢ (9}} \X}

Call the Cwm\y Q and want ﬂe&
thot is closest @ P(b,ql)()

0bs.

ooooooooooooo




Variational Methods Cartoon

= Cartoon of goal: \%

N

M
m_Questions: vy Q: all baussions
2 (1) How do we measure “closeness”?

3 @D If the posterior is intractable, how can we approximate something we do
not have to begin with?
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m Evidence lower bound (ELBO "
[ 103 MNOSIN\‘ \'llu\]k(aoA or «)CVQAef\m [ ELBD

log p(z) = D(q(z,0)||p(=, 0x)) + L(q) = L(q)

v =
const. T
&Ad 4o a enst. "ELSDN

m Therefore,
1 ELBO provides a lower bound on marginal likelihood
1 Maximizing ELBO is equivalent to minimizing KL

MmAax Z(lil): min D[?{“P) 2  MAX lower ‘oo\u\l

of lag pX)
7 J‘?“J: Mc
o s Oonie oo
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. "‘0"“" Ver 1
Mean Field () = £,[logp(z,6,2)] - E,[log gz, 6)
= JEE
= How do we choosei_g_ such that the following is tractable?
7/; - Nﬂj Mmoax [_((l) &~ hew o(ojp.chL
4eQ

. 2 Lo 1 v
m Simplest case = mean field approximation b, i% s, t j
1 Assume each parameter and latent variable is iti independent given

l;a”' "
U
\ - ree PAI’AMS
1 X{: < com.-ro‘ kaghg
O O O O i~ 9(,(-{-.%\3
O O O O 1 ¢lose to r
O O OO
2V Iso look rLA .
O O O O ("a, 0“ s‘(‘x:‘wo’l
L . ' ~ Ee ot
Original graph @Em"wcgjlve mean field Q‘:' nf"’.\.“?{} 3 S
[ J"l o
. . . 0,0,.0.0
- C)-O-O .O -
Mean Field — Optimize 7Y oo
C'-C)-C).O— v
- O OO0 95

m Examine one free parameter, e.g., Y
L(q) = Eqllogp(0 | z, )] H Eqllog p(z, )]}~ Eqllog q(0 | v)] = > | Eyllogq(=" | ¢")
—_—) [

Consides g,C\,ll—cod. form
[ Look at terms of ELBO just depending on 7Y c(on i JcpuJ on §
W"“ dﬂJCf
_ g 4l 21 6/
L7 = gy [l o(61e)] - €4 (log 9 (4l - e
( & wl. &, k

rcal\y jvsf 19;1(6{3) needed s
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Mean Field — Optimize ¢' & odoo"
" PRt

X ¢l
Eyllog q(6 | )] - 3 Byllog (=" | ¢")]

m Examine another free paramete
['(Q) = Eq[logp(zl | Z\iagv‘r)]

Eq[log p(z\s, 97

4 Al - Yor .
nsiber the 2 -Full-cond. Yorm consh. wot ;5~

[ Look at terms of ELBO just depending og‘

64[ log 2" 121:,8,%)] - Egloq 4 (2! $)]

\

ru\h, Just 93 = 7/[24}5;) hee

m This motivates using a coordinate ascent algorithm for optimization
m| Iterativelx optimize each free parameter holding all others fixed
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Algorithm Outline 5 BEAS

. CaOpT s m
S i
(0)

* Initialization: Randomly select starting distribution g,
« E-Step: Given parameters, find posterior of hidden data

1y ) = argmax £(g., gy V) s wes @
qz

* M-Step: G(iv)en posterior distributions, find likely parameters g
s t t
w0 gy = argmax L{q] ), q0)
0

 Iteration: Alternate E-step & M-step until convergence
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Mean Field for LDA
" S

m In LDA, our parameters are 6 = {Wd}v {5k}
= {sz} [ 3 prs

Q—

m The variational dlstrlbutlon fa Zes as

9t £2) = WAMAT[WM T‘ﬂ? 5]

al

—
71\:\. M) Br&., ,JQ Hul’c ¢)J
z¢.u" « vt"’ué

enfocce
slis !

(7, B, 2,w) = Hpﬁklf\ Hp(ﬂdla)Hp (2 [ )p(wi | 2, B)
D"(\\, ;\ﬂ % (4\; ,D\k\ ﬂul«/TFJ)
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m The joint d|str|but|on factorlzes as

Mean Field for LDA

- _ ' 3
K D vd . /’Bk .
q(m, B,2) = Hqﬁklnk H (x| 7% Hq ’(’” £
K k=1 d=1 =
ﬂﬁzw:H ﬁk|)\de Hp (28 | #p(wd | 22, B) NdD
m Examine the ELBO
K D
E(q)IZE llog p(Bs, | V)] +ZE log p(r* | )] From jont dist.
k=
+ZZE logp dlw D+Eq[logp(w?\zz‘i,6)]
d=1i=1" —

d Ny .~—~7°"

K ~.
ﬁ =" E,llog q(Bx | )] ZEq[logtJ(ﬂdIvd)]—ZZ'Eq[logq 24160
k=1 d=1
xS

d=1i=1 ™S m s o o

a\\ Qvo qy
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Mean Field for LDA

a——>7rd ! %‘\
= JEE ¥ B,
d -
m Let’s look at some of these terms 2z B K
ot |
E,flogp(zf [ 78] = €, [ log T 1 Z(| ’ﬂ') _} N,
g Log Tt 1= €2 (o ]

K
Z [ w] = kég,L[,(iﬁk)]Et[l,ja:]
! M —_

2. _u_ 11' urdes 9 P{(?!:k): ﬁ“ 4/(‘3)_ q/(g}{‘)

")wk., mean Field
is m?Of'tM‘E

Eqllog q(zf | ¢7)]

! d
J! 08 Z M l *
= .L "l‘ IO A < 4 4 Ak
zk E’L[ (% ) “’j{:} - ‘fk 3%
m  Other terms follow similarly

Optimize via Coordinate Ascent

" S oD (7))
= Algorithm: z'd | | B«
B K
;D( A’\/"'/D |
+1) (%)

Lo o Pt

oy

?or A -\, /N‘!

¢d_0 N ¢4 leL expW(Y“‘”‘) ‘;'(77,‘: waB

g ) WZW\“’V)S

mq[ki',li(/q o
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eh('nftﬂ- ¢; S a PMP




Optimize via Coordinate Ascent

- ofo it 8 Af
m Algorithm: v B
g zd s P

Cor koloy A %{
D Nd N,

% 6 S '/I{:H)”)*ZZ ! ﬁl«*‘) D

HI
hav,
\/\/ ’/'—i
aogreqate "‘3("‘“\
Paﬂ\m /
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Generalizing
" JE \oed V&S
m Many Bayesian model have this form: \’\v 9
N , o i‘//; cb(obkl
p(0.2N. "Ny = pO) [[ o' | 00’ [2.0) | @h | 7
i=1 “\N
0bsS .

m Goal is to compute ’P(Q,% [ X)

m  Assume each complete conditional is in the ew
p(2t ] 0, 2%) = h(z") exp{ne(0, )T 2" — a(ne(0, z
(2* [ 0,2") = h(z") exp{ne(6, ") (ne(6,2))},

local *
p(e | Z, x) = h(9) eXP{Ug(Z, x)Te - a(ﬁg(z7x))} I w y
L/—"‘".’ o
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Generalizing
* JEE—

i ;0 nean Cield approx. i . 0 .
_ —_
@ N &t N

m Mean field variati})gal aDDrnximatinr]:f
\g(z,e> = a0 1) [ at"| w)J
m Match each component to have same family as model conditional
p(0 | 2,2) = h(B) exp{ng(z,2)"0 — a(ny(z, 7))}
qel¥)= hie)expiyTd - 2 (¥)3

\/- Same for local variational terms, too
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Generalizing
* JEEE——

: 0
2" ; zi.e.
-N -N

m Under these exponential family assumptions, the gradient is:
1/
VL= a"(7)(Eglng(z,2)] =)
m This leads to a simple coordinate update (Ghahramani and Beal, 2001)

vri"" — Y¥- E?SLY)U(%IXD] S;M:\::w Cor

ol V&S
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General Coord. Ascent Algorithm
* JEE

Initialize Y randomly.
Repeat until the ELBO converges

@ For each data point, update the local variational parameters:
¢I.(f) — EW_U[?’@(Q, x,-)ﬁ forie{1,... N}.

@ Update the global variational parameters:

7O = E#r) [’lg (Z1:vs x4 \)ﬂ

Nok¢ ;767c|& ‘~“’°")\\
oach obs, befere
v?l!dklnﬁ U(oba.l

Ff‘am.
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Limitations of Batch Variational Methods
" S

=T, ‘,77‘ Be==l
= EheNew fork Eimes ==
Mission Accomplished!
OBAMA WINS!I!
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Limitations of Batch Variational Methods
" S
» Example = LDA o> at <+l

T Start from randomly initialized 7]k (topics) d
01 Analyze whole corpus before updating 7k again 4
m Streaming data: can’t compute one iteration! N
d

m More generally...
1 Do some local computation for each data point.
1 Aggregate these computations to re-estimate global structure.
[ Repeat.

m |nefficient, and cannot handle massive data sets.

<

<
™
>
B
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Stochastic Variational Inference
" S

SUBSAMPLE INFER
Ageu LOCAL
55 STRUCTURE e
O O o

UPDATE
GLOBAL
STRUCTURE

m Stochastic variational inference harnesses:
Idea #1: Stochastic op}i\mization (Robbins and Monro, 1951)

‘st like in SBD
Idea #2: Natural gradients (Amari, 1998) Jus
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Alternative Optimization Schemes
" O

m Didn’t have to do coord. ascent. Could have used gradient ascent.

Ly g, 4-0 k&
Kta‘)’ ‘5“)* €e V)i

e
" fer —tpuches ol oF the date ()
L(q) = Eqllog p(8)] — By flog q(0)] —>_|Eqllogp(=", 2" | 6)] — Egflog ¢(2")]
i=1
m Use stochastic gradient step instead
Consider one data point x' sampled uniformly at random and define:

Li(g) = Eqg[log p(6)] — Eqy[log ¢(0)] — N(E,[logp(z", 2" | 6)] — Eq[log ¢(=")))

“ "
“P ey l-vL

\lt¢

| \ bset

, 5\ \" WSind o Subse
buLe o\ )

\As; “3 A“ 4(,&‘."0&
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Alternative Optimization Schemes
"

m Recall the gradient of the ELBO for the global parameter:
VL= d"(v)(Egng(z,2)] = 7)

m Even using just one data point, issue for scalability:

Musk Compuicl a"(Y) ...

(,OM(D\M"‘H onal(y infansive
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Natural Gradient of the ELBO

WL\‘ L-(&( :

\
doe*'! A
@ k;‘ﬁ“" '\"i‘;\wwn‘e

wnko

2(%)
L ,N\I&S
@ f xerm

(from Honkela et al., 2010)
m The natural gradient accounts for the geometry of parameter space
m Natural gradient of the ELBO:

0,4 = €417, (>3 )-¥

o gred-
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Noisy Natural Gradients
" JEE

m Let 7:(2",2") be the conditional distribution of the global variable

for the model where the observations are N replicates of xt
m  With this, the noisy natural gradient of the ELBO is
A
- * gk '\ -
V;fe E¢* Eﬁf(% /X ) X

A
£-¢L8O0

m Notes:

It only requires the local variational parameters of on int.

In contrast, the full natural gradient requires all local parameters.
Thanks to conjugacy it has a simple form.

©Emily Fox 2014
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SVI Algorithm Overview
"

)
#: Eye=y) [ﬂ((& Xr)m « et
© Pretend its the only data point in the data set, \o

7 = Bglifze 0l

%) 1¢-1 ya
o7 U

Initialize global parameters” randomly. ; . 6 .
Set the step-size schedule €; appropriately. &
Repeat forever ‘
N
© Sample a data point uniformly,
x¢ ~ Uniform(xy, . .., xy).
.(n -
©® Compute its local variational parameter, K733 ‘Z ,.SC'”‘(-: /
c00®" " o Yor

@ Update the current global variational parameter, €—— '\Di‘iy M"“‘;"‘é’dr‘ ient)

YO = (1 =)V 4. N
o

X ¥
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SVI for LDA T
ki

A B < T
* JEEE— P
m In LDA, the full ELBO is given by (N
d

D

D
L = E4llogp(B)] — Eqllogq(B)] + Z E,log p(r?)] — E,[log ¢(7)]

D d=1
IL +3 B llogp(=",a? | 7, B)] — E,flog a(=)]
s o,

45 |£vl

\)\‘-WL w ‘D 'hM'CS

m  Assuming D documents, consider one/sampled at random
/-jus"
Li = Eyllogp(B)] — Eqllog a(8)]-+HD)(E,log p(x")] — Ellog g(x")))

y 7\;\‘30 +D (Eyllogp(z', 2" | 7', B)] — Ey[log (2")))
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SVI for LDA pam
\ v
v
* JEEE <8 "/BkK.
Initialize 77(0) randomly. (
Repeat (indefinitely): Na
Sample a docl gmgm‘, uniformly from the data set. D
For all k, initialize ’yk =1
Repeat until converged
\ Fori=1,...,N, Juse like in
ot d d 4. asc. Tor
@ exp{E[log 1) + E[log B, a]} CDOf as

GMN‘SX - - |§ Jﬂc
Mt Set 'y *a—&-Zqﬁd
i=1

Take a stochastic gradient step n(t) = n(t_l) + etV Ld

o . w 1
(c) (l éf\ql‘"" f-f( 0)/J \wvsfof{“; LZJPJ"L
coordy 25y IS
©Emily Fox 2014 (M_,‘ %) t --'$
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SVI for LDA in Practice

Online 98K
900 -
850 -
>800 - ' Batch 98K
£ Online 3.3M ™. Bich 98
3 750 -
2700 4
[0}
0650 -
600 -
I I I I I !
1038 104 10*5 10° 1055 100 1085
Documents seen (log scale)
Documents 2048 4096 8192 12288 16384 32768 49152 65536
analyzed
systems systems service service service business business business
road health systems systems companies  service service industry
made  communication health companies systems companies companies service
Topeight  service service companies  business business  industry industry  companies
words announced billion market company company  company services services
national language  communication  billion industry management company company
west care company health market systems  management management
language road billion industry billion services public public

(Hoffman et al. 2010)
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What you need to know...
* JEE—

m Variational methods
Mean field for LDA

m Stochastic variational inference
General idea of using natural gradients + stochastic optimization

Resulting generic algorithm
SVI for LDA

©Emily Fox 2014
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Reading
" JEE——
m Inference in LDA:

1 Basic LDA and batch variational inference in LDA:
Blei, David M., Andrew Y. Ng, and Michael |. Jordan. "Latent
dirichlet allocation." the Journal of machine Learning research 3
(2003): 993-1022.

[1 Stochastic variational inference:
Hoffman, Matt, et al. "Stochastic Variational Inference." arXiv:
1206.7051 (2012).
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What you need to know
“ J
m Case Study 1: Estimating Click Probabilities
Logistic regression
Regularization

Gradient descent, stochastic gradient decent
Hashing and sketching

ooooooooooooo
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What you need to know
* JEEE

m Case Study 2: Document Retrieval and Clustering
Approach 1: k-NN
Algorithm: Fast k-NN using KD-trees (exact)
Algorithm: Approximate k-NN using KD-trees and locality sensitive hashing

Approach 2: k-means
Data parallel problems

Algorithm: MapReduce framework and parallel k-means using MapReduce

Approach 3: Gaussian mixture models (GMM)
Algorithm: EM
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What you need to know

* JEE—

m Case Study 3: fMRI Prediction
Regularized linear models: Ridge regression and LASSO
Sparsistency
LASSO solvers:

= LARS

Shotgun (stochastic coordinate descent)
Hogwild (stochastic gradient descent)
Averaging methods

= ADMM
LASSO variants:

= Fused LASSO

= Graphical LASSO

Coping with large covariances using latent factor models
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What you need to know

" JEE
m Case Study 4: Collaborative Filtering
Approach: Matrix factorization
Algorithm: Alternating least squares (ALS)
Algorithm: Stochastic gradient descent (SGD)

Cold-start problem and feature-based collaborative filtering

Model variants:
= Non-negative matrix factorization
= Probabilistic matrix factorization
Algorithm: Gibbs sampling
= Probabilistic latent space models

Graph parallel problems

GraphLab framework and application to distributed ALS and Gibbs for
matrix factorization
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What you need to know

" JEE——
m Case Study 5: Document Mixed Membership Modeling
Approach 1: Bayesian document clustering model
Conditional independencies in directed graphical models
Algorithm: Gibbs sampling and collapsed Gibbs sampling

Approach 2: Latent Dirichlet allocation
Algorithm: Collapsed Gibbs sampling
Algorithm: Variational methods and stochastic variational inference
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THANK YOU!!!
" S

m You have been a great, interactive class!
...especially for a 9:30am lecture =)

m We're looking forward to the poster session

m Thanks to Alden and Chad, too!
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