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Weather prediction revisted
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Reading Your Brain, Simple Example

o [Mitchell et al.]

Pairwise classification accuracy: 85%
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Classification e
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m Learn: h:X—> Y nchs: | = (Kirw(, qml)
X — features

Y — target classes

-Condltlonal FOFablllt y: P(Y|X)
ALY (C29:3¢, AL gk 31)

] Suppose you know P(Y|X) exactly, how should

you classify? P(Kind [ 3-¢,31) = 03
Bayes optimal classifier: (;(,“4 bk [3.¢,39) - 6.2
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m How do we estimate P(Y|X)?

Link Functions
" JEE—
m Estimating P(Y|X): Why not use standard linear
regression?  P(Y[X) = we 4 Zwi¥;

y .
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m Combing regression and probability?
Need a mapping from real values to [0,1]
Alink functiont  9: R~ (o, 1)
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Logis_tic 1
Logistic Regression Iﬁ?éﬁ;’;oid,/\ T+ ean(—) /
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m Learn P(Y|X) directly

Assume a particular functional form for Iink(b,l} 05
function

Sigmoid applied to a linear function of the input
features; thia erbifars

4 1

PO =0 W) = o F s wiXy) v o ‘
——

® 0

| N

Features can be discrete or continuous!
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Understanding the sigmoid
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9(wo + Z wizi) = 1 + ewot2; wiz;
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Wo=-2, W,=-1 w,=0, w,=-1 w,=0, w1=—|(.)ﬁ§+“P

09 0.9 09

7 09 08

07 07

Mav

0.8
0.7
06 0.6 06
osf® s o 0 * 05y ~ oo PRl 0.5

04 0.4 . 04

03 (,"; <6'5 . 03

02

03
02

01 ’ 01

" wer 3 ks

©Carlos Guestrin 2005-2013 8

01

6 B 2 0 4 °

‘;btiu:i:




Logistic Regression —

N

?a Linear classifier 1 eap(—)

L o
irvar fn Stpocstts ?(\lz"”l""): e

Postive fon "7“‘"’ g(wo + Y wiz;) =

1+ ewoéi w;T;
liiu- L«tl{ts

We ¥ ?-lv;)(', <O

2 Pyl i) > 65

':) fw*d f

nf >0

Very convenient! “7' 2 "J.
/ ks linser ok

|
P(Y=0|X =< Xq,..Xn>) =

implies fly:\Kw) = |- ply-of)

1+ exp(wg + X; w; X;)

exp(wo + 205 w X;)
1+ exp(wo + X w; X;)

P(Y =1|X =< Xq,..Xn >) =

implies
-1
chey ¥:1 PY =11X)

1_ m = 6flcp(wo + zi:wixi)

linear

classification
implies rule!
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Optimizing concave function —

. e oM ndfin. b cosrdink AScnf
i} graglﬁnt ﬁﬁﬁﬁnt

m Conditional likelihood for Logistic Regression is concave. Find
optimum with gradient ascent
ol(w) ol(w)

Gradient: Vwl(w) = | g " Own

]/

Update rule: Aw — anl(W)

(t+1) ) , Ol(w) i
. w; — w; B — )
5"} oo will resch oPT 7 7 + n 8’(1)1 0‘”‘«
m Gradient ascent is simplest of optimization approaches f] 2o
e.g., Conjugate gradient ascent can be much better T o)e|
Nitwkes LBFES,. - For 9bu Hl"/ "K
Chooge @ -
g & caspd ) | 172
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Loss function: Conditional Likelihood

- _ Sy vl
u Hav;a bunch ofyud data of the form: ' (X IY)J':M - D - (DX ;DY)
co Wired 7 '

m  Discriminative (logistic regression) loss function:

Conditional Data Likelihood J J
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In P(Dy | Dx,w) = Y InP(y/ | x/, w)
=1
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Expressing Conditional Log Likelihood
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Maximizing Conditional Log leellhood
" " " T o T
3 _ exp(wo + ¥ wiX;)

g J|xJ POC= W)= 1 cop(wo + 5 wiX)
(w) = In][[PE %7, w)

J

= Y yi(wo+ Y wi]) —In(1 + expuwo + . wir))
j i i

/\

Good news: I(w) is concave function of w, no local optima
problems

Bad news: no closed-form solution to maximize /(w)

Good news: concave functions easy to optimize
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Maximize Conditional Log leeUhoog
34

l laft v
_ ) = “i )I Gradient ascent @
N
(w) = Zyﬂ(wﬁzwz ”)—In(1+exp(wo+2wxf))
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Gradient Ascent for L
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Gradient ascent algorithm: iterate until change < e
(t+D) O NS Py g
/ wy T —wy? 40 Y[y - P(YT =1, W)
Jat
Fori=1,..., K, 0
wi™ w43l — P(YT =1 %, W)
I
repeat
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Regularization in linear regression
" S

m Overfitting usually leads to very large parameter choices, e.g.:
2.2+ 3.1 X-0.30 X2

m Regularized least-squares (a.k.a. ridge rfsion), for A>0:
w* = argmvinz (t(xj) - Zw,,:hi(xj)> )\Zw? nw”Z

Jjwll,
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Large parameters — Overfitting

LTUTLL

1+e 7 14+ e—29c 1+ e—lOO:c

m [fdatais Ilnearly separable, weights go to infinity
1 fo- M%vbvﬁ l)f“--".) {**‘l

vioo
?(\1 O‘V ¥ ﬁ——l’h* &S “W"'9 6o vm.)
/
4 AW
In general, leads to overfitting: i '// -
m Penalizing high weights can prevent overfitting...| ;"' ' —
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Regularized Conditional Log Likelihood
" JEE
= Add regularlzatlon penalty, e.g., L2

1nHPy %7, w ——||w|\2
L \-—'\—s
Z_ w
m Practical note about wy: /
d()n’l 19 P 2w

m Gradient of regularize I|keI|hoo,d—J/
DL 2 QPR ~ ) D why
w v 7
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Standard v. Regularized Updates
" N

wi(t—l-l) - wi(t) +0> 2y — Py =1 x/, w)]
J

m Regularized maximum conditional likelihood estimate
N k
o A
w* =argmax In || P/ |x/,w)— 5 ) w?
g ma Jl;[l (v [x7, w) = 3 ;
e 15 12 Pubs B me  lllihed
¥ /-\/ ' -
Wit O xw® 4y - P(YT =1 %0, W]
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= Maximum conditional likelihgod estimate f”l"'v(c,.k
w* = argmax In H Py %7, w) / P
v j=1 a8 ,{_7‘3’
s
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Please Stop!! Stopping criterion

t(w) = 1HHP(yj\Xj,W)) — Allwl]z

m When do we stop doing gradient descent? €20

floe) - Q1) < €

m Because /(w) is strongly concave:
\___’—/
i.e., because of some technical condition

fw) — fw) < vews <€\
Aot oo 2
m Thus, stop \A;hen: _l/)- [IVI(“)“»”,’ <£,
1
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Digression: Logistic regression for
_ more than 2 classes
N

m Logistic regression in more general case (C classes), where

Yin{0,...,C-1} (=1
foo ¢ (_‘L” 'y-\“A (C—l) (K”‘)Pv:c:;; '“ 0[ l"‘\-f-m) |m.l: kf(
for e frchy

Mlesss c e, ., (4 211X, w) ¢ iz

) Weo t ch. Y; ?(Y bl =

e ‘X’w> d\- @ ; [ 4 (etak

For (=2 Gl Plf<oly =l Ply: 1y,
?(c:o I¥,0) = | - %' P(YEC(‘LIW) )
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Digression: Logistic regression more

generally
" JEE—

m Logistic regression in more general case, where

Yin {0,....C-1}
for c>0
P(Y — C|X7 W) _ eXp(ch + Z -1 wmxz) /n‘,‘,\_‘“

1+ ZC,:l exp(weo + 21:1 Weri T;)

for c=0 (normalization, so no weights for this class) 4 Wein
1 & 3“32 Cluss

P(Y =0|x,w) = —
1+ 3001 exp(weo + by wenay)
Learning procedure is basically tlle same Ik
as what we derived! Mucha &) fami,
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