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A simple setting...
" JEE
m Classification
N data points i

Finite number of possible hypothesis (e.g., dec. trees
of depth d)

m A learner finds a hypothesis h that is consistent
with training data
Gets zero error in training — error,,;,(h) = 0 4/

m What is the probability that h has more than ¢
true error?
error,.(h) = ¢ for 5o €50

T
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How likely is a bad hypothesis to

« et N data points right?

m Hypothesis h that is consistent with training data —
got N i.i.d. points right €30
h “bad” if it gets all this data right, but has high true error
m Prob. h with error, (h) 2 ¢ gets one data point right
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Commef = I’E

m Prob. h wi lwe(h) 2 € gets N data points right
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But there are many possible hypothesis
that are consistent with training data
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How likely is learner to pick a bad

. Jpothesis

m Prob. h with error,(h) 2 ¢ gets N data points right
lesg Fhan (1-€Y Ay, - he
m There are k hypothesis consistent with data

1 How likely is learner to pick a bad one? .SMM.AQ‘»A )
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Union bound
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How likely is learner to pick a bad

. Jpothesis

m Prob. a particular h with errory, .(h) 2 ¢ gets N data
points right Coy +h, (\ -E)”

—
—_—

m There are k hypothesis consistent with data

How likely is it that learner will pick a bad one out of these
k choices? N[ whas k7
?(y\ G wkmlk trraey (W2€) < K (1-6) :

N K< HI
\H\ ,g) /
‘ ) fotel ¥ hypibsy
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Generalization error in finite

B} hmgihgsis Spaces [Haussler '88]

m Theorem: Hypothesis space H.finite, dataset D
with N i.i.d. samples, 0 < ¢ < 1 < for any learned
hypotheS|s h that is conS|stent on the training data:

P(grfrortme(h) >€) < |H|e Ve
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Using a PAC bound
" JEE

m Typically, g use cases: P(erroryue(h) > ¢€) < |H|e N¢
1: Pick € and 6 give you N N

2: Pick N and o, give you € > Wyl kb
e (8)26) € W) € ve 2 f £r ’
Ly vt e S .
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Summary: Generalization error in

_ finite hypothesis spaces [Haussler '88]

m Theorem: Hypothesis space H finite, dataset D
with N i.i.d. samples, 0 < ¢ <1 : for any learned
hypothesis h that is consistent on the training data:

P(erroryue(h) > ¢€) < |Hle V¢

Even if h makes zero errors in training data, may make errors in test
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Limitations of Haussler ‘88 bound
= — (7707 rue (h) > €) < [Hle™¢

m Consistent classifier b wise
Com
lrra b o ([,\) <0 A ’\ij(\‘j un rialgfic fL7‘ I‘ahl Maddy
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m Size of hypothesis space
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What if our classifier does not have

_ _Z€ro error on the training data?
I
m A learner with zero training errors may make
mistakes in test set

m What about a learner with error, ., (h) in training set?
\Nl\"'{' "\‘\f,u.[ when
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Simpler question: What's the

. keuedonorol a hypothesis?

m The error of a hypothesis is like estimating the

parameter of a coin! o 8- 3S
EVRENRY
R —

N— —

m Chernoff bound: for N i.i.d. coin flips, x1,...,xN,
where x € {0,1}. For 0<e<1:

P (9 1%903 > e) < g 2N€
—
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Using Chernoff bound to estimate

AClice]s gf a smgle h}/pothe3|s
1
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But we are comparing many
_ hypothesis: ion bound x'ﬂ‘g

For each hypothesis h;:

P (errorirue(hi) — errorirain(hi) > €)

2
S €—2NE

What if | am comparing two hypothesis, h, and h,?
5 by Sl fhen ‘12?

,?T.H"r (tnoq.,;“ (H.) < lmu%;“ h'?.) , L.,J (""h {lh) > e ('n)/
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Generalization bound for |H]

. gaypothesis

m Theorem: Hypothesis space H finite, dataset D
with N i.i.d. samples, 0 < ¢ < 1 : for any learned

hypothesis h:
P (erroriue(hi) — erroriqin (hi) > €) < o—2NE < J
halX \ [‘: -2~£7—
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PAC bound and Bias-Variance

. trﬁgggff

P (erroriye(h) — erroriqin(h) > ¢€) < e 2Ne

vk dq £
or, after moving some terms around, ~——

2

with probability at least 1-3: 1
{f ed Sl In|H|+In 3
ETTOTrue (h) < erroryrqin(h) + o
Il.lahs“ “ V.""%a“
" lompl i sp | o vy (=TI 35 ke
y""ll)’* H |‘\-y loe = ”" s 5'“4,
m Important: PAC bound holds for all h,
but doesn’t guarantee that algorithm finds best h!!!
What about the size of the

. gaypoibesis sgace?

1
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- 2e2
m How large is the hypothesis space?
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Boolean formulas with m binary features
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Number of decision trees of depth k

= JEE
Recursive solution
Given m attributes

H, =2
H,.1 = (#choices of root attribute) *

(# possible left subtrees) *
(# possible right subtrees) /

z
£m*H,*H,

Write L, = log, H,
Ly=1
L1 =log, m + 2L,

So L, = (2-1)(1+log, m) +1
Q)( g, m) ]

In|H|+1In }
>0 7
- 2¢?

H, = Number of decision trees of depth k / S'n‘f}'5
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PAC bound for decision trees of

. |l | Ith k 'l’rb«h{{nl in d"f}l

2k logm + In & )\
N > d A X
= €2 /);I(M
= Bad!!! NI
Number of points is exponential in depth! mch Lok,

m But, for N data points, decision tree can’t get too big...

no vwion P hew  mec A oan N |eaws

Number of leaves never more than number data points

Number of Decision Trees with k Leaves
" JEE—
m Number of decision trees of depth k is really
really big:

In |[H| is about 2Xlog m

m Decision trees with up to k leaves:
|H| is about mkk2« oy vl oy
= A very loose bound

Wil s Koy 2kl
mach beHe!

©Carlos Guestrin 2005-2013

11



PAC bound for decision trees with k

. aedves — Bias-variance revisited

1
In ‘HDTS k leaves| < 2k(Inm +Ink) errorirue(h) < errorirain(h) + In|H] +1n 5

2N

—
- - - N o =

2k(Inm + Ink) 4+ In 3

errorirue(h) < errorirain(h) + \/

2N
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What did we learn from decision trees?
" S

m Bias-Variance tradeoff formalized

2k(Inm +Ink) +In 3
2N

erroriue(h) < erroryqin(h) + \/

m Moral of the story:
Complexity of learning not measured in terms of size hypothesis space,
butin m@&rpur,n numher of points that allows consistent classification
Complexity N — no bias, lots of variance

Lower than N — some bias, less variance
ke<w
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What about continuous hypothesis

- kg

In|H|+1ni
erroriye(h) < erroripqin(h) + \/%
m Continuous hypothesis space:  + . T
IHI = A -
Infinite variance??? -
infinite variances ¢
R =

m As with decision trees, only care about the
maximum number of points that can be
classified exactly!

Called \\lgy@ ee readings for details

What you need to know
" JEE—
m Finite hypothesis space
Derive results
Counting number of hypothesis
Mistakes on Training data
n ACompIexity of the classifier depends on number of
oints that can be classified eﬁag;l_tly
Finite case — decision trees € o

Infinite case — VC dimension
m Bias-Variancetr m learning theory

m Remember: will your algorithm find best classifier?
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Markov Decision
Processes (MDPs)
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Reinforcement Learning

training by feedback

gl L‘l.&l\tl ’(" v s 7101(
Xy & 13 bad
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Learning to act

m Reinforcement learning

m An agent
1 Makes sensor observations
1 Must select action
1 Receives rewards
= positive for “good” states
= negative for “bad” states

[Ng et al. ’05]
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Markov Decision Process (MDP)

B} Reﬁresentation
¢

¥ “, {.\\
N g0l

m  State space:
1 Joint state x of entire system

) . e
m Action space: L,sv-){ St ..
o Joint action a= {a;,..., a,} for all agents

m Reward function: /') 7‘“‘7‘" rewach whh

O Total reward R(x,a) Xy wis ge~
» sometimes.reward can depend on action )

W W :
m Transition model: v ",\ :49“‘_ wend & Pbl‘

1 Dynamics of the entire system P(x’|x,a) ‘()() -
1N LA astl T4
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Discount Factors ~ |¢[a)
“

People in economics and probabilistic decision-making do
this all the time.

The “Discounted sum of future rewards” using discount
factory” is

(reward now) + Mads il S of
v (reward in 1 time step) +
v 2 (reward in 2 time steps) +
v 3 (reward in 3 time steps) +

'L") CJMJ‘L Vdenssd S

less
. e Vt“ t/al»\(u
(infinite sum) Tn Rike
Tt
. . reD\SGOU“ \\.
The Academic Life a0
| s
0.6 0.6
" b.nb
N § ks
Define: 0.7

. ‘\ n l'.ruw_(
VA = Expected discounted future rewards starting in state A b 20 + X (0“ V‘ " OJL VB + 0 2 Vs)

VB = Expected discounted future rewards starting in state B o"L VS ‘{' 6'1 VT) I‘ < %"‘ < k.‘J
1 (o o¢Vs +
N O (

VT = ’l.'\lf..-
Vs= o o s g g Aebic
Vo= = = e L ETHTA
How do we compute V,, Vg, V1, Vg, Vp ?
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. Policy
At state x,
Policy: n(x) = a » action a for all
agents

n(x,) = both peasants get wood

n(X4) = one peasant builds
barrack, other gets gold

n(x,) = peasants get gold,
footmen attack

UsSfin 2005-2013 33

_ Value of Policx

Expected long-
Value: V_(x) » term reward
starting from x

feal Vi s voarson

\ orh cef el -‘r
Start Yn()_(o) = E;[R(Xo) + v R(xq) +v? R(x;) + \

from x, 4= U3 R(Xg) v R(X,) t ..
' 7(Xo)

Future rewards
discounted by y in [0,1)
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