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= Auton’s Graphics [

x
[aS

K-means
" A

1. Ask user how many
clusters they’d like.
(e.g. k=5)

2. Randomly guess k | *f
cluster Center
locations

A
[ U‘fv\ 0.sf

]

0.8

3. Each datapoint finds | o.4
out which Center it's
closest to.

4, Each Center finds
the centroid of the
points it owns

0,2
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K-means Cooch. dese. ol Y Syt

| wodt
- I e
TTORT W f-&\ II)
= Randomly initialize k centers ~ [or ‘smarkly
0 pO=y,0, Mk«f)’\ ipesadion

(of\vug{l‘ when  nothing woves (f\D fdvrl' cl\ﬁngls' s L’iq{o/}
= Classify: Assign eachpoint j€{1,...N} to nearest
center: W e = L

‘/|2 v Cix M, oft

11 W) — argmin ||p; — ]
1

¥
v — —
¥ Cip-k o h BT w mssor w7 clusear g
m Recenter: u; becomes centroid of its point: G G P
O (t-{-l) - . o2 R
B argmin > M=ol oy 2 %,
- o=t FE{VEN
1 Equivalent to u; < average of its points! HJ L €Oy 6)
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Mixtures of
Gaussians

Machine Learning — CSE546
Emily Fox
University of Washington

November 4, 2013
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(One) bad case for k-means
" JEE
m Clusters may overlap

m Some clusters may be
“‘wider” than others

-
lone.

56 Centr§ OON
\ LA Aon’{’ el e

R whde sEry




Density as Mixture of Gaussians

m Approximate density with a mixture of Gaussians '\‘K M, 5 @

T
Mixture of 3 Gaussians ‘P; L/c% /
ﬂ p(' |7, p, %) =

ZM\ X k,i

k| =/ ————
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Clustering our Observations
" JEEE

m Imagine we have an assignment of each x' to a Gaussian
Our actual observations

Qn.
~P°L 05
o ’\l-‘
o
0

0 0- 1 0 0.5 1
Complete datz’labeled A m?uz dote"’
P —— "

by true cluster assignments
C. Bishop.Pattern Recognition & Machine Learning




Clustering our Observations
"
m Imagine we have an assignment of each x/ to a Gaussian

m [ntroduce latent cluster .
indicator variable z’ (("\

! 2“61‘/ ) Kf
Pr(2r= k)T

m Then we have

p(a’|55, 1, B) = (K1 2

05

0 Param Lst. s easy i€ we
0 0.5 1 have Slz g
Complete data labeled ._;\ A“WP\‘ $ into \A 6av$l.
by true cluster assignments St

C. Bishop.Pattern Recognition & Machine Learning

Clustering our Observations
" JEE—

m We must infer the cluster assignments from the observatllons
« esponsibn lit s

m Posterior probabilities of
- assignments to h cluster

( .
) *given* model parameters:

Tk :p(zz = k“xi,ﬂ',,u,, E) =

bhs (k= ,“,ka(u l'“ 4 /22>
Ak

0.5

0 0.5 1 J o
Soft assignments to clusters . ] |
’ motivakes an terstive a(j

C. Bishop.Pattern Recognition & Machine Learging




Unsupervised Learning:
it |

Sometimes easy

©Carlos Guestrin 2005-2013

Sometimes impossible

and sometimes in between

Summary of GMM Concept
* JEEE

m Estimate a density based on x7,...,xV

0.5

p(a'|m, 1, 2)

0 05 1
Complete data labeled

by true cluster assignments

Surface Plot of Joint Density,

©Emily Fox 2013

Marginalizing Cluster Assignments

12




Summary of GMM Components

* JE .
= Observations rte Ry i=1,2,...,
e

N

= Hidden cluster labels 25 € {1,2,..., K}, i=1,2,...,N

ﬁ

m Hidden mixture means wr €RY kE=1,2,....K
o

K

m Hidden mixture covariances ;. € RdXd, k=1,2,...,

=
m Hidden mixture probabilities Tk, @

Gaussian mixture margmal and conditional Tikeiihood :
a'm, p, 2 Z mi p(a'|2", 1, X)
zt=1

p(xilzia 122 E) = N(Ii‘,uzia Ezl)

©Emily Fox 2013 13

Expectation
Maximization

Machine Learning — CSE546
Emily Fox
University of Washington

November 6, 2013
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Next... back to Density Estimation

" JEE——
What if we want to do density estimation with
multimodal or clumpy data?

= Auton’s Graphics |

N
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But we don't see class labels!!!

& 2
[ |
m MLE: |® cesmtietion X :55?1\:37, ML Gewbe:

Crargmax [, P(Z,x) ' XRO\C‘ \/\76

F’MJZ L‘hg;fl‘htw‘w‘s ) S
YnuisSante VMALe" \J(";'/"k 'ig)
. 1 %7
= But we don't know z £~ /——f”\\

= Maximize marginal likelihood: v 0l ?(,t;:k\

Crargmax [, P(x') = argmax [ ], D=1 P(z'=k,x') N

\y ok, ) 4
M{b? < o = W\’ Eninets, B 'S’t‘“ f
Qmm/'“'ﬁ owt

b
nolbszeved Vorbles w")\’ \0%(:“\:?3 ela: M b M
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Special case: spherlcal Gaussians

P
[ | /\/V\
P(z ) JM L S—— P(Z' = k)
\gf DN, I -

e

m [If P(X|z=k) is spherical, with same o for all classes:

1
o
Px'l7 = )ocexp[— : /,tk”z] Z O)I
0
m [f each xi belongs to one class C(i) (hard assignment), ma maPIl lihood:
TR I e

0 Ncr wis

oty TISres =] Joul el gy
k

o=l k=1

I . !
Same agKibigAhsii Ve
. ?,.T?( an_ | ’;“w‘ J(: . mod [n T 2 max Z o Il My “

Cym U0
o m"\ lex }4”‘)“ — Lyac*ly k-Meing ola)

CI /6
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EM: “Reducing” Unsupervised
. gaarning fo Sugervised Learning

m |f we knew assignment of points tos .

classes = Supervised Learning! ° %

205 . sl

m Expectation-Maximization (EM)

Guess assignment of points to ]
classes \

: \bemte ke
mn star_1dard EM: eac_:h p_oint Lonveraence
associated prob. of being in each - mears

class \'k'- "
Recompute model parameters
Iterate

©Carlos Guestrin 2005-2013 18




Generic Mixture Models
= MoG Example:
m Observations: )('/,.,/ v o o

m Parameters: . *ahts
- Yﬂ,,n , WK'I mX. wl'%

? - 19, 8¢] ke w;”;
¥ ;o E {W/
= Likelihood: Mé&;‘&\ p§

. K ;l
PUCIEN= EMROTP) i, )

m Ex. 2'= country of origin, " = height of it" person
k' mixture component = dlstrlbutlon of heights in country k

ooooooooooooo

ML Estimate of Mixture Model Params

|
m Log Iiaelihood

Lo(0) 2 logp({z'} | 0) = Zlogprc 2| 6)

l'\
PiK16): M(x*l&) Tz el )

m Want ML estimate i

oML = Arg may L,(8)
®

m Neither convex nor concave and local optima

©Emily Fox 2013
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AT ‘%2 - N:lo T' ]? ac
If “comg)leteﬁda{a were*obsﬁerved vl
-

m Assume class labels z* were observed in addition to z*

YOO
= Ytogpla’ ' 10) = Zloj?(x*lré§+ logol2* l6)

K
ﬁZ \ogv(#\%‘ 16‘)) ZKHDOS + Ny j( Z.'r))
'E i «%“\
A
m C te ML estimat
DorSra]eppl;rztes oveesr ::::;e?ss k! i‘".: |

T

?‘k _mlzv, 5_ \03?(X |?,"‘V¢) l \\_]\:u)_ el A

n Example ixture of Gaussians (MoG) 0 = {my, g, Sk Yo,

Xa
j ke \‘\\L ni’t =k XT A e % \J\’.
- e T M
i&‘ - ,-;‘—K %z,:)(k K7k k
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lterative Algorithm
" S

m Motivates a coordinate ascent-like algorithm:
1. Infer missing values z* given estimate of parameters ()

2. Optimize parameters to produce new (9 glve i@.led in” data 2°

3. Repeat 5
m Example: MoG (derivation soon.. .+ HW\-9 b #’“ i';ﬂ
1. Infer * responS|b|I|t|es /P’N “ 5 ” 0)
o’ Z_‘
=) Al
2. Optimize parameters Z “J P X‘l ¢J )
max w.r.t. mg : ﬁ-ltt-ﬁ | Jﬁ. Fil (-k k_ﬁp;( covnts,
max Wrt ks 2k D ] T Ak :)

'Ul [*) Zr"l‘X KV‘WL‘* ik S — 2/12 )( ﬂl(

©Emily Fox 2013 22




E.M. Convergence
" JE

 EMis coordinate
ascent on an
interesting potential
function

» Coord. ascent for
bounded pot. func. 2
convergence to a
local optimum
guaranteed

m This algorithm is REALLY USED. And in high dimensional state spaces, too.
E.G. Vector Quantization for Speech Data

©Carlos Guestrin 2005-2013 23
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After first iteration

©Emily Fox 2013
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After 3rd iteration

" J
(e f‘h
. p:0.3(‘ \
. \\ . pég;.307 \\
e

\ 5
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After 5th iteration
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After 20th iteration
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GMM clustering of the assay data
" JEE

/'/V )
.o - ..
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/ - - g . e/
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Resulting
Density
Estimator

ooooooooooooo
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Expectation Maximization (EM) —

 — SOUP

m More broadly applicable than just to mixture models

considered so far ve
Jhat e P

m Model: = observable - ‘incomplete” data v v w[m*;k wh L L«ul
_— ——
~—3Y Y not (fully) observable — “complete” data wr
——

@ parameters

m Interested in maxngz(?w;t Z)| ) i F(X\Y/O) f(‘//o)

\ble, At""”“ o

iy obv

weic fen

m Special case: 2all

K—\Y\Dh’lﬂu
= g(y) eless \ebels L qande]

o \I [ } pbs. Y- models

ooooooooooooo

Expectation Maximization (EM) —
Derivation
a— v X4()

m Step 1 Sof.‘l )L

1 Rewrite desired |ikﬂ)l od in terms of complete data terms

p(y|0)=py|z,0)p(x|0) ity o inberest
7{/ Uﬁ-" +7

gw loapylo loﬁ\v(‘/lXé>
m Step 2 wa)

1 Assume estimate of parameters 9

Pl
A
[ Take expectation with respect to p(y | X 9) E[' I )(/O:I

L= ELlgr i) \x,0)+ E-1ogpylx,8) | x,gj
\/_"\/ -
) V(5.6

ooooooooooooo
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Expectation Maximization (EM) —

. Dgrivation

m Step 3

[ Consider log likelihood of data at any 0 relative to log likelihood at 9

L. (6) — Lo(8) - [U(0,8)-u(6,8))4 TV(6,6)-vi4,5)

= Aside: Gibbs Inequallty E,llogp(x)] > E,[log q(x)]

0"“-]
Proof: Use Jenschg InAq E F(X) Ag F onVeY
| RIQIERY #53% Z(““‘S conV
ere !

Vg f
£ [log q,] rP["’S?} [(oj ] V% i
Z ‘bj ; \Dj /) ﬁ’i) !x ﬁi‘(x

X

ooooooooooooo

Expectation Maximization (EM) —

. Derivation
——~—
m Step 4 A D)

1 Determine conditions under which log likelihood at 0 exceeds that at 0
Using Gibbs inequality:

\](913): E[—lojP(YlK/‘e)\ X e) z E[- (oj‘t)(\/lx ?) \er

i u{g/@) z U(B,B) i \1(9 @) Yo
Thean(e) . Lx(é) /’& ('L\oos“nq D st. xkig s

KYUL” meansS we’ve mo\/m?
in the gt direcsion

(or &t least wor ««J"”‘{D

©Emily Fox 2013
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Motivates EM Algorithm

m Initial guess: & (0)

m Estimate at iteration t: Q“)
m E-Step R
A ()
Compute U(Q,go) - E[ |oj\>(y\9) [ X, 0 J
= M-Step
(t)
Compute g(&* )-' Arzﬁ may U[G,O >

from \bekbre ; u[.@l-‘”" eﬁ)X? u(ak' 0(’<])

K Lx( M)) 2 |« («\)

ooooooooooooo

Example — Mixture Models

m E-Step Compute U(8,0") = Ellogp(y | 0) | =,0]
= M-Step Compute g+ :argmeaxU(H,é(t))

m Consider ' = {z%, 2"} i.id.
p(x', 2" | 0) = map(a’ | ¢.i) =
Qt Ing Yy | 0 ZE% [lng )]

©Emily Fox 2013
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Coordinate Ascent Behavior

“
= Bound log likelihood: X
L,(0) =U(6,0") + Vv (0,01)
>

L (00 = U@W, 60 + v(®,60)

LEIN,
0/ V\
X *"\.\ Figure from
e o
A7 TN\ A KM textbook
/ : L
|~ A
L\
\
H
et et+1 et+2

©Emily Fox 2013 a

Comments on EM

* JEE—
m Since Gibbs inequality is satisfied with equality only if p=q,
any step that changes @ should strictly increase likelihood

m In practice, can replace the M-Step with increasing U instead
of maximizing it (Generalized EM)

m Under certain conditions (e.g., in exponential family), can
show that EM converges to a stationary point of 1. (0)

m Often there is a natural choice for y ... has physical meaning

m If you want to choose any y, not necessarily x=g(y), replace
p(y | 6) in Uwith p(y, z | 0)

©Emily Fox 2013 42
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Initialization

m In mixture model case where yi = {zi, xl} there are
many ways to initialize the EM algorithm

m Examples:

Choose K observations at random to define each cluster.
Assign other observations to the nearest “centriod” to form
initial parameter estimates

Pick the centers sequentially to provide good coverage of data

Grow mixture model by splitting (and sometimes removing)
clusters until K clusters are formed

m Can be quite important to convergence rates in practice

©Emily Fox 2013 43

What you should know
N

K-means for clustering:
algorithm
converges because it's coordinate ascent

EM for mixture of Gaussians:

How to “learn” maximum likelihood parameters (locally max. like.) in
the case of unlabeled data

Be happy with this kind of probabilistic analysis

Remember, E.M. can get stuck in local minima, and
empirically it DOES

EM is coordinate ascent

©Carlos Guestrin 2005-2013 44
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