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What about prior

* JEE

m Billionaire says: Wait, | know that the thumbtack is
“close” to 50-50. What can you do for me now?

m You say: | can learn it the Bayesian way...

m Rather than estimating a single 6, we obtain a
distribution over possible values of 6 mort CrBrin
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m Use Bayes rule:
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—1 P(D) é\_/ na,,.,‘/;z_u

m Or equivalently: Unnormeky )t yse3jun
P(O|D) x P(D|6)P(0)
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Bayesian Learning form'l;lhur?btack

PO | D) x P(D|6)P()

m Likelihood function is simply Binomial:
P(D|0) =0“H(1 —0)T &

m What about prior? P ?1‘77{0%
Represent expert knowledge
S__i_m__p_l,e posterior form &—

m Conjugate priors:
Clo%d:fgrm representation of posterior

[ For Binomial, conjugate prior is Beta distribution
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Beta prior distribution — P(0)
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m Likelihood function: P(D|9) = OO‘H(I —9)°‘T

N Beh (30, 47)
m Posterior: P(0 | D) i P(D | 0)P(O¥
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Posterior distribution
= JEE

m Prior: Beta(8y, B1)

m Data: o,y heads and o tails

m Posterior distribution:

P(0| D) ~ Beta(By + ap, Br + OAT
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m Posterior distributi T

P(0| D) ~ Beta(By + ap, b + ar)
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Integral is often hard to compute

Using Bayesian posterior gz j\

MAP: Maximum a posterlorl
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P(0 | D) ~ Beta(By + ap, B + ar)
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m As more data is observed, Beta is more certain

m MAP: use most likely parameter:
Gi=argmax P(0| D)  ELf(O)] = f(t),
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Beta(30,20)

MAP for Beta distribution
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~ Beta(By+am, br+ar)

A f
W3, pr-) le Ak:vg‘nggj

P(6|D) =

(s
m MAP: use most likely parametergn
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m Beta pzigor equivalent to extra thumbtack flips
m As N — %, prior is “forgotten” <+ domminly A A
m But, for small sample size, prior is important!
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Prediction of continuous variables
" JE

m Billionaire sayz: Wait, that’s not what | meant!

m You sayz: Chill out, dude.

m He sayz: | want to predict a continuous variable
for continuous inputs: | want to predict salaries
from GPA. onh ML Gk

m You sayz: | can regress that...
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The regression problem/. 15>

|
m Instances: <x, t> "
Y
m Learn: Mapping from x to t(x) ’r(’() = 'Hﬂ
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m Hypothesis space: /&@1"\": hi} /

Given, basis functions™ 5y
Find coeffs w={w,,...,w,} Hx) = f(x) = 32 wihi(x)
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Why is this called linear regressioV
= model is linear in the parameters
s foachon [ visk

m Precisely, minimize the%lsq?ederror (s-ﬁ,m‘l—k
/

’n.yl’
\ K

t 2
N "
wh o= argn},inz<t(xa) Z“’ihz‘(xj)) S%M/[




The regression problem in matrix notation

how Aot
w* = arg rr‘lhi,nEHw —t)T(Hw — tl/ e
residual error
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Minimizing the Residual
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Regression solution = simple matrix operations
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w* = arg mm (Hw —t)T(Hw — t)
remdu‘a,l error /
solution: w* = (H"H) "H"t = A"'b
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where A:HTH:{ ] b:HTt:{ ]
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<[ W75 en rawAbl Kk matrix kx1 vector
for k basis functions
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But, Why? N(P\, Velisna, 6%
" JEE
m Billionaire (again) says: Why sum squared error???
m You say: Gaussians, Dr. Gateson, Gaussians...

m Model: prediction is linear fun&tlon plus Gaussian noise

t(x) = 3; w; h(x) + &, Reo oY | —
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Maximizing log-likelihood h¢™= s
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Least-squares Linear Regression is MLE for|Gaussians!!!

Announcements
" JEE
m Go to recitation!! ©
Tuesday, 5:30pm in LOW 101

m First homework will go out today
Due on October 14
Start early!!
o




Bias-Variance Tradeoff
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Bias-Variance tradeoff — Intuition
" JEE
m Model too “simple” = does not fit the data well
A biased solution (r , & “L‘/Ml
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m Model too complex =» small changes to the
data, solution changes a lot

A high-yariance s;ll;tion on S/’jyy
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(Squared) Bias of learner
" JE
Given dataset D with N samples, fom D 5 lewn l\b(x)
learn function hp(x)

If you sample a different dataset D’ with N samples,
you will learn different hy’(x) -

Expected hypothesis: Ej[hy(x)] = lw (5{)
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m Bias: difference between what you expect to learn and truth
Measures how well you expect to represent true solution
Decreases with more complex model

O 2

Bias? at one point x: ({ (%) - kM(i)B

Average BiasZ _
ex((t® - hwtn))
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Vor (x)z €y [0~ )Y
Variance of learner
= JEE
m Given dataset D with N samples, 1) - kg(%\
learn function hp(x)

m If you sample a different dataset D’ with N samples,
you will learn different hy’(x)

m Variance: difference between what you expect to learn and
what you learn from a particular dataset

Measures how sensitive Iearne&/jatq s‘p‘qclﬁ?hdim}/ oAt , (Y,cc‘

Decreases with simpler model Ghwis -&1 « fo ’(M

Variance at one point x: EDL( l\g()() ~ l\” (’())1)
Average variance: _
ty Ey [ (hot)-hn ()())l]
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Bias-Variance Tradeoff
" JEE
m Choice of hypothesis class introduces learning bias

1 More complex class — less bias
1 More complex class — more variance
ot Liag
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Select points by clicking on the graph or press ~ Example SP} Select points by clicking on the graph or press ~ Example | Sel
Degree of polynornial: |1 v | © FIEY Deai poly 3 FitYto Degree
C FitXtoY

C FitXtoY

Calculate | View Polynomial | Resef

©2005-2013 Carlos Guestrin

Bias-Variance Decomposition of Error

u _u‘»L ﬁ’)l' s.f;dm'\ hN(x) = ED[hD (w)]

m Expected mean squared error: MSE = Ep [Ez [(t(w) - hD(w))QH

m To simplify derivation, drop x: ED [(’f h l’l) Y' B
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Moral of the Story:
Bias-Variance Tradeoff Key in ML
N

m Error can be decomposed:
MSE = Ep [E [(t(x) - hD(x))QH

— Ex [(t(a:) _ BN(x))2] + ED [Ez |:(?L($) - hD('T))QH
\N ) L 4__)
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Varia, e
m Choice of hypothesis class introduces learning bias

More complex class — less bias g

More complex class — more variance
——_

What you need to know
* JEE
m Regression
Basis function = features
Optimizing sum squared error
Relationship between regression and Gaussians
m Bias-variance trade-off
m Play with Applet
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