Optimization Methods
for Deep Learning




Gradient descent for non-convex optimization

Descent Lemma: Let f : RY — R be twice differentiable, and
| V2f]|, < . Then setting the learning rate = 1/, and
applying gradient descent, x, . ; = x, — n Vf(x,), we have:

1
f(xt) _f(xt+1) Z ﬁ”vf(xz)”%



Converging to stationary points

Theorem: In T = 0(%) iterations, we have [|Vf(x)||, L e.
€



Gradient Descent for Quadratic Functions

Problem: min —x ' Ax with A € R%“ being positive-definite.
X

Theorem: Let A .. and 4 . be the largest and the smallest

1

eigenvalues of A. If we setn < , we have
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Momentum: Heavy-Ball Method (Polyak ’64)

Problem: min f(x)
X

Method: v, ; = — Vf(x,) + pv,
X1 = X+ NV




Momentum: Nesterov Acceleration (Nesterov '89)

Problem: min f(x)
X

Method: v, | = — Vf(x, + pv,) + pv,
X1 = X+ Ve

Polyak's Momentum Nesterov Momentum




Newton’s Method

Newton’s Method: x,. ; = x, — n( V*f(x,)) ! Vf(x))
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AdaGrad (Duchi et al. ’11)

Newton Method: x,, | = x, — n( V>f(x,))~! Vf(x,)
AdaGrad: separate learning rate for every parameter

—1
X1 =X — (G g + GI)_l Vix), (G);; = Z (Vf(xt)i)z
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RMSProp (Hinton et al. ’12)

AdaGrad: separate learning rate for every parameter

t—1
X1 = X — ﬂ(GH_l + €I)_1 Vf(-x[)a (Gt i = Z ( Vf(xt)i)z

\2

RMSProp: exponential weighting of gradient norms
Xep1 = X — N(Gpyq + 61)_1/2 Vfx), )
(Gt+1)ii — IB(Gt)ii + (1 _ ﬁ)( Vf(xt)i)




AdaDelta (Zeiler ’12)

RMSProp:
X1 =X —n(Gy + GI)_1/2 Vi(x,),
(Gt+1)ii — ﬂ(Gt)ii + (1 — ﬂ)( Vf(xt)i)z

AdaDelta:

X1 = X, — nAx,

Ax, = /u,+ ¢ - (G, + )2 Vfx)
(Gt+1)ii — p(Gt)ii + (1 — ,0)( Vf(xt)i)za
U = pu,+ (1 — p)||Axt||%



Adam (Kingma & Ba ’14)

Momentum:

Vip1 = — V) + v X = X+ v
RMSProp: exponential weighting of gradient norms

X1 = X% — NGy + el)™! Vf(x),
(Gy;; = P(GYy; + (1 = p)( Vf(xt)l-)z
Adam

Vg1 = P+ (1 = B VIx,)

(Gt+1)ii — ﬂz(Gt)ii + (1 _ :BZ)( Vf(xt)i)z

—1/2
X1 =X — (G + €)™y

Default choice nowadays.



