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Score-Based Models
and Diffusion Models
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Recap: Boltzmann Machine Training

e Objective: maximum likelihood learning (assume T =1):

e Probability of one sample: ‘7@@6(
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e Maximum log-likelihood: )
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Can we avoid calculating the gradient of normalizing constant (V ,Z,)?
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e Definition:
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e |dea: directly fitting the score function:
—_—

-

043 ()= - 078(;‘)
e minE, IV 10g py(x) = V108 Py

e No need to compute V 7!
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e Problem: E
e How to compute V _logp,...(x)? |
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Score function (the vector field) and density function (contours) of a mixture of two Gaussians.



Score Matching
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Score Matching
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Sliced Score Matching
1 A 0(W <)
L(O) = 2 lIsg)lI* = 2 [Tr(Dsy(x))]
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Score Matching: Langevin Dynamics

\(O f << (
X1 < X, + eV logp(x)++/2€ez,z ~ NQO,I)
Bt A

-~

Stationary (equilibrium distribution): p(x)
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Practical Issues

e Score function estimation is inaccurate in low density regions (few data available).

Data density Data scores Estimated scores
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e Sampling is Slow




Annealing: Denoising Score Matching

e Fit several “smoothed” versions of :
data

e Choose temperatures: 6y, 0,, . . ., Oy
o Do data®) = pdam<x@\'<o,a,-> = J Paarat = SIN(x; 8, 6)d5
(&5 Ay )
Codbdeta,

e Implementation:
e Take a sample x, draw a sample z ~ N(0,0;), outputx’ = x + 2
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Figure by Stefano Ermon.
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Annealing: Denoising Score Matching
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Worse data quality! Better score estimatio

Figure by Stefano Ermon.



Annealed Langevin Dynamics

Algorithm 1 Annealed Langevin dynamics.

Require: {az}z 1, €
1: Initialize X
2: fori < 1to L do
33w« ¢€-0’/0 > a; is the step size.
fort < 1to7T do
Draw z; ~ N(O I)
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6: w —se(xt 1,0%) + /0 Zy
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end for
f(o — iT
: end for
return X

Figure from Song-Ermon ‘19



Diffusion Models

An image generated by Stable Diffusion based on the text prompt "a
photograph of an astronaut riding a horse" =




Perturbing Data with an SDE

ity!
/
—— Stochastic process

IN

e Let the number of noise scales approaches inf

Perturbing data to noise with a continuous-time stochastic process.



Stochastic Differential Equations

dx = f(x, )dt + g(H)dw

e x(0): real image, x(T): Gaussian noise.
e f(x,t): drift terms. g(t): diffusion coefficient.
—_ N——

e dw: Brownian motion
0 w(t + u) — w(t) ~ N(O,u)
\_\

e f(x,t) and g(t) are parts of the model.

d[o*(t
(\Variance Exploding SDE: dx = \/ [Gdl‘( ) dw
o Variance Preserving SDE: dx = — —ﬂ(t)xdt + /() dw.

e o(1), f(t) are hyper-parameters. @(/7 /‘f/



Reversing the SDE

e Reversing the SDE: finding some stochastic process that goes from noise to data.
e Use to generate data!

e Theorem (Anderson '82): there exists a reversing SDE, and it has a nice form:
2
dx = [f(x,1) — g"(1) V, log p(x)]dt + g(r)dw
P —

e Strategy: learn the score function, then solve this reverse SDE.
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Reversing the SDE

e Learning the score function: use score matching!

darg mein Z A(Gi)[Eprai’dam”SQ(xa l) o VxlOg pai,data(‘x) ”2

= arg mgin E;~unif10,11Ep ) [’I(t)”SH(x’ ) = Vilogp t(x)||2]

e Use existing techniques: sliced score matching

e No need to tune temperature schedule
e Still need to choose a forward SDE, A(0;), etc

o Typically choose A(?) x 1/[E [ll%(t) log p(x(1) | x(O))||2]



Sampling by Solving the Reverse SDE
(c) vy =/, X()

dx = [f(x,1) — g*(t) V log p(x)]dt + g(t)dw

e Euler-Maruyama discretization:
e Ax « [f(x,1) — g2(D)sy(x, DAL + g(Dn/ Atz
e x « X+ Ax
ot — 1+ At

e Other solvers:
e Runge-Kutta
e Predictor-corrector (Song et al. ’21)



Evaluating Probability by Converting to ODE

e De-randomizing SDE

dx = [f(x,1) — g*(t) V log p(x)]dt + g(t)dw
Y(7) J

dx = [f(x, 1) — g%() V,log p(x)]dt, x(T) ~ py

e Given an initial distribution and an ODE, we can evaluate probability at any time
e Saygiven x(T') ~ prand dx = f(x, r)dt
T

log po(x(0)) = log pr(X(T)) + J Tr(Dfyx, D)t

0
e Solve via ODE.



