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Part 1

Probability, Statistics, and Supervised
Learning






Chapter 1

Probability and Statistics

Much of this chapter was written as summaries of the excellent notes and books of [Roch, |

Pollard, 2002, Lattimore and Szepesvari, 2020]. Please see these resources for clarifications and

details.

1.1 Probability theory review

Let us introduce some notations by way of an example. Suppose we toss an unbiased coin twice.
e Sample space: Q ={TT,TH,HT,HH}

Outcome: w € Q)

Probability measure: P(w) = 1/4 for all w € Q

Random variable (function on €2 to the reals): X (w) = #heads (e.g., X(T'H) = 1)

o Event (subset of Q): A= {we Q: X(w) =1} = {HT,TH}, P(A) = P(HT) + P(TH) = 1/2

Expectation: E[X] =3} .o X(w)P(w) =1

Distribution: X is a binomial random variable with n =2 and p = 1/2

1.1.1 Basic definitions

Definition 1 (o-algebra). A collection F of subsets of a set Q is a o-algebra on  if
1. Qe F
2. Fe F = F°eF

3. for a sequence of sets F,, € F for alln, |J,, Fr € F

Note that the first and second property imply that () € F. Also note that for any sequence of sets
F, € F, we have that (", F,, = (U,, Fn)° € F by the second and third properties.

9



10 CHAPTER 1. PROBABILITY AND STATISTICS

The trivial o-algebra is just the power set of ). For example, a o-algebraof Q = {TT,TH, HT, HH }
is

F=0{TT} {HT} {TH} {HH} {TT, TH},{TT,HH},{HT,TH},{HT, HH},
{TT,HT,THY,{TT,HT, HH},{TT,TH,HH},{HT,TH, HH},{TT,TH, HT, HH}

Definition 2 (Probability measure). For a o-algebra F on Q, P is a probability measure if
1. P: F—[0,1]
2. P(0)=0
3. P(Q)=1
4. for a sequence of sets F,, € F with Fy, N Fy, =0 for all n,m, P(U,, Fn) = >_,, P(Fn)

For our coin example, {TT,HT,HH} € F and {TT,HT,HH} = {TT}U{HT}U{HH} are disjoint
sets. Since all four outcomes are equally likely with probability 1/4 we have

1 1 1

P({TT,HT, HH}) = PUTT} U{HT} U{HH}) = P({TT}) + P{HT}) + P{HH}) = { + S+ | =

4 4
Definition 3 (Probability space). For a set (sample space) Q, o-algebra F on 2, and probability
measure P, we call (2, F,P) a probability space.

Definition 4 (Measurable function). Let (Q2, F,P) be a probability space. For some h : Q@ — R
define h™Y(A) = {w € Q: h(w) € A}. We say h is F-measurable if h=1(B) € F for all Borel sets
B of R.

Definition 5 (Random variable). Let (Q, F,P) be a probability space. We call X : Q@ — R a
random variable if X is an F-measurable function.

For our coin example, let X denote the number of heads of the first two tosses. For any set
A ¢ {0,1,2} we have that X !(A) = () which is in F. Also note that X ~1(0) = {T'T}, X~!(1) =
{HT,TH}, and X~ (2) = {HH}. Moreover, X 1([-1,1.5]) = {T'T, HT,TH} which is also in F.
We may conclude that X is a random variable on (92, F,P).

Definition 6 (Natural o-algebra). Let X; fort € T be a set of random variables on a probability
space (2, F,P). Let

o({Xi}eer)

be the smallest o-algebra on which X; for all t € T are measurable.

For the random variable X denoting the number of heads among the first two flips, note that

o(X)=0,{TT},{HT,THY,{HH},{TT,HT,TH},{TT, HHY,{HT,TH, HH} {TT, HT,TH, HH}

which is a strict subset of F = 2.

Now let Y € {0, 1} be an indicator that at least one of the two flips of was a head. Then
oY)=0,{TT},{TH,HT,HH},{TT,TH,HT,HH}

for which we note o(Y) C o(X) C F.

Example 1 (Measurability). Note that X is o(X)-measurable since {w : X (w) € A} C o(X) for
all Borel sets A C R. However, X is not o(Y)-measurable since {w : X(w) =2} ={HH} & o(Y).
Intuitively, X contains information that is not contained in'Y and hence, X is not measurable with
respect to o(Y).

3

4
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1.1.2 Conditional Expectation
For a probability space (Q2, F,P) and A, B € F we define

P(AN B)

PAIB) = —5

and is read as the probability of event A given event B. For our coin example, with X denoting
the number of heads in the two tosses, we can compute

P((HT} N {X =1})) _P{HT}) _1/4 _

P(HT|X = 1) = P =1 “ P o1V

Likewise, we can consider the conditional expectation of a random variable X given some A € F
defined as

E[X|A] = Zx]@ = z]A).

For our coin example, if Y = 1{first flip is H} then we can compute

EX|Y =1]=0-P(X=0Y=1)+1-PX =1y =1)+2-P(X =2]Y =1)
P(X =0Nn{Y =1}) PX=1n{y=1}) _ PX=2n{Y =1}

=0 P(Y = 1) ' P(Y = 1) P(Y = 1)
P() P(HT) P(HH)
=0t t 2 =3/2.

One can also easily conclude that E[X|Y = 0] = 1/2. Observe that we can succinctly write E[X|Y =
yl = yTH so that we can say ‘the expectation of X given Y is equal to %.’ We can notate this as
EX|Y] = % and note that this itself a random variable, since Y is a random variable. Indeed,
since X : Q@ - R, Y : Q — R, we observe that E[X|Y]: Q — R is a valid random variable.

From discrete to continuous spaces Note that the above definition relies critically on the fact
that €2 is discrete so that P(w) > 0 for all w € © and there are no measurability concerns for discrete
outcomes spaces. In general, for any well-defined random variables X, Y defined on (2, F,P) there
exists a definition of E[X|Y]|(w) that is a valid random variable (in the sense that it is measurable
with respect to o(Y')) and always exists (we will define it shortly). However, it turns out that there
exists pathological cases where there does not exist a measurable function g : R — R such that
9(Y(w)) = E[X|Y](w). As all valid random variables are measurable, we conclude that g(Y (w))
is not well-defined. This is because not every o(Y)-measurable function is representable by the
composition go Y : Q — R. To emphasize this fact, instead of writing E[X|Y] some authors will
write E[X|o(Y)] to remind the reader that one does not draw Y (w) and then compute E[X|o(Y)]
but directly draws from E[X|o(Y)].

Definition 7. Let X be a random variable defined on (Q, F,P) and let H C F be a sub-c-algebra.
Then we say E[X|H] : H — R is the conditional expectation of X given H if

/ E[X|H](w)dP(w) = / X(w)dP(w) HeH
weH weH
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One can show that E[X|#H] is unique almost surely.

This definition looks funny, so let us verify that when €2 is discrete our natural definition E[X |Y](w) =
> . 2P(X = 2|Y =Y (w)) satisfies this definition. Note that for any set A € R we have that

Y EXY]w =) Z 1{Y(W)=y}E[X\Y=y]P(w)

weY —1(A) yeEAweY -

— ZE X|Y = y|P(Y =)
yeEA

=) D aP(X =alY = y)P(Y =y)
yeA =

=3 ) aP(X =2,V =y)
yeA «

= D) XX (w) =2,V (w) = y}P(w)
yeA T we

- Z Z X(w)H{Y (w) = y}P(w)
YyEAwWeN

= Z X (w)P(w)
weY~1(A)

Note that for all A C R we have that Y~1(A4) € o(Y). Thus, our definition of conditional expecta-
tion under finite : E[X[Y](w) =), 2P(X = z|Y = Y (w)) satisfies

> EX[Y](w) =Y XwPw) VHeq(Y).

weH weH

In general (i.e., for arbitrary ) we will define E[X|Y](w) as any function that satisfies this identity,
with each H € o(Y) providing a constraint on the function.

The benefit of the above definition is that it is always well-defined for both discrete and continuous
random variables. The next lemma captures much of the intuition of conditional expectation.

Lemma 1. Fiz any (2, F,P) and a sub-o-algebra G C F. If Z is G-measurable R.V. and X is an
F-measurable random variable, then

E[X + Z|G] = Z + E[X|G].
Moreover, if Z is a bounded then

E[X Z|G] = ZE[X|.

Proof. The first statement follows by linearity of conditional expectation and that Z is G measurable
so E[Z|G] =

For the second statement, since Z is assumed bounded, there exists some L > 0 such that —L <
Z(w) < L for all w € Q. By taking an arbitrarily fine cover of [—L, L] we may assume Z is a
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discrete random variable taking values {z;}; C [=L, L]. For any j we have G; = Z7!(z;) € G and

/ E[X Z|G] (w)dP(w) / X (w) Z(w)dP(w)
weG; weG

J

_ ., /w  X(@)Pw)

J

5 [ EXIG)w)aPw)
weG

J

For any G € G there exists an index set I C N such that G = Ujel Gj. Thus,
/ E[X Z|G](w Z/ E[X Z|G)(w)dP(w)
weqG jel wel);
=35 [ EXIGPE = [ Z@EXIg) @)
]EI WGG

O]

Since E[X|Z] = E[X|o(Z)], the above lemma is saying just the intuitive facts that E[X + Z|Z] =
Z + E[X|Z] and E[X Z|Z] = ZE|X|Z).

1.1.3 Filtrations

In our coin example, we have been talking about the event space after both been flipped. But
now suppose the coins were drawn sequentially, first observing the first flip, and then the second.
Filtrations allow us to incorporate time or a sequence of observations into probability.

Formally, let X7, Xo,... be a sequence of random variables on (2, F,P). And now imagine that
we observe X; sequentially so that at time ¢ we observe X;, potentially take some action, and only
at the next time observe X;11. Once we have observed {X,}._; what actions we might potentially
are limited to those that depend on measurable random variables, which are precisely those in
Fi = o({Xs}._,). Note that we clearly have {Q,0} = Fy C F; C --- C F. Under this notation,
reasoning about, say E[X;11[{X;}\_,] is exactly equivalent to E[X;11]|F¢], as per the discussion
on conditional expectation above. The o-algebra F; can be interpreted as the history making a
statement like “given all observations of up to ¢, what is the expectation of X; 17"

We can also reason about a growing set of o-algebras that are not necessarily derived from random
variables. We say F = {F}}, is a filtration of F if F; C Fiy; for all t. A sequence of random
variables {X,}}; is F-adapted if X; is F; measurable for all 1 <¢ < n. Given a probability space
(Q, F,P) and a filtration F of F, we call the tuple (2, F,F,P) a filtered probability space.

1.2 Martingales, Optional stopping, Maximal inequalities

Additional material on this section can be found in [Lattimore and Szepesvari, 2020] and [Howard et

Definition 8. Fixz some filtered probability space (0, F,F,P). An F-adapted sequence of random
variables is an F-adapted martingale if E[ X 11| F;] = X for allt and E[|Xy|] < co. Furthermore, if

e X, is a super-martingale if E[X11|Ft] < Xy

al., 2018].
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o X, is a sub-martingale if E[X 11| F:] > Xy

Definition 9. Let F = {F;}ien be a filtration. A random variable T € N is a stopping time with
respect to F with values in NU {oo} if 1{T <t} is F; measurable for allt € N.

Example 2. Let Zy,Z,,... be an F adapted sequence and define Sy = Zﬁzl. A walid stopping
time may be T = min{t € N : Sy > €} because 7 is F; measurable: given S; we can determine
whether it is greater than or equal to € or not. An example of a time that is not a stopping time
is ' = max{t € N : S; > €} because given only Fy, the information up to time t, we do not know
whether Sy will exceed € again at some future time t' > t. Thus, 1{7' =t} is not measurable with
respect to Fy and thus, is not a stopping time.

Lemma 2 (Doob’s optional stopping). Let F = {F;}en be a filtration and {X;}+ be an F-adapted
martingale and T be an F-stopping time. If either of the following two events holds

e IN € N such that P(r < N) =1, or

o E[7] < 0o and E[|X11 — X¢| | Ft] < ¢ for allt < T for some ¢ > 0,
then X, is well-defined and E[X;| = E[Xy]. Furthermore, if

o X, is a super-martingale then E[X ;] < E[X]

o X, is a sub-martingale then E[X ] > E[X]

Lemma 3 (Maximal inequality). Let {X;}; be an F-adapted sequence of random variables with
X: > 0 almost surely. Then for any € > 0, if

e X, is a super-martingale then P(maxeny X; > €) < E[Xo]/€
e X, is a sub-martingale then P(max,cqy, ny Xi > €) <E[X,]/e

Proof. We first present the proof of the super-martingale case, which is thanks to [Lattimore and Szepesvari, 2020].
Fix n € N and let 7 = min{n + 1, min{¢ : X; > €}}. Clearly, 7 is finite (less than n + 1) and thus
we can apply Doob’s optional stopping. Note that 7 <n <= 3t < n: Xy > € Then by optional

stopping,
E[Xo] > E[X;] > E[X;1{r <n}| > P(r <n)=€eP(Ft <n:X; >e)=eP(A,)

where A,, :=3t <n:X; >e. Note that A C Ay C A3 C ... so if we define B,, = A4,, \ A,—1 then

PEteN:z, > € =P(| ) An) =P(| Bn)

teN teN
= P(Bn) = lim > P(Bn)
teN t=1
E[X,
— lim P(4,) < 220,
n—00 €

The following proof of the sub-martingale case is thanks to [Lawler, 2006]. Let 7 = min{t < n :
X; > €}. Again, 7 is finite so we can apply Doob’s optional stopping. Using the tower rule of
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expectations we have

E[X,] > E[X,1{r < n}]

=Y E[X,1{r = j}]
j=1

=Y EE[X,1{r = j}|F]]

= ZE[E[Xn\fj]l{T =7}l
=Y EX;1{r = j}]
j=1

> ey E[1{r=j}]
j=1
= eIP’(‘n'llax X; >e)
J=4..,n
O

Example: Maximal inequality Let Z;, Zs,... be Bernoulli(1/2) random variables in {—1,1}.
Verify that S; = 25:1 Z; is a martingale. Also note that for any A\ > 0 we have by Jensen’s
inequality that E[exp(A\Sy)|Fi—1] = Elexp(AZ;)|Fi—1] exp(ASi—1) > exp(AE[Z¢| Fi—1]) exp(AS;—1) =
exp(ASi—1). Thus, exp(A\S}) is a sub-martingale. Applying the maximal inequality for sub-martingales
we have for any NV € N that

P( max S; > +/2Nlog(1/9)) =P( m?XN} exp(ASt) > exp(Ay/2N log(1/6)))

te{1,...,N} te{l,

< exp(—Ay/2N log(1/6)E[exp(ASy)]
< exp(—Av/2N log(1/6)) exp(A\2N/2)

where the last inequality follows from the fact that Sy is a sum of N IID random variables,
so Elexp(ASy)] < exp(A2N/2). By setting A = \/2log(1/6)/N we obtain P(max,eqy . nySi >

2N log(1/8)) < 6. Since all we used is that Elexp(ASy)] < exp(A2N/2), we could have also
applied a standard Chernoff bound at time N to obtain P(Sy > /2N log(1/6)) < §. This above
example seems to be getting a guarantee on t € {1,..., N — 1} for free! It turns out we can do
even better.

1.3 Anytime concentration inequalities

1.3.1 Linear boundaries

Let Zi,Zs,... be Bernoulli(1/2) random variables in {—1,1}. Define the random walk S; =
Zﬁzl Z;. If My()\) = exp(AS; — tA2/2) then M, is a super-martingale since

E[M;11(N)|Fi] = Elexp(ASyq1 — (t + 1)A%/2)|F] = exp(AS; — tA2/2)Elexp(AZip1 — A2 /2)|F] < My(\) - 1
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Applying the maximal inequality for super-martingales we have
P(3t e N: S, >tA/2+1log(1/0)/A) =P(Ft € N: My(\) >1/6) <o

since E[My(\)] = 1. The above holds for any A\ and says the random walk S;, with probability
at least 1 — § does not go above the line tA/2 4 log(1/d)/A for all t € N. But if we take A =

\/2log(1/6)/N then we have that
P( max }st > (t/V'N + VN)/log(1/6)/2) < 6,

te{l,...,.N

a strict improvement over the maximal inequality!

1.3.2 Curved boundaries with a mixing distribution

Let Z1,Zs,... be Bernoulli(1/2) random variables in {—1,1}. If S; = Y>'_| Z; then My(\) =
exp(AS; — thQ /2) is a super-martingale for any A € R. Let h be any probability distribution over
R. Define M; = f/\ M(X)dh(X). Then M; is a super-martingale since

E{il 1| 7] = [ | M1z

_ A E [Miy1 (V)| F] dh(V)

< A M\ dh())

= M;.

Suppose we take h(A) = \/2;76*A2/2"2. Then

T _ <  — 2 _1\2 I/2
Mt_/AMt()\)dh()\) _ /e NS, — £A2/2 — X2/202)dA

1
Vam?
= s [ e = X2 (e+ ) /2)dn
= s [ ep(SR v 2= (i v = N2+ )

_ )T ’;;2)_1 exp(S7(t+v2)71/2)
—2

- ti 5 exp(SP(t +v72)71/2).

Applying the maximal inequality for super-martingales we have

P(3t: |Sy| > \/Q(t tu2) <10g(1/5) 1 1og(t+”_2)>) —P(3t: M, > 1/5) < §

A particularly convenient choice for v is ¥ = 1 which implies

P(3t:S)] > \/2(t + 1) log(¥EEL) < 4.
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----- fixed time Chernoff
& 120 union bound 2 t™2
curved boundary:
0017 u~2=003
B0 — curved boundary:
B0 U2 = 10
40 &0
""" fixed_time Cl'_uzrnoff a0
70 max ineguality
— linear boundary: \lambda= 0.11 0
— linear boundary: \lambda= 0.30
0 linear boundary: \lambda= 0.20 0
0 100 200 300 400 500 0 100 200 300 a00 500
(a) Fix 6 = 0.05. The ‘fixed time Chernoff’ repre- (b) Fix § = 0.05. The ‘fixed time Chernoff’
sents /2t 1log(1/0) which holds at each ¢ but not represents 1/2tlog(1/5) which holds at each ¢
all ¢ < 500 simultaneously (which is why it is dot- but not all ¢ € N simultaneously (which is why
ted). The ‘max inequality’ holds for all ¢ < 500, it is dotted). All other curves do hold for all
and the linear boundaries hold for all ¢ € N si- t € N simultaneously. “union bound 2¢2” plots

multaneously. v/2log(2t2/9).

Intuitively, h(A) is a probability distribution over linear boundaries parameterized by .

The above Figures compares these linear and curved boundaries. We see that the curved boundary
just derived appears much tighter than our naive union bound used in the proofs of the early days
of this course. Let us consider a few more interesting examples.

1.3.3 Predictable sequences, Azuma-style inequalities

Let Z1,Z5,... be an Fi-adapted sequence and assume oy is predictable in the sense that oy
is Fi_i-measurable. Furthermore, assume E[Z;|F;_;] = 0 and that for any A\ > 0 we have
Elexp(A\Z)|Fi—1] < exp(N20?/2). Define S, = >.'_, Z; and V; = >.'_,0?. Then M;(\) =
exp(AS; — A?V;/2) is a super-martingale. Thus,

P(3t € N: S, > \V;/2 + log(1/8)/)) = P(3t : My(\) > 1/8) < 6.

Likewise, computing M; with h(\) = \/%64\2/2

yields

P(3t € N: [Si > /(Vi + 1) log(Y%#h) = P(3t : M, > 1/) < 6.

Note that “time” ¢t does not appear anywhere in these bounds explicitly, and has been replaced by
V.
1.3.4 Vector-valued martingales

Now suppose Z1, Zo, - - - € R% is a Fi-adapted random sequence that satisfies E[exp((\, Z;))|Fi_1] <
exp(||)\||2zt/2) for any A € R? for a ¥, predictable sequence. Define S; = ¢, Z; and V; = SF_, ;.
Then M;(X) = exp((X, i) — [|All}, /2) is a super-martingale. By the same arguments as above, for
any X € R? we can construct a linear boundary as follows:

P(3t € N: (X, Sy) — |All}, /2 > log(1/4)) < 6.
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Note that maxy (X, S¢) — ||)\||%/t/2 = |]St||%/t,1/2 with the maximizer being V;!S;. Let S, be an

e-net of a radius r d-ball and note that |S,..| < (4r/€)?. For any A € RY, let X be in our full cover.
Then we have that

(A, Se) = AT, /2 < (X Se) = IAB/2 + (= X, Se) = IIAI, /2 + 1A, /2

If h(X\) = W exp(—||A||?7/2) be a mean-zero Gaussian distribution with covariance y~'1. If
Mt = f)\ Mt()\)dh()\) then

lemwﬁm
- W /AGXPM Se) = IIAI%;/2 — IAlPy/2)dh(X)

::(2w/iod/2!/§eXp(<A=53>“HAH%Q+71/2)dh(A)

1 —
= g PRI arys = VG420 78— M)

Vi + 41|71/
= W eXP(%||StH%Vt+71)—1)

then repeating the same steps as above we conclude that

Vi+~+1
PGt : ISu g1 > \/mog(l/a) +1og(E ) <5 (11)
1.3.5 Application: Online linear regression
Let x1, 29, - € R? be an F;_;-measurable sequence, and for each t € N let 4 € R be F;-measurable.

We assume there exists 0, € R? such that each Yyt = (O«, x¢) +n; where n; is mean-zero, independent
of x4, and Elexp(sn;)|Fi—1] < exp(s?/2) for any s € R. In the previous example let Z; = x;1; so
that S; = 2221 gy and V; = 2221 zx] since

Elexp((A, zem)) [ Fi—1] = E[exp((A, z)ne) [ Fi—1]
< exp((X, z1)%/2)
= eXP(\\/\!\im;/?)‘

Thus, Equation [I.1] holds for any v > 0. Fix some v > 0 and define
Ht—argmlnz (2i,0))* + /0|3

Z xlx +~I)” Z TV

=M+ﬂ)%m+M+wr%
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Now notice
10 = 0.l ity 1y = 18 — (Vi + D) 2 (Va + D04l
= [|(Ve +vD) 7St = v(Vi + 1) 7 0ull iy
= ISt = Y0ull(vy4r-11)—
< |IStllviyn -1 + YOl (v vy
< 1Sellvianyny-1 + V71105 ]2-

We conclude that
P (3t 5 8, — 0l vy > VA0l + 1/2108(1/6) + log(y~|Vi + 1) ) (1.2)

<P(3 [Sillyiean1 > /2108(1/6) +log(r|Vi +41))) <6

If we assume max; |23 < L then we also have by Jensen’s inequality

PNV
log (IVi - ’Vf\l/d> = log <H Ai)
d
=231

L log
d

< log ( )
( Trace(V; + 7]))

g (tL/d + )

so that for all t € N we have

101 = 0ullvinr) <v/AlIO 12 + /210g(1/6) + dlog( + 1)

Due to its usefulness, we summarize the above discussion in a proposition.

Proposition 1. Fiz 6 € (0,1), v > 0, and 0, € RY. Assume for all t > 1 that y; = {(0x,x¢) + 1
and Elexp(sn;)|Fi—1] < exp( 2/2) for any s € R where F; is such that x1,y1,. .., T4—1,Yt—1, ¢ are
Fi_1 measurable. If S; = Zl LT, Vi = Zl 1 zx] , and 9t (Vi +~4I)~LS,, then

181 = 0.l vty VIOl -+ /2108(1/6) + log(y~[Ve + 71])

for all t > 1 simultaneously with probability at least 1 — 5. Moreover, if max; ||x¢||3 < L then
log(y~4V; +~1)) < dlog(% +1).

1.4 Wald’s identity, Hypothesis testing, Likelihood ratios

Lemma 4 (Wald’s identity). Let Z; be IID random wvariables with B[Z;] = p. If T is a stopping
time with E[1] < oo then E[>";_, Z;] = pE[7].
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Proof. Note that X,, = > | Zy — un is a martingale. If y € {—o00,00} the result is trivial so
assume otherwise. If p is finite then

p = E[Z;] = E[max{0, Z;11}] — E[max{0, —Z;11}]

implies at most one of these summands could be infinite in magnitude (since co — oo is not defined).
But since p is finite by assumption, neither piece can be infinite in magnitude. Thus, there exists
some ¢ > 0 such that

El|Xep1 — X [F] = E[| Ze41 — pl] < [pl + E[max{0, Zi11}] + E[max{0, - Z;1}] < ¢
We can apply Doob’s optional stopping to conclude

E]Y  Zi — pr] = E[X;] = E[Xo] = 0
which implies the result by subtracting pE[7]| from both sides. O

Let X1, Xo,... be an Fi-adapted sequence of random variables. Consider the hypothesis test
H() ZXt ~ Do Vit
H1 ZXt ~ D1 Vt.

Define the likelihood ratio L; = [['_, o gsg Let E;[-],P;[-] denote expectation and probability

under H;. Note that under Hy we have that L; is a martingale since

Eo[Li41]Fi] = Lt/ z;ggpo(x)dx = Lt/pl(x)da: = L.

Similarly, we have that L, ! is a martingale under H;. This allows us to apply the maximal
inequality to conclude that

max {Po(FIt e N:L; >1/0),P1(Ft e N: L, <)} <.
We will show that if 7 := min{t € N: L; ¢ (0,1/6)} then

1 0 1 0
Eo[r] < log(e/d) and Eilr] < log(e/d)
K L(po|p:1) K L(p1|po)
Compare this with our minimax lower bound of above. Since they nearly match, we conclude that
this method known as the sequential probability ratio test (SPRT) is optimal.

By Wald’s inequality we have
Eo[log(L,)] = Eglr]Eollog(2E1)] = —Eq[r] K L(polp1).

But on the other hand, we also have

Eollog(L,)] = Eollog(L,)1{L, > 1/8}] + Eollog(L.)1{L, < 5}]
> Eo[log(L,)1{L, < 6}]

> Bo[(log(Lr—1) + log(245)1{ L~ < 6}]
> log() + Eo[log(25H)1{ L, < 6}]
) 1{log(25)) < log(6) — log(Lr—1)}]
Eo[log(Z25H) 1{p1 (X1) < po(X1)}]
KL(polp1) — 1

(%)
— log(6) + Eoflog(22
109;(5) =
0g(d) —
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where the last line follows from

Eallog(2) 11 (X1) < po(X0)H = [ pola)log(2
-/ po(a) log(242) ) do

z:p1(x)<po(w)
— /po(a:) 10g(§(1’ z))dCC —/ po(x) 10g(§(1’ i))daz

z z:p1(x)>po(w)

~ KLwlp) + [ po(a) log (22 da
z:p1 ( )>P0(33)

E1{p1 () < po(x)}dz

N

—

~

:KL(P0|P1)+/ po(x )log(1+i’%)d
x:p1 ( )>po(x)

< K L(polp1) + (p1(z) — po(x))dzx
z:p1(x)>po(x)

< K L(po|p1) +1

where the first inequality follows from log(1 + z) < z. Putting the pieces together, we conclude

that Eg[7] < % + 1. Repeating the process for H; produces an analogous result.

Binary hypothesis test for Gaussians with known variance Let po(z) = \/%e_x{z/?
1

pi(x) = ﬁe_(x_A)Z/ 2 5o that we are deciding two Gaussian distributions, each with variance 1
and separated by A. Note that

and

Ly =

= HGXD(—(XS - A)2/2 +X52/2)

= exp(( Y X.)A —tA?/2)

= exp(AS; — tA?)2)
where S, = Z <1 Xs. Applying the maximal inequality of above and rearranging, we have
Po(Ft € N: Sy > tA/2 4 1og(1/6)/A) =Py(3t e N: L, > 1/§) <.

Compare this to the line-crossing super-martingale bound of above. They are equivalent with
A = A. Because of the optimality of the SPRT, we conclude that a linear boundary is optimal for
deciding between two means. Unfortunately, the precise parameterization of A requires knowledge
of the unknown parameter.

1.5 Information theoretic lower bounds

Let (X,.A) be a measurable space and P, @ be two measures over (X, A). Let v be a dominating
measure so that p(z) = dP(z)/dv(z) and g(z) = dQ(x)/dv(x) are well-defined.
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Definition 10. The total variation between measures P, Q) is defined as

TV(P,Q) = sup |[P(4) — Q(A)| = sup
AcA AcA

p(z) — q(x)du(x)’.
€A
Lemma 5. [Scheffe’s Theorem] TV (P,Q) = 5 [ |p(x z)|dv(z) = 1— [ min{p(z), ¢(x)}dv(z).

Lemma 6. [LeCam’s inequality] [ min{p(z),q(z)}dv(z) > 3 <fw \/p(gl:)q(gv)dv(alf))2

Proof.

2 2
(/ \/p(x)q(a:)du(:n)> = < . \/min{p(w),q(x)}max{p(x),q(x)}du(:c))
< /min{p(;v),q(a:)}dl/(x)/max{p(m),q(m)}du(m) (Cauchy-Schwartz)

< 2/m1n{p x)ydv(z)
by noting that [ max{p(z),q(x)}dv(z) < [ p(z)dv(z) + [ q(z)dv(z) = 2. O

Definition 11. The Kullback Liebler divergence between P and @) is

KL(P,Q) = /log (Z(g)p(x)dl/(x)

Lemma 7 (Pinsker’s inequality). TV (P, Q) < min {\/KL(P, )/2,1— L exp(—KL(P, Q))}

Proof. The first argument is known as Pinsker’s inequality, and the following proof is due to Pollard.

For random variables X and Y > 0 Sedrakyan’s inequality says E[X72] > ng;‘}]z. Define r(z) =

p(z)
@ — 1. Then

/ 1 + r(z))log(1 + r(x)) — r(m))q(x)dy(m)

1 r(x)? .
> 2/1%_“)/3 (z)dv(x) (Taylor series)
2
r(z)|q(x)dv(z
> <f I ( )> (Sedrakyan’s inequality)

(1 +7r(x ) x)dv(z)

1
2/,
2
;(/ (o) — a(w)ldv(c) ) (J, r(@)a(@)dv(z) = 0)
— 92TV (Lemma [5))
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The second argument follows by TV (P,Q) =1 — [ min{p(x), q(z)}dv(z) and

Y

2
3 ([ Vi@ ) (Lemma )
— o (210x( [ plo)Va piv(a))
;exp (2 L (@) log(\/m)du(a:)> (Jensen’s inequality)

o &XP <_ /ac IOg(sgg)p(@dy(xv

/ min{p(z), ¢(z)}dv(z)

Vv
[

O]

Lemma 8 (Chain-rule). Let P =[]}, p(-) and Q =[]}, q(-) be product measures with respect to
p, q respectively. Then KL(P,Q) = nKL(p,q).

Proof.

_ (X = p(Xe)

O
Definition 12. Fiz measures P,Q on (2, F) with Q > P. The Radon-Nikodym derivative of P with

respect to Q is a random variable % 1 Q — Ry such that P(A) = [ ., dP(w) = [, c4 g—g(w)dQ(w)
for all A e F.

Lemma 9. Let P,Q be two probability measures on (Q, F). Let Z be a random variable defined
on this space and define Pz(A) = P(Z € A) = | €0 Z(w)eA dP(w) and similarly for Qz. Then

D(Pz,Qz) = [log (§5(Z(w)))dP(w) = Epllog (75(2))].
Proof. On the one hand we have

/z _p(2) = / » /w S dP(w) = / P = / EAZZZS(Z)dQ(z)

but on the other we have

= by z z
/zeA dPz(2) = 2€A dQZ( JdQz(2)

[ dPy
a /ZEA dQz (z) /w:Z(w)z dQ(W)

= dﬁ w w
B /w:Z(w)EA dQz (Z( ))dQ( )
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Thus, a valid choice of fle%(Z (w)) is precisely %(z). Now

dPy
dQz

:/log zllg(z)dPZ(z)

:Lmﬁ&@ﬁﬁkgmm

:/log jlg(Z(w))dP(w).

M&@m:/m (2)dPy(2)

Lemma 10 (A data-processing inequality). Let P,Q be two probability measures on (2, F). Let
Z be a random variable defined on this space and define Pz(A) = P(Z € A) = fweQ:Z(w)EA dP(w)
and similarly for Qz. Then D(Pz,Qz) < D(P,Q).

Proof. We will prove it for Q discrete. Define f(z) = zlog(x) so that

)

where the inequality follows by Jensen’s since f is convex. O

To appreciate the significance of the data-processing inequality and chain rule, consider a sequence
of random variables X1, Xo,... where X; is F; measurable. Let 7 be a stopping time so that
{r =t} is Fi-measurable, and let Z be an F, measurable random variable. If P is the probability
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law of {X;}]_; when X; ~ p and analogously for @, ¢, then
D(Pz,Qz) < D(P,Q) (data-processing)
dP
/log dQ( w)dP(w)

= / log ( H Zg(Xt(w)DdP(w) (chain rule)
w t=1

7(w)
:/Zlog (Zg(Xt(w)))dP(W)
“i=1

. p(Xt)
Ep[tzl 10g(q(X )]

= KL(p, q)Ep|[7]

1.5.1 Lower bounds for estimating the mean of a Gaussian

Suppose I get n samples from a Gaussian distribution N (y,1). You compute the empirical mean

f=1%" X;. We know that | — u| < \/2log(2/6)/n. How tight is this? If € {0, A} then we
just need n = 8A~%log( 2/(5)E|

Let p,(z) = %e (@=#1)?/20* b the Gaussian distribution with mean w. Under Hy, X; ~ pg and
under Hy, X; ~ pa. Let ¢ : R™ — {0,1}. Then the minimax probability of error is equal to

inf max{Po(6 = 1),P1(6 = 0)} > inf 3 (Po(6 = 1) + Pa(6 = 0)

> %(1 —sup |[Pp(A4) — P1(A)])
A

\%

1
1 exp(—KL(Py,Py)) (Lemma

Note that

b1
P1|Po) lo (x;)d
e = s (T3 ) [Tt
= nK L(pi|po) = nA?/2

and that KL(N(0,1)|N(A,1)) = A2/2.
We conclude that

irdl)f max{Py(¢ =1),P1(¢p =0)} > %exp (—nA?/2)

Thus, to determine whether or not n samples are from a Gaussian with mean 0 or A with probability
of failure less than &, one needs n > 2A~2log(1/46).

!Using the SPRT, as 6 — 0 one needs just an expected number of samples equal to 2A~21og(2/6).
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Chapter 2

Supervised Learning and
Generalization

2.1 Classification and bounded losses

Supervised machine learning is the study of making predictions from labeled data. In the standard
paradigm, one is given a dataset of n labeled examples (z1,91), ..., (Zn,yn) drawn independently
and identically distributed (IID) from some unknown distribution v over an input space X’ and label
space Y = {—1,+1}. From these examples, one learns a hypothesis h : X — ) from a hypothesis
class H that can then be applied to predict labels for unseen data.

For a hypothesis h € H and distribution v, define the population risk

R(h) = Px yyuo (M(X) #Y),

and the empirical risk on a sample (z1,y1), ..., (Tn, Yn),
1 n
n(h) = — 1{h(z; it
Balh) = 1 32 1{4(w) 1)

Empirical Risk Minimization (ERM) selects

h = in R, (h).
arg min Ry (h)

The goal of learning theory is to bound the population risk R(h) in terms of the sample size n and
properties of H. Often, even the best classifier makes errors so that minpey R(h) > 0 and then we

seek to bound the ezcess risk on top of the best performing hypothesis, or R(h) — minpey R(h). If
hs € arg minpey R(h) is an optimal classifier, one way to bound the excess risk is to realize that

R(h) = R(hs) = R(h) — Rn(h) + Rn(h) — Rn(hs) + Ru(hs) — R(hy)
< 2|R,(h) — R(h
< max 2[Ry (1) — R(h)|
using the fact that R, (h) = minyey Rp(h) < R,(h.) by construction. For a fixed h € H note that
Ry (h)—R(h) = 257 (1{h(z;) # y;} — R(h)) is the average of n mean-zero IID random variables

bounded in [—1,1]. The next section studies methods of bounding averages like these for more
general bounded random variables. We will use classification as a running example.

27
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2.2 Generalization Bounds

We focus on the finite hypothesis class setting, || < oo, which already captures the essential ideas
while permitting clean proofs.

2.2.1 The Realizable Case

The realizable case assumes the data is generated by some h* € H, meaning y; = h*(x;) for all i.
Under this assumption ERM is guaranteed to return a hypothesis with small population risk.

Theorem 1 (Realizable ERM). Let H be a finite hypothesis class with |H| < oo, and suppose

h(z) € {—1,+1} for all h € H. Let (1,Y1), - (Tn, Yn) 5y with y; € {—1,+1}. Assume there
exists h* € H with R(h*) = 0. If h = argminpey Ry (h), then with probability at least 1 — 4,

Ry < EP/0)

n

Proof. Since h* achieves zero empirical risk, ERM also returns a hypothesis with zero empirical

~

risk: R,,(h) = 0. For any fixed h € H with R(h) > €, since the examples are IID,
P(R,(h) = 0) = [[P(h(x:) =) < (1 — )" <e ™.

By the union bound over all h € H,
P(Hh € H: R(h) > e and Ry (h) = 0) < M| e

Setting [H|e™" = § gives € = log(|H|/d)/n. Since h satisfies R, (h) = 0, on the complement of the
above event we have R(h) < e. O

2.2.2 The Agnostic (Non-Realizable) Case

In many settings no hypothesis in H perfectly explains the data. The agnostic case makes no
realizability assumption; it asks how well ERM performs relative to the best hypothesis h* =
argminpey R(h) in H. The key probabilistic tool is Hoeffding’s inequality.

Lemma 11 (Hoeffding’s Lemma). Let X be a random variable with support in [a,b] almost surely
and E[X] =0. Then

log E[exp(AX)] < (b_;)Q/\Z.

We provide two proofs of this result. Both apply a clever trick followed by derivative calculations.

Proof. This proof is adapted from [Boucheron et al., 2013]. Let Px denote the distribution of X so
that for any function g : R — R we have Ex[g(X)] = [ g(z)dP(x). Define a new random variable Z

with distribution Py defined as dPz(x) = me’)‘x dPx (x). Note that Py is a valid distribution

as dPz(z) > 0 for all x and [ dPz(x) = m [, e*dPx(z) = mlﬁlx [exp(AX)] = 1.
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The key observation is to notice that

Yx(A) :=log(Ex[exp(AX)])

i) =WEX [X exp(AX))
2
W) =L e X () - <WEX X exp(AX)]>
=Ez[Z% — Ez[Z)?
=Var(Z)
<(b— a)2/4

where the last line follows from the fact that the support of Pz is contained in [a, b] so that

Var(Z) = Ez((Z — Ez[2)*)*] S Ez[(Z - %5*)*) < (b~ a)*/4.

By Taylor’s remainder theorem, for some 6 € [0, \] we have
Yx(A) = x (0) + Y (0)A + 9% (0)A%/2
= Y% (0))*/2
< (b—a)®\?/8

which completes the proof. O

Proof. Since X € [a,b], note that if we define Z = 5=2 then Z € [0,1] and X = (1 — Z)a + Zb.
We can then write
Elexp(AX)] = Elexp (A(1 — Z)a + Zb))]
< E[(1 - Z2)e* + ZeV)
b a —a N
b—a Tb—a"
_ (1 - t)ef)\(bfa)t + te)\(bfa)(lft)
e

where t = ;=%. Thus, if ¢(\) := —A(b — a)t + log(1 — t + te*®~?)) then log (E[exp(AX)]) < ¢(N).
Note that

¢()\) = _)\(b — a)t + 10g(1 —t+ te)\(b—a))

o Hb — a)eo-)

#A =~ -ait+ 1 —t + terb—a)

t(b — a)QeA(b—a)(l —t+ te)x(b—a)) . tg(b B a)Qe”\(b—G)
(1 —t + teXb-a))2

_ t(l _ t)e/\(b—a) .

B (1—t+ te)‘(b*a))2( a)

<(b—a)?/4
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where the last inequality follows from the arithmetic-geometric mean inequality: # > Vap for
positive a, 8. We apply Taylor’s theorem to complete the proof:

$(A) < ¢(0) +¢'(0)A + sup ¢"(1)A/2 < N (b — a)?/8.

O

Corollary 1 (Hoeffding’s Inequality). Let Zy,...,Z, be independent random variables with Z; €
[a,b] almost surely and E[Z;] = p. For any € > 0,

1 & —2ne?
P( — Zi > < — .
o R )

Proof. Center X; = Z; — p € [a — p,b — p] with E[X;] = 0 and apply Lemma |11] together with
Markov’s inequality on exp(A ), X;): for any A > 0,

n n
P<1ZZi > ;H—e) _ P<e,\zixi > eme) < e—nAeHE[e)\Xi] < e e on(b=a)*\2/8
n
=1 i=1

Optimizing over A > 0 by setting A\ = 4¢/(b — a)? gives the stated bound. O

Applying Lemma (1| to Z; = 1{h(x;) # y;} € [0,1] with mean R(h) and using a union bound over
both tails for each of the |H| hypotheses yields: with probability at least 1 — 4, for all h € H

simultaneously,
log(2|H|/d
|R(R) — Ry (h)| < \/(2‘n|/).

Theorem 2 (Agnostic ERM). Under the same setup as Theorem |1] but without the realizability
assumption, let h* = argminpey R(h). If h = arg mingey Ry, (h), then with probability at least 1—46,

iy < o) + 280D

Proof. By a union bound over ‘H and Hoeffding’s inequality, with probability at least 1 — 9, for all
h € H simultaneously,

IR(A) — Ru(R)| < én,  where 6, — bg(ﬂzf’/é)

On this event, since h minimizes empirical risk,

R(h) < Ry(h) + €5 < Ru(h*) + €, < R(h*) + 26, = R(h*) + 21093(2nm|/5)_

>

Replacing 2|H|/d by |H|/d adjusts the failure probability by at most a constant factor, giving the
stated bound. O

Remark 1. Theorem@ interpolates with Theorem : in the realizable case the excess risk R(}Al) —
R(h*) vanishes at rate O(log(|H|)/n), whereas in the agnostic case it vanishes at the slower rate
O(y/log(|H|)/n). This slower rate is tight in general; it cannot be improved without additional
assumptions on H or the data-generating process.
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The following Bernstein inequality sharpens Hoeffding’s bound when the variance of the random
variables is small, and provides a unified view that encompasses both the realizable and agnostic
rates.

Lemma 12 (Bernstein’s Inequality). Let Xi,..., X, be independent random variables such that
LS E((Xi — E[Xi))% < 02 and | X;| < B. Then with probability at least 1 — 4,

202 1og(2/0) N 2Blog(2/4)

<
n 3n

1 n
E ZZ; X — E[Xz]

Moreover, if X1,..., Xy, form a martingale difference sequence with E[X; | Fi—1] = 0 and 1 Y7 | E[X? |
Fi_1] < 0% almost surely, the same bound holds.

Remark 2 (Interpolation between realizable and agnostic rates). Bernstein’s inequality interpolates
between the O(log |H|/n) realizable rate and the O(\/log|H|/n) agnostic rate as a function of the
variance 0. To see this, apply Lemma |19 with X; = 1{h(x;) # y;} and B = 1. In the realizable
case, R(h*) = 0 implies every h*-consistent labeling has X; = 0, so 0> = 0 and the bound reduces to
O(log(1/68)/n), recovering the fast rate. In the fully agnostic case o = O(1), the /- term dominates
and we recover the O(\/log |H|/d)/n) slow rate. In between, when R(h*) = p is small but nonzero,
the variance o < p is also small, giving an intermediate rate of O(~/plog|H|/n + log |H|/n) that
smoothly connects the two extremes.

2.2.3 Infinite Hypothesis Classes

When |[H| = oco—for example, when # is the class of all linear classifiers in R%—the bounds
above become vacuous. Several tools have been developed to handle this regime. The VC' di-
mension VC(H) is a combinatorial measure of the complexity of H that replaces log|H|: a
version of Theorem [2| holds with log |#| replaced by VC(#H). Rademacher complexity and cov-
ering numbers provide complementary, often tighter, characterizations. We refer the reader to
[Shalev-Shwartz and Ben-David, 2014] for a comprehensive treatment of these tools.

2.3 Squared Loss Regression

We now develop generalization bounds for the squared loss, which arises naturally in regression
and serves as a bridge to the interactive learning settings studied later in these notes.

Let X be an input space and let (X,Y") ~ v be drawn from an unknown distribution over X’ x [0, 1].
We consider an arbitrary collection F of prediction functions f : X — [0, 1] and measure quality
via the squared loss.

Definition 13 (Squared risk). For f : X — [0,1] define the population risk

L(f) = Ex ) [(F(X) = Y)?],
and the empirical risk on an IID sample (x1,y1), .-, (Tn,yn) ~ v,

n

Z(f(%‘) - yi)2'

i=1

Ln(f) =

1
n

The population-risk minimizer over all measurable functions is the conditional mean.
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Proposition 2 (Bayes predictor). Define f*(x) = E[Y | X = z]. For any measurable f : X —
[0,1],

L(f) = L(f*) + E[(f(X) - f(X))?].
In particular, f* = argming L(f) and L(f) > L(f*) for every f.

Proof. Write f(X)—Y = (f(X)— f*(X)) + (f*(X) —Y) and expand the square:
L(f) = E[(f(X) = f*(X))*] +2E[(f(X) = f*(X))(f*(X) = V)] +E[(f*(X) - V)]
The cross term vanishes by the tower property:

E[(f(X) = FFXO)(fH(X) =Y)] = E[(f(X)—f*(X))E[f*(X)—Y\X]} =0,

-~

=0

since E[Y | X] = f*(X) by definition. Thus L(f) = L(f*) + E[(f(X) — f*(X))?] > L(f*). O

The identity L(f) — L(f*) = E[(f(X) — f*(X))?] is a bias—variance decomposition: the excess
squared risk of f equals the mean-squared deviation from the Bayes predictor.

In the finite-class setting |F| < oo the Bayes predictor f* need not lie in F. Write fr =
argminger L(f) for the best predictor within the class. Empirical Risk Minimization (ERM)
selects

A~

f= arg}rgngn(f)-

2.3.1 Generalization bounds via Hoeffding’s inequality

Since f(x),y € [0,1], the loss (f(z) — y)? takes values in [0,1]. Boundedness alone is enough to
apply the same Hoeffding-plus-union-bound strategy used in Chapter [2}

Theorem 3 (Agnostic ERM, squared loss). Let F be a finite class with |F| < oo, and let

iid ) 4 ) . .
(x1,91)s -5 (T, yn) ~ v with y; € [0,1]. If f = argminger L,(f) and fr = argminger L(f),
then with probability at least 1 — 9,

L(f) -~ Lif) < /2B

Proof. Fix f € F. The variables Z; = (f(x;) — y;)? are IID with Z; € [0,1] and E[Z;] = L(f).
Applying Corollary (1] with [a,b] = [0,1] and a union bound over f € F and both tails, with
probability at least 1 — § the following holds simultaneously for all f € F:

20 - Lan)] < ([FERE

On this event, since f minimizes L,,:
L(f) < Ln(f) +ep < Ln(f_*F) +eén < L(f.;—') + 2ep.
O

Remark 3. Comparing with Theorem[3, the squared-loss bound is identical in form to the classi-
fication bound: both scale as O(\/log(|F|/d)/n). This is because both losses lie in [0,1], and the
Hoeffding proof uses only boundedness.
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2.3.2 Fast rates via variance control

The O(n~!/2) rate of Theorem [3[ can be improved when L(f%) is small, by exploiting the specific
structure of the squared loss through Bernstein’s inequality (Lemma . The key observation is
that the variance of (f(X) — Y)? is bounded by its mean.

Lemma 13 (Self-bounding variance). For any f: X — [0,1] and (X,Y) ~v with Y € [0,1],
Var[(F(20) - V)] < LU,

Proof. Since f(x),y € [0,1] we have (f(x) —y)? € [0,1], and therefore (f(z) — y)*
Thus

IN
—~
=
&
|
NS
[

Var[(f(X) = Y)?] = E[(f(X) - Y)"] = E[(f(X) - Y)*]" < E[(f(X)-Y)"] < E[(f(X)-Y)]

When L(f) is small, the variance is small, and Bernstein’s inequality gives a tighter concentration
bound than Hoeffding’s. Combining with a union bound over F yields a variance-dependent uniform
convergence result.

Proposition 3 (Bernstein uniform convergence, squared loss). With probability at least 1 — 0, for
all f € F simultaneously,

L)~ ()] < 2LV IBRITIR) 21osiT0)

n 3n

Proof. For fixed f € F, set Z; = (f(x;) — y;)>. These are IID with Z; € [0,1], E[Z;] = L(f), and
Var[Z;] < L(f) by Lemma Applying Lemmawith 02 = L(f) and B = 1, then taking a union
bound over f € F, gives the result. ]

Notice that the right-hand side of Proposition [3[depends on L(f) itself: when f achieves small risk,
its empirical risk concentrates at a rate closer to O(1/n) than O(1/y/n). This is the mechanism
behind the following fast-rate bound for ERM.

Theorem 4 (Fast-rate ERM, squared loss). Under the same setup as T heorem@ with probability
at least 1 — 6,

L) — LU < 4\/2L(f}) 12%(2|f|/5) n 810%(1}"!/5)‘

In particular, when L(f7) = 0 the excess risk is O(log(|F|/d)/n).

Proof. Let 5 =log(2|F|/§). By Proposition on an event of probability at least 1—4, the following
hold simultaneously for all f € F:

L(f) < La(f) + (/2220 4 28, (2.1)
Lo(f3) < L(f3) + 222 4 2. (2.2)

Using Ly (f) < L,(f7) and combining ([2.1))—(2.2):

L(f) < L(p) + 2EUE) 1 /2810 4 48 (2.3)
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Set a = L(f), b= L(f%), a = \/28/n, and ¢ = 45/(3n). Then reads a < b+ avb+ay/a+ec,
- Va' —ova < b+ avb+ e
Completing the square in u = y/a and recognizing the right-hand side:
(u— %)2 < (\/B-I- %)24-0.
Taking square roots and using v A% + ¢ < A+ \/c for A,¢ > 0:
u < Vb+a+ /e

Therefore a = u? < (Vb + o + /c)?, giving

L(f) = L(fF) < 2Vb(a +ve) + (a + V)%

Since ¢ = 483/(3n) and o? = 283/n, we have /e = 2\/3/(3n) < \/28/n = a, so a + /¢ < 2a.
Substituting;:

L(f) — L(f%) < 4avb+4a® = 4 M+%.

n n

O]

Remark 4 (Rate interpolation for squared loss). Theorem || parallels the Bernstein interpolation
discussed in Chapter |4 When L(f3) = p is small, the leading term O(\/plog|F|/n) lies strictly
between the O(y/log|F|/n) slow rate (large p) and the O(log|F|/n) fast rate (p = 0). Crucially,
the fast rate here requires only that the best predictor in F achieves zero squared risk, not that f*
itself belongs to F. The self-bounding property of the squared loss (Lemma 1s the key structural
fact: Var[(f(X) — Y)?] < L(f) is precisely the analogue of Var[1{h(X) # Y}] < R(h) that drives

fast rates in classification.
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Online Learning and Adversarial
Games
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Chapter 3

Online Learning for bounded losses,
classification

The generalization guarantees in Chapter [2| depend critically on the IID assumption. In many real-
world settings this assumption fails: email spam evolves as spammers adapt to our filters; financial
returns are influenced by participants’ actions; in a game-playing context, an opponent actively
works to defeat our strategy. Online learning is a paradigm that yields nontrivial performance
guarantees even when examples are chosen by an adversary.

Online learning proceeds in rounds. On round ¢t =1,2,...,7"

1. An input z; € X arrives.
2. The player selects (possibly at random) a hypothesis h; € H.
3. The true label y; € {—1,+1} is revealed.

4. The player suffers loss ¢, = 1{h(x¢) # y¢}.

We consider two regimes:

o IID: (z4,y;) % 1 for an unknown fixed v.

e Adversarial: (z;,y;) are chosen by an adversary that may know the player’s algorithm (but
not future random choices).

The adversarial setting is strictly more general: any guarantee under adversarial inputs implies the
same guarantee in the IID setting.

3.1 Realizable Case: Mistake-Bounded Learning

Assume there exists h* € H with h*(x;) = y; for all . The mistake bound is the total number
of rounds on which h¢(x¢) # y¢. In the IID realizable case, running ERM on all past examples
at each round works well: after ¢ — 1 examples, the ERM hypothesis has population risk at most
O(log(|H])/t), so the expected number of new mistakes is small. Summing over ¢ gives an expected
total of O(log(T') log(|H|)) mistakes.

37



38 CHAPTER 3. ONLINE LEARNING FOR BOUNDED LOSSES, CLASSIFICATION

In the adversarial realizable case, ERM breaks down. Since many hypotheses may be consistent
with past data, an adversary can choose x; to be a point where consistent hypotheses disagree,
then set y; to contradict our specific prediction. A smarter approach maintains the version space
Vi = {h € H : h(zs) = ys, s < t} of all hypotheses consistent with all past observations and
predicts by majority vote.

Halving Algorithm

Input: Hypothesis class H with |H| < .

Initialize version space Vi = H.

fort=1,2,...do

Observe x;.

Predict ¢ = sign( > hev, h(IEt)) (majority vote over V;).
Observe y;.

Update Viy1 = {h € V; : h(zy) = yi }.

Theorem 5 (Halving Algorithm). Suppose the data satisfies y, = h*(x¢) for all t for some fized
h* € H, with (x¢,y;) chosen adversarially. The Halving algorithm makes at most |logy(|H]|)]
mistakes.

Proof. Note that h* € V; for all ¢, since h* is consistent with every observation. When the algorithm
makes a mistake at round t—meaning §; # y; = h*(x;)—strictly more than half the hypotheses in
Vi predicted g # y; (because g is the majority). All such hypotheses are excluded from Vi;1, so
Vi
Vi < |2t|
If m mistakes have occurred by time ¢, then |V;| < |H|/2™. Since h* € V; always, we need |V;| > 1,
which requires |H|/2™ > 1, giving m < log,(|H|). O

Remark 5. The Halving algorithm achieves a mistake bound of log,(|H|) that is independent of T
and holds against an adversary. One can show this is optimal: no algorithm can guarantee fewer
than logy(|H|) mistakes in the worst case. When the hypothesis class is infinite but has finite Little-
stone dimension d (a combinatorial dimension analogous to VC dimension for the online setting),
a generalization of the Halving algorithm achieves a mistake bound of O(d) [Littlestone, 1988).

3.2 Non-Separable Case: Regret Minimization

When no hypothesis perfectly classifies all examples—either because the problem is noisy or because
an adversary can force mistakes on any algorithm—the mistake-bound framework is no longer
meaningful. Instead, we measure performance via regret: the excess number of mistakes compared
to the best fixed hypothesis in hindsight.

Define the regret after T rounds as

T T
Regrety = > Bl1{hu(x1) # 1)) — min > 1{h(z) # ui},
t=1

t=1

where the expectation is over any internal randomness of the algorithm. The goal is to design an
algorithm with Regretr = o(7T'), meaning the algorithm is competitive in the long run with the
best fixed hypothesis selected in hindsight.
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Remark 6. Against an adversary, a deterministic algorithm can suffer Q(T) regret. Randomization
is essential: by sampling hy from a distribution over H, the player can hedge against adversarial
label choices.

3.2.1 Exponential Weights

The Ezponential Weights algorithm (also known as Hedge or the multiplicative weights update
method) is a fundamental algorithm that achieves near-optimal regret.

Exponential Weights Algorithm (Hedge)

Input: Hypothesis class H with |H| < oo, learning rate n > 0.
Initialize wy(h) =1 for all h € H.

fort=1,2,...,7T do

Let Wt = ZhE'H ’th(h) and pt(h) = wt(h)/Wt

Observe xy; sample hy ~ p; and predict hy(xy).

Observe y;; compute l¢(h) = 1{h(x;) # y:} for all h € H.
Update wyi1(h) = wy(h) - e () for all h € H.

Theorem 6 (Exponential Weights Regret Bound). For any sequence (z1,y1),- .., (z1,yr) chosen

adversarially with y, € {—1,+1}, the Exponential Weights algorithm with n = +/8log(|H|)/T
satisfies
T1 H
Regrety < og2(\])'

Proof. Let £y(h) = 1{h(z;) # y:} € [0,1] and Wy = >, o4, we(h). We bound log(Wr1/W1) from

two directions.
Upper bound. Using w1 (h) = wy(h)e "),
Wi = 3 e = By [e0]
heH

Since ¢;(h) € [0,1], by Hoeffding’s lemma (Lemma [L1| applied to the distribution p;),

2
10g Epp, [ e774M | <~ [£e(h)] + -

Therefore log Wyt 1 < log Wy —nEpp, [€:(h)]+1? /8. Telescoping from ¢ = 1 to T' and using Wy = |H]:

n’T

T
log Wr i1 <log [H] = 1Y Enp[le(h)] + R

t=1

Lower bound. For any fixed h* € H,

WT+1 > ’LUT+1< = exp( szt h* >

so logWpry1 > —n ZZ;I ("),
Combining. Chaining the two bounds and rearranging,

T

“ 10 H
> Enep [le(h) Ejeth g' o 8
t=1
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Since this holds for any h* € H, taking the minimum over h* gives

log |H T
g!\+?78'

Regrety <

Setting n = +/8log(|H|)/T balances the two terms:

Regrety < 2 \/Tlog8<m|> _ \/Tlog2(|%>‘

O]

Remark 7. The regret bound /T log |H|/2 is optimal up to constants; no algorithm can guarantee
o(v/T'log |H|) regret in the worst case. Note that Regrety /T — 0 as T — oo, meaning the algorithm
is asymptotically as good per-round as the best fixed hypothesis in H, even against an adversary.
The per-round computational cost is O(|H]).

The Exponential Weights algorithm is one of the most broadly applicable ideas in machine learning.
It extends naturally to arbitrary convex losses, to portfolio optimization, and to game theory. The
following sections develop these extensions, moving from finite hypothesis classes to continuous
action sets.



Chapter 4

Universal Portfolio Optimization

A beautiful application of online learning is to stock market portfolio management, where OGD
and Exponential Weights yield algorithms with provable worst-case guarantees—even against ad-
versarially chosen returns.

Consider d stocks. Let r:(i) = Si+1(7)/S¢(i) > 0 denote the gross return of stock i at time ¢ (the
ratio of tomorrow’s price to today’s price). A portfolio at time ¢ is a distribution p; € Ay over
stocks. Starting with wealth v1, the investor rebalances daily, so after T rounds the total wealth is

T
vrir = o1 [ [(pe ).
t=1

The goal is to maximize the cumulative log-return log(vy41/v1) = Zthl log(pe, 7).

Classical approach. Markowitz (1952) assumes returns r; are IID with mean p = E[r] and
covariance ¥ = E[(r; — pu)(ry — 1) '], and solves the mean-variance optimization

min pTEp subject to pTu > T
PEAy

In practice, i and X must be estimated from data, and the IID assumption fails catastrophically
during market disruptions.

Online approach. We treat the return sequence 71,79, ... as adversarially chosen and measure
regret relative to the best fixed portfolio in hindsight:

T T
Regret; = max Z log(p,r¢) — Z log(py, ).
4 =1 t=1

4.1 Competing with the Best Single Stock

As a first result, we show that Exponential Weights (with the log-loss) competes with the best
single stock.

Theorem 7. Run Exponential Weights with n =1 and loss £;(p) = —log(p,r¢). Then

T T
max > logr(i) — > log(pe, i) <logd.
| t=1

41
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Proof. Apply the Exponential Weights analysis of Theorem [6| with |H| = d experts (pure portfolios
ei) and loss z;(i) = —logri(i) € [0,00). The weight update is wyy1(i) oc we(3) - r¢(i), so pi(i) =
we(i)/Wy. Observe that (pt, 1) = Wip1 /Wy, so log(Wry /Wh) = Z;‘il log(pt,7¢). Since Wriq >
wp41 (%) = Hthl r¢(i*) for the best stock i*, and W; = d,

S 7)) S g
ZIOg<pt77't> = log(Wr41/W1) > log g = Zlogrt(z ) — log d.
t=1 t=1

4.2 Competing with the Best Fixed Portfolio

The bound above is unsatisfying: the best fixed portfolio p* € A4 can dramatically outperform any
single stock by rebalancing between alternating stocks.

Example 3. Consider d = 2 stocks with alternating returns: ry = (2,%) for odd t and ry = (

for even t. Fach single stock has return 1 after every two steps. But the uniform portfolio p = (
earns (p,r) = 2 at every step, giving HtT:1<p, ) = (5/4)T — oo.

To compete with any p* € A4, we need an algorithm over a continuous action set, which brings us
to the Continuous Exponential Weights algorithm of the next section.

4.3 Continuous Exponential Weights

The Exponential Weights algorithm generalizes from a finite set of experts to a continuous convex
action set via a Gibbs distribution.

Continuous Exponential Weights (CEW)

Input: Convex set A C R?, learning rate n > 0, reference measure v on A.
fort=1,2,...,T do

Sample a; ~ py, where pi(a) exp(—n D] ﬁs(a)> dv(a).

Observe loss ¢; and suffer ¢;(at).

Theorem 8 (Continuous Exponential Weights Regret). Let A C RY be a convex set and £y : A —
[0,1] be convex for each t. With Lebesgue measure v on A, for any n > 0,

dlogT T
0g +L

1.
8+

T
R tr = / —/ <
egrety 16{16%; t(ar) — li(a) <

Setting n = \/8dlog T /T gives Regrety < \/dT logT/2 + 1.

The proof follows from a continuous analogue of the finite Exponential Weights argument; see
[Bubeck, 2015] for a full treatment. The key difference from the finite case is that the entropy term
log |H| is replaced by the differential entropy of the prior v relative to the posterior, which for a
d-dimensional convex body scales as O(dlogT) after T' rounds.

Remark 8 (Comparison to OGD). Them"em@ gives a regret bound of O(\/dT logT), slightly worse
than OGD’s O(VT) by a /dlog T factor. However, Continuous Exponential Weights is randomized
and requires mo gradient computation—only loss evaluations. This makes it applicable in bandit
settings where the learner observes ly(ay) but not the full function £y.
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4.3.1 Application: Universal Portfolio

Applying Continuous Exponential Weights to portfolio optimization with A = A, and #;(p) =
— log(p, r) yields:

Corollary 2 (Universal Portfolio). The Continuous Exponential Weights algorithm with n =1 and
li(p) = —log(p,rt) satisfies

T T
max log(p, ) — lo ,m) < 1+dlogT.
peAd; g(p,re) ; &(pe, 7e) g

This is Cover’s (1991) Universal Portfolio algorithm [Cover, 1991]: the regret grows only as O(dlogT')
regardless of the return sequence, improving on the O(logd) bound of Theorem (7| which only
competes with the best single stock. The term dlogT reflects the complexity of the continuous
d-dimensional simplex: it takes O(dlogT) bits to identify the best portfolio to within 7! precision.
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Chapter 5

Online Learning with Squared Loss

We now consider a natural extension of the Exponential Weights framework to regression with a
finite function class. The protocol is as follows: at each round t =1,2,...,T,

1. Nature reveals context x; € X.

2. The learner plays a prediction g; € [0, 1].
3. Nature reveals label y; € [0, 1].

4. The learner suffers squared loss (; — ;)2

The learner has access to a finite function class F of predictors f : X — [0,1]. The goal is to
minimize the regret

T T
Regret = Z@t —y)® — ?g}l Z(f(ﬂﬁt) — )’
t=1 t=1

No distributional assumption is made on (x¢,y;); the sequence may be adversarially chosen.

5.1 Averaged Exponential Weights
Rather than playing a single function, the learner maintains a distribution over F and predicts with

its weighted average. Let w;(f) > 0 be the weight on function f at time ¢, initialized to wi(f) =1
for all f. After observing (zy,y:), weights are updated as

w1 (f) = we(f) - e_n(f(l’t)_ytﬁ’

and the prediction at round ¢ is the weighted average

L Zfe;wt(f)f(fﬁt)
D ST O
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Averaged Exponential Weights for Regression
Input: Function class F, learning rate n > 0.
Initialize wy(f) =1 for all f € F.
fort=1,2,...,7T do

Observe x;.
5 er ) o)

Zfe]—' wt(f)
Observe y; update w1 (f) = w(f) - e~ @)=y for all ferF.

Predict 4; =

5.2 Regret Bound

Theorem 9 (Averaged Exponential Weights Regret). Let F be a finite function class with each
f: X — [0,1]. Running Averaged Ezponential Weights with n = % yields, for every adversarial
sequence (x1,y1), ..., (xp,yr) with y; € [0,1],

T T

Regret, = Z(g)t —y)? — mig (f(z) —ye)> < 2In|F|.
t=1 reFi3
Proof. The proof has two ingredients: a potential function argument and the mizability of the

squared loss.

Step 1: Potential function. Define W = >,z wi(f) and p(f) = wi(f)/Wi. Note Wy = |F|

and p; is uniform over F. The update rule gives Wi 1 = Wy - Erp, [e‘”(f (“)_yt)Q], so telescoping

yields

Wi
Wi

In

T
=S Ik, [e—w(mt)—yn?] ‘ (5.1)
=1

Step 2: Lower bound by the best function. For any f* € F, since Wpry1 > wryi(f*) =
e ML (@) =ye)?*

T
> —n Y (f*(@) — y)* — n|F|. (5.2)

t=1

W1
Wi

In

Step 3: Upper bound via mixability. We claim that for n < 1,
InEf,, {e*n(f(xt)*yt)z} < 0 — y)%. (5.3)

Define g(z) = e 7%°. Computing ¢"(z) = (40222 — 2n)e =", we see ¢”(z) < 0 if and only if
|z| < ﬁ For n < 3, we have ﬁ > 1, so g is concave on [—1,1]. Since f(z;) —y: € [—1,1] for all
f € F and y; € [0, 1], Jensen’s inequality gives

~ _ P 2
E jpe[9(f (26) = )] < 9(Epop, [f (20) — 0a]) = 9(Ge — ) = e "0v0",
Taking logarithms (monotone, so the inequality is preserved) yields (5.3)).
Step 4: Combining. Summing (5.3) overt = 1,...,T and applying (5.2)) with f* = argmingcr >, (f(x)—
Yi)?:

T

T
3 @) =)~ F| < S B, [ @] <y 3G -y
t=1

t=1 t=1
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Rearranging and setting n = % (the maximum value permitted by the concavity condition):

d ~ 2 . T 9 ln‘./_"‘
Y @ —y)® —min ) (flze) — ) < p
=1

Na
t=1 fe t

=21In|F]|. O

Remark 9 (Comparison to supervised learning). The regret bound O(log |F|) is strikingly better
than the O(\/Tlog|F|) bound from Exponential Weights for bounded losses. The improvement
is possible because the squared loss is mizable with parameter n = 1/2: the averaged prediction
U¢ suffers less squared loss than any mizture. Classification with the 0/1 loss is not mizable and
requires the VT factor.
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Chapter 6

Online Convex Optimization and
Online Gradient Descent

The Exponential Weights algorithm is restricted to finite hypothesis classes and the 0/1 loss. In
practice, hypothesis classes are often parameterized by a continuous vector § € K C R?, and losses
are smooth and convex. Online Convexr Optimization (OCO) is the natural generalization: the
player repeatedly picks a point a; from a convex set K C R? and then suffers a convex loss #;(ay),
where the adversary may choose the convex loss function ¢; :  — R after a; is revealed. The regret
is

T T
Regrety = Zﬁt(at) — géi’IClZEt(a).

t=1 t=1
Remark 10. The finite Exponential Weights setting is a special case: take I = Ag (the d-simplezx),
ar = pr € Ng a distribution over d experts, and l;(p) = (p,zt) where z(i) € [0,1] is the loss of
expert 1.

The key insight enabling efficient optimization over continuous sets is that one only needs local
gradient information. Recall that for a differentiable convex function f, the first-order inequality
gives f(y) > f(x) + Vf(z)" (y — z) for all z,y. This means gradient information at 2 provides a
global linear lower bound on f.

Online Gradient Descent (OGD)

Input: Convex set K C R?, step sizes 1, > 0.

Initialize a; € K arbitrarily.

fort=1,2,...,T do

Play a; € K.

Observe loss ¢; and compute (sub)gradient g; € 04 (ay).

Update a¢11 = I (ay — nege), where i (v) = arg mingex ||a — v||2.

Theorem 10 (OGD Regret Bound). Let K C R? be a conver set with diameter D = sup, ek |la —
bll2, and suppose ||gilla < G for all t. With step sizes iy =n = D/(GVT), Online Gradient Descent

satisfies
Regrety < DGVT.

Proof. Fix any a* € K. By convexity of £,

li(ag) — b(a”) < gtT(at —a").

49
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Write a;, = a; — ng¢ (before projection). By the Pythagorean property of projections,
laers = a*|* < llagy = a*|* = llas = nge — a*||* = llag — a*[|* = 2ng/ (ar — a*) + 17| ge]|*.

Rearranging,
[&

+

o) < lae — a*|[* = llager — a*[*  nllge
- 2n 2

g/ (ar —

Summing from ¢ = 1 to T" and telescoping,

T 2 T 2 2
CL1 —a 77 D 77G T
Regret, < Zgg—(at —a*) < llas — a”|” H +t3 Z lgell* < 5
t=1 t=1

Setting n = D/(G+/T) balances these terms and gives Regrety < DGVT. O

Remark 11. The O(V/T) rate matches the Exponential Weights bound (up to constants) and is
optimal for OCO in the worst case. Online Gradient Descent is computationally tractable for
large hypothesis classes: each step costs only one gradient evaluation and one projection, making it
practical for newral network training, online regression, and reinforcement learning. When K = R?

(unconstrained) and ¢, is the squared loss, OGD reduces to the well-known least mean squares
(LMS) online algorithm.



Chapter 7

Adversarial bandits

In adversarial bandits, at each time ¢ the adversary plays a loss ¢; € [—1,1]™ and simultaneously
the player plays an arm I; € [n] and receives the observed loss ¢; ;,. We will begin by considering
only oblivious adversaries: the entire loss sequence {Et}le is chosen before the start of the game,
that is, they are Fy measurable if (¢, I;) are an F = {F; }; adapted sequence. This is in contrast to
adaptive adversaries that can decide the next loss sequence based on both the previous losses and
the player’s actions—¢; is F;_1 measurable.

7.1 EXP3

The first algorithm we will consider is a generalization of the exponential weights, or Hedge, algo-
rithm to bandit feedback. As only ¢ j, is observed, and not the full loss vector ¢; € [—1,1]", the

algorithm constructs an unbiased estimator Zt,i = %&J for each arm ¢, where I; ~ g € A\,,. It

is straightforward to check that E[th|qt] = {;;. We define regret as

T
maxE[ 3" 1, 4]
t=1

where we emphasize that the expectation is only with respect to the random plays I; as the adversary
chose the losses /; prior to the start of the game, by assumption. The adversary is unaware of the
player’s source of randomness, so the random choice of I; ~ ¢; enables the player to surprise the
adversary. Convince yourself that any deterministic algorithm must suffer linear regret against
some adversary.

Below we present a slight generalization of the famous EXP3 algorithm known as the EXP3(vy)
algorithm.

o1
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EXP3(7): Exponential Weights for Exploration Exploitation
Input: Time horizon T, n arms, n > 0, v € [0, 1]
Initialize: Player sets p; = (1/n,...,1/n) € A,. Adversary chooses {{;}1; C
[—1,1]™.
for: t=1,---,T
Player defines A\, € A, and plays I; ~ q; := (1 — v)pt + v\
Player suffers (and observes) loss ¢ j, (but does not observe ¢ ; for i # I)
Player computes loss estimator Z“ for all ¢ € [n]
Update iterates:

Wit1,4 = Wy exp(—nle;) D1, = Wit1,i/ E Wit1,-
j=1

CHAPTER 7. ADVERSARIAL BANDITS

Theorem 11. Fiz any sequence {; € [—1,1] for all t.
E[ly | Fi—1] = b and —nly; < 1 for all i,t we have

n

T T
log(n) 2
max E[;@ b ST+ —y)nE[;;ptﬂm]

Proof. First note that since E[EZ] = {;; we have that

n

E[gem o] = B[S (D austeg) — 4]

=1 =1
T n
<AHAT+E [ Z (Z ptﬂgtd) - gt,i}
t=1 =
T n
<29T+ (1 - [Z (Zpt,jﬁt,j> t,i:|
t=1 =
T n N .
=29T+ (1 — [Z (Zpt’jgt’j> — Et,i:|
=1 =1

Define Wy = Y_" | wy,; with the convention that w;; = 1. Then for any i € [n] we have

log( WI/IT/F

) > log(wr1,;) — log(n) > nzﬁm log(n

For any Eji and 1,y > 0 that satisfy
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On the other hand, by assumption —nzm <1so

1 t=1 Wi

T n N

= Z log(z (=nt;))
t=1 i=1
T n .

= 108> priexp(—nly;))
t=1 i=1
T n "

< Zlog(l - U(Zpt,jzt,j> + (772 252]))
t=1 J=1 i=1

T n R T n
= (Zpt,jﬁt,j) Y ol
t=1 j=1 t=1j=1

where the first inequality holds by exp(z) < 1+ 2 + 22 for < 1, and the second inequality holds
by 14+ x < €” for all x. Thus, rearranging we have

Z (JZ:]%,;@O - etz =

tl] 1

7.2 Multi-armed bandits

Corollary 3. Consider an n-armed bandit and define Z“ = Mﬁm where Iy ~ q. If A =

(1/n,...,1/n), n= l%i(;), and v = nn then max;—_1, {Zt 11, — Li) < y/12ntlog(n).

1{I:= .
e | = =gy 5 < pMI=hig, ) < 1if oy = g,

[Zzpt,g )] <E[Zpt[t ”t} < 1E[i€

t=1 j=1 .1, 1=y 5

This implies a regret bound of

T
max E[Zéth b < 29T +

;1

log(n) L log(n)
+(1- v)nE[Z pt,jf?,j} < 2qnT + —— + qnT.
=1 N t=1 j—1 N

Choosing n = 1%‘%;) obtains a regret of \/12nT log(n).

7.3 Linear bandits

Consider the following game where an adversary chooses a sequence 6; € R for all ¢ in advance,
and then at each time the player picks an index I; € [n] and observes the loss ¢ j, := (zy,, 6;) where
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X = (x1,...,x,) are a set of known linear vectors. We measure regret just as before, but now we
have the side knowledge of linear loss structure. Specifically,

n

Rp(X) = max [Z(xlt - xi,9t>}.

Tt
As before, we assume ¢ ; € [—1,1] which amounts to max; [(x;, 0)| < 1.

Corollary 4. Fiz X = (21,...,2,) C R? and define bei = (x4,04), assuming [ti] < 1 for all
t,i. Furthermore, define {;; = x;—A_l(qt)xItftJt where A(q) = Y 1 qizix; Tand I, ~ q. If

o . 2 o log(n _ T
At = arg minje A, MaXj=1,...n HIL‘iHA()\)fl; n=y 3n(T)7 and y=nn then maXi:l,...,n thl Et,lt -

b = maxizl,...,nE[Z?ﬂ(x[t - mi,9t>] < +/12ntlog(n).

Note that

i) =2 AN @) Elwr ] = 2] AN qr) ZQt,jﬂﬁj%‘TQt =] 0, =ly;
=1

E[Z:,

To apply the above theorem we need max; \nl?“| < 1. Observe that by Cauchy-Schwartz we have
x| < max ] A ar)on| < ol aggg- oL+ < max iy

As X is our choice, it is natural to choose is to minimize the right hand side. Note that this precisely
prescribes A to be the G-optimal design so that max; ||$z||A -1 = = d. This then suggests v = nd.
We are then just left to compute

n

T
B[] =[S ma A e A e
t=1j

=1 t=1 j=1

n

T
E[Zzpt,]x A Qt)xftwltA_l(qOmJ}
Jj=1

t=1

IN

n

T
SHWIVE
t=1 ]:1
1
D M
t 1j5=1
T n
1 _
- Trace< l(pt)zpt,jxj%’T)
1 e j=1
_dar
=1

where the first inequality follows by each summand being non-negative, and the next line follows
from E [acltxﬂ = A(q:). Choosing n = log(T) obtains a regret of \/12dT log(n
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7.4 Experts and Contextual bandits

In the contextual bandits setting, at the start of each round the adversary discloses a context ¢; € C,
the player chooses a policy m; € II which is a probability distribution over actions [d] and plays
a; ~ m(cy) € Ag in response, and receives loss £(cy, a;). The objective is to minimize expected
regret

T T

Ry(Il) = Z Eatfvm(q) [ﬁ(ct, a’t)] 17?1611111 ]EaNﬂ'(Ct) [E(Ch a)]
t=1 t=1

where the expectation is with respect to the potential randomness in the selection of 7 and the
random actions. We will prove the following corollary in this section.

Corollary 5. Fiz a loss function ¢ : C x [d] — [—1,1] and suppose an adversary chooses a

sequence of contexts {c;}_; C C. Given a collection of policies 1 = (m1,...,m,) such that
m : C — Ag and a loss estimator €y ; = ST f;t(‘z/tlft/)(at‘q)ét(at) where ay ~ Y iy qrimi(e). If i =

argminyea,, MaxX;—1,.. n Z] 1 #‘;Z)(M n= lcéi(T) , and v = nn then Rp(I1) < \/12ntlog(n).

More abstractly, we can discard with the notion of the context and assume we have n = |II| experts
where at the start of each round the ith expert suggests a distribution F;; € /A4 to play over the d
actions. That is, E;; = m;(ct). In this way, we define a distribution ¢ € A, over our experts and
at each round draw an expert I; ~ ¢; and then play action a; ~ E; 1, € /Ay and receive loss ¢;(ay).
If by :=Eonp,, [Et(a)] then in this setting we define the regret as

T T T
maxE[Y fys, — Lei] =Y Baer,, [Ge(ar)] — min Y Eoop,, [6i(a)].
i€[n] =1 =1 i€[n] i1
Define the loss of the ith expert at time t as
d .
7 1{at —]} [Et i]at
Ui = Ei; liay) = =z ’ li(a
" JZ;[ " ]]Z/ 1 @i [Et ] tlae) > =1 Gt [ Bt irla, tlar)
Note that
E[1{a; = j}ti(a)] ZIP’ (ar = a)1{a = j}(a)
= Z ZIP’(It = ))P(a; = a|l; = i)1{a = j};(a)
a=1 i=1
d n
=> Y ailBrilal{a = j}(a)
a=1 i=1
= Z qt,i[Ei]€(5)
i=1
so that

d
et z Z Et i Et = EaNEt,igt(a) = gt,i-
J=1
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Moreover,

d
1
—nly; < [E
ntzfng tzgz/ 1qt7,[Et1]

d
7] 1
— [E
7 gz: vl D=1 At [ Bl
=4
Y

where the last line holds for the minimum X by a Kiefer-Wolfowitz-like result:

Proposition 4. Fori=1,...,n let p; € Ay. Then minyca, max;—1,..n EJ 1 Zp# =d
k=1 J

Proof. Let f(\) = Z?Zl log(zzzl )\kpk,j) and let A\, = argmaxyena, f(A). By concavity, for any
A we have f(A) < f(\) +(Vf(A), A= A) and so if f(A*) > f(A) this implies

0> (VF(A"),A =A%)

n d
= Pij Xi — \F
;;Zk 1 ARP lw( 2

— ZZ zpz,] _ d

=1 = 12k1 KDk.j

Thus, taking A = e; we have minyea,, EJ 1 % < ZJ 1 ﬁ < d for all i € [n]. On

the other hand, we have

min max E 7}%,3‘ min E i E I o R =d
. n
NEDn =l = Dy ADkyj — A€l « D k=1 AkDh,j

which demonstrates equality. O

Thus, we choose v = nd to ensure —7727&,2' <1



7.4. EXPERTS AND CONTEXTUAL BANDITS

Continuing,
T
E Y 2| =F [Biila ¢ ’
D WICARE DI e
t=1 i=1 Ti=1 i=1 =1t B i
<E ZZPm( Bl )2}
- =1 i1 /1Qt1[Et1]
[ Etz
-F ]
_ZZPtzZZ, ailBaT
t=1 i=1
<E zzpmz Bl ]
a Ti=1 i—1 Z/ 1Qtz Etz]
T n

< B[S g ]

t=1 i—1 j:l =1 Pr

Choosing n = lggd(T) obtains a regret of /12dT log(n
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Stochastic online mirror descent

Protocal for Linear Bandits
Input: Time horizon T, action set A C R%.
Initialize: Adversary chooses {2}, C R%.
for: t=1,---,T
Player chooses action 4; € A
Player suffers (and observes) loss (A, z;) = Al %

8.0.1 Preliminaries

This presentation of mirror descent follows [Bubeck et al., 2012, Ch. 5].

For any open convex set D C R and its closure denoted D, for any Legendre F on D define
F*(x) := SUP,ep xly — F(y).

Define Dp(z,y) = F(z) — F(y) — (z —y) T VE(y).

Let the Mirror Descent iterations satisfy, a; = arg minge 4 F'(a) then

?itH == VF*(VF(CLt) - nVﬁ(at, Zt)) (81)
ary1 = arg ng‘l Dp(a,ai+1) 8.2

where we have assumed the iterates exist.

Theorem 12 (Online Mirror Descent). Let A C R? be a closed convex action set, ¢ a subdifferen-
tiable loss, and F' a Legendre function defined on A C D, such that VF(a) — nz € dom(VF (D))
for all (a,z) € A x Z is satisfied. Then OMD satisfies

T

sup ZE(CLt7 Zt) _ £<a7 Zt) S SupaeA F(a) —_ F(al)
a€A n

T
I 717 > Dpe (VF(ar) — nVe(ar, ), VF(ay)) .
t=1

59
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Online Mi D ith Li I

Input: Time horizon T, convex action set A C R,
Initialize: Player sets a; = argminge 4 F(a). Adversary chooses {2}, C [0,1]%.
for: t=1,---,T

Player suffers (and observes) loss £(as, 2;) = a; 2

Player observes z;

Update mirror descent iterates:

at+1 = VF*(VF(CLt) — UZt)

agy1 = arg ggll Dr(a, aii1)

Corollary 6 (Online Mirror Descent with Linear Losses). Let A C D C R? be a closed convex
action set, {z}, C Z, l(a,2) = a'z, and F a Legendre function defined on A C D, such that
VF(a) —nz € VF(D) for all (a,z) € A x Z is satisfied. Then OMD satisfies

T

T
su F(a) — F(a 1
sup Y (as —a)' 2z < Pac F(0) (@) + - ZDF* (VF(ar) —nz, VF(ar)) -
acA n n —

Stocl ic_ Online Mi D ith Li I

Input: Time horizon T, action set A C R,
Initialize: Player sets a; = argminge 4 F(a). Adversary chooses {z/}_, C [0,1]%.
for:t=1,---,T
Player chooses distribution P; over A with a; = E[A|P] = > . 4 aPi(a)
Player samples A; from P; and suffers (and observes) loss £(Ay, z) = A/ 2
Player computes estimate z; with E[z;|P;] = 2z
Update mirror descent iterates:

6t+1 = VF*(VF(at) — 7],/2’\15)

at11 = arg min Dp(a,az11
a€convhull(A) ( ’ )

Corollary 7 (Stochastic Online Mirror Descent with Linear Losses). Let A C D C R? be a finite
action set, {Z}_, C Z, (a,z) = a'z, and F a Legendre function defined on A C D, such that

VF(a) —nz € VF(D) for all (a,z) € A x Z is satisfied. Then OMD satisfies

sup E

T T
sup 3o, - a)th] < SWaea F(a) = Flay) | 1 S E[Dp- (VF(ar) — 0%, VEF(ar))].

Ui /ot

t=1

Proof. Applying Corollary 1 with z; we have

T
=N sup,ec4 F'(a) — F(a 1 .
sup Y (ar—a)'% < Paca F(a) (a1) + - E Dp« (VF(at) —nzi, VF(at)) .
acA n n =1

Taking the expectation on both sides yields the result by noting that

T
E [Z z (A; —a)

t=1

T

SOEE (ar - a) P

t=1

T

Sz (ar - )

t=1

=E =E =E

T
> B[z (a; — a)|P)]
t=1
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8.1 Simplex games with unnormalized negative entropy

Example 1 Let A= {z € R?: z; >0, Z?:1 =1}, F(z) = Y., x;log(x;) — x; with D = (0, 00)?.
F' is Legendre and

[VF(2)]i = log(:)

d d
Dr(z,y) =) milog(%) = (zi — ;)
=1 =1
d
F*(z) = Z exp(z;)
i=1

[VE*(2)]i = exp(:)

d
Dp«(z,y) = Zexp(yz')(exp(ﬂfi —yi) — 1 — (i —yi))
i1

8.1.1 Full information game, simplex action set

Assume the setting of Example 1. The following algorithm implements the updates of Mirror

Descent above for the particular loss £(a, z) = a' 2.

Exponential Weights
Input: Time horizon T'.
Initialize: Player sets a; = (1/d,...,1/d). Adversary chooses {z}L; C [0, 1]¢.
for:t=1,---,T
Player chooses a; € A
Player suffers (and observes) loss £(as, 2¢) = a; 2
Player observes z;
Update mirror descent iterates:

t d
i1 =exp(—n Y Zsi)  Gui =i/ Y Griye
=1

s=1

Corollary 8 (Exponential weights). Under the conditions of Evample 1 with let £(a, 2) = a' z, the
exponential weights algorithm satisfies

T
supZK(at,zt) — U, ) < log(d) 0T
a€A 3y n
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Proof. Note V,{(a,z) = z. Plug in quantities of the example to obtain for any a € A

where the second line uses F(z) < 0 and F(a;) = log(d), the third line uses exp(—z) < 1—z + 32
for x > 0, and the last line follows from z;; € [0,1] and a; is a probability distribution. O

8.1.2 Full information game, finite action set

Analogous to the categorial weather prediction problem in class, we now consider the case where the
player can only play from a distinct set {1,...,d} (i.e., predict rain, snow, sunny). As discussed
in class, any deterministic algorithm will suffer linear regret, so instead, at time ¢ we choose a
probability distribution a; € A (in the setting of Example 1), choose distinct action [; drawn
according to a; so that A; := ey,, and then suffer loss (A, z) = A 2t = 21, Note that E[4,] =
Eler,] = Z?Zl eiar; = a; so that E[¢(As, z)] = E[A] 2] = a/ 2. Thus, the expected regret relative
to any probability distribution a € A over distinct items in hindsight is

T

E > A, z) = la,z) | =B |2 (A —a)]
:t;I

=E Zth(at —a)]
Lt=1

r T
=K Zﬁ(at, zt) — {(a, Zt)]
[=1

where the expectation is with to the random selection of each I; from a;. Alternatively, we can
directly apply Corollary 2 with z; = 2; since we are in the full information setting.
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Exponential Weights over finite actions
Input: Time horizon T
Initialize: Player sets a; = (1/d,...,1/d). Adversary chooses {z} , C [0, 1]¢.
for: t=1,---,T
Player chooses a; € A
Player draws I; ~ a;, sets A; = ey, and suffers (and observes) loss ¢(A, z;) =

-
At Zt = Zt,lt

Player observes z;

Update mirror descent iterates:

t d
i =exp(—n Y Zsi)  Gui=Grs1i/ Y Griye
7=1

s=1

Corollary 9 (Exponential weights over finite actions). Under the conditions of Example 1 where
the player can only play e; fori € {1,...,d} with let £(a,z) = a'z, the exponential weights over
finite actions algorithm satisfies

+ — < /2T log(d)

T
E [supZE(eIt,zt) —K(Q,Zt)] < " 5 S

ac A

Proof. Immediate from reduction described above and the previous corollary since the iterates are
identical in the full information game. Due to the oblivious adversary we have

T

Zﬁ(at, zt) — L(a, z)

t=1

T

sup Z U ag, z¢) — L(a, zt)
acA —1

sup E =FE

acA

Note, as we did in class, one can also prove a high probability bound that would apply to a general
reactive adversary [?, Ch. 2.7] O

8.1.3 Bandit feedback, finite action set

This setting is identical to the previous setting, but now we do not observe the entire vector z;

at each time ¢, we only observe the element we played z;;,. Using this single value, the player

1,

constructs an unbiased estimate of z; with z;; = % for all 7. Note that

- {1 =itz
Elzilar, I, ... a—1, Li—1,a¢] = E[{ta}t’l at, I, o ap—1, i1, a4
ti
d o
B 1{j =i}z,
j=1 t,%
= Zty-

Also note that E[A;] = Eler,] = Zle eiar; = a.
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EXP3: Exponential Weights for Exploration Exploitation

Input: Time horizon T, A = {x € R?: z; > 0, ZZ =1}
Initialize: Player sets a1 = (1/d,...,1/d). Adversary chooses {z}L; C [0, 1]¢.
for:t=1,---,T
Player draws I; ~ a; and suffers (and observes) loss {(er,, 2t) = 2.1,
1{It l}Ztl
at,q
Update mirror descent iterates:

Player sets z;; =

t

d
Gt41,; = exp(—n Z Zsi) Qi = At/ Zatﬂ,j-

s=1 j=1

Corollary 10 (EXP3). Under the conditions of Example 1 where the player can only play e; for
i€ {l,...,d} with {(a,z) = a'z and only observe bandit feedback, the EXPS3 algorithm satisfies

T

5~ tta0m) - 0] < B0 2572550, 1

t=1

supE
acA

log(d) n @ < /2dT log(d)
n

IN

Proof. We can directly apply Corollary 2:

4 supgeq F(a) — F(a1) 1 d
E|sup ) (A —a)Tz| < —2cA =+ =Y E[Dpe (VF(ar) — 0%, VF(ar))]
a€A T n Wtzl
T [d
log(d 1 ~ ~
= (a) + - ZE Zat,i(exp(—nzt7i) — 14+ nz,)
7) = L=
T [d
1
- og(d) + QZE Zatﬁfi
" 23 1 ’
T d
log(d) n 1{I = Z}Zm
S 5 |y M
n t=1 t,l
T4
log(d
_ log(d) +gzzztgl
L t=1 i=1
< log(d) N ndT
=, N

For an alternative proof of EXP3, see [Lattimore and Szepesvéri, 2020, Ch. 11]

8.2 Other action sets

The previous section addressed the case of the action set being equal to the simplex: A = {z €
R? : 2; > 0, ZZ 1 = 1}. As our Legendre potential we chose unnormalize negative entropy F(z) =
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Z?Zl x;log(x;) —x;. Consider what the guarantee would be from Corollary 2 if we chose a different
function, say, F'(z) = %||z||3 then:

4 supgeq F(a) — F(a1) 1 d
E |sup Z(At —a)z| < &4 S ZE [Dp+ (VF(ar) — 0z, VF(ar))]
acA n n —1
1 n T
<+ ISE[IEI
n t=1
1 n T d
_ 22
t=1 =1
T d 2
1 7 Zti
= — — E d
n " 2 ; ; am‘]

The issue here is that a;; can become arbitrarily close to 0 and blow up the bound. If we mix
in unfirom exploration at each round, one can show that the regret bound is O((dT)%/?) which is
significantly worse than O(1/dT log(d)) of EXP3 above. So given an action set .4 how do we choose
F? The next proposition sheds some light on this question.

Proposition 5. If F is twice continuously differntiable, and if its Hessian V2F(z) is invertible
Vx € D, then Vx,y € D, there exists ( € D such that VF(() € [VF(x),VF(y)] and

1
D (VF(2), VF(y)) = L [VF(x) = VEW) [fzpie)
The implication of the above proposition is that IVE((;) € [VF(at) — nz:, VF(at)] and

2
~ i~
Dp+ (VF(at) — 0z, VF(ar)) = ?Hth%V?F(Q))—l

For the choice of F(z) = 3|z||3 we have V2F({;) = I for any (; so that the Hessian is flat

across the action set. On the other hand, with the choice F(x) = Z‘ij:l x;log(z;) — z;, we have

V2F(z) = diag(1/z1,...,1/x4) which blows up as a component of 2 approaches 0. But this is
perfect, since then

M2
(D (VF(ar) ~ 1 VF )] = B | Ll enr e
7 <
=E Zzt 7,€t l]
[ o d 2
o n Zti
=K 92 Zz; arg Ct z]

2

d
AP

=1

where we have used the approximation that (; ~ a;. The hessian of F' is blowing up precisely at
the locations where Zz; blows up, essentially cancelling each other! We’ll see another example of this
in the next subsection.
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8.2.1 Bandit feedback, unit ball action set

Here we address the action set A = {z € R? : [|z[] < 1}. To use Corollary 2, we need to define

P, (or equivalently, A;) to make sure that E[A;] = a; and we need to define z; with E[z;] = z;.
Consider the following choices:

o X; ~ Bernoulli(||a¢||2), Iy ~ uniform([d]), e € {—1,1} with equal probability
[ At = (1 — Xt)fteft + Xtm

® /Z\t = (1 — Xt)%AtA:Zt
It is straightforward to verify that E[A;|a;] = a; and E[z;|a;] = 2. Following the intuition of the
previous section, we need to choose F' to make E [%H%H%VQF(Q))_J small. Let F(x) = —log(1 —
lz]|2) — [|z]]2. Note that

- d
E Hth%vQF(gt))fl} =E [H(l - Xt)l_,wAtA:Zt”?WF@t))l}

d2
—E|——||A A 2| _X:()}
[1—||atuz” i ztlwe iy 14

_ S8 T, 12

= 2 T [l e o

=1

4

1 — lagl2

d

S P
1 — lag[l2

<2d

22t oy

(1= lCell2)l=13

where we have used the fact that V2F(z) = I/(1—||z||2) and % < 2 (see |Lattimore and Szepesvari, 2020]
for second fact).

Using a shrunken action set, one can prove that the regret is bounded by O(v/dT') (see [Lattimore and Szepesvari, 2(



Chapter 9

Matrix games

9.1 The sample complexity of two-player zero-sum matrix games

We begin with the simplest of all games: two-player zero-sum matrix games. In this problem
setting, there is an arbitrary input matrix A € [—1,1]"*™ which is unknown to the learner. The
learner can sample an entry (4, j) of A and observe the random variable X; ; = A; ; + n where 7 is
a zero-mean 1-sub-Gaussian noise (typically we will assume A; ; +n € [—1,1]).

The aim of this section to identify an e-approximate Nash equilibria:

Definition 14 (Nash Equilibrium). We say a pair (x,y) € Ay X Ay, is an e-approximate Nash
equilibria if both

(x, Ay) > (2', Ay) — e and (x,Ay’) > (z, Ay) — ¢ (9.1)
hold for all (2',y') € Ay x Ay, If a pair (x,y) satisfies this condition with € = 0, we say it is a
Nash equilibria.
Note that if a pair (z,y) € A, X A, satisfies

", Ay) — (z, Ay') < 5
(;r”y/)réli)anAn<x 9 y> <x7 y> N € (9 )

then this assumption says that it is an e-approximate Nash equilibria.

For example, for the rock-paper-scissors game given by

0 -1 1

one can verify that (z,y) is an e-Nash equilibria if |z — 31[|; + |ly — 1|1 < € using (9.2).
Nash proved that a Nash equilibria (and hence an e-approximate Nash equilbria) always exists for

finite matrix games of this sort, but they need not be unique (consider the set of Nash equilibria
for the all zeros matrix). We now introduce an important sub-class of Nash equilibria.

Definition 15 (Pure Strategy Nash Equilibrium). An element (i*,j*) is a Pure Strategy Nash
Equilibrium (PSNE) of the game induced by the matriz A € R™*™ if Ajsjs = maX;e)y,) Aij« and
Ajs j» = minjepy Ai j. Moreover, a Nash equilibrium (z,y) € Ny, X Ay where support(z) = {i}
and support(y) = {j} corresponds to a PSNE (i, j).
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Not every game admits a PSNE, for example, the rock-paper-scissors game of above.

How do we find an approximate Nash equilibria? Given the true matrix A, one observes that a
Nash equilibria is a solution to a linear program. However, if we only have access to A through
noisy bandit feedback, what can we do?

Theorem 13. Initialize two independent versions of EXP3(y) defined above, one for the maz/x
player and the other for the min/y player where they are trying to mazximize or minimize their
cumulative observations, respectively. When the max player plays I, € [m] and the min player
plays Jp € [n], both players observe the outcomes Ay, j, +m: € [—1,1] where Elpy] = 0. If z =
% Zthl er, and y = %Zthl ey, then T,y is an e-approrimate Nash equilibria, in expectation, if
T > 24(m + n)e 2 log(n).

Proof. At each time ¢t = 1,2,...,T the min player chooses J; € [n] and observes loss y; j, for the
loss vector y; := ATer, +n; € [~1,1]". Applying Proposition ?? we have that for any ¢ € A,

Z er, Ales, — q)] Z Yr (e, —

< max E| Zyt g — Y.j] < V/12nT log(n).
jetm] =

so that

T
Z e] Aey,] = Z e} Aql + E[Z ef,Ales, — q)]
t=1

T
=T-E[E"Aq +E[>_ej Ales, — q)]
t=1

< T-E[z" Aq] + /12nT log(n)

By the same logic, we have for any p € A\, that

T
E() ejAe;] > T-E[p' Aj] — \/12nT log(n).
t=1

Rearranging these inequalities, we conclude that

( )mAax . E[p" Ag] + E[Z" Aq] < \/12nlog(n)/T + \/12mlog(n)/T < \/48(m + n)T log(n).
P,q)ELmMmXOn
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Chapter 10

Multi-armed Bandits

10.1 Introduction

Machine learning, and in particular, supervised learning, is the study of making statistical inferences
from previously collected data. Multi-armed bandits is more about an interaction between an agent
(algorithm) and an environment where one simultaneously collects data and makes inferences in a
closed-loop.

You have n “arms” or actions, representing distributions. “Pulling” an arm represents requesting
a sample from that arm.

At each time t =1,2,3, ...

e Algorithm chooses an action I € {1,...,n}

e Observes a reward Xy, ; ~ P, where Py, ..., P, are unknown distributions

That is, playing arm 7 and time s results in a reward X; ; from the ith distribution. In these lectures,
all distributions will be Gaussian (or sub-Gaussian) with variance 1 unless otherwise specified. An
example of a sub-Gaussian distribution is bounded distributions on [—1,1] or Gaussian N (0, 1).
Formally, a distribution of X is 1-sub-Gaussian if E[exp(AX)] < exp(A2/2).

We will find that the means of the distribution are the most pertinent parameters of these distri-
butions. Let 7 = Ex.p,[X] be the mean of the i¢th distribution. Define A; = maxj—;1 ., 07 —0;.
We measure performance of an algorithm in two ways: 1) how much total reward is accumulated,
and 2) how many total pulls are required to identify the best mean.

10.1.1 Regret Minimization

After T time steps, define the regret as

Rr = max E
j:17 7”

T T
Z Xt — Z Xh,t]
t=1 t=1

T
ZXIt,t]

t=1

= max H;T—E
Jj=1,...,n

The goal is to have R(T) = o(T) to achieve sub-linear regret (e.g., R(T) < VT).
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If at time T the ith arm has been played T; times, then

RT = max H;T —E
Jj=1,...,n

T
Z XIt,t]

= max 9* Z]E Zth{It_z}]
T
d L= i}]

= max ;T — 9*
Jj=1,...,n
=1 t=1

= max (9* ZG*

) <M

:iAET
i=1

Thus, we want to minimize the number of times we play sub-optimal arms.

10.1.2 Best-arm identification

Given a § € (0,1) identify the best arm with probability at least 1 — § using as few total pulls as
possible.

While related, these objectives are at odds with one another. Sometimes called the (e,)-PAC
setting, but for simplicity we’ll take € = 0.

10.1.3 Warm-up: A/B testing

Suppose n = 2. How long would it take to decide one arm was better than another using sub-
gaussian bounds? Consider the trivial algorithm:

Input: 2 arms, time 7 € N. R
Pull each arm i € {1,2} exactly 7 times and compute empirical mean 0;.
For all ¢t > 27 play arm arg max; 6;

Without loss of generality, assume 07 > 605. If é\l is the empirical mean of arm ¢ after pulling it 7
times, it is a random variable that intuitively should be “close” to 6. Suppose we could guarantee
that 1/9\1 > é\g with probability 1 — d. If this were true then we have an algorithm for identifying
the best arm with probability at least 1 — § using at most 27 pulls. Moreover, with probability
at least 1 — ¢ the sub-optimal arm is pulled at most 7 times incurring a regret of at most 7A
where A := 07 — 05. To make this argument rigorous, we need to be able to build a confidence
interval on each HA, — 67 with high probability. By the central limit theorem (CLT) we know that

0; — g5 ~ N(0, M%(Z)) where Var(Z) denotes the variance of each individual observation (assumed
0,—0; _ . .

W) € [-1.96,1.96] with probability at least .95

using a standard Normal distribution look up. But this is asymptotic, can we get non-asymptotic

and mathematically convenient quantities?

the same for each arm). This suggests that
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10.1.4 Finite-sample confidence intervals

Proposition 6 (Chernoff Bounding technique). Fiz €,0. If Z1,Zs,... are independent mean-
zero random variables with ¢¥z()\) := log(E[exp(AZ;)]) then P(£ > | Z; > €) < inf) exp(—7e +
Tz(A))-

Proof.
1 T T
P(=> Z > €) = P(exp ()\ > Zt> > exp(Ate))
Ti= t=1
< e ME |exp (AZ Zt> (Markov’s)
t=1
= e e H E [exp (A Z})] (Independence)
t=1
=exp (—ATe + T¢z(N))
O
Corollary 11. Let Zy,Zs, ... be independent mean-zero o®-sub-Gaussian random variables so that

¥z(A) = log(Elexp(AZy)]) < exp(A?0?/2), then for T = [20%€ %log(1/8)] we have P(£ 3] | Z; <
€)>1-4.

Lemma 14 (Hoeffding’s Lemma). Let X be an independent random variable with support in [a, b]
almost surely and E[X] = 0. Then log(E[exp(AX)]) < (b — a)?)2/8.

Two proofs of this result are given in Chapter [2| (Lemma .

10.1.5 A/B testing solution

Set T = [8A~2log(4/5)] and let 6; = 13 Xi for i =1,2. Define the event

&; ::{@_9;’ < 210’5(4/5)}'

T

Then P(E5UES) < P(EF) + P(E5) < 0. Thus, if we pull each arm 7 times then on & N & we have

5> 8 - 210g7(—4/6)
> 07 —A/2
> 05+ A/2
> 52 — A/ 7210g(4/6) +A/2
T
> 52

so that we have determined the best-arm. And we can play it forever.
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After any T total plays such that arm ¢ has been played T; times and T = T7 4+ T5, the expected
regret is at most

T

> X,S,s] = 01T — E[(T16; + T»63)]
s=1

0T —E

E[T2A]
E [T2A1{& N &} + ToAL{ET U ESY]
E[rA1{& N &} + TAL{E U S}

8A ' log(4/8) + ATP(EF U ES)
8A 1 log(4/8) + ATS.

IN AN IA

If we take § = 1/T then the expected regret is less than A +8A~1log(47T). On the other hand, the
regret can’t possibly be greater than AT, thus the total regret is bounded by

T
> XIS,S] = min{TA, A + 8A™ ' log(47)}

s=1
<1+ 2+/8T log(4T)

where the last step takes the worst case A = /8log(47T)/T.

Takeaway: For very small A we lose almost nothing, for very large A its easy to distinguish, its
maximized at around 1/ VT. We'll see this again.

0T —E

10.2 Elimination Algorithm for Pure exploration

Input: n arms X = {1,...,n}, confidence level § € (0,1).

Let Xy + X, 0«1

while || > 1 do
e =21
Pull each arm in X exactly 7, = [2¢, > log(u ] )] times
Compute the empirical mean of these rewards 9Z7g for all i € Ay
Xg_,_l — X, \ {7, e Xy maXjex, (93‘7[ — Qi’g > 264}
l+—0+1

Output: Xy (or play the last arm forever in the regret setting)

Lemma 15. Assume that max;cxy A; < 4. With probability at least 1 — §, we have 1 € Xy and
max;ex, A; < 8¢ for all ¢ € N.

Proof. For any ¢ € N and ¢ € [n] define
Eiv= {’é\zﬁ - 07| < 64}

and & = (", Npey Eie- Noting that e, = 2log(4n2/9) o have

Te

n (o) . n (o] 5
2 (QUs) <33 50 <0

i=1/0=1 i=1 (=1
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In what follows assume £ holds.
Fix any ¢ for which 1 € &} (note 1 € .5(\1) Then for any j € X, we have

00— 010 = (00— 07) — (010 — 07) — Ay
£
< 2¢

which implies 1 € Ayy;. Thus, 1 € Xy for all /. On the other hand, any ¢ for which A; = 6}
we have

max0J3—9M>91g—9M
JEX,

= (B0 — 61) — (Bip — 0:) + A
> —2¢p+ 4ey = 2¢y

which implies this max;cx,, , 9; > 0] —4ep = 07 — 8epta.

75

—9: > 4eyp

O]

Theorem 14. Assume that max;cx 2; < 4. Then with probability at least 1 —46, 1 is returned from

the algorithm at a time T that satisfies

<) A7 log(nlog(A7?)/0)

=2

Proof. Assume & holds, as it does with probability at least 1 — 0. If A = min;«; A; then X, = {1}

for ¢ > [log,(8A71)] since all other arms would have been removed. Note that

[log, (8A1)]
Ti= Y  7a{ic X}
(=1
[log,(8A1)]

< Z Tgl{Ai < 86@}

/=1
Mog, (847 )]
/=1
Mog,(8A;1)]

_ 2
= Y 27 log(*FH)]
/=1

-1
410g§(16Af2)|X| [logy (8A;7)] ,
< [2log(—* )] 4

/=1
-2

Thus, the total number of samples taken before Xy = {1} is equal to

ZT <T1+ZcA 2 log 410g2(16A )IXI)

<220A 21 4log2(16A )|X\)

which implies that one can identify the best arm after no more than Y7, A7 ?log(nlog(A;%)/d).

O
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10.3 Elimination Algorithm for Regret minimization

We will use the same algorithm and Lemma as above, but now analyze the regret of the algorithm.

Theorem 15. Assume that max;cxy A; < 4. For any T € N, with probability at least 1 — 0

Z T;A; <1nfuT—|—Z (A; V)~ 110g(w).
:A; >0 i=1

Moreover, if the algorithm is run with § = 1)T then Ry < ¢3S, A7 log(T) and Ry < cy/nT log(T).

Suppose you run for T timesteps. For any v > 0 the regret is bounded by:

ZAT_ dOAT+ ) AT,

:0;<v A >V

<vT+ > AT,
AN

=vI+ Z iAiTgl{i S Xg}

A >v =1

<vl+ Z iAiTgl{Ai < 8er}

A >v =1
n oo
<vT + Z Z AiTgl{Ai V< 86[}

=2 (=1
n [logy(8(A;vr)™1)]

<uvT + Z Z 8epTy

n_[logy(8(A; VV) Yl

_VT+Z Z 86([2652log(4z2|xlﬂ

n ) o [ogs (8(A; V)~ 1)]
S I/T + Z ClOg(4log2(8(Agvy) )IX‘) Z 2@
1=2 =1

<vT + Z c(A; V)Tt log(w)
i=2
where the second inequality follows from Lemma Setting v = 0 yields aregret of Y 7" A;l log(n log(

On the other hand, using A; Vv > v and minimizing over v yields a regret of \/nT log(nlog(T)/§).
The expected regret, of course, is then bounded by

Y AE[L]=E|) AT,
=2 =2
<> A;'log(nlog(A;1)/6) + TP(E)
=2

Setting 6 = 1/7 implies the regret is less than ) ;" , cAi_l log(T).

Some remarks:

A71/6).
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e This analysis doesn’t reuse samples from previous rounds, it is easy to make this change.

e Regret bound requires knowledge of T" a priori. One can avoid knowing this by using a double
trick: guess a value of T, then when you reach this value double T and restart using this
value of T'.

10.4 Lower bounds for Multi-armed Bandits

Let us briefly pause to consider how far off from optimal we are, and then think about an algorithm
that could get us to optimality. How do we know we’re doing okay?

Using the measure-theoretic tools developed in Chapter [1, we can establish the following key de-
composition for bandit problems.

Lemma 16. Let v = (v1,...,v,) be the reward distributions associated with one n-armed bandit,
and let V' = (V},...,v},) be the reward distributions associated with another n-armed bandit. Fizx
some policy m and let P, be the probability measures induced by the T-round interaction of m and v
(respectively, m and v'). Then,

KL(P,,P,) = f:EV[Ti(T)] KL(v;, V).
=1

Proof. For simplicity, assume v;, v, are continuous densities with the same support (the lemma holds
more generally). Consider a sample path (I, X1, Is, Xo, ..., I7, X7). Note that the likelihood of
this sample path under v is given as

T
H v, (Xt)ﬂ-([t‘{[sa Xs}s<t)
t=1

with an analogous expression holding for v/. Thus,

KL(P,,P,) = EV[IOg[[ Z{t ggzéﬁg 231

where we’ve used the fact that the policy acts identically under the same observations (and thus
cancels with itself) in the first step, and that X; is conditionally independent given I;. O
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10.4.1 Identification

An algorithm for best-arm identification at time ¢ is described by given a history (I, Xs)s<¢ for
each time ¢ is described by a

e selection rule [; € [n] is F;_; measurable where F; = o(I1, X1, 2, Xo,..., [;—1, X;—1)
e stopping time 7 is F; measurable, and

e recommendation rule i € [n] invoked at time 7 which is F,-measurable.

Definition 16. We say that an algorithm for best-arm identification is §-PAC if for all 6* € R"

A~

we have Py (i = arg max;e|, 0;) > 1 - 4.

The following is due to [Kaufmann et al., 2016], a strengthening of the first time it appeared in
[Mannor and Tsitsiklis, 2004].

Theorem 16 (Best-arm identification lower bound). Any algorithm that is 6-PAC on {P : P; =
N(0;,1),61 > max; 1 0;,0 € [0,1]"} for § < 0.15 satisfies Egs[7] > 2log(545) S0 A2

Proof sketch: The original instance has P; = N'(6,1). Pick some j € [n] and define an alternative
mean vector 0(7) e [0,1]™ such that 92@ =07 if i # j and H,Ej) = 01 + ¢ for j = i for some arbitrarily
small number e. Note that under ), arm j is the best arm.

Because the algorithm claims to be 6-PAC, it has to output arm 1 under 6* and arm j under 6\,
But these two bandit games only differ on arm j so to tell the difference between them its only
natural to sample arm j until one can figure out which instance is being played (i.e., is its mean 6;
or 01 + €?) The discussion above suggests that to make this distinction with probability at least
1 — 4, it is necessary to sample arm j at least 2(61 — 6; + €)2log(1/46) times. Taking € to zero
and noticing that j was arbitrary completes the sketch.

This is not a proof, however, because the number of times the algorithm samples arm j is ran-
dom whereas in the above argument it was fixed. The proof of [Kaufmann et al., 2016] provides
convenient tools to prove general lower bounds for 6-PAC settings.

10.4.2 Regret, minimax

Theorem 17 (Minimax regret lower bound). For every T > n there exists a set of instances

Py = N(0,I) such that supp, Eg[Rr] > +/(n — 1)T/256.

Proof. Let 6§ = (A,0,...,0). For any algorithm, by the pigeon hole principle, there exists an arm
7€ [n]\ {1} such that E[T5] < T/(n —1). Define 6" to be identical to 6 except set 6: = 2A. Let
v=[[  N(6;,1) and v/ = [}, N(6},1).

Note that

E,[Regret] = > (6 — 0)E,[T}] > (64— 61)E, [T)] = AE,[Th] > AP,/(Ty > T/2)T/2
=1

by Markov’s inequality, and similarly we have

n

E,[Regret] = Y (61 — 0,)E,[T}] = A(E, Y _T)) > AP() T, > T/2)T/2 = A(1 — P, (Ty > T/2))T/2.
i=1 i#1 i#1
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We observe that

H{1ax , E,[Regret] > (E,/[Regret] 4 E, [Regret])/2
ne{v,v’

A4T(1 + P, (Ty > T/2) —P,(Ty > T/2))

%(1 —sup [P/ (F) — P, (E)|)
E

> 210 - VEL®E)/2) (Lemma 1
> 210 - KLV (G DN (@ D)E, [F]/2) (Lenma [I6)
= Sla - /2, ()

AT

N — (1 —+/A2T/(n —1)).
Taking A = Tl completes the proof. ]

10.4.3 Gap-dependent regret

Lemma 17. Any strategy that satisfies E[T;(t)] = o(t®) for any arm i with A; > 0 and a € (0,1),

we have that liminfp_, lo{;ﬁ =y, A% .

Takeaway: This is what his field does: prove an initial upper, then lower, then chase it.

10.4.4 Revisiting MAB with Optimism

Why go beyond action elimination algorithms? Because they will never hit the asymptotic lower
bound, for one thing, since if we look at when the second to last arm exits, the lowerbounds are

the same.

2alog(t)
T;(t)

Any sub-linear regret algorithm plays arm 1 an infinite number of times, so assume [i; ~ ;.
Minimizing the maximum upper bound. Thus, we expect the number of times the ith arm is pulled
is 2Ai_2 log(T"), which is optimal.

UCBLI in its most popular form was developed by [Auer et al., 2002].

MOSS first achieved v/nT regret [Audibert and Bubeck, 2009)].

KL-UCB is finite-time analysis with optimal constants for asymptotic regret [Cappé et al., 2013].

as a — 1 achieves the lower bound.

a-UCB which is arg max; gini(t) +

The recent work of [Lattimore, 2018] defined a UCB-based algorithm that achieves asymptotic

optimal constants, and finite regret bounds of loAgil and vn
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Chapter 11

Linear bandits

11.1 Problem statement

Now suppose each arm i = 1, ..., n has a feature vector z; € R%. And more over, there exists some
0* € R% such that a pull of arm I; € [n] results in a reward y; = (27,,0*) + 1; where n; ~ N(0,1).

Applications: Drug-discovery, Spotify, Netflix, ads

In the previous setup, pulling arm ¢ provided no information about arm j, but now suddenly it
does.

11.2 Review of least squares

Given a sequence of arm choices and observed rewards let {x:,y:,n:}]_; we denote the stacked
sequences of each as X € R™*4 Y € R, and 1 € R7 respectively where Y = X6* + 1. Using this
information we can derive a least-squares estimate of 6, given as follows

0= XTX)'xTy = (XTX)'XT (X0, + 1) =0, + (XTX)"1xTy,
Fix any z € R?, then Thus
2T H—-60,)=2"(XTX)"'X Ty
Note that 5 ~ A(0,I). For any W ~ N (, X) we have AW + b~ N (Au+ b, ALAT). Thus

27 (0 —0,) ~N(©O,z" (XTX)L2).

so that

P (zT(é —0,) > \/2ZT(XTX)1zlog(1/5)> <.

We will use the notation ||z||% = 2" Az so that with probability at least 1 — ¢
21(0 = 6.) < |1zl (x7x)-1 v/210g(1/5)
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Aside: Gaussian to sub-Gaussian

For an arbitrary constant p,

P@"(0 - 0.) > p) = P(w"n > p)

< exp(=Au)E[exp(Awln)], let A>0 Chernoff Bound
t

= exp(—A)E[exp(A > winy)]
=1

t
= exp(—Au) H Elexp(Aw;n;)] independence of w;n;
i=1
t
< exp(—Ap) HGXP()‘2W? /2) sub-Gaussian assumption

=1

A2 2
= exp(—Ap) eXP(EHsz)
2
w
) A=
2l ol
2
W
R L
eXP( 2xT(XTX)_1$) )

< exp(

where in the final step we made use of the following equality
[w|? = 2T (XTX) 7 XTX(XTX) e = 2T (XTX) La.

Thus with probability at least 1 — 9,

270 -0,) < \/2$T(XTX)—1xlog((1s)

=[]l (x7x)-1v/210g(1/9)

11.3 Experimental design and Kiefer-Wolfowitz

Note that if I take measurements (x1,...,2,) € X and observe their corresponding observa-
tions y; = (x;,6%) + 1 where 1; ~ N(0,1), then E[(6 — 6)( — 6)T] = 62(XTX)™! and also,
0—0" ~ N (0,02(XTX)™1). We can visualize this as a confidence ellipsoid for each choice of
X. And we can even think of optimizing the choice. Recall that the PDF of a Gaussian is
o(z) = W(z—ﬂzi%/g. With entropy 3 log(2me|%|).

When the number of selected points is large, its more convenient to think of sampling n points
from a distribution placed over X. Define

Ay = Z Aoz’
reX

so that for every X € R7*¢ there exists some A € Ay such that X' X =Y _[A,7]zz’ = A,.
This Ay can then be used to shape the covariance 6:
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¢ A-optimality: minimize f4(\) = Tr(A4;") minimizes E[Ha— 03]
e E-optimality: minimize fg(\) = max,,,|<i u" Ay 'u minimizes max ||, <1 E[({u, o — 6))?]

e D-optimality: maximize gp(A\) = log(|A,|) maximizes the entropy of distribution. Also, if
Ex={z: a:TAglx < d} then D-optimality is the minimum volume ellipsoid that contains X'.

¢ G-optimality: minimize fc(\) = max,ex v A} 'z minimizes max,cx E[({(z, 6 — 6%))%

Lemma 18 (Kiefer-Wolfowitz (1960)). For any X with d = dim(span(X)), there exists a \* € Ay
that

e maxj gp(A) = gp(A*)

e miny fo(A) = fa(\Y)

e fo(\) =d

o support(\*) = (d+ 1)d/2

Proposition 7. If \* is the G-optimal design for X then if we pull arm ¥ € X exactly [TAX] times
for some T > 0 and compute the least squares estimator 0. Then for each x € X we have with
probability at least 1 — §

(.0 —0%) <[zl s, frastear)-1 v/ 2108(1/0)

1
< \ﬁH“’H(ZzeX AzzzT)-1V 210g(1/6)

. [2d10g(1/5)

and we have taken at most T+w pulls. Thus, for any 6" € (0,1) we have P(|J,c»{l(z, 0—6%)| >
2dlog(2|X|/§’)}) < 4.

Notes:

e The support size of (d + 1)d/2 is trivial application of Caratheodory’s theorem. Many algo-
rithms to find this efficiently.

e Note that one can find a A\* with a constant approximation with just support O(d).
e Leverage scores if V-optimality
e John’s ellipsoid is equivalent to G/D-optimality

[Pukelsheim, 2006, Yu et al., 2006]. [Yu et al., 2006} Soare et al., 2014|[Soare, 2015 [Lattimore and Szepesvari, 201
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11.3.1 Frank-Wolfe for D/G-optimal design

Define g(A) = logdet(}",cx Azzz ). Recall that for any A € Ay we have by Kiefer-Wolfowitz that
Vol = 12'lfg, _ avawmy2 > 4

Input: Finite set (z1,...,2,) C RY A € A,,.
for k=1,2,...

I}, = argmax; Hl‘sz | Abajae )=t
J

MNAL — (1 — ) AF + ’)’k[Vg(/\)]Ik where
Vi = argm’zyixg <(1 — ’y))\k + ’yejk)

If max; ||z;]? < 2d Terminate

(Choy Ml )

The analysis of the algorithm critically leverages the step size selection. Let A(X) = > )\mx;r
so that g(\) = logdet(A())). Note that for some step size v and i € [n] we have

g((L=PA+7e) =g (1= DA+ e
= dlog(1l — ) + logdet(A(\) + ﬁxzx:)
= dlog(1 — ) + logdet(AN) (I + {25 A(N) ' az]))
— dlog(1 — ) + logdet (A(N) + log(1 + 1= [all3 1)
which means, plugging in the definition of 5 and I,

g()\k—i-l) _ g()\k) = mvaxdlog(l — ) + log(1 + ﬁHﬂfIkHi(,\k)fl)
= max —dlog(1+ 7) + log(1 + 7||xy, ||,24(,\k)71)
> max —dr + 7|21, HzA()\)—l - TQ“:I;II@ Hi(}ﬁ)—l/2
 (lnBy - — @

2HxlkHj14()\k)—1

where we have taken the reparameterization 7 = ﬁ which implies v = 7/(1 4+ 7), and the fact
log(1+ x) >z — 2%/2 for = > 0.

Let K be the final iterate of the algorithm when it terminates. By the definition of the termination
condition and I, for all k¥ < K we have that H"EI;CHZ(M)A > 2d. Thus,

(T —

gAY = () + 7
2H'%.IK”A(>\K)—1

L

> 9(/\1) + 4
=1 QHxlkHA(/\k)—l

+Z

> g(A! )+K/8

)?/2

|5UIK HA(A
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which implies K < 8(maxy g(A) — g(A!)).

There exists an algorithm to produce an initialization with |support(A\!)| = 2d and maxy g(\) —
g(\') < 5dlog(d) [?]. This implies that [support(A(K+1)| < 40dlog(d). But our above analysis is
actually quite weak, one can improve this result to O(d loglog(d)) with a more careful Taylor series
upper bound.

11.4 Elimination algorithm for Regret Minimization

This section is inspired by [Lattimore and Szepesvari, 2020].

Input: Finite set X C R?, confidence level § € (0,1).
Let X1+ X, 0+ 1
while \Xg| >1do
Let A € Ay, be a (dH) -sparse minimizer of f(\) = max HxH(Z
TEX)

€0 =27, 7o = 2de, * log(4£%X|/5)

Pull arm z € X exactly r)\\g’x’i’g—‘ times and construct the least squares estimator é\g using
only the observations of this round

X”l — X \ {l’ e Xp: maxxre/w@’ —x, 5@) > 26@}

L+—0+1
Output: A

After T time steps, define the regret as

TEX) )‘IIIT)

Ry = (x*,6%)

T

Z xt,H* ]
t=1

=E Z T, A,

THET*
where A, = (x* — x, 6%).

Lemma 19. Assume that maxgey(x* —x,0%) < 4. With probability at least 1 —§, we have z* € Xy
and maxgex, (* — x,0%) < 8¢ for all ¢ € N.

Proof. For any V C X and x € V define
EreV) = {|(x,00(V) = 0)] < e}

where it is implicit that é\g = @(V) is the G-optimal design constructed in the algorithm at stage
¢ with respect to Xy = V. Note that this is precisely the analogous events of multi-armed bandits.
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The key piece of the analysis is that

(U U (&80 )<

/=1 LL’EX@

( U {&€2.0(X0) )
(=1 VX z€Y
=>.>. Pl U {55,4(1})}) P(X = V)

{=1VCXx eV

Thus, in what follows, assume &£ := [, . ﬂ?il{gm’g(.)(g)} holds.
Fix any ¢ for which z* € Xy (note z* € &}). Then for any = € Ay we have

(x — 2*,0,) = (2,0, — 0%) — (2*,0, — 0%) + (x — 2%, 0%)
< 2¢

which implies 2* € Xpy1. Thus, 2* € Xy for all £. On the other hand, any = for which (z* —z,0*) >
4ep we have

max (2’ — z 00y > (2" — 2, 0,)
' €Xy

= (2*,0, — 0%) — (2,0, — 0*) + (z* — z,6%)
> 2¢

which implies maxgex,, , (z,0%) > (2*,0%) — 4 = (x*,0%) — 8egy1. O

For any ¢ > [logy(8A~1)] we have that X, = {z*}. Suppose you run for 7' timesteps. Then for any
v > 0 the regret is bounded by:

Z AT, = Z AT, + Z AT,

zeEX \x* zeX\z*:Ap<v zeX\x*: Ay >v

<vT + Z Z Ay [TEXE,I—|

=1 zeX\x*:Azx>v
[oga (3(AV)~1)] ~
<Tv+ Z 8¢ (|support(Ae)| + 7¢)
/=1
[og,(8(Avi)~1)]
—Tv+ > 8o (LY 4 22 log (4% X|/5))
/=1
[logs(8(Avy)~1)]
< T+ 4(d + 1)d[logy(8(A vV v)™1)] + > 16de; ! log(40%|X|/9)
/=1
[logs (8(Avy)~1)]
< Tv + 4(d + 1)d[logy(8(A V v)™1)] + 16d log(4log3 (16(A V v) 1) |X|/5) > 2
/=1
< Tv+4(d+ 1)d[logy(8(A V v)™)] + 512d(A V v) ' log(4log3 (16(A v v)~1)|X]|/6)



11.5. ELIMINATION ALGORITHM FOR PURE EXPLORATION 87

Setting v = 0 yields a regret bound of O(dA~* log(|X|log(A~1)/§)) which implies Ry < ¢4 log(|X|T).
Minimizing over v > 0 yields a regret bound of O(,/dT log(log(T/d)|X|/§)) which implies Ry <

c/dT log(|X|T).

Remarks:

o Let X = {e; : i € [d]}. Then for this action set, this bound is nearly minimax according to
our lower bounds!

e However, this is also concerning: we know that in the bandit setting the regret scales like
S, A7 og(T) but this scales dA~!log(T), which is significantly worse. Can we achieve
this?

e For pure-exploration, an analogous analysis shows that one can identify the best-arm in
% log(1/d) pulls. But this is exactly the same rate we would have gotten if we did G-optimal
once in the beginning and sample according to that!

e Optimism won’t help here

11.5 Elimination algorithm for Pure exploration

This section is inspired by [Fiez et al., 2019].

Showing that z* is the best arm is equivalent to showing that (z* —x,0%) > 0 for all x € X'\ z*.
Given a finite number of observations, we have an estimate 6 and a confidence set for 6*.

(2" —2,0) = (2" — 2,0 — 0%) + (2" — x,0%)
= (2" — 2,0 — 0") + A,

Recalling above, we have for any vector z € R? that |<z,§— 0] < ll2ll(x7x)-1y/210g(1/6) w.p.
>1-6.

We need to show that this confidence set is completely inside the z* region. Where we need to
decrease uncertainty is in the directions x — x*, clearly, which is not the G-optimal design. The
most realistic optimization program

pfi= inf T
AeAX,7eN
* 2
[ Ty-1
. TAgTL 1
subject to max (2162" =2 ) <=
zeX A:r 2

* 2
= inf max I xH(erx Agza )1
AEAX zEX A2

One can prove a lower bound of log(1/2.40)p*.
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Input: Finite set X C R?, confidence level § € (0,1).
Let X} < X, t+ 1
while ]Xg| >1do
Let Ay € Ay be a -sparse minimizer of f(\; Xy) where

_ _ 1112
fV) = Al?gg f(A V) = Algﬁ(xrgagjllw Zlis, 4 AvaaT)

Set e =27, 7y = 2¢, f(Xg) log(4¢%|X|/6)
Pull arm z € X exactly (Tg)\g «| times and construct Hg
Xot1 %Xg\{.TEXg.maXxe/yA :L‘,et >Eg}
t+—t+1

Output: Xy

(d+1)

Lemma 20. Assume that maxgey(x* —x,0%) < 2. With probability at least 1 — 9§, we have z* € X
and maxgex, (x* — x,0%) < 4e; for all £ € N.

Proof. For any V C X and = € V define
Exa(V) = {l{x — 2%,0,(V) — 07)| < e}

where it is implicit that é\g = (/9\5(12) is the design constructed in the algorithm at stage ¢ with

respect to Xy = V. Given X, with probability at least 1 — 72€26|X\

[z — 2,00 = ") <z — 2", Trine e (V)]2aT)-1 V2108 (4€%| X /)
2 = 2*l[(, ey Aew(V)zzT) -1

- VTt

2
H$ — x*H(Zzev M’I(V)%UT)A

26,7 (V) log(4£2]X| /)

2log(4021X|/9)

2log(421X|/9)

:56

By exactly the same sequence of steps as above, we have P((,2; N e, {|(z — 2%, 0, — 0%)] > ¢,}) =
P (ﬂzeX Niey 5175(2(@)) > 1 — 4, so assume these events hold. Consequently, for any x’ € X}

(' — 2*,0)) = (' — 2*,0, — 0) + («/ — 2*,0%)
(' — *, 0, — 6%)
€0

<
<
so that 2* would survive to round ¢ + 1. And for any = € X, such that (z* — z,0*) > 2¢, we have

max(az —x 04) > (" — $,‘/9\£>
' €Xy

= (2" — 2,0, — 0°) + (2" — x,0%)
> —€p+ 2¢

:68

which implies this 2 would be kicked out. Note that this implies that max,ex, ,(v* — x,0%)
2€p = 4epqq.

LIIA
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Theorem 18. Assume that maxgzey(x* — x,0%) < 2. Then with probability at least 1 — §, z* is
returned from the algorithm at a time T that satisfies

7 < ep*log(A 1) [log(1/6) + log(log(A™1)) + log(|X|)].

Proof. Define Sy = {z € X : (2% — z,0%) < 4¢/}. Note that by assumption X = X; = S;. The
above lemma implies that with probability at least 1 —§ we have (1,2, {Xy € S¢}. This implies that

v - :
FU0) = i, 2, 1 = i e
3 -
2l 2 1= 2l aumemy
= f(S0)

For £ > [logy(4A™1)] we have that S, = {z*}, thus, the sample complexity to identify z* is equal
to

[logy (4A71)] [logy (4A~1)] dd
Z g{ﬁw\m = ; (7(2) +Te>

flogy (48]
= > (U2 log (4% X /5) )
=1
o flog, (44 )]
< M Mlogy(1ATHT+ DT 26 (S0) loa(4*|X|/5)
/=1

d+1)d 4log2(8A—1)|xX (log2(4A*1ﬂ
D M6g, (4A71)] + dlog(H2B2 Iy ™ 925 (g)),
=1

IN

We now note that

2
. HJ} — gj‘*H Zzex )\zsz)_l
p* = inf max
AeAy wEX ((x — a*,0%))?
X2
= inf max max Iz == H(EZGX)\IMT)_1
AEA x (< [logy(4A—1)] 2ES, ({x — x*,0%))?
-1
| (W

inf max

> -
~ [logy(4A=1)] xeax —  ucs ((x — x*,0%))?

[og, (4A71)]

1
2% inf — _
16[log, (4A 1] ; Jof maxlle ="t aeomy-s
' Mlogy (48]
> 220 inf — ~
~ 64[logy(4A71)] ;—; )‘énﬁx wrgaeoég o= H wex Az2T)7!

[log, (4A71)]

1
= 64[logy(4A1)] ; 2150

where we have used the fact that max, ,cg, [|[z—2' H%Z Moz T)-1
reX T

< Amasees, -2 P\ o

by the triangle inequality.
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11.6 Regret minimization revisited

Okay, now that we know how to do optimal pure exploration, how do we turn this into an algorithm
that is optimal?

Let Rp(X,0) =Eo[Y [ Ax,], A, = maxyex(2’ —,0)
The next theorem is from [Lattimore and Szepesvari, 2020].
Theorem 19. Fiz any X C R? that spans R? and 0* € R? such that arg max,ex (x, 0*) is unique.

Any policy for which Rp(X,60%) = o(T®) for any a > 0 also satisfies iminfr_, Rﬂ(g)((fe)*)
where

*

>r

r* = inf g o\
X
a€[0,00) vex

2
H:U* _xH(erxammT)’l 1

subject to ma < Z
J xe?? A% -2
Note that
p* = inf 1 Z oY
a€0,00)% 2 aex *
o — | g
bject t ex WP ) < =
subject to Iﬁé}f A2 =3
Notes

e There exists an asymptotic algorithm [Lattimore and Szepesvari, 2016], but no satisfying
finite-time algorithm as of yet.

e Information directed sampling may be near-optimal and very high performance.
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Contextual Bandits

12.1 Introduction

This section is inspired by [Lattimore and Szepesvari, 2020]
Fort=1,2,...
e Nature reveals ¢; i D
e Player chooses a; € A and observes y; = v(cg, ar) + €
which models users showing up to websites, or patients showing up to the doctor with different

Symptoms.

12.1.1 Finite contexts

Suppose the space of contexts, denoted C, is finite. Then a natural algorithm would be to run an
individual multi-armed bandit algorithm (action elimination, UCB, etc.) per context. We know
that after T time steps, such a strategy applied to context ¢ € C would satisfy

T T
mgf; 1{c; = c}v(c,a) — ; 1{c: = chv(c, ap) S \/Te|Allog(T| Al /6) < v/Te| Allog(T|A|/9).
where T, := S°]_ 1{¢; = ¢}. Summing over contexts we have
T
2 max 2 Hee = cf (v(e,a) —v(c,ar)) S Ze; VT Al log(T|.A|/5)

< /IC| |A|T log(T|A|/5) (12.1)

by Cauchy-Schwartz.

The clear problem with this strategy is that this regret is trivial if |C| is very large. Indeed, if we
had just ignored the context altogether at each time ¢, we could just play a multi-armed bandit
algorithm to achieve

T
maxz (v(ce, a) —vlcs, ar)) < /AT log(T|Al/6). (12.2)
acA

t=1

91
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While the right hand side of appears much smaller than the right hand side of (by a
factor of \/@ ) we point out that the left had sides are not equivalent — they’re using a different
benchmark of regret! The first compares to the best single action per context whereas the latter
compares itself to the single best action with respect to all contexts. The first is a much higher
standard. The next section formalizes a unifying benchmark, which we denote as policy regret.

12.1.2 Policy Regret
A policy 7 : C — A maps contexts to actions. The value of a policy 7 is defined as
V() = Ec,v(C,n(C)) + € = Ecv(C,n(C))].

We assume at the start of the game the learner has access to a set of policies II which may be
infinite, but for simplicity we will assume it is finite. At each time, we assume the action taken is
according to some policy m; € Il so that the regret is defined as

T

Rr=T- max V(r) — E[; V()]

and for convenience, we will fix a 7* := arg max e V().

Connecting to the previous section, |II| = |A|Il and [TI| = | A| respectively.

12.2 Policy evaluation

Suppose for each policy 7 € IT we wished to estimate V' (7) up to tolerance € > 0 with probability
at least 1 — J. A naive strategy would be to simply play policy 7 for some number of trials to
estimate its value. That is, for some 7 € N, play each m € II for 7 trials in response to the IID
contexts. For each 7 this would result in a set of rewards {r] }7_; each in [0, 1] which we can use
to define 17(%) = % > 1_1 7. By Hoeffding’s inequality and a union bound, we have that

P ( UV -vim)l = \/log(Q\H]/(S)/%') <.

mell

Thus, if 7 > €2 log(2|I1|/§)/2 samples were taken for each policy 7 € II we can estimate each V ()
up to tolerance € with probability at least 1 — § using e~ 2|II|log(2|II|/§)/2. But this linear scaling
in |II| is awful if |II| is large! Can we do better?

12.2.1 Logging policy

The core difficulty of model evaluation in contextual bandits is that if I take action ¢ and receive
a reward with mean v(c¢, i), I don’t observe v(c, j) for some j # i. But if every context appears
very rarely so that I cannot rely on seeing the same context multiple times, how can I predict what
I should have done? We will employ the use of a randomized logging policy to help us solve this
riddle.

For any context ¢ fix an exploration distribution p(alc) € A 4 such that p(alc) > 0 for all a,c. The

distribution u(alc) will act as our randomized logging policy to collect data in aid of estimating each
V() efficiently. We can define p(alc) independently of II, or we can perform “proper learning”
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so that p(alc) is actually playing a random policy @ € II at each time. To do this, fix some
distribution over policies A € Ay, and then at each time ¢, draw m; ~ A and play a; = m¢(c¢). Here,
plale) =3 ren Aal{m(c) = a}.

If we play the logging policy for 7 € N rounds, at each time t = 1,...,7 nature reveals a context
¢t ~ D, the logging policy plays a; ~ pu(-|c;), and receives reward r, = v(cy, ar) + € € [0, 1] where
Ele;] = 0, by assumption. This results in a dataset {(ct, at, 7+, pr) }1—, where py := p(a¢|ct). Given
this dataset, we wish to estimate each V(7). We describe two ways to do so described as model the
bias and model the world. We will also consider a hybrid of the two.

12.2.2 Model the bias

If we just naively estimated V(w) with 237, ri1{m(c;) = a;} this would be a biased estimator:
its expectation may not converge to V(7) no matter how large 7 is. We now define an unbiased
estimator for V(m). Define the inverse propensity scoring estimator as

(e, a) == rtw, and Vi) = 1 Z@(Ct,ﬂ(ct)).

-
bt t=1

Note that V(r) is unbiased since

T

- % > E[o(er, m(er))] = % > E[E[(c;, w(ct))ler]] = Bomp[v(C,(C))] = V(w)
t=1

t=1

and

E[o(ct, rctzm[rtl{at—a} ]

1 ar = a

ey " (adler)
B e (e 1{d' = a}
_a/ze;atM Hleavlen ) p(a’ler)
= U(Ct7 )
The variance of 17(7r) is
B(7(r) - V()] = ZE Bler () = olet @)l < B |-t

due to

E[(0(ct, a) — v(cr, a))?|et] < E[(T(cr, a))?|c]

1{a; = a} . .
<E[lirk] o
e 1{d' = a}
< 2 M)
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We will use Bernstein’s inequality (Lemma in Chapter , which states that for independent
random variables Xi,..., X,, with 2 Y™ E[(X; — E[X;])?] < 02 and |X;| < B, with probability
at least 1 — 4,

1 — 2021log(2/8)  2Blog(2/é
1S | < (20800 | 2B108(2/5)
m m 3m
and the same bound holds when X1, ..., X,, form a martingale difference sequence.

L 1
If Vmax := max, max ¢y MeGIn) and

21og(2|11]/9) 1 2Umax log(2|11/4)
T = ]:E ~
e ¢ PO T e
then by Bernstein’s inequality we have P (UﬂGHHV(ﬂ') — V()| < CT<7T)}> < 0. We can also derive

a data-dependent bound by defining F;_1 = (¢1,a1,71,...,¢i—1,ai—1,7i—1, Ci, a; } so that (¢;,a;) are
Fi_1 measurable and

2log(2|11|/6) Z Y7, Zimax log(2[T11/5)

T = D 3T

9)

() :=

to conclude that P (UwenﬂV(w) V()| < 6,(@}) <.

In particular, if we set u(alc) = ﬁ for all a, ¢ then for any 7 > 2|.4|log(2|II|/d) we have

2/ Al log(2[11]/0) | 2Alog(2[M1]/0) _ \/4|A|10g(2\ﬂl/5)

3T T

rwm—ans¢

for all 7 € II with probability at least 1 — d. Thus, it suffices to take 7 = 4e~2|A|log(2|11|/J)
samples to estimate every V() up to tolerance e with probability at least 1 — 4.

12.2.3 Principle of Pessimism for Off-policy optimization

Frequently, p will not be uniform but some arbitrary logging policy that has been running for a
while to collect data. If one had to output a best guess of the best policy, a natural choice is
Tmle = arg max, V (m) which satisfies

V(Fmie) =V (@mie) =V @te) + V (Fonte)
> V(m) = Cr(Fomie)
> V() = Cr(me) = Cr(Fomie)
> V() — max 2C;(74)

which suggests we need to estimate every policy uniformly well for 7. to perform well since we
don’t know how to bound C(Te)-
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Alternatively, define Tpess = arg maxyen ‘7(77) — C(m) that penalizes policies that are poorly esti-
mated. Then

V(Fmie) =V (Fmie) =V Fmie) + V (Fonte)
> ‘7( mle) (Wmle)
> V(m) - 20 < .)

which suggests we only need to estimate 7, well, which could lead to a much better output policy!

12.2.4 Model the world

Consider a function class F such that for each f € F we have f : C x A — R. The idea is that
some function f, € F is close enough to v(c,a) to be useful, and that we can identify f, or some
function close to it using our collected dataset {(ct, at, ¢, p)}j—;. Let

—argmmg re — fleg, ar)) 2.

We can then estimate V() with V() = D f(ct, 7(ct)). This incurs an expected error of

o~

E|V (r) - V(m)| = E[Ec[v(C, (C)) - J(C,(C))]]
< [Ec[v(C,7(C)) - fo(C,m(C))]| + E[Ec[£(C,7(C)) = F(C,x(C))]]
Ji( )

< [Ec[v(C,7(C)) - m(C )]I+\/E|Ec[f*(0ﬂf(0)v)—f(CaF(C))Hz-
bias

variance

The bias is unavoidable if f, # v which happens if v ¢ F. However, if u(ale) > 0 for all a,c then
as T — oo the variance term goes to zero and we have that f — f,. Below we will see how the
variance term behaves as a function of u(alc) for linear functions.

We say the contextual bandit instance is realizable if v € F, and a great number of works have
taken advantage of this fact. If v ¢ F then this technique is biased and no matter how much
data you collect, you may never get accurate estimates for the true value of a policy = € II.
Nevertheless, this method is extremely popular in practice because its so easy to solve a least
squares problem like the above for arbitrary function classes, like neural networks. Then people
will just use a; = arg max,c 4 f(ct, a), totally bypassing the definition of the policy class II.

12.2.5 Doubly robust estimators

The model the bias approach potentially has high variance and the model the world approach
potentially has high bias. Doubly robust methods get the best of both worlds: unbiased but if
the model f is close to the true v then the variance is reduced [Dudik et al., 2011]. Technically, f
should be trained using data independent of our dataset {(ct, at, 7, pt) }7—q, like a hold-out set, but
in practice people will often just reuse the dataset. Define

Upr(ct, @) = A(Ct’ a) + (re — f(Ct,a))l{a;t:a}.
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It is easy to check this is unbiased with expectation v(ct, a). In the variance calculation of IPS
we simply used the fact that r; was bounded in magnitude by 1. Here, we will take advantage of

~

the possibility that r, may be close to f (ct,a). If r; still has lots of intrinsic variance, this method
won’t help much, but if |r; — f(¢t, a)| is small, it can help a lot.

12.3 Stochastic Linear model

Consider a very special case of model the world where we assume that v(c,a) = (¢(c,a),0,) for
some 6, € R? and II is induced by all possible # € R? with 7(c) = arg maxqc4(¢p(c,a), ) We can
restate the above models as For t = 1,2,...

e Nature reveals (¢ 1,...,2¢n) = & C NG

e Player chooses I; € [n| and observes y; = (x¢1,,0%) + €

~

When we had a fixed action set, we built confidence intervals on (z;,0 — 6*). Now that we don’t
know what action sets to expect, a natural to assume max; ||z; || < 1 and build confidence intervals
0N SUP 1| 5 <1 {Us 0— 0*) = ||§— 0*||2, or equivalently, define a set Cy with the guarantee that 8* € Cy
for all . When an action set X; shows up, we could eliminate all provably sub-optimal arms by
setting Xy = X\ {z : maxcx (2’ —x,0) < 0V0 € Cy} and play uniformly in this set. An alternative
is to run UCB, defining:

UCBy(z) = max(z, §)

0cCy
and play z; = arg maxzex, UCBy(x). If 2} = argmaxgex, (z, 0*) then
(zF,0%) <UCBy(zF) < UCB(x;) = (4, 0)
where 6 = arg maxpec, (Tt, #). Thus, the instantaneous regret at time ¢ satisfies

re = (xf — x,0%)
(24,0 — 6%

< el g2, 18 = 071,

< 2ffzel] g1 v/ Br-1

IN

Thus, the random regret satisfies

T T T
Rp=) _rn<\|TY ri~ |2T8r ) thuifﬂ
t=1 t=1 t=1 B

Let 6; be the (?-regularized least-squares estimate of 6, with regularization parameter A\ > 0 given
by
0; = arg mein | X160 — Y| + A\|0||§ = (X{:txl;t + )\I)_lXitYl;t

where we are denoting Xj.; as a matrix with rows X;‘F, X2T, e XtT and Y. as the vector (Y1,...,Y;)7.
The following theorem says that with high probability 6, lies with high probability in an ellipsoid
with center at 6;.
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Theorem 20. Confidence Ellipsoid. Assume the same as in Theorem 77, let V = I, X > 0, define
Y: = (Xy, 0:) + m¢ and assume that ||0.|| < S. Then for any 6 > 0, with probability at least 1 — ¢,
for allt > 0,0, lies in the set

det(V;)1/2) det(\I)—1/2

1/2
5 )+ A/=S

Ct: HGRd: ”é_HHVt SR\/210g(

Furthermore, if for all t > 1, || X¢||2 < L then with probability at least 1 — 6, for all t > 0,0, lies in

the set
A 14+tL2/A
C) = {9 eR?: 10— 0|y, < R\/dlog(H) - )\1/28} :

0

12.4 Stochastic Contextual Bandits for General policy classes

Let’s return to the general setting of trying to minimize policy regret without assuming a parametric
structure on v(e¢, a). Fix some policy set II.

12.4.1 r7-greedy

4| Allog(2(11]/6)

Consider running the uniform exploration logging policy of above for 7 steps. If e, := -

and T = arg maxep V() then

~ ~

V(@) = V(@) - V(F)+ V(F) = Vi(x*) + V(7)) = V(r") +V(7*)

—€r >0 >—er

If we explore uniformly for 7 rounds according to our logging policy and then exploit for T — 7
rounds then we achieve a regret of at most

4| Al log(2[11]/6)

T

1-T+2€T-(T—T)ST+T\/

which is minimized at 7 = (|.A|T2 log(2|I1|/6))"/? which yields a regret of O(T%/3(|.A|log(2|II|/8))*/3)
regret.

12.4.2 Reduction to cost-sensitive classification

The above T-greedy procedure requires a solution to the optimization problem 7 = arg max e ‘7(71')
Note that
1 zT: 1{a; = 7(ct)}

argmax V' (m) = arg max —
well mell T Dt

Tt
t=1

= argmax S 7(1— a # ()

t=1 b

1 s Tt
= in-» 1 -
arg min — 2 {ar # m(ct) P
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where the last line is empirical risk minimization of the 0/1-loss with example-label pairs (ct, at)
weighted by ;—i.

Example 4. Let ¢ : C x A — R? be a feature map and assume 11 is parameterized by R so that
for every 0 € R? there exists a ™ € 11 such that 7(c;) = arg max,e4(0, ¢(ct,a)). Note, unlike Sec-

tion [12.3, we are not assuming anything about the relationship between (0, $(c,a)) and v(c,a). A

natural convex relazation of 1{a; # m(cy)} is cross-entropy loss —log(z exi(szr’f()ggt(’;(tc)t>21)>)). We can
ac ’ ?

approrimate T = arg maXcqy ‘7(7r) with an iterative algorithm where Oj11 = Op+nK > 1y %Ve log(zfji(ézédgggfﬁtc)zl)>

for some step size sequence ny.

12.4.3 Elimination algorithm

We will make the strong assumption that the distribution of contexts D is known a priori. This is
not so implausible due to historical data, and often one can proceed in stages where the previous
stage’s data can be used to approximate the context distribution. The algorithm and analysis is
inspired by [Dudik et al., 2011].

Recall the value of a policy m € Il as V(1) = Ecp[v(C, m(C))]. Taking our G-optimality approach,
we aim to sequentially define a distribution A\ over policies II and at each time play according to
e ~ A. Given an active set of policies still under consideration, we wish to identify the distribution
that minimizes

el T V)]

for some active set II C II.

Input: Policy set II such that 7 : C — A for all = € II, n = |A|, confidence level § € (0, 1).
Let I} <~ 11,0 < 1,70 < 0

while |II;| > 1 do

€0 =27%, 7 = [16ne, > log(2[I1|T/5)], v¢ = min{5, Ls@IT/ON 'y = Ty ) 474

QTLTZ

Q£ = arg miIlQeAﬁ[ Inaxﬂeﬁg EC [W]
s.t. Qv(a|c) =7 + (1 - f}/n) Z‘n'eﬁg:rr(c):a Q(ﬂ-)

fort=T,_1+1,...,T}

Observe context c;

Play a; ~ Q" (:|er), set pr = Q7 (a¢|c) and observe reward ry = v(cy, ar) + ny

> 1{7(ct)=as
Set Vg(ﬂ) = T271Tz_1 ZtG(Tz—hTe] Tt : ((;t) =
My < 10\ {m € IIy| max_, g, Ve(n') — Vo(m) > 2¢;}
t—t+1
Output: 11,44

The following lemma is somewhat of a generalization of Kiefer-Wolfowitz.

Lemma 21. Let £ € Z be a random variable and let ¢ : A x = — R, Then

T
min max [E¢ qﬁ(a,f)T (Z Aa/¢(a’,§)¢(a’,§)T> $(a,&)| <d,

AEA ceA
A a’'eA

with equality if dimspan({¢(a,&) :a € A}) =d for all £ € =.
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Proof. Define f(\) = E¢ [f(X;€)] and f(A;n) = logdet (3 ,c 4 )\aVn(j)(a,n)gZ)(a,n)TVnT) where V;, €
RF*? satisfies VnTanZ)(a;n) = ¢(a;n) and k = dimspan({¢(a,n) : a € A}). First note that for any

A: R — R¥*F we have %logdet (A(t)) |t=t, = Trace(A(to)~ 1dA ’t to)- Thus

1
AP Trace ((Z Aa/vgqb(a’,gw(a’,sfv,g) Vgczs(a,fw(a,sfvg)

a’'eA

—1
= ¢(aa€)—r‘/§—r (Z Aa"/%gb(a/vg)qb(a/aé)T‘/%T) vaqb(avé-)

a’'eA
t
T < Z Aa’(b(a/? §)¢(a’/7 E)T> ¢(a7 g)
a’eA
Note that for any A we have (Vf(X;§), A) = dimspan(¢(a’, &) : @’ € A). Let \* = argminyea , f(A)
and fix any a € A. Then by first order conditions,
0> (Vf(X),ea— A7)
= E¢ [(VF(\";€), eq) — dimspan(¢(d’,€) : a’ € A)]

>]E§
a’'eA

f
<Z Ao £)T> ¢(a,£)] — maxdimspan(@(d’,) : a’ € A)

Because a € A was arbitrary, this completes the first part of the proof. Now suppose d =
maxycz dimspan(¢(a’,n) : ' € A). Then by the previous display we have

T
d > maxEe { (Z N £>T> ¢(a,£)]

a'eA

f
in max B {qﬁ(a,f)T (Z Aaf¢(a’,€)¢(a’,§)T> qﬁ(a,f)]

a’'eA

:
mln Z)\ E¢ | ¢ |: <Z Ao d(a f)T> ¢(a,§)]

Y

| V

a’eA
=d

which completes the proof. O

However, the original proof in [Dudik et al., 2011] proves this result in a very different way, appeal-
ing to Sion’s minimax theorem.

Lemma 22. For any finite policy set I1 we have

1
Ec |- | <A
i 3B oy < 4
with equality if | Urerr w(c)| = |A| for all c. Moreover, for any finite policy set I1 and ~ ﬁ we
have

i Bo |t | = mi E ! < 2|4
OeR EEC | v (O] 0) | T SRR WA |y (T = AlADQ(O) )| = A
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Proof. Consider i = 1,...,|A| actions and for each ¢ € C define 7. := e,y € {0, 1} For any
Q€ An

T
T N T — 1 = !
e (Z Q(ﬂ- )TrCTrC > e Zfr’EH:ﬂ"(C):ﬂ'(C) Q(ﬂ—/) Q(T((C)’C)

w' €Il
Applying the above lemma we have

i
min maxE¢o |7, E gemema | | <Al
(IGAH mell el

s

O]

Remark 12. In light of the connection to Kiefer-Wolfowitz, where one appealed to Caratheodory’s
theorem to find a sparse solution that grew only quadratically in the dimension, one may wonder
if @ can also be sparse in this setting. If |C| < oo then by constructing a sparse solution via
Caratheodory for each ¢ € C we can always find a solution Q) that is |C||A| sparse. Can we do
better? Unfortunately, for some absolute constant o > 2, [Agarwal et al., 201 prove that for

sufficiently small v > 0 there exists a contextual bandit instance with |C| = 2\/§i|Ah such that if a
Q € A satisfies max, e Eo [7+(1—7n)1Q(7r(C)|C) < alA|, then |support(Q)| > (|C|—1)|A| = 4\/1%7.

They also show how to obtain a O(1/7)-sparse solution for a very similar optimization problem for
any contextual bandit instance.

Lemma 23. For all { =1,2,... we have 7* € II; and max V(m) > V(") — 8es.

Feﬁ[

Proof. Let 7y = Ty—Ty_1. Noting that the variance of 175(77) is bounded by max__ efi, Eco {W} ,
£

we apply Bernstein’s inequality at each stage ¢ to find

4nlog(2|II|T'/6) N 2log(2|I1|T/9)
g 37ee

V() — V()| < \/
. \/16n log(2|11|T'/5)

= -

W} to equalize the terms for large 7y. The last inequality

holds if 7, > nlog(2|I1|T/§). To make the right hand side less than €y, it suffices to take 7, =
[16n€, ? log(2|TI|T/4)].

For any fixed ﬁg with 7 € ﬁg, we have that any 7 € ﬁg satisfies
Vi(m) = Vo(m*) = Vi(m) = V() + V(m) = V(5*) +V (7*) = V(")
—_———

<0

for the choice of v, = min{ﬁ7

< 2¢.
On the other hand, for any 7 such that V(7*) — V(7) > 4e/
max Vy(n') = Ve(m) > V(") = Vi(m)

' elly
= Vi(*) = V(#*) + V(%) = V(m) +V () — Vi(r)
>4dey
> 2¢€y
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which implies this 7 will be kicked out. This means that max g V(m) > V(n*)—4e > V(n*) —
8€p41-

Extending the proof to all £ and random I, is identical to above for linear bandits. O

Suppose you run for 7' timesteps. Let A = ming.+ V(7*) — V(7). Then for any v > 0 the regret
is bounded by:

[ogz(4(Avr)~1)]
Tv+ > (ven + 8ee(1 — yen))me
/=1
[oga (4(AV2)~1)]
=Tv+ Z (TL\/W+8Q)T@
(=1
[ogz (4(AV) )]
=Tv+ > n\/{lﬁneﬁ log(2|T1|T'/5)] log(2|TI|T/8)/9n + 8e[16ne, > log(2[T1|T/5)]
/=1
[oga (4(AV)~1)]
<Tv+ > 2ne; Hog(4|T1|T/8) + 128ne, * log(4[T1|T/5)
(=1

[oga (4(AV)~1)]
< Tv + 8+ 130n log(2[I1|T/6) > 2t
t=1
< Tv + 84 2080n(A Vv v) " log(2|T|T/6).

As before, using the upper bound (A V v) < v and optimizing over v we have that the regret is no

greater than O(y/nT log(|II|T/d)).

Notes: [Dudik et al., 2011] compute a different @; every time a new context ¢; arrives instead
of our algorithm, above, which computes it only once per stage. Also, when estimating the
value of a policy, they use all the observed data up to the current time, whereas our algo-
rithm only uses the data from that round. Reusing data introduces dependencies that are easily
handled by the martingale-based bounds of above since we can define our filtration as F;—1 =
(c1, 21,71, ..., Ct—1,T4—1,7¢—1,¢¢) so that ¢; € F;—1 which makes p; a predictable sequence.

While the 7-greedy algorithm is computationally efficient via a reduction to cost-sensitive clas-
sification, it is unclear how to make the above elimination algorithm computationally efficient.
Fortunately, [Agarwal et al., 2014] did precisely that by approximately solving the optimization
problem over Ay using an iterative algorithm which results in a finite cover over II.

12.4.4 A VT computationally efficient algorithm

In this section we will propose an algorithm analogous to [Agarwal et al., 2014], but presented a
bit differently.
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Input: Policy set II such that 7 : C — [n] for all = € II, confidence level § € (0,1).
Let II; « II,L < 1,T5 + 0O

for /=1,2,.

e =27, 7y = [16ne; * log(2I|T/6)], 7¢ = min{ L, /BT 7y =7, ) 47,

Let Qg be any (Q € Ay that satisfies both
Z Ao ( ) < coe (12.3)
well

1 Ap_i(m)
Ec {] <n+ Vrell 12.4
@ (ONC) ” (124)

where Q"(zlc) =y +(1—n) > Q(m)

mell:iw(c)=x

for T, steps
Observe context c;

Play z; ~ Q) (‘|ct), set py = Q) (x¢]c;) and observe reward ry = v(cy, z¢) + 1
Set V() = 7= Sote( .1 rtw and Ay () = max, Vi(r') — Vi(m)
L+ /0+1

Output: I,

On stage ¢, for any A < 7, and 7w € II, we have by Equation ?? that with probability at least 1 — 4§
that § < 52 + log(|TTI/8)/A where § = Yoz, , 1y e m= V = 7Eo | gty | and
¢ = 1/3v. Thus, taking A = v,/2 we have with probability at least 1 — 4 that for all w € IT
1 log(2|11|T°/90)
)t
_ % [ 1 } n 10g(2]H\T/(5).
Qr(m(C)|C) TeYe/2

i) — V()| < AEc [

e log(2I|T/5)

Since v, ~ £, o2

< €4, and there always exists a @ to with E¢ [WC)\C)] < 2n, we
have that we will have that |V1( ) — V(7)| < e1. By an inductive argument, one can show that

Equation [12.4] guarantees that Vy(r) — V(7r) < c(eg + A(r)) for some small ¢ < 1. In particular, it
implies that

Ag(r) = mj}x‘/}g(ﬂ/) — Vi(m)
> V(™) — Vi(r)

~

A(m) + Ve(x*) = V(") + V(x) = Vi(m)
= A(m) — ¢(2e0 + A(m))

which is at least A(m)/2 when ¢, < A(7w)/2. This, in turn, implies that Equation is using ac-
curate estimates of ﬁg(w). Thus, approximating Bg(w) ~ max{A(7), €, if a feasible @ is identified
at each round, then during round ¢ one will incur an average regret of at most co(ey + yen) since
P(xy = x) = v¢ + (1 — yn)1{m(c;) = =} and m ~ Q. Then the regret analysis of above follows
identically. Now all that remains is to show that (i) there exists a feasible @y at each round with
high probability, and (ii) such a @, can be identified using a computationally efficient procedure.

To solve (i) we will explicitly construct a feasible Q. For j < ¢ define Il; = {m € I : A(7) < &}
and

P = - Eoo|—— -
7T M8 pe Ansupport(P)CIL, nelly C[PW(w(C)\C)]
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where PY(z[c) = v+ (1 = 1) X e, in(e)=e (7). With 7; and ~; defined as above, let P =
T%z Z?:l P;1; where we recall that T) = Zgzl 7;. Note that P; is essentially the distribution
identified in the computationally inefficient algorithm at each round j. Thus, Equation will
be satisfied almost immediately, since for any 7 such that A(r) < ¢; we have P*(w(c)|c)T; >
P;Yj (m(c)|c); which makes the LHS less than O(ej). To show that Equation is satisfied, we

observe that

ST A (m)Pi(m) = Y Am) Py()

mell mell

SEY Y GPmng? log2miT/s)
¢ J=0 rell:A(m)<e¢;
1 )4
=— ne; tlog(2]U|T/6)
T &

Lo
S gy log(2IMT/0)

1

< —ne; Hlog(2|T|T/6)
Te

S e

where we have used the inequality Zgzo o) < 2a for a > 2.

To solve (ii) we employ the use of a Frank-Wolfe style algorithm, as used in [Agarwal et al., 2014].
In particular, at each step we find some 7 that invalidates Equation m (which can be cast as a
cost-sensitive classification problem) increase Q(), and then renormalize @ so that Equation m
is satisfied. The process will eventually terminate with a ) that doesn’t necessarily sum to one
(but does not exceed it). To make the policy sum to 1, use the empirical best policy.

12.4.5 Frank-Wolfe

Frank-Wolfe for contextual bandits

Input: ¢:[n] xE—R%, 7 >0,aeR?, N0 e,

Set: t =1, w;j(A) =E [6(4,6) T (0072, Mie(i,£)6(6,€) T + 1) 6(5,€)]
do

k = argmax;—1,w;(A!7V) —q

,,,,

_ wi()\(t_l))fai
= "oy
MO = A= 4 ey
if Y0 oA > d
A® —N\O . d
Yy Al

t=t+1
until max;—1,. nw; —2a; <0
Output: Single element in V
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FON) = —E¢llogdet(Y  Xio(i, )¢, &) + D] + Y N

i=1 i=1

ofN) _

a)\j + aj

Trace < Z)\Zqﬁ +’YI) 1¢(] §)¢(jaf)T>

[ Zw DD T8, | + ey

= —wj + oy

For some A and k € [n] such that wy > 2« consider

FO+ner) = —Eellogdet(Y - \ig(i,)6(i, &) " + 71 +no(k, §)d(k, &) )] + Y Nicvi + nayg

i=1 i=1
= f(A) — log(1 4+ nwk) + nay,
< fA) = nwi + n*wi/2 + nay
— f()\) - (wk - Oék)Q

sz
< f(A)-1/2

using the fact that log(1 + z) > 2 — 22/2 and the prescribed step size.
Fix A and let g(c) = f(cA) so that

n

g(c) = —Eellogdet (Y _ chid(i,)6(i,&) " + D) + D chiai

i=1 =1

g(c)=-E {Trace ((cha,f)m &'+ 12&@5 (4,€) )]+Zaj

i=1 j=1

= —EE Trace ((Zc&gﬁ(i,f)qﬁ( T +~I)” Z)\]gé (7,03, 6) T +~I —~I) )] +Zaj)\j
L 7=l

& ;
=1 7j=1

+Za]

— —E | Trace (I—wzcwu,w( &7 1) )

¢ i=1
d n
> —= E ;.

Thus, g(1) > g(c) if ¢ = ST, So if at some point in the algorithm, if >>%_; a;A; > d then

A +— cA. Thus, the projection step does not increase the objective.
If A9 =0 then the algorithm terminates after O(nlog(1/7z)) steps.
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12.5 Stochastic Contextual Bandits with General Function Ap-
proximation

This presentation closely follows lecture notes of Dylan Foster and Sasha Rakhlin based on arXiv:2312.16730.
One major difference between the previous sections is that now we make no assumptions on the

sequence of contexts ci,co,... and, in fact, they may be chosen adversarially. However, we still
assume that rewards y; € [0, 1] given (ct, a¢) are still conditionally IID.

12.5.1 Online regression Oracles

Fix a class F C {f : C x [A] — [0,1]} and assume there exists f* € F such that E[y; | ¢;,a¢] =
f*(cr,ar) for all t. At each round ¢, after observing the history (cs, as, ys)s<t, an online regression
oracle returns a predictor f; € F. We say the oracle has squared-error guarantee EstSq(F, T, ) if,
with probability at least 1 — ¢,

T
ZEatht("Ct) |:(ﬁ(ct7 at) - f*(cta at>)2 ‘ Ct, Ht—1:| S EStSq(f7 T7 6)7
t=1

where p;(- | ¢¢) is the action distribution used by the bandit algorithm at round ¢. This section will
show that if online regression in F is easy, then contextual bandits in F are also easy provided we
explore in the right way.

12.5.2 e-greedy exploration

Before introducing inverse gap weighting, it is instructive to consider the simpler e-greedy strategy.
At round t, given a predictor f; € F, the learner acts greedily with probability 1 — ¢ and explores
uniformly with probability e.

e-Greedy for Contextual Bandits
Input: € € (0,1).
Fort=1,2,...,T:
obtain f; from the online regression oracle using (cs, as, ¥s)s<t;
observe context c;
with probability e, choose a; ~ unif([4]);
with probability 1 — e, choose a; = ay;
observe reward ;.

Let a*(c) € argmax,¢4) f*(c,a) and write

T

Regrety = Z(f*(ct, a*(ct)) — [*(ct,ar)).

t=1

Theorem 21. Assume f* € F and that the online regression oracle satisfies the squared-error

guarantee

d n 2

Z Eatht(-|ct) [(ft(cta (Zt) - f*(ch at)) :| < EStSQ(]:a T7 6)

t=1
with probability at least 1 — &, where p(- | ¢t) is the action distribution used at round t. Then, for
a suitable choice of €, the e-greedy algorithm satisfies, with probability at least 1 — 4,

Regrety < AV3T?/3EstSq(F, T, 8)Y>.
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Proof. Let p; denote the action distribution used on round ¢. Since the algorithm explores uniformly
with probability €, we may write

E[f*(ci,a*(cr)) — f* (e, ar)] < f*(er,a*(er)) = f*(er, ) + e

Summing over t gives

Regret < (ct,a - f*(ct,at)> +eT.

||M%

Fix ¢ and abbreviate a* = a*(c;). Since @ is greedy for f(cy, ),

ft(Cn ) — ft(Ct,at)<0

and therefore

Plena) = fPleva) < S | (ena) = fulena)l.

a€{a*,as}

Since p¢(a) > €/A for every a € [A], we have

~ 1
Z | f*(ctya) = filer,a)| < Z pie(a
ac{a*as} ac{a*a} V pe(a)

Applying Cauchy—Schwarz,

[2A ~ /
f*(Cua*) - f*(Ctﬁt) < 2? (Eat"’pt("ct) [(ft(ctaat) - f*(Ct,at))le ’ .

Summing over ¢ and applying Cauchy—Schwarz once more yields

T A 7 ( . R ) >1/2
[ (e, a*(cr)) — [ (e, an) ) Sy — Eapmpelen) L (felee, ar) — f*(ct, ar) -
> ( ) s\/= ; len [( )]

t=1

ft (ct,a )‘

On the high-probability event of the oracle guarantee, this is at most

\/ AgTEstSq(f, T,5).

Hence
AT
Regrety < \/EEstSq(]—', T,0) +¢€T.
Choosing
. AEstSq(F,T,0) 1/3
A T
yields

Regret; < Al/?’T2/3EstSq(]-"7 T, 5)1/3.
L]

Thus e-greedy gives a general reduction from contextual bandits to online regression, but the
resulting regret is suboptimal. The issue is that the distribution p; puts mass at least £¢/A on
every action, including clearly suboptimal ones. The inverse gap weighting strategy introduced
next corrects this and leads to the optimal SquareCB guarantee.
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12.5.3 Inverse gap weighting, SquareCB

Definition 17 (Inverse gap weighting). Fizy > 0 and a score vector g € R4, Let a € arg maxge(4] 9(a)-
The inverse gap weighting distribution p = IGW,(g) is defined by

1
~ A+ 29(g(a) — g(a))’

p(a)

where A € [1, A] is chosen so that Zlep(a) =1.

Thus actions with smaller estimated gap are sampled more often, while clearly suboptimal actions
receive less mass. The key point is that this particular distribution converts instantaneous regret
into squared prediction error.

Proposition 8. Fiz g € R? and let p = IGW,(g). Then for every reward vector g* € R4,

Eanplg*(a*) = 9°(a)] < — +7Eanp[(g(a) — g*(a))?],

=2 [

where a* € arg maxqe(4) 9" (a).

Proof. Let a € argmax, g(a). Write
Ea~plg™(a") — g7 (a)] = Eanplg(a) — g(a)] + Eanplg(a) — g™ (a)] + g"(a”) — g(a).

For the first term,

1
For the second term, by u < 5y T %uz,

Banslyla) = 8"(@)] < 3=+ T [(9(0) = 9"(@))?]

For the third term, we use u < % + %u2 again to obtain

g (a*) — g(a) = g*(a*) — g(a*) — (g(a) — g(a*))

< g + )00~ 0" (@) = (9(@) — o(a”)

= A=) | 2y g(o) - (@) - (9(a) - g(a))
= 5+ Ila)ale) ~ (@)

< 5+ 2Eamll0l0) ~ " @)

Summing the three bounds proves the claim. O
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This leads to the following algorithm.

SquareCB
Input: exploration parameter v > 0.
Fort=1,2,...,T:
obtain f; from the online regression oracle using (cs, as, ¥s)s<t;
observe context Ct; R
set pr = IGW,(fi(ct, 1), ..., feler, A));
sample a; ~ p; and observe reward ;.

Let 7*(c) € arg maxge(a) f*(c, @) and define the regret

T
Rr =Y (f(ct,m*(ct)) = f*(er, ar)).
t=1

Theorem 22. Assume the online regression oracle satisfies the above squared-error guarantee.
Then, with probability at least 1 — &, SquareCB satisfies

Ry < f:/T + v EstSq(F, T, 6).

B AT
7=\ EstSq(F, T, 5)

Ry < 2\/AT EstSq(F, T, ).

Consequently, taking

gives

Proof. Condition on the high-probability event in the oracle guarantee. For each round ¢, apply
Propositionwith g(a) = fi(er,a) and g*(a) = f*(ct,a) to obtain

~

* * * A *
E[f*(ct, 7 (ce)) — [* (e, az) | e, He1] < 5 + ’YE[(ft(Ct;at) —f (Ct,at))z ’ cth—l} .
Summing over ¢ and using the oracle bound yields
AT
Ry < o + v EstSq(F, T, 0).

Optimizing over v gives the second display. O

In particular, if F is finite and one uses the standard exponential-weights regression oracle, then
EstSq(F,T,9) < log(|F|/d) and hence

Rr S /AT log(|F1/).
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Chapter 13

Active Learning for Classification

This chapter is concerned learning a binary classifier while requesting as few labels as possible.
Specifically, for an example space X and label space {0,1} let H be a hypothesis class such that
for each h € H we have h : X — {0, 1}. For example, X could be a set of images in some database,
and each image x € X either contains a man-made object y = 1 or not y = 1. After labels for
examples in a subset of X' are observed, one can construct h € H which can then be applied to
every image in the database X’ to predict their unknown labels.

In the pool-based setting, at any point we can choose any = € X’ and then request its label y € {0, 1}.
We evaluate an algorithm by the number of labels requested and the number of errors the learned
classifier h makes over the entire pool X, whether they were queried or not. In the streaming
setting, there exists a distribution D over X and we can only obtain samples * ~ D. In this
setting, we evaluate an algorithm based on how many total examples are drawn from D (amount
of unlabeled data), the number of labels that are requested, and the error of the classifier over X
with respect to D. Note, by taking D to be a uniform distribution over X', one can always apply
an algorithm for the streaming setting to the pool-based setting. On the other hand, if we had
no restriction on the amount of unlabeled data, one could keep sampling from D until any desired
x € support(D) C X eventually is returned (though this could take a very long time).

13.1 Separable, pool-based setting

We say a problem is separable if there exists an h* € H such that for every x € X and its
corresponding label y € {0,1}, h*(x) = y. The goal of ezxact learning in the pool-based setting
is to identify A* using as few queries as possible. In this section, we propose different strategies
for accomplishing this. For a deterministic algorithm A, let &(X, H, h,.A) be the number of labels
that algorithm A requests before identifying the true hypothesis h* = h, and let S(X,H, A) =
maxpey S(X,H, h, A). In the pool-based setting, |X| < oo which implies |H| < co. Thus, any
deterministic algorithm can be thought of as a binary tree where each node specifies which x € X
to request the label for, and each child node to move to depends on the label y € {0,1}. The leaves
of this tree correspond to a unique h € H. Because a binary tree with || leaves has depth at least
[logy(|H]|)] we have the immediate proposition.

Proposition 9. For any hypothesis space H defined over X, any algorithm A satisfies S(X,H,A) >
[logy H].

Note that for some hypothesis classes, this lower bound is achievable:

111
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Example 5 (Binary search). Let n € N be a power of two, X = {1,...,n}, and Hinresholds =
{h(z) =1{x € {1,...,k}} : k€ {1,...,n}}. Each h € H corresponds to a unique index k € [n]
and the label for each query i € X = [n] is equivalent to asking whether i < k or i > k. Performing
bisection/binary search identifies the correct hypothesis after exactly logy(n) = logs(|H]|). Thus,
min.A 6()(’ chresholds; A) - ’—IOgQ ‘chresholdsﬂ .

However, clearly log,(|]) is not always possible:

Example 6 (Needle in a haystack). Fizxn € N, X = {1,...,n}, and Hpeeqie = {h(z) = 1{z =
k} : k € {1,...,n}}. Exhaustive search is clearly the best one could hope for here, which takes
n—1=|H| -1 queries. Thus, minyg S(X, Hpeedie; A) = |Hneedie| — 1

Moreover, its easy to see that minyg S(X,#H,.A) < |H|—1 in general since without loss of generality
we have |X| < |H|, otherwise queries in X’ are equivalent. The above two examples show that
ming S(X,H, A) lies somewhere between [logy |H|] and |H| — 1. Can we get a bit tighter?

13.1.1 Extended teaching dimension and the Halving algorithm

Here we introduce a combinatorial quantity called the extended teaching dimension that describes
the complexity of exact learning [Hegedus, 1995]. First, some definitions. Let n = |X|.

Definition 18. We say S C X is a specifying set for b € {0,1}" (with respect to H) if |{h € H :
h(z) =b(z) Vo € S} < 1.

Definition 19. For any X and hypothesis class H over X, define extended teaching dimension
ExXT-TD(H) as EXT-TD(H) = min{k : Vb € {0, 1}I*, 3 specifying set S for b with |S| < k}.

Examples make these definitions clearer.

Example 7 (Thresholds). Ifb = 0 then S = {1} suffices since h(1) =1 for allh € H. Ifb e {0,1}"
such that b & Hinreshoids and b # 0O then there exists some 1 < i < j < n such that b(i) = 0 and
b(j) =1 s0 S ={i,j} suffices. Finally, if b € H then there exists an index i such that b(i) = 1 and
b(i+1) =0 and so S = {i,i + 1} suffices. Thus EXT-TD(Hinreshoids) = 2-

Example 8 (Needle in a Haystack). Take S to be any subset of [n] with |S| = n — 1. Fiz any
be{0,1}". Ifb(i) =0 for alli € S then the remaining index either uniquely specifies an h € H or
is equal to 0, in which no h € H is consistent. If |[{b(i) =1:4i € S}| > 1 then either no h € H is
consistent or the correct h is specified (since b cannot contain multiple 1s). Finally, if b = 0 and
|S| < n—2 then there are two hypotheses in H that are consistent with any S C X. Together, these
cases imply that EXT-TD(Hpeeqre) = |S| — 1.

Theorem 23. For any H we have EXT-TD(H) < ming (X, H, A) < EXT-TD(H)[logs(|H])]-
Moreover, the upper bound is achieved by the HALVING algorithm.

Proof. Suppose A is an algorithm that takes at most &(X,H,.A) queries when run on any instance
h € H. Without loss of generality, we may assume that after receiving a label in each round, A
checks whether there exists more than one hypothesis consistent with the observations. If so it
continues, if not it stops. Moreover, assume that if A is played on some b € H and it encounters a
query that is inconsistent with any h € H it also stops and outputs FAIL. Note that this algorithm
takes no more than &(X,H, A) queries when it is run on any b € {0,1}". Thus, when run on any
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b € {0,1}", the set of measured example, label pairs is a specifying set for b with respect to H.
This proves the lower bound.

The upper bound follows from the HALVING algorithm. At each round, if b(z) = h*(z) for all
x € S then V = {h*} by the definition of the specifying set. If there exists an x € S such that
b(x) # h*(x) then at least half of the hypotheses in V' at the start of the round are removed, due
to majority vote. Because this can occur at most [log,(|H|)] times and the size of each specifying
set is at most EXT-TD(H), the result follows. O

HALVING Algorithm for exact learning
Input: Finite hypothesis set H such that each h: X — {0,1}.

Initialize: version space V =H
while |V] > 1
Set b(x) = MAJORITYVOTE(h(z) : h e V) forall z € X
Let S C X be a minimal specifying set for b € {0, 1}/¥l with respect to H and request h*(x) for all
zes
Update V ={h € V : h(z) = h*(z)}
Output: Single element in V

The result of Theorem sheds light on the sample complexity of exact learning. However, the
HALvING algorithm and its analysis has many downsides. First, its not clear how to compute a
minimal specifying set. Second, even if one could, the computational complexity of the algorithm
scales like |X'| |H| which is almost always intractable. Finally, even as a theoretical result alone,
the definition of EXT-TD(#) is very combinatorial and can be difficult to bound.

13.1.2 Generalized binary search

There have been many variants of greedy information gain algorithms that have been proposed
and analyzed. They go by names like query by committee, splitting algorithm, or generalized bi-
nary search [Freund et al., 1997, [Dasgupta, 2005a, Nowak, 2011}, |Golovin and Krause, 2011]. These
generalized binary search algorithms define a probability distribution p over H and take queries to
remove as much mass as possible.

Generalized Binary Search (GBS) for exact learning
Input: Finite hypothesis set H such that each h : X — {0,1}. Probability distribution p € Ay

Initialize: Version space V =H
while |V] > 1

Set @’ < argmingex |5 — > ey P(h) h(z)]

Request h*(2') and update V.={h € V : h(z') = h*(2')}
Output: Single element in V'

Theorem 24 ([Dasgupta, 2005a]). Fiz any finite hypothesis class H and p € Ay. Let OPT =
ming By, [6(X,H, h, A)]. The GBS algorithm satisfies Ep~p [S(X,H, h, Agps)] < 4OPT maxpcy log(1/p(h)).

When p is taken to be the uniform distribution over H this amounts to a log(|#|) approximation
ratio. Note that while the previous section has been considering & (X, H, A) max,cy S(X, H, h, A),
this theorem is concerned with the average case sample complexity Ej, [&(X,H, h, A)].

For some special classes of H, or those that possess certain geometrical properties, this average-
case approximation ratio can be shown to be a constant [Nowak, 2011]. A related greedy approach
attempts to remove as many pairs of hypotheses that cannot be distinguished between. Its sample
complexity is given in terms of the splitting index [Dasgupta, 2005b].
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13.1.3 Open problems

All of the above algorithms are computationally infeasible since they scale like |X||H]|. If X ¢ RY
and H is the space of linear half-spaces then O(|X|%). Ideally, an algorithm for this setting would
only require calls to an oracle of the form argmingey ) g 1{h(x) # h*(x)} for any S € X. In
special cases, such as the space of half-space classifiers, one can efficiently approximate the volume
of the version space thereby making algorithms like GBS with a uniform prior potentially runnable.

For this pool-based setting, the extended teaching dimension is the only result that I am aware of
that provides a nearly matching upper and lower bound that quantifies the sample complexity (i.e.,
not a non-constructive OPT). [Dasgupta, 2005b] proves an upper bound in terms of the splitting
index. However, the lower bound relies on either the number of unlabeled data being large or the
number of labels needed being large—this is vacuous in the pool-based setting. Reducing the gap
between the upper and lower bound of Theorem [23]is a great open problem. Especially if the new
bounds are in terms of efficiently computable quantities.

The extended teaching dimension bounds are worst-case over the class of H. Which means that if 1
embed a set of hard instances in H, the teaching dimension and thus the sample complexity of this
appended class is at least as hard as learning the hard instances. Is there some notion of segmenting
‘H into equivalence classes of instances of difficulty such that some instances are learnable with very
queries while others may require a lot, and this is reflected in the sample complexity?

13.2 Separable, streaming setting

While in the pool-based setting we assumed that |X| < oo and can be enumerated over, when we
move to the streaming setting we make no such restriction. Here X can be uncountable and we
assume we have access to a sampling oracle such that we can query an z; ~ Dx over X. If we
request a corresponding label y; € {0,1} we assume that the pair (x¢,y;) ~ D. For simplicity we
will still assume H is finite.

Define the risk of any h € H with respect to D as R(h) := E(xy).p[1{h(X) # Y}. We do not
assume that we know D directly, but we can collect an iid dataset {(x;,y;)}~; from drawn from D.
Hence, define the empirical risk as R,,(h) = LS 1{h(x;) # yi}. For iid. draws {z;, y;}7,, the
empirical risk R(h) is an unbiased estimator of the true risk R(h) for any hypothesis h € H. Let
h* = argminpey R(h) be a hypothesis of minimum true risk in H. Then, the goal of the learner
is to return a hypothesis h € H with true risk R(h) as close as possible to the minimum true risk

R(h*).

13.2.1 Review of passive learning

We start with the problem of passive learning for binary classification. Herein, we have a set of
data points and labels {(x;,y;)}"; drawn i.i.d. from distribution D. Our goal is to find how fast
the true risk goes down as a function of n. Intuitively, the lower the risk we want, the more data
points we need to sample. Further, there must be a positive relationship between the number of
hypotheses we have in the hypothesis space and the number of data points we need to identify the
hypothesis with the minimum true risk almost surely. The following theorem characterizes these
relationships:

Theorem 25. Fiz a distribution D over X x{0,1} and a finite set of hypotheses H (i.e., |H| < 00).
We assume that the data is separable so thatmingey Pix yyop(h(X) # Y) = 0. Given n IID
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draws from D, {(x;,yi)}i—,, let hy, = arg minpey Rn(h) be the empirical risk minimizer. For any
€,0 € (0,1), we have P(R(ﬁn) > €) < & whenever n > e‘llog(‘?—‘). In other words, for any

. oa( 2
€,0 € (0,1), with probability 1 — §, we have R(h,) < loe(5)

n

Before going over the proof, it is worth noting that the theorem assumes a finite set of hypotheses
in the hypothesis class H. Such assumption, besides being practical from an optimization point of
view, also simplifies the theory. Given that an infinite hypothesis class applied to a finite number
of points observations yields a finite number of labellings, intuitively, assuming a finite hypothesis
should not be too restrictive. We refer the interested reader to Boucheron et al. [Boucheron, 2005]
in order to better understand how to make this argument rigorous by appealing to quantities like
the Vapnik-Chervonenkis (VC) dimension and Rademacher complexity.

Proof. First note that Ry, (hy) = 0 since Ry, (hyn) = minpey Rn(h) < R, (h*) = 0. Now we can write:

Pr (R(hn) > €) =Pr (| J{R(h) > e Ry(h) =0}) <Y Pr({R(h) >eA Ry(h)=0}), (13.1)
heH heH

where we performed a union bound to obtain the inequality. We can now find a bound for each
element—Pr ({R(h) > ¢, Ry(h) = 0}). This is the probability that a hypothesis with true risk
greater than e shows zero empirical risk in n points drawn i.i.d. from D. Since the true risk for
this hypothesis is greater than €, the probability that this hypothesis correctly identifies a random
point is lower than 1 — e. Thus, we can write:

Pr(R(hn) > €¢) <Y Pr({R(h) > en Ru(h)=0}) <> (1—¢)" <[Hle ™
heH heH

using the approximation 1 —z < e~ for x > 0. Thus, Pr (R(ﬁn) > €) < [H|e™" = §. Solving for
n, we find n > ! 10g(@), and this completes the proof. O
Example 9. As a concrete example, let us assume x being uniform on [0, 1], and that the hypothesis
class is defined as H = {1{z < fn:ll} 21 =1,...,m}; that is, there are m classifiers uniformly spaced
in our hypothesis class (i.e., |[H| = m). If y = h*(x) for some h* € H (i.e., the perfect classifier
exists in the hypothesis class), then we can apply Theorem 7?7 and say that after n observations
with probability at least 1 — & we have R(hy,) < W.

13.2.2 CAL, Disagreement-based learning

Now we will attempt to reduce the number of labels that are requested while achieving the same
performance as passive learning. The style of algorithm we consider here is known as a disagreement-
based learner. [Hanneke et al., 2014] provides an excellent survey of these methods.

Definition 20. For some hypothesis class H and subset V. C H where for each h € H,h : X —
{0, 1}, the region of disagreement is defined as

DIS(V)={x € X :3h,h € H s.t. h(x) # }h'(x)}

which is the set of unlabeled examples x for which there are hypotheses in V' that disagree on how
to label x.
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The CAIEI algorithm [Cohn et al., 1994] (see Algorithm at time ¢, in response to Nature revealing
x¢ ~ Dx, decides to request y; if and only if 2y € DIS(V;_1) where V; represents the subset of
hypotheses in H that is consistent with all data requested up to time ¢t. Note that if x; & DIS(V;_1)
then all h € V;_1 agree on its label. Because h* € V; for all ¢ on the assumption that y, = h*(zy),
if x4 ¢ DIS(V;—1) then we can conclude that y; = h(z;) for all h € V;_;. Thus, after n unlabeled
examples, CAL has the same performance guarantee as the passive learning algorithm that observes
all n labels. All that is left to do is bound how many samples CAL takes.

Computational efficiency Note, the check “z; € DIS(V;_1)” can often be computed efficiently.
To see how, note that x; € DIS(V;_1) if and only if there exists an h € V;_1 such that h(z;) #
h*(xz¢). Now, h € Vi if and only if h(zs) = h*(zs) for all s € Z;_;. Thus, an equivalent check
to x; € DIS(Vi—1) is a check if there exist an hy € H such that hi(zs) = ys for all (zs,ys) €
Zi—1U (x4, 1) and and an hy € H such that ho(zs) = ys for all (zs,ys) € Zi—1 U (24,0). This inspires
the algorithm efficient CAL. This idea was first introduced in [Dasgupta et al., 2008|. If H is the
set of linear halfspaces, such a check is a linear program.

Algorithm 1 CAL Algorithm 2 Efficient CAL
1: Initialize: Zg =0, Vo =H 1: Initialize: Zy =0
2: for t =1,2...n do 2: for t =1,2..n do
3:  Nature reveals unlabeled data point z; 3:  Nature reveals unlabeled data point x;
4. if 2y € DIS(V;_1) then 4. if for y € {0,1} 3hy € H : hg(zs) =
5 Query y;, and set Zy = Z;—1 U (24, yt) Ys, V(xs,ys) € Z1—1 U (24,7) then
6: else 5: Query vy, and set Z; = Z,—1 U (x4, yt)
7 Zt = Zt—l 6: else
8 end if 7 Zy = Zyp1
90 Vi={heH:h(x;) =y Y(xi,yi) € Zt} 8  end if
10: end for 9: end for
11: return any h €V, 10: return arg mingey Z(.Z’,y)EZt 1{h(x) # y}.

CAL (and other disagreement-based methods) use a concept called the disagreement coefficient for
analyzing the label complexity. Define the disagreement (pseudo) metric p on H as p(h,h’) :=
Pxpy (h(X) # W(X)). Let B(h,r) :={h' € H : p(h,h’) < r} denote the closed ball centered at
h € H with radius r.

Definition 21. The disagreement coefficient of h € H with respect to a hypothesis class H and
distribution Dx is defined as

Px.py (X € DIS(B(h,r)))

r

0y, = sup
T

As we will see, a small disagreement coefficient is a sufficient condition for efficient active learning
algorithms. Essentially, it says that as the version space collapses around h*, there is always
sufficient mass between some sub-optimal h and A* to rule out A in a bounded amount of time.

As an example, consider our example of before with Dx uniform on [0, 1] and #H as thresholds. Then,
interpreting A* as a number in [0, 1] denoting the threshold location, DIS(B(h*,r)) = [h* —r, h* +7]
and so Px.p, (X € DIS(B(h*,r))) = 2r. Therefore, the disagreement coefficient is equal to 0« =
sup,. w = 2{ = 2. With the exception of very nice situations (uniform distribution,

symmetric geometry, etc.) the disagreement coefficient is often very difficult to calculate. Some

'Named for its inventors Cohn, Atlas, and Ladner
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“nice” classes include i) homogeneous hyperplanes in R? with data uniformly distributed on a
sphere: 0 < V/d, ii) general hyperplanes in R? with the data density bounded below: § = O(d), and
iii) intervals [a,b] on R: 6 = cc.

Theorem 26. Let h* = argminpey R(h) and assume R(h*) = 0. Suppose n iid labeled examples
{(zs,yi)}11 are drawn from D and V,, = {h € H : h(z;) = y; Vi € [n]}. If we request X\ additional
labels only when the samples lie in the disagreement region DIS(V,,), where A = 20+ log(|H|/9),
then, with probability greater than 1 — ¢ we have supyey;, ., R(h) < suppey, %R(h).

Proof. The disagreement coefficient allows for a bound that relates the region of disagreement to
the true risk of any h € V,,. First, observe that:

PXNDX (X (S DIS(Vn)) < PXN'DX (X € DIS(B(h*,Suphevn R(h))))
suppey, L2(h) - suppev, R(h)

< Ops

where the first inequality follows from the fact that in the RHS we replace V,, with a bigger set. To
see this, for any h € V;, we have that p(h, h*) = Px.p, (h(X) # h*(X)) = Pxp (h(X) #Y) =
R(h) < maxpey, R(h), which implies h € B(h*,supyey,, R(h)). The second inequality follows by
the definition of the disagreement coefficient.

By the definition of risk we have:

sup R(h)= sup P(h(X)#Y)
hEVn+A heVn+>\

— sup P(h(X) #Y|X € DIS(V,))B(X € DIS(V,))
heVia

< sup P(h(X)#Y|X € DIS(V,,)) 0p+ sup R(h)
hGVn+,\ heVn

where the second equality exploits the fact that P(h(X) # Y|X ¢ DIS(V,,)) = 0 since h*,h € V,,
and Y = h*(X). To bound, P(h(X) # Y|X € DIS(V,)) note that it only looks at A points that
land in the disagreement region of V,,. This is like a brand new problem, where we can do passive
learning only with points that land in DIS(V;,). If we apply Theorem ?? and condition on the new
version space V1, then the risk of any classifier in the new version space if we see only A samples
satisfies:

1 ]
Pr(h(X) #£Y|X € DIS(V,)) < Og(|V7;\+>\|/5) < Og(liﬂﬂs)
Thus, for our specified value of A, we conclude that SUPhev;,, R(h) < %SuPheVn R(h). -

Finally, we need to do the previous procedure logy(1/€) times in order to achieve e-error, meaning
that the bound holds simultaneously for all epochs. By taking a union bound over A, 2, ..., [log,(1/€)]/A,
we have that after n > A[logy(1/€)] labels, the true risk of any classifier satisfies R(h) < ¢, and the
total number of requested labels is bounded by 26« log(|H|/d)log(1/€) with probability at least

1 — 4. Compare this to passive learning which requires O(log(||)/€) labels to reach an e risk.

13.2.3 Splitting index

The CAL algorithm is very mellow in the sense that it will request the label of any example that
will remove at least one hypothesis from the current version space. It is intuitive that it may be
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more advantageous for the learner to pass on some examples in favor of waiting for future examples
to cut off a more substantial chunk of the version space. If we only have access to a sample oracle
x ~ D, this naturally leads to the question of what is the fundamental trade off between labeled
data and unlabeled data?

A hard instance [Dasgupta, 2005b]. For some 7 € (0, 1) let the distribution over X be denoted
as (1 — 7)T' 4 7" where T is the uniform distribution on the set {x € R? : 22 + 22 = 1,23 = 0}
and I" is the uniform distribution on the set {z € R% : 22 + 22 = 1,23 = 1}. Consider the set of
tilted half-spaces that go through the origin so that they bisect I, and capture just a fraction € of
I'. Assume h* € H. Recall at each time Nature reveals  ~ (1 — 7)I" + 7", assume 7 is very tiny.
Note that by construction, if we only request labels that land on IV, CAL would find an e-close
hypothesis to h* using just log(1/e) queries. But it would only get a sample from I every 1/7
unlabeled examples. If 7 is tiny and one seeks to minimize the amount of unlabeled data, it is
better to run CAL on the full stream where the vast amount of data comes from I'". This will find
an e-good classifier after 1/e labeled and unlabeled data. Can we formalize this trade off?

Consider a finite hypothesis space ‘H and consider any @) C (7;) where (h, h') € @ can be considered
an edge connecting any two hypotheses. For any y € {0,1} define H(, 5 = {h € H : h(z) = y}.
We say an example x p-splits @ if requesting its label reduces the number of edges by at least a
fraction p € (0,1):

max{|Q N H )l QN Hnl} < (1-p)|Q]
We are now ready to introduce the splitting index.

Definition 22. Fiz any subset S C H and Q C (‘g) such that P(h(X) # h'(X)) > €,¥(h, ') € Q.
Then we say S is (p, €, T)-splittable if P(X splits Q) > 7.

Basically, the definition is saying that to reduce the number of pairs of hypotheses that differ by
at least € by a fraction at least p, requires 1/7 unlabeled data. If H is finite, and H is (p,¢€,7)-
splittable, then it is almost immediate that there exists an algorithm that requires 1/(7p) unlabeled
data and 1/p labels to identify an e-good classifier ([Dasgupta, 2005b] suggests one, though it is
computationally intractable). What is more important is the reproduced lower bound:

Theorem 27 ([Dasgupta, 2005b]). Fiz any hypothesis space H and distribution D over X x {0,1}.
Suppose that for some p € (0,1), € € (0,1) and some T € (0,1/2), the set S C H is not (p,€,7T)-
splittable. Then any active learning strategy that achieves an accuracy of €/2 on all target hypotheses
in S must, with probability at least 3/4 (taken over the random sampling of data), either draw > 1/1
unlabeled samples, or must request > 1/p labels.

The above theorem characterizes the trade off between the streaming sampling oracle from X and
the pool-based setting. In the streaming setting, one may be able to use as few labels as the
learner in the pool-based setting, but they may have to wade through an arbitrarily large amount
of unlabeled data first.

13.2.4 Lower bounds

The somewhat trivial covering lower bound of Proposition [J] for the separable, pool-based setting
can be extended to the separable, streaming setting by replacing finite cardinality classes with e-
covers with respect to the underlying distribution [Kulkarni et al., 1993]. Just like in the pool-based
setting, this style of lower bound is unlikely to be achieved by an algorithm in all cases because it is
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not considering how little information each query may provide. The splitting-index lower bound of
Theorem [27]is one of the only results I am aware of that has a corresponding upper bound for a fixed
instance of Dx and H, indicating that it may be fundamental. Hanneke developed a framework in
the streaming setting inspired by Hegedus’s extended teaching dimension. Essentially, the extended
teaching dimension is now a random quantity based on data, and is bounded with high probability.
The sample complexity is upper and lower bounded by quantities that match in limiting cases, but
is not as strong as the same quantity appearing in both the upper and lower bounds like in the
pool-based case. There are minimaz lower bounds known for the separable setting which considers
a worst-case choice of Dx for each choice of H. As described in the lower bounds section below,
these can be misleading.

13.2.5 Open problems

The algorithm in [Dasgupta, 2005b] that achieves the lower bound is computationally intractable.
Recent work has demonstrated that if one has access to a sampling distribution over , one can use
rejection sampling to write down an algorithm that can be run, though it may still have unbounded
computation [Tosh and Dasgupta, 2017]. A significant advancement would be an algorithm that
achieves the same performance but only uses empirical risk oracles, like those used in the efficient
version of CAL. It is much more natural to efficiently minimize a loss than define a favorable
distribution over hypotheses.

13.3 Agnostic, sampling-oracle setting

In contrast to the separable setting, in the agnostic setting we now make minimal assumptions on
how labels related to our hypothesis class H. Specifically, in this setting we assume that when we
request the label of some € X we observe a Bernoulli random variable Y € {0,1} with P(Y =
1| X = z) = n(r) where n: X — [0, 1] is arbitrary. Define R(h) = Ex .,y ~yx)[H{A(X) # Y}].

13.3.1 Passive learning

First, let us establish the baseline of a passive learning algorithm that observes the label of every = ~
v. Let {(x¢, )} be a dataset such that z; ~ v and y; ~ n(z). Let Ry (k) = L S0 1{h(zs) # ui}
and h, = arg minycy ﬁn(h) Note that for any h € H we have

Ex[(1{A(X) # Y} — 1{h*(X) # Y})?] = Ex[1{h(X) # h*(X)}]
=Exw[1{h(X) =Y, h"(X) # Y} + H{h(X) # Y,h"(X) = Y}]
< R(h) + R(h")
< 2max{R(h) — R(h*),2R(h")}
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By Bernstein’s inequality, we have with probability at least 1 — §

2log(|H]/9) , log([#]/0)

n

Alog([#]/0) | log([#]/0)

n n

< \/ max{R(h,) — R(h*), 2R(h*)}

< max{glog(:ﬂ/é)j \/4R(h*) lzg(lHl/é) .\ log(|n7'l!/5)}
< 810g(|H|/5)+\/4R(h*)log(|7{|/5)

where the third inequality follows from the quadratic equation. We summarize our findings in the
following theorem.

Theorem 28. Fiz a distribution D over X x {0,1} and a finite set of hypotheses H (i.e., [H| <
00). Given n IID draws from D, {(zi,y;)}"_,, let hy, = argmingey R, (h) be the empzrzcal risk
minimizer. Let h* € argminyey R(h) be the true risk minimizer. For any €,6 € (0,1), we have

P(R(ﬂn) — R(h*) > €) < 0 whenever n > (% —|—%> 8log(|H|/d). In other words, for any

5 € (0,1), with probability 1 — &, we have R(hy,) < R(h*) + 4R(h*)lzg(m‘/6) 4 Slog((#)/0)

n

13.3.2 Robust CAL

Our strategy will be to use disagreement-based learning. This algorithm and its analysis is based
on [Dasgupta et al., 2008]. While the argument here is somewhat coherent, I encourage you to go
and read the paper because like most works Sanjoy Dasgupta is involved in, it is an exemplar of
technical writing.

Algorithm 3 Robust CAL
1: Initialize: Zg =0, Vi1 =H
2: fort=1,2..n do
3:  Nature reveals unlabeled data point x;
4:  if xy € DIS(V;) then
5 Query vy, and set Z; = Z;_1 U (2, yt)
6: else
7 Ly = Zi_q
8:
9

end if
: if logy(t) € N then R R
10: Li(h) = %Z($s,ys)€Zt 1{h(zs) # ys} for all h € H, hy = argminyey, Li(h)
t

1 Al h) = %Z L{h(zs) # W (2)}, B = / DoBCIm(PTHE D

s=1
122 Vigr ={h € Vi: Ly(h) — Ly(hs) < B/ Pu(h he) + B7/2}
13:  else N N
14: Vier = Vi, Biy1 = B, hip1 = Iy
15:  end if
16: end for

17: return any h eV
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Define the empirical risk of all the data up to time ¢ as ﬁt(h) = %22:1 1{h(xs) # ys}. The first
thing to note about this algorithm is that for any h, h’ € V; we have

Ru(h) — R() = 3 S (1{h(r:) # y} — LW (2) # 32))
s=1
=0 Y (M) A - UH @) Eu D by Y Qb £ - () £ 3))

(Isvys)EZt (xsvys)gzt

=Le(h)—Le(H) =0

because if for some s < t we have (zs,ys) € Zt, then xs & DIS(V;), and thus all h, h' € Vj satisfy
(1{h(xs) # ys} —1{h (zs) # ys}) = 0. Since V; C V;—1 C ... V; we also have that all h, b’ € V; have
this difference equal to 0. However, it is important to note that while Ry (h)— Ry (h') = L(h)—Ly(R),
we can only guarantee that Ly(h) < Ry(h).

Define the events

&= {|Rye(h) — R(h)| < Bye/R(h) + B3 /2},
{=1heH

£ = ﬂ {Roe(h) — Roe(h') < R(R) — R(h') + Boer/ ot (h, W) + 52 /2}.
f=1heH

To show P(&) > 1 — §/2 one simply applies Bernstein’s inequality and a union bound, exploiting
the fact that Variance(1{h(X) # Y}) < E[(1{h(X) # Y})?] = R(h) (note: the chosen value of S
is chosen to be larger than necessary for convenience). To show P(&1) > 1 —§/2 we apply empirical
Bernstein’s inequality [Maurer and Pontil, 2009] similar to as in Section plus a union bound.
This implies that with probability at least 1 — 6/2 for any ¢ that is a power of 2 and any h,h' € H
we have

= R(h) — R(K') + B/ pe (b, W) + B2/2

In particular, using the observations above, this implies that

Ly(h*) = Ly(he) = Ry(h*) — Re(hy)

< R(h*) — R(hy) + ﬂtm + B2 /2

< B ﬁt(h*7/};t) + B7/2

which implies h* € V; for all t. This proves correctness, we next prove the sample complexity.
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Sample complexity analysis For any h € Vi1 we have
Ry(h) = Ra(h*) = Li(h) — Le(he)
<\ Pulh. o)+ 57 /2
=\ Li(1)Be +  L(he) 5. + 57 /2
<\ Le(h)Br + 3/ Le ()i + 5 /2
< ﬁét(h)ﬁt + fit(h*)ﬁt + BE/2.

where we have exploited that for any h,h' € V;

t

A ) = 23" 1{h(wy) # W (@)}

s=1

~+ | =

Y Hhlw) # W)}
(zs,Ys)EZ¢
Z 1{h($s) 7& ys} + 1{h/($s) 7& ys} < Et(h) + Et(h/)

s=1

<

~+ | =

and the facts that (i) Ri(h) — Ry(h') = Ly(h) — Ly(R) for all h, k' € V;, (ii) Li(he) < L¢(h*), and
(iii) L¢(h) < Ry(h) for all h € V;. We now use the crazy useful fact that A < B+ CvVA — A<
B+ C?%+ CVB for A,B,C > 0 we have

— Bev/R(h) — B2 /2 <Ry(h)

<R;(h*) + \/ Re(h)B; + \/ Re(h*) By + B2/2

<Ry(h%) 4/ Re(W) By + B} /2 + 5 + ﬁt\/ Ry(h*) + / Ru(h*) 1 + 57 /2
ROW) + B/ RO + 62 + By R(b) + B/ RO + B2 + (3/2) 2
- Bt\/R(h*) + B/B() + B2+ By R(h*) + B/ RO + 52 + 52/2
<R(W*) + & B/ R(¥) + &35
for some constants c¢;, ¢,. Applying the crazy useful fact again to A = R(h) we get that

R(h) < coR(K*) + c1Biv/R(h*) + 23}

for some constants ¢, c1, co. Noting that p,(h, h*) = Ex~,[1{h(z) # h*(X)}] < R(h) + R(h*) we
have that

P(z141 € DIS(Vig1)) = P(3h, h' € Vigy : hxy) # B (x))

h € Vigr : h(zy) # h*(x))

3h € H : h(z) # h* (), R(R) < coR(R*) + 187/ R(h*) + c287)

3h e H - h(xy) # h*(20), p(h,h*) < (1+ co)R(W) + c1 B/ R(h*) + c282)

(R(R*) + e18e/ R(h*) + e287) (1 + co) R(R*) + e18en/ R(h*) + 237)

IA I
—~ o~ o~

IN

P
P
P
< 0%(



13.3. AGNOSTIC, SAMPLING-ORACLE SETTING 123

where we have used the definition of the disagreement coefficient. We summarize our findings in
the following theorem.

Theorem 29. Fize > 0 andd € (0,1). With probability at least 1—68 if t > (R(EZ*)—F%) log(|H|log(1/€)/4)
then R(h;) — R(h*) < € and

# labels requested < 6% (v + €) (R(h*)t + /tlog(|H|log(t)/8) + log(t) log(|H| log(t)/é))

*\2
<0+ (T 10n(1)) tog(17] 1ow(1/6)/0)

€

Note that we always have 0*(v+¢€) < 1/(v+e€). If 0* (v +¢€) is a constant independent of e then this
theorem says that it requires just O(log(1/e)) labels to obtain an e-good classifier when € > R(h*).
On the other hand, if ¢ < R(h*) then one requires O(R(h*)?/€?) labels. Note, this is not much
better than the passive guarantee of O(R(h*)/e?)! While this ladder observation is somewhat
discouraging, note that under favorable noise distributions such as Massart noise (separable, but
each label is flipped with a constant probability bounded away from 1/2) or Tsybakov noise then
the number of labels required by active and passive can be quite large.

13.3.3 Computationally efficient algorithms

Researchers approach computationally efficiency in different ways. The first approach simply
assumes access to an empirical risk oracle that returns a classifier from H that minimizes the
(weighted) empirical 0/1-loss on any set of examples. The second replaces the objective of 0/1-loss
with a convex loss and performs active learning to minimizes this convex loss (c.f., [Beygelzimer et al., 2009]).
The third approach uses a convex surrogate loss in place of a empirical 0/1-loss but still remains
the objective of 0/1-loss (c.f., [Hanneke et al., 2014]). This third approach relies on the func-
tion class being sufficiently rich and the loss function being classification calibrated which allows
one to relate the quality of the solution of the convex loss to the 0/1-loss [Bartlett et al., 2006].
[Hanneke et al., 2014] argues against the second approach as there are examples where the second
approach requires exponentially more labels than the first or third. The third approach requires
unverifiable assumptions, such as the Bayes classifier being in H. The first approach rests on naive
hope that the minimizer of the convex loss will be close to the minimizer of 0/1-loss without jus-
tification. But it is also the most practical solution, and tends to work well if not too much is
demanded from the oracle (e.g., oracle is constrained in some way).

Just like with CAL, we can derive an exactly equivalent version of Robust CAL that does not
explicitly maintain a version space. However, this reduction requires a minimization oracle that
minimizes empirical risk on one set of examples subject to making no mistakes on a different set of
examples. In practice constructing such an oracle is very awkward so we do not discuss it further,
see the original paper [Dasgupta et al., 2008] for details. [Beygelzimer et al., 2010] requires far less
from its procedure by requiring the oracle to minimize a weighted empirical subject to classifying
just a single data point as a specific label, so a single constraint. There are natural hypothesis
classes like halfspaces and trees where this is easy satisfy, and in any case, one can simply take
the Lagrange multiplier approach and place a large weight on this one loss to satisfy a constraint.
Ideally, we would like our method to rely on performing empirical risk minimization on a set of
examples, without any constraints. [Huang et al., 2015] is one of the first algorithms to achieve
this feat.
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13.3.4 Minimax lower bounds

To the best of my knowledge, only minimaz lower bounds are known for active learning outside
of a few specific settings [Kaariainen, 20006, |Castro and Nowak, 2008, Raginsky and Rakhlin, 2011},
Hanneke and Yang, 2015]. An instance is defined as a joint probability distribution D defined
over X x {0,1}. That is, if we interpreted D as a density then D(z,y) = v(z)(n(x)1{y = 1} +
(1 — n(x))1{y = 0}). Fix a collection of instances D. For any ¢ € (0,¢) and & € (0,dp), let
(S)(D,H,e€,0,.A) denote the number of queries taken by algorithm .4 on instance D with hypothesis
class D to output a e-good classifier with probability at least 1 — §. Minimax lower bounds are
stated as follows: for any € € (0,¢9) and § € (0,dp) we have that min 4 maxpep &(D, H,€,6,A) >
A(D,H,e,0). We say an algorithm A is minimax optimal if S(D,H,¢€,0,4) < A(D,H,€,9), but
typically we will allow the upper and lower bounds to differ by small amounts. An excellent survey
of known minimax lower bounds is available in [Hanneke and Yang, 2015| for a variety of classes D
with assumed access to a sampling oracle with no cost attributed to sampling unbounded amounts
of unlabeled data. Some important classes of D include:

e Realizable/separable: There exists an h* € H such that h*(z) = 2n(x) — 1 € {0,1} for all
x € X. v is arbitrary.

e Massart noise: There exists an h* € H such that h*(z) = sign(2n(z) — 1), and there exists
a constant a > 0 such that |n(xz) — 1/2| > «a. v is arbitrary.

e Tsybakov noise: There exists an h* € H such that h*(z) = sign(2n(x) — 1), and there exists
constants @ > 1 and « € (0,1) such that for all v > 0 we have Px,(|n(X) —1/2| < ~) <
a'y*/(1=9) where a/ = (1 — a)(2a)*/ (1= g1/(1=a),

e Agnostic noise: For a > 0 there exists an h* € H such that R(h*) < a. v is arbitrary.

Note that each of the above classes is a subset of the class that follows it. Algorithms are typically
designed for either the realizable setting or agnostic setting, and then only algorithms for the ladder
are analyzed under the easier settings.

Minimax lower bounds are sometimes very weak and can even be misleading. For example,
consider the “hard instance” D of Section The splitting index algorithm can identify an
e-good classifier with just log(1/€) queries using binary search on I'. On the other hand, CAL will
essentially only sample from I" if 7 is very small, and require 1/€ labels to obtain an e-good classifier.
Thus, the splitting algorithm requires exponentially fewer samples than CAL on this instance, but
nevertheless, CAL is nearly minimax optimal for the realizable case [Hanneke and Yang, 2015|.
This is because the hard instance is a particular choice of v, not the worst-case distribution v.

Ideally we would want instance-dependent lower bounds. That is, how many labels does an algo-

rithm require for the particular instance D you care about? We will expand on this discussion and
describe what is known for this case in the next section.

13.4 Agnostic, pool-based setting

We are again in the agnostic setting and therefore, when we request the label of some x € X we
observe a Bernoulli random variable Y € {0,1} with P(Y = 1|X = z) = n(z) where n: X — [0, 1]
is arbitrary. In this pool-based setting we are going to assume that X is finite with |X| = n and
that there exists a known probability density v defined over X' that we wish to evaluate risk with
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respect to. Define the risk of any h € H as R(h) := IEXN,, v [H{Y # h( )}]. For any € > 0

and § € (0,1) we want an algorithm that identifies an 7 € H such that R(h) — minpey R(h) < €
with probability at least 1 — § using as few total requested labels as possible. While we could
apply a disagreement-based algorithm from the streaming setting to accomplish this, instead we
will reduce the problem to an instance of linear bandits. We will see that this algorithm obtains a
sample complexity that is provably superior to disagreement-based learning, sometimes requiring
exponentially fewer labels.

13.4.1 Reduction to linear bandits

Note that
R(h) = Bx ey mn)[H{Y # X))} = > v(@)(n(a)1{h(x) # 1} + (1 = n(2))1{h(z) # 0})
TEX
= 3 v(@n(@) + 3 v(@)(1 - 20(x))h(x).
zeX zeX

Binary classification is intimately related with transductive linear bandits as we now show. Define
0* = [(2n(x) — 1)]zex € R™ and for each h € H we define a vector zj, = [v(x)h(x)]zex € R™ and
set Z = {z, : h € H}. When requesting the label of example z € X, we observe Y € {0,1} and
convert this into a “pull” of arm e, € {0,1}" by feeding the bandit algorithm 2Y — 1 so that
E[2Y —1|X = x| = 2n(z) — 1 = (e, 0%). Thus, identifying a h such that R(h) minpey R(h) <€
is equivalent to identifying a z € Z such that max,cz(z,0*) — (Z,60*) < e. We can now apply the
pure-exploration algorithm for linear bandits! Note that in that algorithm, at each stage we solved
argminyea , Max, »ez, ||z — z’Hi(/\)_l. We observe that

o) S HEPLF 5 MO £ | (100 £ 100
2=y 2; BD DR 17 e e oy g

It appears we can run the linear bandit algorithm precisely as before. But there is a problem: that
algorithm used the least squares estimator for 6%, which assumes the number of samples exceeds that
dimension, which is |X'| = n here—this is equivalent to labeling every example, trivial. Fortunately,
we can solve this problem by using a regularized estimator.

13.4.2 Regularized empirical risk minimization

{h(X)£h! (X
Ex~ M50 L

Lemma 24. Let A and v be two probability densities defined over X with A < DEI Consider a
dataset {(x¢, yr, wy) }j_; where xy ~ X, yp ~ Bernoulli(n(z:)), and wy = i‘g:; For any v > 0 define

First, we need a deviation result. Define py(h,h') =

T

ROh) = 23— 1{h(an) # )
t=1

Then for any h,h' € H we have with probability at least 1 — &

21og(1/6) n log(1/4)
T T(v 4+ mingex A(z)/v(z))

RY(h) = RY(W') < R(h) — R() + ypa(h, 1) + \/ pa(h, 1)

?We say density p dominates g, or p > ¢, if support(q) C support(p)
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Proof. Since 7y is fixed, to simplify notation in the remainder of this proof let E(h) = ]TZV(h). First
note that for any h, h' € H, we have E[2 "7 w%(l{h(xt) #y} — L{NW (z¢) # ye})] = R(h) — R(R).
Thus,

BIR(H) = RW)) = [R(0) = RH)] = B | =37 (e = ) (1) # 1 = LI () # yt}>]
L t=1

. -l . - - . "

=E _7_ ;_1: 7wt(wt +7) (1{h( t) # yt} 1{h ( t) # yt})]
_1 i . /

<E |- 5: 7wt(wt ) 1{h(x¢) #h (xt)}]

_T t=1
H{A(X) # h’(X)}]

AX)/v(X) +

LR(X) £ RN ,
A(X)Jr(X) ] = 7Pah )

= ’YEXNV |:

< VEXNV |:

If o := wtiv(l{h(a:t) + y} — 1{W (2;) # y;} then R(h) — R(W) = 1 3771 o where each ay is IID.

Note that oy < 1/(v + mingeyx A(z)/v(z)) and

1
wy + 7y

Ef?] < E[( (L{h(ar) £ e} — 1{H (1) # yt}) ]

1 2 /
< E[(wt L V) {h(z) £ K (z0)}]
AMX)/v(X)
(MX)/v(X) +7)

VX)) A ROV
AX) /o(X) }"“(’“h)‘

By [ S1{A(X) # K'(X >}]

- EXNZ/ |:

By Bernstein’s inequality we have with probability at least 1 — §

R — RO8) < BIRGH) — R+ o, ) 2B 110

2log(1/9) n log(l/d)'

T YT

< R(h) - R(h,) + 7,0/\(]% h/) + \/PA(h, h/)

O

Note that the regularized estimator R (h) is only an unbiased estimator of R(h) when v = 0. Also,
because a + v2ab+ b < (y/a + vb)? < 2(a + b) we always have that for each h, h' € H

21og(1/0)

RY(h) — RY(K) < R(h) — R(W) + 2vpx(h, h') + =

with probability 1 — § which may be more convenient.
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Algorithm 4 An efficient estimator with importance-sampled data

& Tnput: 20> 0, € > 0, {2, oo ) Hoy 5. w0 = Mz)fu(ze), H, 0 € (0,1)
2: Pick hg € H arbitrarily, set I' = {7/ : 1/e > ' > 70 : logy(7y) € Z}
3: for k=0,1,2,... do

4: For every v € T let ), = argminpey f(h, hy;y) where

2log(|H|? log,(8/70€)/0)
T

F(h,W57) = RY(h) — RY(h') + 29pa(h, ) +

5 if min,er f(hZH, hi;7y) > —e then

6 Terminate and output h;

7. else

8 Set hgpi1 = hzlfll where Y1 = argmin,er f(h]) 1, hi; )
9: end if

10: end for

Lemma 25. Consider the setting of Lemma[24] If one runs Algorithm [f] with vo > 0 and € > 0
then after k < 1/~p€ iterations the procedure returns an hy € H such that with probability at least
1-6

R(h) — R() < e+ W(h*,hk) 256 log(|1]* loga(8/70€)/9)

T

Moreover, without loss of generality one can take o = 1/7.

Proof. Fix a finite subset I' C {2¥ : k € Z} that will be determined later. By Lemma [24] we have
with probability at least 1 — § that

, 2log([HPIT1/9)

[R(h) = BY(h) = R(h) + R()| < 27px(h, 1) o

for all y € T" and h,h' € H.

Note that since R(h) < 1 and we want a non-trivial guarantee, without loss of generality we
can take yg > % This means the number of iterations before the stopping criteria is met is at
most 1/7pe since before the stopping criteria is met, the objective is reduced by at least e each
iteration, and 0 < R7(h) < 7. We also would never need v > 1/e. Thus, it suffices to take
I = {2%: —[logy(1/70)1k < [logy(1/€)] which means |T'| < logs(8/70€).
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To see the performance guarantee, at the final iterate,

2log(|H[*|T[/9)
TYk+1

53 5 21 2IT|/6
= minmin R (h) — R7(hg) + 2vpx(h, hi) + og(|H[*|T'/4)
vel heH Ty

. 4log(|H|*|T]/9)
< —
< 171161113 min R(h) — R(hg) + 4ypa(h, hy) + =

4log(|H|*|T| /6
< min R(h*) — R(hy,) + 4ypa(h*, hi) + os([#Ir1/9)
yel’ TY

8log(|H[*T|/o
< min R(R") — R(hy) + 8vpA(R", hy) + ce(IT1/9)
720 Ty

_ ROS) — R(h) + \/m(h*,hk) 256log(|#[2|T1/9)

T

—e < R+ (hgyq) — RV (hy) + 2910 (i1, b)) +

Thus, if we output hy then R(hy) — R(h*) < e+ \/ pa(h*,hy) 2561log(|H|?|T|/6) O

T

13.4.3 A Version-space Elimination Algorithm

Consider Algorithm [5l It leverages the estimator of the previous section.

Algorithm 5 An Elimination-style algorithm for Binary Classification

1: Input: Policy set H such that h: X — {0, 1} for all h € H, confidence level § € (0, 1).
2: Let H1 < H
3: for/=1,2,... do

1{h(X (X
4:  Let pp = min max Ex., {R(X) # 1'( )}] and A\, be its minimizer
NEAX phieH, AMX) /v(X)
5: Set ¢y = 276, T = [12pg€£_2 log(2€2]7-[\/5ﬂ, Yo = bg@fj#
6:  Draw xy,...,2,, ~ A, let wy = A(2¢) /v (), and request their labels to obtain {(x, ys, we) }124

7o Set Ry(h) = 237, o A=1{h(w) # yi} for all h € Hy

8 Hpr1 + He\ {h € Hy|Re(h) — minh’eﬁg Ry(W) > Gg}
9: L+ L+1

10: end for

11: Output:

For some h* € arg minycy define the event

&= () AR = Relh) < R() = R(b) < e}
{=1heH
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Noting that

- V/2puog<2m|/5> . log(262[/9) ::(1+_\/2)V/2pelog(2€2ﬁi\/5)

e YeTe e

2
<¢mm%mwwage

e

showing that P(£) > 1 — ¢ is nearly identical to the linear bandit case. Thus, in what follows
assume & holds.

If h* € H, then for any h' € H we have
Re(h*) = Re(R') < R(h*) = R(W) + ¢¢ < €.

Since h* € 7/—[\1, we have by induction that h* € ﬁg for all £, showing correctness. Now suppose for
some h € H we have that R(h) — R(h*) > 2¢y. Then

Ry(h) - hH;I{l Ry(h') > Ry(h) — Ry(*)
> R(h) — R(h*) — ¢
> €y

which implies b & Hy. Moreover, it implies that max, .z .  R(h) — R(h*) < 2¢ for all ¢, or
equivalently max, 7 R(h) — R(h*) < 4¢y for all £. Thus, the number of samples taken before some

round £ satisfies max, 5. R(h) — R(h*) < € is bounded by

[logo(4/€)] [logy(4/¢€)]
T = [12pp€, 2 log(20%|H|/5)]
/=1 /=1
[logy(4/¢€)]
< log(log(1/€)[#]/9) Ejpm

f10g2(4/€ﬂ
o . 1{r(X) # h'(X)}}
= log(log(1/e)|H|/b €2 min maXEN,,[
[logy(4/€)]
- H{A(X) # h*(X)}
< log(log(1/e)|H|/d €, 2 min maXIEXNl,[
Qog(W/HI/0) 3. e i o O
[logy(4/€)] Exw, [1{’1 #h*(X)}}
< log(log(1 J) mi
< log(log(1/€)|#H|/9) z:: o e 1
Ex.. [1{§(X)¢h*(X)}
(X)/v(X)
< log(log(1 0)[1 4
< log(log(1/€)|H|/d) [logy( /6)14 W eI AeAxheHR( B ) <dey e
Ex., [1{’;\()()#’1*()()}]
(X)/v(X)
<
S log(log(1/€)[H]/0) log(1/€) max min RO < e

where we have upper bounded the sum over ¢ by the max. We immediately obtain the following
theorem.
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Theorem 30. Fiz any e >0 and § € (0,1). Define

HaX)Zh"(X)} HAX)Zh (X))
p*(€) := sup min max Bxv [ AX)/v(X) ] < min ma Ex~. [ A(X) /v (X)
| eze ASAa hEH:R(—R()<E ¢ xeAx her €V (R(h) — R(h*))?

Any h in the version space ofAlgom'thmE] satisfies R(h)—R(h*) < € once > p*(€) log(log(1/€)|H|/6) log(1/€)
labels have been requested.

Note that p*(¢) is balancing the variance (numerator) with the sub-optimality gap squared (denom-
inator) for every h € H. By inspecting the proof of the following proposition, disagreement based
learning corresponds to a very particular choice of Ay at each round, namely, uniform distribution
over the disagreement region. Our optimized choice of A is never worse than this particular choice.

Proposition 10. Define the disagreement coefficient as

) — ey e [L3h € 1 A £ 1 (X), o, 1) < €]
7lu) = ¢ '

Then p*(e) < 4(RL2 4 1)6"(R(h*) + €).

Proof. Now, for any each &, if we take \&(z) = IEXE,,)&EZEZ ZE X);;ZL(( ))(fig%h() )RE%’??*S)i}g}] then

min max Bx~y 1{};(())(());;5()(())()}} < max Ex~y 1{;\2(();))7%(&)?}}
AEAx heH:R(h)—R(h*)<¢ &2 heH:R(h)—R(h*)<& &2

L Exe M) £ W ON Exu[1{3h € M h(X) # b (X), R(h) — R(h*) < €)]
heH:R(h)—R(h*)<¢ £2
o A B [1Eh € M2 A(X) £ 1 (X), R(h) = R() < ¢}
heH:R(h)—R(h*)<¢ £2

max pu(ha h*)EXNV[]-{Elh EH: h(X) 7& h*(X),pl,(h, h*) < 2R(h*) + g}]
heH:R(h)—R(h*)<¢ &2
o (2RO%) + OB, (130 € M h(X) £ 1(X). (7)< 2R(W) + €)
B 3
{ h* )? Ex w[1{3REH:A(X );ﬁh*(X),pu(h,h*)§2R(h*)+£}] if £ < R(h*)

IN

(h*)+€
9E x ., [1{IhEH I #h* v (h,h*)<2R(h*)+E . *
o[l L 00} (L J<2R0) 1) ife > R(h)

+1)0"2R(h7) +€)

where we have used the fact that
pv(h, W) = Exey [I{h(X) # h*(X)}] < Ex~ [{A(X) # Y} + L{Y # h*(X)}] = R(h) + R(h")

so that p,(h,h*) < £+ 2R(h*) whenever R(h) — R(h*) < €. m

13.4.4 A Computationally efficient Algorithm

Consider Algorithm [6]
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Algorithm 6 Computationally efficient Algorithm for Binary Classification
1: Input: Policy set H such that h: X — {0, 1} for all h € H, confidence level § € (0, 1).

2: Choose h_; € H arbitrarily, set N9 = argminyea, maxpepy pa(h,h—1) and 79 =~
€y ” maxpey pA(h7 ho) log(|#|/0).
3: Draw a1,..., 2 ~ Ao, set wy = Ag(2¢)/v(x¢), and request their labels to obtain {(z, y¢, we) };2,.

Set EW( h) =1L Et 1 wﬁ,yl{h(:):t) # y, } for all h € H and v > 0. Find ho
4: for £ =1,2,.
5.  Let 7y be a mlnlmal value of 7 such that the objective, achieved by Ay, is no greater than e;:

8 ~ ~ 1921og(20%|H|?/6)
——Ag_1(h) + 3847 pr(h, he—
R T

6: Draw z1,...,z,, ~ A set wy = N(z¢)/v(z), and request their labels to obtain

{(@, yr, wi) HE . Set ﬁe( y=24 Zt 1 Wt+71{h(:vt) # y } for all h € H and v > 0.
7 Set

61log(202|H|?/9)

he = arg iréin min EZ(h) - E}(ﬁg,l) + 6’yp>\é(h,ﬁg,1) +

H v VTe
8: Set, ) 22/
- o~ ~ ~ ~ 41og(2
Ay(h) = mvln RZ(h) — RZ(hg) + 2vpa, (h, he) + 8 ’YT’E ‘ / )
9: end for
10: Output:

Let ¢, =27 and Sy = {h € H : R(h) — R(h*) < ¢} for all £ € N. Define the events

21og(20%|H|%/6)
VTe

E= () {R](h) = R}(W) — R(h) + R(h) < 2ypx,(h, 1) +
h,h'eH

}

and €& = N2 ,&. Define A(h,h') = R(h) — R(h') and for each ¢ define

41log(202|H|?/6)
YT

Ag(h, ) = mvin R)(h) — R}(R) + 2vpx, (h, he) + 2ypx, (B, he) +

Note that &g(h, 1) is a pessimistic estimate of the true gap A(h, h’) in the sense that on £ we have
Ao(h, 1) > A(h, ') for all h, 1.

We need to show that we are estimating the gaps well. We will prove a helper lemma first.

Lemma 26. Fiz { € N. Then, on the event {A;_1(h*) < ei_1/8}NE we have that R(he) — R(h*) <
€r/8.
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Proof. On £ and the event that Ag_l(h*) < e€-1/8=¢€/4

8~ ~ 1921og(202|H]|/5)
> ——Ay_1(h 384~' h, hp_
€ = maxmin — o Ay 1(h) + 3847 py, (h, he_q) + P

. 8« . , . 1921og(20%|H|/6)
> —
> min o De-1(P7) + 3847 px, (17, he—1) + o

9 ~ 1921og(2¢%H|/§
> min ——¢p + 384’}//))\g (h*7 hf—l) + Og(/ |H|/ )
ver 9 Ve

- o4 \/ oo (0, 1) log (202[14]/6)

Te
Now,

~ ~ PN ~ o~ ~ 2log(20%|H| /6
R(h¢) — R(h¢-1) < min R)(he) — R} (hg—1) + 2vpx,(he, he—1) + W

L~ ~y ~ 2log(202|]/6)
= R)(h) — R) (hy_ 2 h,hy_ _—
min min o (h) — Ry (he—1) + 27vpa, (hy he—1) + o

o N 2log(20%|H| /6
< m;nRZ(h ) = R (hg—1) + 2vpx, (R*, he—1) + W

' . - . - 41og(20%|H|/o
< min R(h*) — R(hy—1) + 4ypx,(h*, he—1) + W

(h*, he_1) log(202H] /5)

Te

= R(h*) — R(he_1) + 8\/”2

= R(h*) — R(hy_1) + /8

where the last line follows from the above display. Rearranging, we conclude the proof. O

Lemma 27. On event & we have for all { € N

S ifhg s,

0 < Ag(h,h*) — A(h, h*) <
< Qelh, h7) = A( )—{64/8 ifhe S,

Proof. We will proceed inductively assuming it holds for £ —1 and then show this implies the result
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for round /. Note that for £ = 0 we have for any h € Sg = H

max Ag(h, h*) — A(h, h*)
hESH

P = = ~  Alog(20%|H|?/s
:%%XmgnRg(h)—Rg(h*)+27p,\e(h,h0)+27p/\e(h*,h0)+ og(207|H|*/9) _
0

R(h) + R(h*)

Y70
~ ~ < ~ . 4log(202|H|%/s
< max min B (h) — FI(R) + 29px, (hs o) + 2vpm, (W o) + OBCEWHI/O) gy o
hh'eSy Y70

. ~ ~ . 8log(2¢%|H|?/9)
< 4 h,ho) + 4 n'. h
< Joax min P, (B, ho) + 4vpx, (R, ho) + o

8log(202|H|% /6
n og(207|H|* /)

< max min 8ypy, (h, ho)

~ heSo Y70

_ 16y | Xnen pao (B, ho) log (202 |H[2/5)
70

< €/8

by choosing 7 sufficiently large. Thus Ag(h, h*) — A(h, h*) < €0/8 for all h € Sy = H.

Now we use induction to prove the rest. For any h € H we have

Ay(h,h*) — A(h, h*)

4log(202|H|?/9) ~ *
o — R(h) + R(h™)

= min R (h) = B} (k") + 2vp5, (A, he) + 2905, (" he) +

N 8log(202|H|?/6)
YTe

< rrgn Aypx, (hy he—1) + 4vpr, (he—1, B*) + 8vpx, (he, he—1) +

< mindypy, (T, hue) + 4ypa (B*, Tag)

8log(202[H|?/6)
Y7o '

This last line will be used as the starting point for the two cases.
Case 1: h € Sy

Now, on the base case and Lemma, 26| we have that Eg_l € Spro C Sp and Eg € Sp+3 C Sp. Thus,
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for any h € Sy we have

n 8log(202|H|?/6)

Ag(h,h*) — A(h, h*) < mvin Aypr, (hy hy—1) + 4vpx, (he—1, 1*) + 8ypx, (he, he_1) pous

~ 1 252 2 5
< maxmin 16vpx, (b, o) + > og(2¢°[H["/9)
heSy v VT

1

190 log(202|H|%/6)

8 ~ ~ 8 ~ ~ ~
— in——Ayp_1(h, hy_ —Ap_1(h, ho_ 2 h, hy_
201}%%};11’1’le 9 ¢ 1( N 1)+9 V4 1( , 1)+38 W)/\g( > I 1)+

YTe
1 . 8~ ~ 8 ~ ~ 192log(20%|H|*/5)
= AL 1)+ =A _ 4 _

T e ——

1 . 8~ ~ 8 ~ ~ 192 1og(202|H|?/5)
— —— Ay 1 (hyhy_1) + =A(h, he_1) + 384 hyho

20 fgemin g Aema (o) A hey) 1384303, (s he-) e

1 . 8~ ~ 8 ~ 192 1og(20%|H|?/6)
il ——Ay_1(hyhe_1) + =A(h, h* 4 h,ho_

20 g in —g Aema(hy hey) + g A 1) 384705, (0 heoa) e

IN

IN

IN

N 192log(202|H|%/6)
YTe

IN

1 . 8~ ~ ~
—(eg + maxmin ——Ag_q1(h, he—1) + 384vpy,(h, he—1) )
heH v 9

20
< /8

usin thefactsthatAhﬁ_l = R(h —Rﬁ_l < R(h) — R(h*) = A(h,h*) < ¢ for h € Sy, and
g s 10 0 ) 4 2

plugging in the condition of the optimization problem. This completes the first case.
Case 2: h ¢Sy

If h ¢ Sy then there exists some j < ¢ such that 277 < R(h) — R(h*) < 27971 On Lemma [27] we

have again that on the inductive hypothesis, Eg € Ser3 C Sj so

Ag(h, ) = Ah, h*) _ ming 4705, (R, h—1) + 4ypx, (he—1, h*) + 8ypx, (e, 1) + 2%

Y7e

202|H|/9)

A(h, h*) A(E h*)
min, 167p)\£(h,ﬁ£_1) + 8log(2¢2|H|*/8)

—
< max e

hes; R(h) — R(h*)

. 7 8log(26%|H|?/6)
- 3max min, 16ypy, (h, hg:l) +
hesS; 2=t 4+ 2[R(h) — R(h")]

min, 167py, (h, hy_1) + S8CEPU2/0)

7e

<3

= 2 hen 27+ R(h) — R(h")

24 1log(202|H|2/6)
VTe

B min, 48vpy, (h, 1) +
e e+ A(h)

Now, on the inductive hypothesis we have for any h € H that

Ae_1(h,1*) — A(h) < max{er_1, A(h)}/8 < e/4 + A(h) /8.
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Rearranging, we have that
9 ~
gA(h) +er/4 > Ap_1(h,hY)

L N ) _ - . Alog(P|H|?/6
= min By (h) = By (07) + 29px, (B hee1) + 205 (R, B7) + W
4log(20*|H[*/9)

YTe—1

> mvin §2—1(h) - ﬁz—ﬂﬁé—l) + ﬁZ_l(ﬁm) - ﬁZ_l(h*) + 2fyp/\g,1(h77]‘@71) + 2’YP/\¢,1(E£71, h*) +

21og(202|H|? /6 ~ .
PR 4 R(fe) — BOH)
VTe—1

Z min R}, (h) = R)_ (he-1) + 2ypx,_, (hy 1) +
> Apoi(hyhe-1)/2 = By (h) /2.

Thus, rearranging once more we have A(h) > %Ag,l(h) — ¢€p/4 and

N (1 7 . > 0e(202|H|2 /8
Ag(h,h*) — A(h, h*) - min., 48vpy, (h, he—1) + %
~ X
A(h, h*) T heH e + A(h)
min., 48vpy, (h, Ty ) + 2108CLIHIE/0)
< max —— et 41~) e <1/8
her e0/2+ $80_1(h)
where the last inequality follows from the solution of the optimization problem. O
The above lemmas imply that
A(h) = A(h, h¥)

= A(haﬁf—l) + A(%f—lv h*)
< Ap_1(hyheoq) + €01 /8
= ANo_1(h) + €-1/8.

We leverage this to compute the sample complexity as follows:

8~ ~ 1921og(20%|H|/4)
——Ay_1(h) + 3845 pr(h, he—
R RET I g e (0 B e+ T

, .8 ~ 1921og(202|H|/5)
< ——A 4~/ _
< min maxmin —o (h) + €/8 + 3847 px(h, hy—1) + p

~ 2
< min max —gA(h) +er/8+ 544\/p)\(h, hé_l)w

NeAx heH y'T
' 8 1og(2e2|m/5 \/ n log(%QIH\/é)
< YN 8 544\/ h, h*
R e e e A i

2 2
< min maX8A(h)+€g/8+544\/p)\(h, h*)lOg(% [#1/9) +544\/max o (o, 1) 0BEIHI/0)
XeAx heH 9 -

which is less than ¢, whenever

7> min maxM
AeAx heH €2 + A(h)?

log(|#]/6).

We summarize the conclusions in the following theorem.
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Theorem 31. Fiz § € (0,1). Then on the (th round, R(hg) — R(h*) < €;/8 and the total number
of samples is bounded by minyea , MaxXpey % log(|#]/6)log(1/€r).

14
13.4.5 Instance-dependent Lower bounds

Combinatorial bandits sheds some light on instance-dependent lower-bounds for the pool-based
setting.

13.5 Heuristics of note

13.5.1 Uncertainty sampling
13.5.2 Covering algorithms

13.5.3 Hypothesis-class agnostic algorithms
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Chapter 14

Finite Horizon Markov Decision
Processes

14.1 Tabular MDPs

This presentation closely follows the monograph of [Agarwal et al., 2019] with slight notation and
presentation changes.

A finite horizon Markov Decision Process (MDP) is defined as the tuple (S, A, { Py }n, {rn}n, H,v)
where

e State space S is finite with S = |S|

Action space A is finite with A = |A|, all actions are available in all states

Transition function P, : S x A — Ag for all h € [H] dictates next state probabilities. If
action ay, is taken in state s, at time h, then P, (s'|s,a) is the probability that spi 1 = s

Reward function 7, : S x A — [0, 1] for all h € [H]. If action ay, is taken in state s, at time
h, then the agent receives reward rp,(sp, ap).

e Horizon length H € N
e Initial state distribution p € Ag from which s; is drawn

For a policy 7, a state s, and h € [H], define the value function V" : S — R as

H
Vi(s) =E [Z (s, ap)|m, s, = h
t=h

where the expectation is with respect to both the random transitions and potentially stochastic
policy. It is understood in the above equation that # = {m,}, and a; = m(s;) for all t. The
state-action value QF : S x A — R is defined as

H
Qp(s,a) =E [Z rh(Sh, an)|m, sp = h,ap = a] :

t=h

Note that V;7(s) € [0,H — h + 1] and Qf(s) € [0,H — h + 1] for any policy 7. We will define
Vit = Es, ~v[V{"(s1)]. The objective is to optimize max, V{.
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Theorem 32 (Bellman Optimality Equations). For all (s,a,h) € S x A x [H] define

QZ(Sa CL) = sup Q;Lr(s? a)

™

where the sup is taken over all non-stationary and stochastic policies. For some function Q) :
S x A — R, we have that Q, = Qj, for all h € [H] if and only if for all h € [H],

Quls:0) = 1(5:0) + B | Qe (8.

where Q1 = 0. Furthermore, the deterministic policy mp,(s) = arg maxqe 4 Qp (s, a) is an optimal
policy.
14.1.1 Value iteration

We will leverage the above Bellman optimality equations to derive the optimal policy. The following
procedure is known as value iteration.

o Set Qu(s,a) =rg(s,a).

e Forh=H —1,...,1 set:
Qh(s7 CL) - 771(37 a’) + ES/NP(-\s,a) [?gﬁ Qthl(SIv a/):|

By Theorem we have that Qp(s,a) = Q7 (s,a) and consequently, mj,(s) = argmax, Qp(s, a) is
an optimal policy.

14.1.2 Reinforcement learning

The value iteration algorithm is optimal if the rewards and transition functions are known. But
what if they are unknown, how hard is it to learn the optimal policy? Consider an episodic setting
where before the start of each episode k, an agent defines a policy {ﬂ,’j}thl and applies it in the
environment so that sf ~ v, m,(sf) = af, and sfh_l ~ P(:|sF,aF). This results in a trajectory

7% = {sF,af}_ . We care about regret:
K H
Regret :=E | KV]™(s1) — Z Zrh(s’ﬁb, ak)
k=1 h=1

Ideally, we would like an algorithm that satisfies O(v/K) regret.

Why is this problem hard? Consider the combination lock instance (TODO). Its very clear that a
policy that just uniform exploration will only reach the reward state with probability A=H.

14.1.3 UCB Value Iteration Algorithm

This section presents the UCB-VI algorithm of [Azar et al., 2017] and closely follows the analysis
of [Agarwal et al., 2019].
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UCB-VI for Reinforcement Learning

Input: deterministic reward functions ry, : S x A — [0, 1] for all h € [H], 6 € (0,1)
Initialize: For all ¢ € N let nﬁ(s,m s’) _ Zéfl 1{(32,@%, S%H) = (s,a,8)},
nﬁ(s,a) = Z 1{(Sh7ah) (s,a)},
Pi(s|s,a) = nfy(s, a,8) /nf (s, a)
for k: =12,...,.K

VH+1—O
forh=H H—-1,...,1

@ﬁ(s,a) :min{H,H,/l()g(;K?S’?/(s)—i-r (s,a)+ﬁ/f-V;f+1}
nh Ss,a

‘A/hk(s) = max, Q\ﬁ(s, a) and 7 (s) arg max, @ﬁ(s, a)
Roll-out {7}} such that s; ~ v and af = 7F(sp,) and sp1 ~ Py(-|sF,af) for all h € [H]

The intuition for this algorithm is that XA/hk and @Ifb are optimistic in the sense that with high
probability, we have that th(s) > V™ (s) and @ﬁ(s,a) > Qp7(s,a) for all s,a,h. Thus, just like
UCB for bandits, at least intuitively, taking an action either results in a high reward, or information
against taking that action in the future.

Theorem 33. For any K € N we have that UCB-VI satsifies

K
> Vgt — Vgt < H?S+/BAK log(2K HSA/0)

with probability at least 1 — 20.

Define the event

s = (1 (1N

k=1h=1 s,a

Y (Pu(s']s,a) = Pi(s'ls, @) Vi (s')

/

on \/ log(2K HSA/5) }

k
- 2n; (s, a)

We have that P(Eyptimism) > 1 — 0 as a corollary of the following lemma.

Lemma 28. Fiz any V : S — [0, H]. Then for any (s,a,h,k) € S x Ax [H] x N

p( <m 1Og(2/5)>21—5.

2n¥ (s, a)
Proof. If Xy =1{s = s}, a = a},} >, (Py(s'|s,a)—1{s} , = s'})V(s') then E[X,|F;] = 0. Note that
1{s = wa a = afl} is a predictable sequence and ]:ﬁ—measurable. Thus, by Hoeffding’s inequality
we have E[exp(AX()|F7] < exp(\2H?1{s = s{,a = a} }/8). It follows from Azuma-Hoeffding that

> (Pu(s'|s,a) — PE(s'|s,a))V (s)

!

s

k—1
D> X
=1

< Hy/nf(s,a)log(2/5)/2

nk(s,a) Y (Pu(s']s,a) — Pu(s']s,a))V(s))| =

!

s

where we have used the fact that S>5_! H?1{s = st,a = akt} = nf(s,a). Union bounding over all
S, A, K, H completes the proof. O
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Lemma 29. On event Eyptimism we have that ‘A/hk(s) > V™ (s) and @i(s,a) > Qp*(s,a) for all

s,a,h.

Proof. First note that if @]g(s, a) =

H for any (s, a, h, k) then we trivially have that Q\’fl(s, a) =

H >

Q7" (s,a). Thus, assume otherwise. Note that trivially we have that @’}{(s, a) > QY (s,a) =ru(s,a)
for all s,a. We will prove the result by induction using the base case of

Vh(s) = max Qi (s,a) > Qs (5, m(5)) > Qi (s,ma(s)) =

Trx
Vh+1

v (s,a) = ru(s,a) + > Pu(s'|s,a) Vi (s))

/

Thus, assume ‘A/}ﬁ_l( ">

)

(s,a) +th (s]s,a Vhﬂ-ﬁl

s’

< rp(s,a) + Zﬁh(3/|3> )V (s') + H\/

Sl

= @2(37 CL).

Using the same logic as for H, we conclude that ‘A/,f(s) > Vi¥(s) for all h € [H].

+ZPh (s'|s,a) —

Vi (s)-

(s') for all ' € S and observe that for all s,a

ACIENONAED

log(2KHSA/J)

nk (s, a)

Vo = Vot =By, V™ (51) — V™" (s1)]
< B, [VH(s1) = V()]
=Eq, [Vi(s1) = r(s1, k(1) — D Pi(s|s1, (1)) V3™ ()
=By, |Qf(s1,mk(51)) — (51, k(1)) Zpl "[s1, i (51))Vy " (s )]
log(2KHSA 5
=E, H\/ i /%) ZP1 [s1, m(s1))VE(S') = > Pi(s'|s1, m(51)) Vo™ (s )]
I 2n1 s1,a1) "
log(2KHSA/S ~ T
R, |1, [PBCEHSA) | SN BE (51, mi(s1)) — Puls s mu(s))TE(S) + 3 Pr(s' s mu(s0) [V (51) — Vi
L 2n1(817a1) s/ s
log(2KHSA/S ~ = ™
By, oyt |Hy | PECRESAT0) B sy an) — Py s, an)[TE(S) | + Byt [V (52) — VP (52)]
’ 2n7(s1,a1) "
H
P,

hg Spyap~mh [ \/ 2nlf(Sh,Gh) +§[ h(s|8h7ah) ( |Sh7ah)] ( )

Now define the event
N Slog(2KHSA/6)
com lexi sup [ k(s’\s,a)—Ph(s’|s,a)]V(s’) SH .
e plpmr]{‘/e()h’ Z " 2n¥ (s, a)
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Lemma 30. For any K € N, we have that P(Ecompieity) > 1 — 0.

Proof. Fix any (s,a) € S x A and h € [H]. Observe that

Py(8'|s,a) — ﬁ/f(S/’S, a))V (s

sup
Veo,H]S

2

max '|s,a) — ﬁ;’f(s’\s,a))V(s')

ve{0,H}5

> (Puls

log(2 - 25/6)
2nk (s, a)

Slog(2/90)

2n¥ (s, a)

where the second-to-last line holds with probability at least 1—4 by applying Lemma[28 with a union

bound over all V' € {0,1}°. The final result follows from a union bound over all S x A x [H].

If goptimism N gcomplea:ity holds then

O

K K H
. log(2KHSA/o ~ >
DV V<Y M E H\/ gz( F /9) > PR (5 |sn, an) = Pu(s'[sn, an)| Vi ()
1 b1 h=1 ny (3h7ah) s
K 25 log(2K HSA/S)
< E|H
k:zlhzl \/ nk(sk,ak)
H [k
= H\/2S1og2KHSA/6)> E | ——e
=1 k=1 nh(shﬂﬁ)
g [ K 1
= H\/251og(2KHSA/6) Y "E |> Y 1{(s,a) = (s},a})}
h=1 s,a k=1 nl}i(szvalfi)

Mm

= H+\/2S1log(2KHSA/S)

>

—_

< H+/8S1og(2KHSA/6)

?Mm

—

< H\/8Slog(2KHSA/5)> VSAK

h=1
= H%S\/8AK log(2KHSA/5)

where the second-to-last inequality follows from Zle 1/Vi < 2k, and the last inequality is

Cauchy-Schwartz.

14.1.4 An improved regret bound for UCB-VI

With a more sophisticated argument, this section shows that the same algorithm achieves a regret

of O (HZ\/SAK v H252Alog(K)).
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With probability at least 1 — § we have for any f: S — [—H, H] that

Y (Pu(sls,a) = PE(s']s, @) f(')

S/

> |Pas'ls. @) = P(s'ls, )| £(5)

<Z i ( \/2Ph \s,ka) log(25/0) , 210g(25/5))

ng(s,a) 3nk (s, a)

o 2HS1og(2S/3) | D) J2(5') Pu(s'| s, a) 210g(25/9)

3nk (s, a) nk(s,a)
- 2H Slog( 25/(5 Yoo f2(8)Py(s'|s, a) 2510g(25/9)
= 3nf(s,a) nk(s,a)
2H S log 25/5 Yoo f(8")Pr(s'|s,a) 2H S log(25/0)
~  3nf(s,a) nk(s,a)
2H S log(25/9) H?Slog(25/6
< 3/ Zf (s'|s,a) + #
nk (s, a) 2n; (s, a)

2HSlog(25/6) 1 ,
- 7E ! !
nﬁ(s, (1) + H s ~Pp,(s']s,a) [f(S )]
where the second inequality applies Azume-Bernstein, the fourth inequality applies Cauchy-Schwartz,
and the last inequality follows from for positive a,b we have ab < (a® + b%)/2 since 0 < (a — b)?/2.

Picking up where we left off above in the regret bound, we have

K
> Ve - v
fe—=

[ log(2KHSA/S ~ ~
51,01~k H\/ e /9) —l—Z[Plk(s’]Shcu) — Py(s'[s1,a1)]VE(s))

271]16(81,(11) /

A
M=~
=

+E,, o [VE(52) — Vo™ (s2)]

S

K
2log(2KHSA/H ~ ~
< By 0t H\/ BREHSA/0) | B (/s a1) — Pu(s/|sr, an)](VE(s') — Vi ()
k= L

ny(s1,a1) ;

~

[ - \/ 2log(2K HSA/6) | 2HSlog(2KHS?A/6)

nk(s1,a1) nk(s1,a1)

A
™=
IS
E
2
:‘R‘

+ (1+ 1/ H)Eqy ok [VE (52) — Vo™ (52)]

K H
<> M a+1/H)E

i \/zlog(2KHSA/5) | 2H?Slog(2K HS?A/3)

k=1h=1 ”’f(sh,ah) n’;;(sh,ah)
K H ) )
< QZZE I 210g(3KHSA/5) n 2H Slo§(2KHS A/9)
k=1 h=1 ny, (Shy an) ny (Sh, an)

where the last line follows from (1+1/H)"1 < (1+1/H)" < e. By the same sequence of steps
as above, Zk 1 Zh | ————— < 2HV/SAK. Analogously, using the fact that Y1 ; 1 < 2log(n)
v ( Shyan)

we have

K H
— | <E log ni(s,a))| < 2SAH log(K).

+ EszNﬂ'k [‘/Qk(SQ) -

V
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Putting it all together we have a final regret bound of

K
RIS 3) Bie
k=1

k=1h=1

nk (sp, ap) nk(sp, an)

\/ 2log(2K HSA/S) | 2HS1og(2K HS*A/0)

K H 1
=eH+/2log(2KHSA/S) E|——r
k=1 h=1 n¥(sp,an)

K H
+ 2eH?S log(2KHS*A /) [ ]
/%) ;Z nk (s, an)

<H?\/8e2SAK log(2K HSA/5) + 4eH>S* Alog(K ) log(2K HS?>A/6).
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