The (Infinite-Horizon Discounted) MDP

A Markov Decision Process is a tuple M = (S, A, P, r, v, u):

e S: state space (assume finite) IFeraetien Proees)

e A: action space (assume finite) o ~ . At each step t = 0,1,2, .. .:
e P:S8x A— A(S): transition @ Observe s

kernel Sel A
P(s’ | s,a): prob. of moving to s’ - elEl
@ Receive r; = r(st, ar)

o r:SxA—[0,1]: reward function

e v €[0,1): discount factor Q@ Transition s;1 ~ P(- | s;,at)

o 4 € A(S): initial state distribution

Goal: Maximize E Y20 v'r(st, at)

..
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Examples

Navigation

State = current location. Actions = {N, S, E, W}. Deterministic transitions.
Reward = 1 at goal, else 0. Discount +y incentivizes shortest paths.
Optimal policy: greedy shortest path. Value ~ ¢ for path length d.

Inventory Management

| \

State = current stock level. Action = how much inventory to order each day.
Demand is stochastic: reward = sales revenue (only if item is in stock) — ordering
cost.

Tension: understocking loses sales; overstocking ties up capital.

Strategic Games

| A

State = board position. Actions = legal moves.
Reward = eventual win/loss.
RL has achieved superhuman performance in Go, Chess, Poker, Backgammon.
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Planning vs. Statistical RL

Planning (dynamics known)

The model P, r is given. The challenge is
purely computational: how do we
efficiently find the optimal policy?
Examples:

@ Shortest path / navigation

@ Board games (Chess, Go): simulator
provides exact next state

@ Video games: emulator is the model

Statistical RL (dynamics
unknown)

We don't know P or r. We must learn
what actions lead to what outcomes by
interacting with the environment.

Examples:

@ Personalized medical treatment: how
does this patient’s condition evolve if
we prescribe drug A vs. drug B?

@ Inventory management: what is the
true demand distribution?
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Planning vs. Statistical RL

Planning (dynamics known)

The model P, r is given. The challenge is
purely computational: how do we
efficiently find the optimal policy?
Examples:

@ Shortest path / navigation

@ Board games (Chess, Go): simulator
provides exact next state

@ Video games: emulator is the model

Statistical RL (dynamics
unknown)

We don't know P or r. We must learn
what actions lead to what outcomes by
interacting with the environment.

Examples:

@ Personalized medical treatment: how
does this patient’s condition evolve if
we prescribe drug A vs. drug B?

@ Inventory management: what is the
true demand distribution?

Focus of this course

We study the statistical problem: how many interactions does it take to learn a
near-optimal policy? Planning serves as a subroutine, but the core challenge is

exploration and generalization.
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Policies and Value Functions

History: 7. = (so, 40, f0, 51, - - - » St )-
A policy m maps histories to distributions over actions.

Stationary Policy

7 : S — A(A) — actions depend only on current state s;.
A deterministic stationary policy is 7: S — A.

Value function V™ : § — R:

- 1
V7(s) =E Z’Ytr(st,at) ‘ T, So = 51 ) 0<V7(s) < i
t=0

Action-value (Q-value) function Q™ : S x A — R:

Q™ (s,a)=FE thr(st, ar) ‘ T, S =S5, ag = a] )

t=0

Goal: find m maximizing V7(s) for all s (or for s ~ pu).
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Bellman Consistency Equations

Lemma 1.4 (Bellman consistency for 7)

For any stationary policy 7, for all s € S and a € A:

V7 ($) = Eanr(15)[Q7 (s, a)]
QW(Sv a) = r(s, a) + VES/NP(~|s,a)[VTr(5/)]
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Bellman Consistency Equations

Lemma 1.4 (Bellman consistency for 7)

For any stationary policy «, for all s € S and a € A:

V7 ($) = Eanr(15)[Q7 (s, a)]
QW(Sv a) = r(s, a) + VES/NP(~|5,3)[VTF(5/)]

Proof. Unroll one step using the Markov property and tower property:

Q7(s,a)=E li Y r(se, ar)

T, S0 =S, = a]
t=0

o0
ElZVtr(stH, ari1) ‘ ™, 81 = S/H
t=0

= r(s, a) + ’)/ES/NP(,|S73)[V7F(S/)] .

= I’(S, a) + 'VES’NP(-|s,a)

The first equation in the lemma then follows by averaging over a ~ 7(-|s). O
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Matrix Form & Corollary 1.5

In matrix/vector form (treating Q™, r as vectors over S x A):
QT =r+~PV" =r+~P"Q",

where P[{ ) & 2y = P(s'[s,a) m(a'|s") is the induced state-action transition
matrix.

Corollary 1.5. (Closed-form solution)

QT =(-~P7)!
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Matrix Form & Corollary 1.5

In matrix/vector form (treating Q™, r as vectors over S x A):
QT =r+~PV" =r+~P"Q",

where P[{ ) & 2y = P(s'[s,a) m(a'|s") is the induced state-action transition
matrix.

Corollary 1.5. (Closed-form solution)
Q" = (I —~yP™)1r.

Proof. It suffices to show | — vP7™ is invertible. For any nonzero x € RISIII:

10 =Pl = Xl = [P7xll. (triangle inequality)
> %]l = 71X/ oo (P™ row-stochastic)
=1 =) lIxllo >0 (v <1, x#0)

So | —«yPT has trivial kernel, hence is invertible. Then Q™ = r + yP™ Q™ gives
(I =yP™)Q™ =r. O
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Optimal Policy: The Key Theorem

Theorem 1.7 (Existence of optimal stationary policy)
Define V*(s) £ sup, V™(s) and Q*(s, a) = sup, Q™ (s, a).

There exists a stationary deterministic policy 7* such that for all s, a:

V™ (s) = V*(s), Q™ (s,a) = Q*(s, a).

Why is this surprising? The supremum is over all policies (non-stationary,
randomized, history-dependent). Yet a simple “look only at current state” policy
suffices.
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Theorem 1.7: Proof sketch

Step 1. sup,. E[> 2, v'r(Se, Ar) | 7, S1 = s =yV*(s').  (shift time index)
Step 2. 7(s) € argmax, Ez[r(s,a) +vV*(51) | s].
Step 3. Trivially we have V#(s5) < V*(s0). Now show V*(sp) < V7 (sp):

V*(s0) = supE [r(So, Ao) + Z YEr(Se, Ae) | so
™ t=1

= SupETr [I’(So, AO) +E, I:Z "Ytr(sta At) ‘ T, 50, AOa RO) 51] ‘ 50]

t=1

< supEq [r(S0, Ao) + sup E [Z Y r(Se, Ae) | ', 50, Ao, Ro, S1 ’so]

=1

=supE, [r(So, Ao) +7V*(51) ‘ 0] (Step 1)

= Ex[r(So, Ao) + 7V*(51) ‘ 5] (def. #)
Ex [r(S0, Ao) +7r(S1, A1) +7°V*(S2) | 0] (recurse)
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Bellman Optimality Equations

Define the Bellman optimality operator Ty, : RISIIAl — RISIAI
(TQ)(s,a) £ r(s,a) + Y Egp(.|s,a) [magx Q(s, a’)} :

Write Vg(s) £ max, Q(s, a) and mg(s) € arg max, Q(s, a) (greedy policy).

Theorem 1.8 (Bellman optimality equations)
Q = Q*if and only if Q = TQ.

Moreover, mg~ is an optimal policy.
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Bellman Optimality Equations

Define the Bellman optimality operator Ty, : RISIIAl — RISIAI
(TQ)(s,a) £ r(s,a) + Y Egp(.|s,a) [magx Q(s, a’)} :

Write Vg(s) £ max, Q(s, a) and mg(s) € arg max, Q(s, a) (greedy policy).

Theorem 1.8 (Bellman optimality equations)
Q = Q*if and only if Q = TQ.

Moreover, mg+ is an optimal policy.

This almost gives us an algorithm for identifying 7*: just find some @ that
satisfies the fixed point equation @ = TQ!
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Q-Value lteration

Algorithm: Initialize Q(® = 0. Repeat:

QU  TQW, ie, Q¥ (s a) = r(s,a) +~Es [max QUW(s/, a’)} .
a/

Extract policy: 7K = 1o (greedy w.r.t. Q).
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Q-Value lteration

Algorithm: Initialize Q(® = 0. Repeat:

QU  TQW, ie, Q¥ (s a) = r(s,a) +~Es [mgx QUW(s/, a’)} :

Extract policy: 7K = mou (greedy w.r.t. Q).

Why does this converge? The operator T is a y-contraction in |||, and Q*
is its unique fixed point.

Lemma 1.10 (Contraction)

For any Q, Q' € RISIII

ITQ - TQloe <711Q — Q| -
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Q-Value lteration

Algorithm: Initialize Q(® = 0. Repeat:

QU  TQW, ie, Q¥ (s a) = r(s,a) +~Es [mgx QUW(s/, a’)} :

Extract policy: 7K = mou (greedy w.r.t. Q).

Why does this converge? The operator T is a y-contraction in |||, and Q*
is its unique fixed point.

Lemma 1.10 (Contraction)

For any Q, Q' € RISIII

TR - TQl o, <7IIQ— Q-
Recall TQ* = Q* and Qy = 0. Thus,

k
1Qk = Q%[ = TQk-1 = TQ*[loo <[ @k-1 = Q*[loc <V¥IQ* [0 < 15
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Lemma 1.10: Contraction — Proof

Step 1. Fix any s, WLOG Vg(s) > V/(s). Let a* € argmax, Q(s, a).
Vo(s) = Voi(s) = Q(s, a") — max, Q'(s, a) < Q(s,a") — Q'(s,a") < [|Q — Q|-
Thus, [[Vo = Vor[loo < [|Q = @'f|co-
Step 2.
ITQ = TQ o =7 IP(Vo = Vo)l <7 Ve — Varlle <7 11Q = Q'

where || Px||, < ||x]|,, because each row of P is a probability distribution. O
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Q-Error Amplification (Lemma 1.11)

Lemma 1.11 (Suboptimality of greedy policy)
For any Q € RISIIAIL

2 _ *
Ve syt 1Q — Q% 1
1—v

We showed above that ||Qx — Q*||oc < 1—7_% Thus, V™% > V* — (1—2_“%2 -1
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CSE 542: Statistical RL



Q-Error Amplification (Lemma 1.11)

Lemma 1.11 (Suboptimality of greedy policy)
For any Q € RISIIAIL

2|Q— e

VACIS S Ve % .1,
1—v

We showed above that ||Qx — Q*||oc < 112. Thus, V™% > V* — (127%)2 .

Theorem 1.12 (Q-value iteration convergence)

Set Q© = 0. After k >

L lo 2 iterations
g iterations,
1—y “(1=9)%

v s v et
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Lemma 1.11: Proof

Fix s; let a = mg(s) and 7* be optimal. Then:

Vi(s) = V™(s) = Q7(s,77(s)) = Q7(s,2) + Q7(s,2) — Q7(s, a) .
0} I

Bounding (1): Since 7g is greedy w.r.t. Q, we have Q(s, 7*(s)) < Q(s, a), so:
()= Q" (s, (s))=Q"(s,2) < [Q"(s,7")=Q(s,7")]+[Q(s,2) - Q7(s,2)] < 2| QR — Q7| -
Bounding (I1): By Bellman consistency for mq:

(1) =By [V7(s') = V™) <y VT = V7|

Combine: [[V* — V™| <2[|Q — Q[ +7 [IV" = V™.
Rearranging:

2
Vv <~ Q-Q|,. O
I oo < 7 [
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Policy lteration

Start from any deterministic stationary policy mg. Repeat for k =0,1,2,...:

Step 1: Policy Evaluation

Solve for Q™: Q™ = (I — yP™)~1r,

Step 2: Policy Improvement

Thr1 = mow  (greedy w.r.t. Q™).

Key properties:
@ Values improve monotonically: Q™+ > Q™ (elementwise).
o Converges geometrically to Q*.

o Can terminate with exact 7* in finitely many steps.
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Policy Iteration: Monotonicity & Contraction

@ (Sandwich) Q™ > TQ™ > Q™.
@ (Geometric contraction) ||Q* — Q™| <~ [|Q* — Q™.

K. Jamieson (UW CSE) CSE 542: Statistical RL



Policy Iteration: Monotonicity & Contraction

@ (Sandwich) Q™ > TQ™ > Q™.
@ (Geometric contraction) ||Q* — Q™| <~ [|Q* — Q™.

(1a) TQ™ > Q™ : Since Vg« (s) = maxas Q™ (s,a) > Q™ (s, mk(s)) = V™ (s):
TQ™(s,a) = r(s,a) + YEs [Vori (s)] > (s, a) + vEs [V (s')] = Q™ (s, a).

(1b) Q™1 > TQ™: Let @’ = mk41. The policy evaluation operator
T V(s) = r(s, 7' (s)) + vE« [V(s')] satisfies:

T V(s) = Q™(5,7'(5)) = Vare (s) = V™ (s).
Iterating monotonicity: V7 1 = Iim,,_,oo(T”/)"V” > Vo=« Therefore:

Q™ (s,a) = r(s,a) + 1E [V (s')] 2 r(s, a) +1Es [Vomi ()] = TQR™ (s, ).
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Policy Iteration: Monotonicity & Contraction

Q (Sandwich) Q™ > TQ™ > Q™.
@ (Geometric contraction) ||Q* — Q™+ || <7 [|Q* — Q™.

(1a) TQ™ > Q™ : Since Vgmi(s) = max, Q7 (s, a) > Q™ (s, mk(s)) = V™ (s):
TQ™(s,a) = r(s,a) + YEs [Vori (s)] > r(s, a) + vEs [V™(s')] = Q™ (s, a).

(1b) Q™1 > TQ™: Let @’ = mx41. The policy evaluation operator
T V(s) = r(s,'(s)) + yE« [V(s)] satisfies:

T VT (s) = Q7 (s, m'(s)) = Vomi(s) > V7 (s).
Iterating monotonicity: V7 1 = Iim,,ﬁxx,(T"/)"V7Tk > Vg« Therefore:
Q™ (s, a) = r(s,a) + VB« [V ()] > r(s, a) + 1B« [Vom (s))] = TQ™ (s, a).
(2) Contraction: Since Q" > Q7+ > TQ"x:
0<Q - Q"< Q" -TR™ =TQ" - TQ™.
Taking ||-]|, and applying Lemma 1.10: [|@" — Q™| _ <~ ||Q% — Q7|| .- O
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Policy Iteration: Convergence

Theorem 1.14 (Policy iteration convergence)

Starting from any mq:

k
107 = Q™ <7 19" = @™l < 7=

Qm>Q —e-1.

For k> DB/ 1)),

Policy iteration vs. value iteration:

@ Same geometric rate v, but P| terminates with exact 7* (finitely many
policies).

o Naive bound: |A|lS! iterations.

e Each Pl iteration costs O(|S]? + |S|?|.A]) (policy evaluation + greedy step).
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Finite-Horizon MDPs

A finite-horizon MDP M = (S, A, {Pu} 1=, {rm} s H. 1):
@ Horizon H € N; rewards ry(s, a) € [0, 1]; transitions P, may depend on h.

Value functions: For h€ {0,...,H}, s € S:

H-1

Vi(s) = IE[Z re(Se, Ar)

t=h

m,Sp = s] , Vii(s) = 0.
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Finite-Horizon MDPs

A finite-horizon MDP M = (S, A, {Pu} 1=, {rm} s H. 1):
@ Horizon H € N; rewards ry(s, a) € [0, 1]; transitions P, may depend on h.

Value functions: For h€ {0,...,H}, s € S:

H-1

Vi (s)=E lz re(Se, Ae)

t=h

m, Sp = s] ) Vii(s) = 0.

Stage-h Bellman optimality operator:

(Twf)(s,a) = ra(s, a) + Eoopy()s,a) [mzllx (s, a’)] .

Theorem 1.9 (Bellman optimality: finite horizon)

The unique solution to Qf; =0, Q; = T»Qj,; equals sup, Q.
The policy 7*(s, h) € arg max, Q;(s, a) is optimal.

Proof by backward induction. (Exercise.)
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Discounted vs. Finite Horizon

Infinite-Horizon Discounted Finite Horizon (Time-Dependent)

@ Stationary dynamics/rewards @ Py, r, may vary with h

o Tabular size: O(|S||A|) e Tabular size: O(H|S||A|)

@ Convergence via contraction @ Backward induction (exact, no
(v<1) contraction needed)

o Effective horizon: ﬁ @ Sharper theoretical rates |

Convention in this course

Both settings studied. The finite-horizon time-dependent formulation is often
more convenient theoretically (backward induction, sharper rates).

Can fold time h into the state to recover a stationary MDP on S x [H].
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Backward Induction (Section 1.3.3)

In the finite-horizon setting, backward induction computes Q; exactly in
O(H|S|?|A]) time.

Algorithm
Initialize Qu(s,a)=0. For h=H—-1,H—-2,...,0:

Qh(S, a) — I’h(S, 2) T ]Es’NPh(~|s,a) [ma:/ax Qh—&-l(Sl’ 3/):| 5

By Theorem 1.9, the resulting Q, = Q. The optimal policy is
7m*(s, h) = arg max, Q; (s, a).

No contraction needed: backward induction is exact. This is a major advantage
of the finite-horizon formulation.

Complexity: O(H|S|?|.A|) with naive matrix-vector products, O(H|S||.A|) with
sparse transitions.
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MDP Basics: Planning:
e MDP tuple (S, A, P, r,v,u) @ Value iteration: T is «y-contraction
e Policies, value functions V7, Q™ (Le”;- 1.10), convergence (Thm.
1.12

@ Bellman consistency (Lemma 1.4)
@ Suboptimality of greedy policy

(Lem. 1.11): 22 [Q — @,
@ Policy iteration: monotone +
geometric convergence (Lem. 1.13,

Optimal policy exists and is
stationary (Thm. 1.7)
@ Bellman optimality equations (Thm.

1.8)

- . _ Thm. 1.14)
° Elgl)te—horlzon formulation (Thm. o Backward induction: exact,
' O(H|S[?|.A])

Offline RL: given a fixed dataset of transitions, how do we evaluate or optimize a
policy?
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