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What is this course about?

Reinforcement learning (RL): how should an agent act in an uncertain,
sequential environment to maximize cumulative reward?

This course develops the mathematical and algorithmic foundations of RL:
@ Provably efficient methods and their theoretical guarantees
@ From classical tabular settings to modern function approximation

@ Both offline (batch) and online (interactive) learning

By the end, you will be positioned to read and contribute to RL research.
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Foundations i Online RL |

@ MDP theory: value functions, @ Model-based/free exploration,
Bellman equations UCB for tabular and linear MDPs
with sample complexity guarantees

@ Policy iteration, value iteration

@ Policy gradient

@ Planning complexity ) y
Offline RL | Function Approximation |
@ Fitted value iteration @ Linear MDPs, LSVI-UCB
o Offline policy evaluation & @ Bellman rank, Eluder dimension
optimization ) @ Provably efficient algorithms )
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Required:
@ Linear algebra, probability, calculus (see HWO self-test)

@ Concentration inequalities: Hoeffding, Bernstein, Azuma—Hoeffding

Strongly recommended:
@ Online learning and multi-armed bandits (CSE 541 or equivalent)
@ Consult [Szepesvari—Lattimore] or CSE 541 (Winter 2026) materials

Self-test: Complete HWO (not graded) in the first week to gauge your readiness.
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Course Materials

Primary Textbook:

@ Reinforcement Learning: Theory and Algorithms, Agarwal, Brantley, Jiang,

Kakade, Sun
rltheorybook.github.io/rltheorybook ABJKS.pdf

Recommended Background:

@ Bandit Algorithms, Szepesvari & Lattimore
https://tor-lattimore.com/downloads/book/book.pdf

Additional References (Practical RL):
@ Reinforcement Learning: An Introduction, Sutton & Barto

@ Reinforcement Learning: An Overview, Murphy (2024)

K. Jamieson (UW CSE) CSE 542: Statistical RL



Logistics at a Glance

Grading

Mon /Wed 10:00-11:20 AM Homework 1 20%
ECE 045 Homework 2 20%
Homework 3 20%

Office Hours | Final Project 40% |

Instructor: Tue 2:30-3:30, CSE 340

Mars Gao: TBD ERE .

Kevin Huang: TBD ) Single PDF to Gradescope

Typeset (LaTeX recommended)

Communication L No photos/scans |

Discussion board: Ed (preferred)
Email:
cseb42-staff@cs.washington.edu

4
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Final Project

@ Choose a topic in reinforcement learning

@ Write a summary and literature review: a primer for someone about to
enter research in that area

e Worth 40% of your grade

@ Details forthcoming

Late Policy (Homeworks)

24-hour grace period, no questions asked.
Multiple days: email instructor before the due date.
Late policy does not apply to the final project.
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Collaboration & LLM Policy

Homeworks are individual

You may collaborate to discuss ideas, but write your own solutions.
List all collaborators on your submission.

LLM Use Policy

LLMs (ChatGPT, etc.) are allowed as a learning aid.
If you use an LLM, you must attach a link to the full transcript.

If you find yourself copying substantial derivations from the LLM = you've
crossed the line.

No transcript attached + LLM suspected = report filed.

Academic Integrity

Do not use pre-existing solutions from the web, past courses, or other textbooks.
Violations are reported to Community Standards and Student Conduct.
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Today's Plan

© Markov Decision Processes
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Motivation: Sequential Decision Making

Many problems involve sequential decisions under uncertainty:
@ Robot navigation: reach a goal efficiently

Conversational agents: complete user tasks - €5 3) -

o
@ Games: chess, Go, poker
@ Resource allocation, clinical trials, ... ¢yuee
was mind7, 83
Key challenges:
@ Actions affect future states (not i.i.d.!)
@ Reward may be delayed S

@ Need to balance exploration vs. exploitation
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The (Infinite-Horizon Discounted) MDP

A Markov Decision Process is a tuple
Isl .
A= PRy Thatf o

e S: state space (assume finlte)

e A: action space (assume finite)

@ P:S x A— A(S): transition
kernel
P(s’ | s,a): prob. of moving to s’

o r:SxA—|[0,1]: reward function
@ v €[0,1): discount factor

M= (S, A P, r,v, u):
- [\ z)f‘(f;,q.c)z

€t

Interaction Protocol

sop ~ . At each step t =0,1,2,...:

@ Observe s;
@ Select a; € A

© Receive ry = r(st, at)

© Transition sy 11 ~ P(- | s¢, ar)

o 1 € A(S): initial state distribution y
Goal: Maximize E[Zioovtr(st,at) | So =S5 L 37 >
)
e >t
¢ Syt 4 !
€73 2(r~rl
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Examples

Navigation

State = current location. Actions = {N, S, E, W}. Deterministic transitions.
Reward = 1 at goal, else 0. Discount ~ incentivizes shortest paths.
Optimal policy: greedy shortest path. Value ~ ~9 for path length d.

Inventory Management

State = current stock level. Action = how much inventory to order each day.
Demand is stochastic: reward = sales revenue (only if item is in stock) — ordering

cost.
Tension: understocking loses sales; overstocking ties up capital.

| A

Strategic Games

State = board position. Actions = legal moves.

Reward = eventual win/loss.
RL has achieved superhuman performance in Go, Chess, Poker, Backgammon.
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Planning vs. Statistical RL

Planning (dynamics known)

The model P, r is given. The challenge is
purely computational: how do we
efficiently find the optimal policy?
Examples:

@ Shortest path / navigation

@ Board games (Chess, Go): simulator
provides exact next state

@ Video games: emulator is the model

K. Jamieson (UW CSE)

Statistical RL (dynamics

unknown)

We don't know P or r. We must learn
what actions lead to what outcomes by
interacting with the environment.

Examples:

@ Personalized medical treatment: how
does this patient’s condition evolve if
we prescribe drug A vs. drug B?

@ Inventory management: what is the
true demand distribution?
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Planning vs. Statistical RL

Planning (dynamics known)

The model P, r is given. The challenge is
purely computational: how do we
efficiently find the optimal policy?
Examples:

@ Shortest path / navigation

@ Board games (Chess, Go): simulator
provides exact next state

@ Video games: emulator is the model

Statistical RL (dynamics

unknown)

We don't know P or r. We must learn
what actions lead to what outcomes by
interacting with the environment.

Examples:

@ Personalized medical treatment: how
does this patient’s condition evolve if
we prescribe drug A vs. drug B?

@ Inventory management: what is the
true demand distribution?

Focus of this course :

We study the statistical problem: how many interactions does it take to learn a
near-optimal policy? Planning serves as a subroutine, but the core challenge is

exploration and generalization.

LY Q (2
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Policies and Value Functions

History: 7. = (so, a0, fo, S1,- - - , St)-
A policy m maps histories to distributions over actions.

Stationary Policy

7w :S — A(A) — actions depend only on current state s;.
A deterministic stationary policy is7:S — A.

Vrt s/[Zm ris,«) €[o,i{

Value function V™ : S — R:

1

27 r(st,at)}w so—s}, OgV”(s)gl—

V7™(s) :
( — 7

Action-value (Q-value) function Q™ : § x A — R:

—E Zytr(st,at) ‘ T, S0 =S, g = a} .

t=0

Q" (s, a)

Goal: find m maximizing V™ (s) for all s (or for s ~ p).
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Bellman Consistency Equations

Lemma 1.4 (Bellman consistency for )
For any stationary policy 7, for all s € S and a € A: IF etermmishi

VW(S) — IEj’arv7r(-|s)[Q7T(57 a)]
QW(Sa a) — r(57 a) + VES’NP(-|s,a)[VW(SI)]

)
Afse) = B[ 2 rne) [l 5o a0 ]
*0

3]
S or(re) -tE):Eﬂ [nyr(&,qé) I[Tz S"Jj

-S,“PIJ,al
.‘
- r(’/") ~ Ty Xtr(-f el A e I.Z/ !l
(g EL Z ¥ wenlt]

SN CAVIRD ¢ le A7 )[Q'T(s,’mm)j
T risa) A By [vsn))
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Bellman Consistency Equations

Lemma 1.4 (Bellman consistency for )

For any stationary policy 7, for alls€ S and a€ A:

VW(S) — IEj’arv7r(-|s)[Q7T(57 a)]
QW(Sa a) — r(57 a) + VES’NP(-|s,a)[VW(SI)]

ViV '/-f) 0 /S 72/;))

Proof. Unroll one step using the Markov property and tower property:

Q" (s,a) = nyrst,at)|7rso—sao—a}
t=0
= r(s, a) + v Esop(s,a) | E Z’Ytr(st+1> ari1) | m,S51 = S’H
t=0
= r(s,a) + YEsp(.|s,2)[V™(s)] .
The first equation in the lemma then follows by averaging over a ~ m(-|s). []
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Matrix Form & Corollary 1.5
RU-N RISAIXI.SI I-M*I!A IZ"P‘M"!' V.,,zy)

In matrix/vector form (tr’jﬁtmg QT,r a/(ctors ov75 >< .A

QT =r+yPV™ =r+~yP"Q",

where P .y o ) = P(s'[s,a) m(a'[s") is the induced state-action transition

matrix. la=bll & Nal<qbif

Corollary 1.5. (Closed-form solution)

QT(‘ — (I—jpﬂ)—l

A u invac bl f Az_ *0 if  X¥0

N(T- wP)xlly 2 Nl = ¥ IIP*l,
e -
< >,

[zl - Y x|,
S (1-4) Ixleg 50

V)
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Matrix Form & Corollary 1.5

In matrix/vector form (treating Q™, r as vectors over S x A):

o= twe | I

Q" =r+yPV™ =r+~4P"Q",

where PT

(s.2).(s.a") = = P(s'|s,a) w(a’|s’) is the induced state-action transition
matrix.

Corollary 1.5. (Closed-form solution)
QT(‘ — (I . ,YPﬂ')—l

Proof. It suffices to show | — yP™ is invertible. For any nonzero x € RISIIAl;

(I —~vP™)x]l o, > IxIl o =7 [P"X]| (triangle inequality)
> x|l o — 71X o (P™ row-stochastic)
=(1—=7)[Ixllo >0 (v <1, x#0)
So I — vP™ has trivial kernel, hence is invertible. Then Q™ = r + vyP™ Q™ gives
(I —yP™)Q™ =r. U
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Optimal Policy: The Key Theorem

Theorem 1.7 (Existence of optimal stationary policy)
Define V*(s) = sup.. V7 (s) and Q*(s,a) = sup,. Q™ (s, a).

There exists a stationary deterministic policy 7* such that for all s, a:

V7r* (S) _ V*(S), Qw* (S, a) _ Q*(S, a). Vn;[.f) = ":"62371,4{

Why is this surprising? The supremum is over all policies (non-stationary,
randomized, history-dependent). Yet a simple “look only at current state” policy
suffices.

V‘(f) = Er L ZD%J;\“"Q‘) / - :Ij

=

: g",:o EELF(J’.,J.\-t ZY{/(L,‘«J /L':Jj
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Theorem 1.7: Proof sketch

Step 1. sup, E[> 2, 7'r(St, Ar) | 71, S1 =5 =~yV*(s’).  (shift time index)
Step 2. 7(s) € argmax, Ez[r(s,a) + vyV*(51) | s].
Step 3. Trivially we have V7 (s5) < V*(sp). Now show V*(sp) < V7™ (sp):

V*(s0) = supEx[r(So, Ao) + Y _7'r(Se. Ar) | o]

i t=1

— SupEﬂ‘ [r(507 AO) + Eﬂ' [Z ’Yt”(Sn At) ‘ T, 50, A07 R07 51] ’ 50]

t=1

< supE,|r(So, Ag) + supE [Z Y r(Se, Ar) | ™, 50, Ao, Ro, St |so}

t=1
= supE, [r(So, Ao) + vV*(51) ‘ S0/ (Step 1)
= Ez [r(So, Ao) +7V*(51) | 5] (def. 7)
< Ez[r(So, Ao) +7r(S1, A1) +7°V*(S2) | s0] (recurse)

< V7(s)
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Bellman Optimality Equations

Define the Bellman optimality operator Ty, : RISIIAl — RISIIAL
(TQ)(Sv a) = I’(S, a) + /V]ES’NP(-|5,3) [mé)x Q(Sla a/)} .

Write Vo(s) = max, Q(s,a) and mo(s) € arg max, Q(s, a) (greedy policy).

Theorem 1.8 (Bellman optimality equations)

Q = Q* if and only if Q = TQ.

Moreover, o+ is an optimal policy.
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Bellman Optimality Equations

Define the Bellman optimality operator Ty, : RISIIAl — RISIIAL
(TQ)(Sv a) = I’(S, a) + /VES/NP(-IS,Q) [mé)x Q(Sla a/)} .

Write Vo(s) = max, Q(s,a) and mo(s) € arg max, Q(s, a) (greedy policy).

Theorem 1.8 (Bellman optimality equations)
R=Q"ifand only if Q = TQ.

Moreover, o+ is an optimal policy.

This almost gives us an algorithm for identifying 7*: just find some @ that
satisfies the fixed point equation Q@ = TQ!
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-Value lteration

Algorithm: Initialize Q(®©) = 0. Repeat:

QUH  TQW je, Q%H(s a)=r(s,a)+~Es [mgx QU(s, a’)} .

Extract policy: w(K) = Tow (greedy w.r.t. Q(k)).
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Q-Value lteration

Algorithm: Initialize Q(®©) = 0. Repeat:

w—~

Qt - -’—Qn

Extract policy: 7(k) = Tow (greedy w.r.t. Q).

Why does this converge? The operator T is a y-contraction in ||-||__, and Q*
iIs its unique fixed point.

Lemma 1.10 (Contraction)

For any Q, Q' € RISIIAIL

ITR-TQ o <7I1Q - Q-
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Q-Value lteration

Algorithm: Initialize Q(®©) = 0. Repeat:

Extract policy: 7(k) = Tow (greedy w.r.t. Q).

Why does this converge? The operator T is a y-contraction in ||-||__, and Q*
iIs its unique fixed point.

Lemma 1.10 (Contraction)

For any Q, Q' € RISIIAIL

ITQ - TR, <7I1Q - Q-
Recall TQ* = Q* and (g = 0. Thus,
[Qk — @ loc = | TQk=1 — TQ*||oc < V[|Qk=1 — @*[lc < V|Q*[|oc < =

-
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Lemma 1.10: Contraction — Proof

Step 1. Fix any s, WLOG V(s) > Vg (s). Let a* € argmax, Q(s, a).
Vo(s) — Vg (s) = Q(s, a%) — max, Q'(s,a) < Q(s,a") — Q'(s,a") < [[Q — Q| .
Thus, [[Vo — Vorflee < 1Q — @le-
Step 2.
ITR - TQloo =7 IP(Ve = Vo)l <7 Vo = Vol <7 1@ = Q' »

where || Px||, < ||x]|,, because each row of P is a probability distribution. []
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Q-Error Amplification (Lemma 1.11)

Lemma 1.11 (Suboptimality of greedy policy)
For any Q € RISIIAI

2 _ *
We showed above that ||Qx — Q|| < 7==. Thus, V™% > V* — - 1.

(1 7)2
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Q-Error Amplification (Lemma 1.11)

Lemma 1.11 (Suboptimality of greedy policy)
For any Q € RISIIAI

2 _ *
We showed above that ||Qx — Q*||co < . Thus, V™% > V* — (1 7)2 -1

Theorem 1.12 (Q-value iteration convergence)
1 2

Set Q0 = 0. After k > - Iog( iterations,

EEE

ViR VAR
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Lemma 1.11: Proof

Fix s; let a = 7o(s) and 7" be optimal. Then:

V*(s) — V™Q(s) = 9*(5, 7 (s)) — Q (s, az+9*(s, a) — Q"9(s, az.
Q) (1)

Bounding (1): Since g is greedy w.r.t. Q, we have Q(s, 7*(s)) < Q(s, a), so:
(N =Q"(s,7"(s))—Q"(s,a) < [Q"(s,7")—Q(s, 7")]+[Q(s,2)—Q"(s,2)] < 2[|Q — Q7|
Bounding (I1): By Bellman consistency for mg:

() =vEy [V7(s") = V™) <y [IVF = V™,

Combine: |V — V™|  <2|Q—- Q|+~ |IlV" = V7e|__
Rearranging:

Ve —v7e| R-Q.. O

oo—l_
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Policy Iteration

Start from any deterministic stationary policy my. Repeat for k =0,1,2,.. .

Step 1: Policy Evaluation
Solve for Q™:  QTk = (I — yP™)~1r.

Step 2: Policy Improvement

Tkl = TQ =  (greedy w.r.t. Q™).

Key properties:
@ Values improve monotonically: Q7+ > Q™ (elementwise).
@ Converges geometrically to Q™.

@ Can terminate with exact 7* in finitely many steps.
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Policy Iteration: Monotonicity & Contraction

@ (Sandwich) Q™1 > TQ™ > Q™.
@ (Geometric contraction) ||Q* — Q™| _ <~ ||Q* — Q™.
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Policy Iteration: Monotonicity & Contraction

@ (Sandwich) Q™1 > TQ™ > Q™.
@ (Geometric contraction) ||Q* — Q™| _ <~ ||Q* — Q™.

(1a) TQ™ > Q™*: Since Vo=« (s) = max, Q™ (s,a) > Q™ (s, mk(s)) = V7(s):
TQ™(s,a) = r(s,a) +YEu[Vori ()] > r(s,a) + vEo [V (s)] = Q™ (s, a).

(1b) Q™ > TQ7*: Let " = mx+1. The policy evaluation operator
T™ V(s) = r(s,'(s)) + vE« [V(s')] satisfies:

T7 V™ (s) = Q7 (s,7(s)) = Vore(s) = V().
lterating monotonicity: V7™« = Iim,,_>oo(T7T/)”V7”< > Vo~«. Therefore:

Q™ (s, a) = r(s,a) + YE« [V (s")] = r(s,a) + E«[Vomi (s)] = TQ™ (s, a).
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Policy Iteration: Monotonicity & Contraction

@ (Sandwich) Q™1 > TQ™ > Q™.
@ (Geometric contraction) ||Q* — Q™| <~ ||Q* — Q™| ..

(1a) TQ™ > Q™*: Since Vg« (s) = max, Q™ (s,a) > Q™ (s, mk(s)) = V7«(s):
TQ™(s,a) = r(s,a) + 1Es [Vomi (s')] = r(s, a) + vEo [V™(s')] = Q™ (s, a).

(1b) Q™+t > TQ7*: Let ®' = mx+1. The policy evaluation operator
T™ V(s) = r(s,7'(s)) + vE« [V(s')] satisfies:

T™ V™ (s) = Q7(s,7'(s)) = Vgmi (s) > V7™ (s).
Iterating monotonicity: V71 = Iimn_mo(T”,)”V”k > Vom«. Therefore:
Q™ (s,a) = r(s, a) + VEs [V (s)] = r(s, a) + 1B [Vomi (s')] = TQ™ (s, a).
(2) Contraction: Since Q* > Q7«1 > TQ"*:

0<Q - Q™1 < Q" —TR™  =TQR" — TQ™.

Taking ||-|| ., and applying Lemma 1.10: ||Q" — Q™ || _ < v ||Q% — Q7 || - ]
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Policy lteration: Convergence

Theorem 1.14 (Policy iteration convergence)

Starting from any 7g:

k

« _ A e Y
Q" = Q™| < IIQ" = Q™ <

OO—l_

For k > |Og(1/](-(i;’)/)€)) Q™ > Q* —¢-1.

Policy iteration vs. value iteration:

e Same geometric rate %, but Pl terminates with exact 7* (finitely many
policies).

o Naive bound: |A|l®l iterations.

o Each Pl iteration costs O(|S|® + |S]?|.A]) (policy evaluation + greedy step).

K. Jamieson (UW CSE) CSE 542: Statistical RL




Finite-Horizon MDPs

A finite-horizon MDP M = (S, A, {Pp}[ = {rm} = H, ):
@ Horizon H € N; rewards ry(s, a) € [0, 1]; transitions P, may depend on h.

Value functions: For h € {0,...,H}, s € S:

H-1

Z re(St, At) | T, Sp = s} : Vi(s) = 0.

t=h

Vii(s) = E
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Finite-Horizon MDPs

A finite-horizon MDP M = (S, A, {Px}1 = {ru} iy H, p):
@ Horizon H € N; rewards ry(s, a) € [0, 1]; transitions P, may depend on h.

Value functions: For h € {0,... H}, s € S:

H-1

Z rt(St,At) | 7, Sh — S:| , VIZIT(S) = 0.

t=h

Vir(s) = E

Stage-h Bellman optimality operator:

(Thf)(S, a) = I’/-,(S7 3) -+ ES’NPh(-|S,a) [I’ﬂ?X f(s’) a/)] .

Theorem 1.9 (Bellman optimality: finite horizon)

The unique solution to Qf; =0, Q@ = T,Qp,; equals sup, Q.
The policy 7*(s, h) € argmax, Q; (s, a) is optimal.

Proof by backward induction. (Exercise.)
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Discounted vs. Finite Horizon

Infinite-Horizon Discounted Finite Horizon (Time-Dependent)
@ Stationary dynamics/rewards @ Py, r, may vary with h
e Tabular size: O(|S||A]) e Tabular size: O(H|S||A|)
@ Convergence via contraction @ Backward induction (exact, no
(v <1) contraction needed)
o Effective horizon: ﬁ ] ° Sharper theoretical rates )

Convention in this course

Both settings studied. The finite-horizon time-dependent formulation is often
more convenient theoretically (backward induction, sharper rates).

Can fold time h into the state to recover a stationary MDP on § x [H].
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Backward Induction (Section 1.3.3)

In the finite-horizon setting, backward induction computes Q; exactly in

O(H|S|?|A]) time.

Algorithm

Initialize Qy(s,a)=0. Forh=H—-1,H—-2,...,0:

Qn(s,a) < ru(s,a) + Egp,(.|s.a) [maé}x Qn+1(s’, 3’)} :

By Theorem 1.9, the resulting () = Q;. The optimal policy is
(s, h) = arg max, Q; (s, a).

No contraction needed: backward induction is exact. This is a major advantage
of the finite-horizon formulation.

Complexity: O(H|S|?|.A]) with naive matrix-vector products, O(H|S||.A|) with
sparse transitions.
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MDP Basics: Planning:
@ MDP tuple (S, A, P, r,v, 1) @ Value iteration: T is y-contraction
@ Policies, value functions V™ Q7 (l—e”)‘- 1.10), convergence (Thm.
1.12

@ Bellman consistency (Lemma 1.4)
@ Suboptimality of greedy policy

(Lem. 1.11): 25 |Q — Q*|,
@ Policy iteration: monotone +
geometric convergence (Lem. 1.13,

@ Optimal policy exists and is
stationary (Thm. 1.7)

@ Bellman optimality equations (Thm.

1.8) Thm. 1.14)
@ Finite-horizon formulation (Thm. _ .
1.9) o) Backwagd induction: exact,
O(H|S|7|Al)

Offline RL: given a fixed dataset of transitions, how do we evaluate or optimize a
policy?
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