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Last time: the multi-armed bandit

Stochastic multi-armed bandit

n arms, unknown 1-sub-Gaussian reward Regret: pull bad arms rarely.
distributions with means 67 Best-arm identification: find
for t =1,2,...: choose I; € [n]; observe

argmax; 07 w.p. > 1 — ¢ with as

Xr,,e ~ Pr, only few pulls as possible.

Gaps A; = max; 0% — 0F; T; = number ..
ps i gy Tt The tool, again: for an empirical
of pulls of arm i. Regret:

R — T _F X _ mean of 7 pulls, the Chernoff
A [ Eecr Xnil method with sub-Gaussianity gives

n
2= AE[T] P(|6; — 6] > \/210g(2/6)/7) < 6.
Today: finish the two-arm warm-up, then an algorithm that adapts to gaps it
does not know, then drop the i.i.d. assumption entirely.
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Warm-up: A/B testing (n = 2)

Say 07 > 65 and A = 67 — 65. The simplest possible algorithm:

Explore then commit

Input: 7 € N. Pull each arm exactly 7 times; compute empirical means él,éz.
For all ¢ > 27 play arg max; 6;.

How large must 7 be so that 6, > 6, with probability > 1 — §? The CLT says
0; — 07 =~ N(0,1/7), but we want a non-asymptotic statement: the Chernoff
method from Lecture 1, with sub-Gaussianity in place of Hoeffding's lemma,

]P’(éz —91* > 6) <
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Warm-up: A/B testing (n = 2)

Say 07 > 65 and A = 67 — 65. The simplest possible algorithm:

Explore then commit

Input: 7 € N. Pull each arm exactly 7 times; compute empirical means él,éz.
For all ¢ > 27 play arg max; 6;.

How large must 7 be so that 6, > 6, with probability > 1 — §? The CLT says
0; — 07 =~ N(0,1/7), but we want a non-asymptotic statement: the Chernoff
method from Lecture 1, with sub-Gaussianity in place of Hoeffding's lemma,

~ T * 2 2
]P’(Hi -0 > e) < info e_/\TeE[e)\Es:l(Xi,s_ei)] < )i\n% e ATERTAT/2 _ =T /2
> >
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Warm-up: A/B testing (n = 2)

Say 07 > 65 and A = 67 — 65. The simplest possible algorithm:

Explore then commit

Input: 7 € N. Pull each arm exactly 7 times; compute empirical means él,éz.
For all ¢ > 27 play arg max; 6;.

How large must 7 be so that 6, > 6, with probability > 1 — §? The CLT says
0; — 07 =~ N(0,1/7), but we want a non-asymptotic statement: the Chernoff
method from Lecture 1, with sub-Gaussianity in place of Hoeffding's lemma,

]P’(éz —0; > e) < inf e_’\"IE[eAE;l(X“_e:)] < inf e_’\T6+T/\2/2 = 6_T62/2.
A>0

T A>0
So E; = {|0; — 07| < \:/2 log(4/5)/7} fails with probability < §/2, and on
Ey N Ey with 7 = [8A™21og(4/§)] (so that y/2log(4/d)/T7 < A/2),
6, >
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Warm-up: A/B testing (n = 2)

Say 07 > 65 and A = 67 — 65. The simplest possible algorithm:

Explore then commit

Input: 7 € N. Pull each arm exactly 7 times; compute empirical means él,éz.
For all ¢ > 27 play arg max; 6;.

How large must 7 be so that 6, > 6, with probability > 1 — §? The CLT says
0; — 07 =~ N(0,1/7), but we want a non-asymptotic statement: the Chernoff
method from Lecture 1, with sub-Gaussianity in place of Hoeffding's lemma,

]P’(éz —0; > e) < inf e_’\"IE[eAE;l(X“_e:)] < inf e_’\T6+T/\2/2 = 6_T62/2.
A>0

T A>0
So E; = {|0; — 07| < \:/2 log(4/5)/7} fails with probability < §/2, and on
Ey N Ey with 7 = [8A™21og(4/§)] (so that y/2log(4/d)/T7 < A/2),
0 > 07 -5 =03+2 >0,-5+5 = 6o

With probability > 1 — § we identify the best arm after 27 = O(A~2log(1/6))
pulls, then play it forever.
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A/B testing: the regret, and a picture we will see again

On E; N E5 the bad arm is pulled at most 7 times; otherwise at most T" times.
So

RT == A E[TQ]

IAIA

CSE 541 Interactive Learning @ Lecture 6 4



A/B testing: the regret, and a picture we will see again

On E; N E5 the bad arm is pulled at most 7 times; otherwise at most T" times.
So

Ry = AE[Ty] < 7A + ATP(ES U E)

5=1/T
8108(4/9) \ A 4 ars "L A BloslD)

<
- A - A
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A/B testing: the regret, and a picture we will see again

On E; N E5 the bad arm is pulled at most 7 times; otherwise at most T" times.
So
Ry = AE[T,] < 1A+ ATP(EYU EY)
log(4 §=1/T log(4T
A A
Regret can never exceed AT either, so (for A <1)
Rr < min {AT, A+8log(4T)/A} <

<
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A/B testing: the regret, and a picture we will see again

On E; N E5 the bad arm is pulled at most 7 times; otherwise at most T" times.
So

Ry = AE[T,] < 1A+ ATP(EYU EY)

6=1/T
8l08(4/9) | Ay ars "X A BlosT),
A A

Regret can never exceed AT either, so (for A <1)

Ry < min {AT, A+ 8log(4T)/A} < 14 24/8T log(4T),

the worst case being A ~ /8log(4T)/T.

<
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A/B testing: the regret, and a picture we will see again

On E; N E5 the bad arm is pulled at most 7 times; otherwise at most T" times.
So

Ry = AE[Ty] < 1A+ ATP(E{U ES)
6=1/T
8log(4/9) varars <Ay 810g(4T).
A A
Regret can never exceed AT either, so (for A < 1)
Ry < min {AT, A+ 8log(4T)/A} < 14 24/8T log(4T),

the worst case being A ~ /8log(4T)/T.

LELCENENS

<

m Tiny gaps cost little per pull; large gaps are easy to detect; the hard ones are
~ 1/v/T. This recurs all quarter.

m The catch: 7 used A, which we do not know. Next: elimination, which
adapts to the gaps (notes §10.2-10.3).

m Experts: /T 'logd. Bandit feedback: vnT'; logn — n is the price of one
reward per round.
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Successive elimination: adapt to the gaps you do not know

Idea: keep a set of surviving arms; pull them equally; at geometrically
increasing precision, throw out any arm that is confidently worse than the
current leader. Confidence intervals are the Chernoff bound from the A/B slide.

Successive elimination (notes, §10.2)

Input: arms X = [n], confidence § € (0,1). Initialize X, = X, £ = 1.
while |X;| > 1:

€0 = 2% pull each arm in X, exactly 7, = [2¢, > log(4¢°n/5)] times

compute the empirical means éi,{ of these 7, rewards, i € X

XZ-H =X \ {Z c X, max;ex, 9]',@ — 91’,( > 26@}; L+ 0+1
Output the surviving arm (for regret: keep playing it forever).
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Successive elimination: adapt to the gaps you do not know

Idea: keep a set of surviving arms; pull them equally; at geometrically
increasing precision, throw out any arm that is confidently worse than the
current leader. Confidence intervals are the Chernoff bound from the A/B slide.

Successive elimination (notes, §10.2)

Input: arms X = [n], confidence § € (0,1). Initialize X, = X, £ = 1.
while |X;| > 1:

€0 = 2% pull each arm in X, exactly 7, = [2¢, > log(4¢°n/5)] times

compute the empirical means éi,{ of these 7, rewards, i € X

XZ-H =X \ {Z c X, maX;ex, 0]',@ = 01',( > 26@}; L+ 0+1
Output the surviving arm (for regret: keep playing it forever).

m 74 is chosen so that \/2log(4¢2n/0)/7; < €;: each empirical mean in round
£ is within €, of its true mean with probability > 1 — 6/(2n¢?).

m The ¢2 inside the log pays for a union bound over infinitely many rounds:
S, 1/02 < 2.

m Precision doubles each round and the sample size quadruples, so the /ast
round dominates the cost. No A anywhere.
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The best arm survives, and the survivors’ gaps shrink

Assume max; A; < 4 and let arm 1 be optimal. Define the good event
E= ﬂiG[n] Nes1 {10i.0 — 67] < €0}

Lemma

P(E) >1—0,and on E: forevery £, 1€ &, and max;cx, A; < 8¢y
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The best arm survives, and the survivors’ gaps shrink

Assume max; A; < 4 and let arm 1 be optimal. Define the good event
E= ﬂiG[n] Nes1 {10i.0 — 67] < €0}

Lemma

P(E) >1—0,and on E: forevery £, 1€ &, and max;cx, A; < 8¢y

Probability. Chernoff with 7, gives P(|6; , — 0] > ¢;) < 2e~ T /2 < §/(2n02),
so P(E°) <
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The best arm survives, and the survivors’ gaps shrink

Assume max; A; < 4 and let arm 1 be optimal. Define the good event
E= ﬂiG[n] Nes1 {10i.0 — 67] < €0}

Lemma

P(E) >1—0,and on E: forevery £, 1€ &, and max;cx, A; < 8¢y

Probability. Chernoff with 7, gives P(|6; , — 0] > ¢;) < 2e~ T /2 < §/(2n02),
so P(E°) < Z?=1 Zezl ﬁ <9
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The best arm survives, and the survivors’ gaps shrink

Assume max; A; < 4 and let arm 1 be optimal. Define the good event
E= ﬂiG[n] Nes1 {10i.0 — 67] < €0}

Lemma

P(E) >1—0,and on E: forevery £, 1€ &, and max;cx, A; < 8¢y

Probability. Chernoff with 7, gives P(|6; , — 0] > ¢;) < 2e~ T /2 < §/(2n02),
so P(E) <Y, 2621 ﬁ <94.
Arm 1 is never eliminated. If 1 € Xy, then for any j € X, on E,

00— 010 =
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The best arm survives, and the survivors’ gaps shrink

Assume max; A; < 4 and let arm 1 be optimal. Define the good event
E= ﬂiG[n] Nes1 {10i.0 — 67] < €0}

Lemma

P(E) >1—0,and on E: forevery £, 1€ &, and max;cx, A; < 8¢y

Probability. Chernoff with 7, gives P(|6; , — 0] > ¢;) < 2e~ T /2 < §/(2n02),
so P(E) <Y, 2621 ﬁ <94.
Arm 1 is never eliminated. If 1 € Xy, then for any j € X, on E,

Oj0 — 010 =050 —05) — (01— 07) — A < er+e0— D5 < 26,

so arm 1 does not trail the leader by more than 2¢;, and stays in Xy11. By
induction, 1 € X, for all £.
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The best arm survives, and the survivors’ gaps shrink

Assume max; A; < 4 and let arm 1 be optimal. Define the good event
E= ﬂiG[n] Nes1 {10i.0 — 67] < €0}

P(E) >1—0,and on E: forevery £, 1€ &, and max;cx, A; < 8¢y

Probability. Chernoff with 7, gives P(|6; , — 0] > ¢;) < 2e~ T /2 < §/(2n02),
so P(E) <Y, 2621 ﬁ <94.
Arm 1 is never eliminated. If 1 € Xy, then for any j € X, on E,

Oj0 —Ore= (00— 05) — (10— 07) — A < eoter—A; < 2,
so arm 1 does not trail the leader by more than 2¢;, and stays in Xy11. By
induction, 1 € X, for all £.

Bad arms are eliminated. If i € X, has A; > 4e, then on E
max; 0 —0;0>010—0; 0=
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The best arm survives, and the survivors’ gaps shrink

Assume max; A; < 4 and let arm 1 be optimal. Define the good event
E= ﬂiG[n] Nes1 {10i.0 — 67] < €0}

Lemma

P(E) >1—0,and on E: forevery £, 1€ &, and max;cx, A; < 8¢y

Probability. Chernoff with 7, gives P(|6; , — 0] > ¢;) < 2e~ T /2 < §/(2n02),
so P(E) <Y, 2621 ﬁ <94.
Arm 1 is never eliminated. If 1 € Xy, then for any j € X, on E,

Oj0— 010 = (00— 07) — (010 —07) = Aj < erter— A < 26,
so arm 1 does not trail the leader by more than 2¢, and stays in Ay;;. By

induction, 1 € X, for all

Bad arms are eliminated. If i € Xy has A; > 4e, then on E

maxJOM 915>91g701g—(01570*) (01579*)+A > —2€p+4ep = 2¢y,
so i ¢ Xyy1. Hence every survivor of round ¢ has A; < 4ey = 8¢p41 (and
§4:8613t£:1). |
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Pure exploration: how many pulls to find the best arm

Theorem (sample complexity)

Assume max; A; < 4. With probability at least 1 — §, successive elimination
outputs arm 1 after at most ¢}, A;? log(nlog(A;?)/8) pulls, for a
universal constant c.
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Pure exploration: how many pulls to find the best arm

Theorem (sample complexity)

Assume max; A; < 4. With probability at least 1 — §, successive elimination
outputs arm 1 after at most ¢}, A;? log(nlog(A;?)/8) pulls, for a
universal constant c.

Proof. Work on E. By the lemma, arm i # 1 is still in X, only if
A; <8¢ =8-27% i.e. only for rounds £ < ¢; := [log,(8/A;)]. So its number
of pulls is

£
< ZTe =

(=1

IN
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Pure exploration: how many pulls to find the best arm

Theorem (sample complexity)

Assume max; A; < 4. With probability at least 1 — §, successive elimination
outputs arm 1 after at most ¢}, A;? log(nlog(A;?)/8) pulls, for a
universal constant c.

Proof. Work on E. By the lemma, arm i # 1 is still in X, only if
A; <8¢ =8-27% i.e. only for rounds £ < ¢; := [log,(8/A;)]. So its number
of pulls is

¢ ¢
! : 402 402n
< ZTg = Z[Zﬂlong—‘ < 4% log —— 5
=1 =1 )
< CAi_z log %’
0

(geometric sum, last term dominates; 4% < 64A;2, 22 < log A;Q). Arm 1 is
pulled as often as the longest-surviving other arm: at most a factor 2. |
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Pure exploration: how many pulls to find the best arm

Theorem (sample complexity)

Assume max; A; < 4. With probability at least 1 — §, successive elimination
outputs arm 1 after at most ¢}, A;? log(nlog(A;?)/8) pulls, for a
universal constant c.

Proof. Work on E. By the lemma, arm i # 1 is still in X, only if
A; <8¢ =8-27% i.e. only for rounds £ < ¢; := [log,(8/A;)]. So its number
of pulls is

¢ ¢
! : 402 402n
< ZTg = Z[Zﬂlong—‘ < 4% log —— 5
=1 =1 )
< CAi_z log %’
0
(geometric sum, last term dominates; 4% < 64A;2, 22 < log A;Q). Arm 1 is
pulled as often as the longest-surviving other arm: at most a factor 2. |

Read it: A;z pulls per arm up to logs, the A/B answer arm by arm, without
knowing any A;.
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Regret of successive elimination

Same algorithm and lemma; now count regret >, A;T; after T' pulls;
L :=1log(nlogT/é).

Theorem (regret)

Assume max; A; < 4. With probability at least 1 — §, A;T; < A;lL for every
arm i and every T'. Consequently, with 6 =1/ Ry <3 ,5,logT/A; and
Ry S +/nTlogT.
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Regret of successive elimination

Same algorithm and lemma; now count regret >, A;T; after T' pulls;
L :=1log(nlogT/é).

Theorem (regret)

Assume max; A; < 4. With probability at least 1 — §, A;T; < A;lL for every
arm i and every T'. Consequently, with 6 =1/ Ry <3 ,5,logT/A; and
Ry S +/nTlogT.

Gap-dependent. On E, T; < A{ZL (last slide), so A;T; < Ai_lL: each pull
of a bad arm costs only A;.
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Regret of successive elimination

Same algorithm and lemma; now count regret >, A;T; after T' pulls;
L :=1log(nlogT/é).

Theorem (regret)

Assume max; A; < 4. With probability at least 1 — §, A;T; < A;lL for every
arm i and every T'. Consequently, with 6 =1/ Ry <3 ,5,logT/A; and
Ry S +/nTlogT.

Gap-dependent. On E, T; < A{ZL (last slide), so A;T; < Ai_lL: each pull
of a bad arm costs only A;.

Gap-free, by the A/B picture. Both bounds hold for each arm, and
min{az,b/z} < Vab for every z > 0:

ATy <
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Regret of successive elimination

Same algorithm and lemma; now count regret >, A;T; after T' pulls;
L :=1log(nlogT/é).

Theorem (regret)

Assume max; A; < 4. With probability at least 1 — §, A;T; < Ai_lL for every
arm i and every T'. Consequently, with § = 1/T: Rr < ) ;5,logT/A;  and

Ry < /nTlogT.
Gap-dependent. On E, T; <

of a bad arm costs only A;.
Gap-free, by the A/B picture. Both bounds hold for each arm, and

min{az,b/x} < Vab for every z > 0:

L

AT < min{AiTi, CA—} < /cLT; (worst case A; ~ +/cL/T;).
i

Sum over arms; Cauchy-Schwarz with . T; = T

Rp <30 VeLT, <VeL/nY,,Ti=VcLnT. N

A;?L (last slide), so A;T; < A;'L: each pull
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Regret of successive elimination

Same algorithm and lemma; now count regret >, A;T; after T' pulls;
L :=1log(nlogT/é).

Theorem (regret)

Assume max; A; < 4. With probability at least 1 — §, A;T; < Ai_lL for every
arm i and every T'. Consequently, with § = 1/T: Rr < ) ;5,logT/A;  and

Ry < /nTlogT.
Gap-dependent. On E, T; <

of a bad arm costs only A;.
Gap-free, by the A/B picture. Both bounds hold for each arm, and

min{az,b/x} < Vab for every z > 0:
L
AT < min{AiTi, CA—} < /cLT; (worst case A; ~ +/cL/T;).
i
Sum over arms; Cauchy-Schwarz with . T; = T
Rp <30 VeLT, <VeL/nY,,Ti=VcLnT. N

Versus experts’ /T logd: partial feedback costs \/n. Next: the same price
without i.i.d.
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Adversarial bandits

Exponential weights, with one number per round



Adversarial bandits: the setting

Adversarial multi-armed bandit Where this sits

(notes, Ch. 7) Experts (Lecture 2): adversarial
losses, but you see all of ¢,. EW gets

adversary fixes losses (1, ..., ¢r € [—1,1]"
in advance (oblivious) V/Tlogn/2.
fort=1,2,...,T: Stochastic bandits (so far today):

one number per round, but i.i.d. noise

player picks ¢: € A, and plays I; ~ q:
around fixed means.

player suffers and observes ¢, r,, and
nothing else Now both: one number per round,
- chosen by an adversary.
Regret; = max;ep, E[thl b, _gt,i} :
the expectation over the player’s coins
only.
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Adversarial bandits: the setting

Adversarial multi-armed bandit Where this sits

(notes, Ch. 7) Experts (Lecture 2): adversarial
adversary fixes losses (1, ..., ¢r € [—1,1]" losses, but you see all of £;. EW gets
in advance (oblivious) v T logn/2.

fort=1,2,...,T: Stochastic bandits (so far today):

one number per round, but i.i.d. noise

player picks ¢: € A, and plays I; ~ q:
around fixed means.

player suffers and observes ¢, r,, and
nothing else Now both: one number per round,
- chosen by an adversary.
Regrety = max ¢y E[thl b1, —Et’i} .
the expectation over the player's coins
only.
m Randomization is essential, as in Lecture 2: a deterministic player can be
made to pay 1 every round while some arm pays < 0 on average.

m Exponential weights is the natural algorithm, but its update
Wiyl = wt)ie_"‘ztvi needs /; ; for every i; we see one coordinate.

CSE 541 Interactive Learning @ Lecture 6 10



The trick: estimate the whole loss vector from one coordinate

Play I; ~ ¢; and define the importance-weighted estimate

o 1{I, =1 .
iy = {q}f (i € [n]),
ti

which is computable: it is O for every arm except I3, and ¢y 1,/q: 1, there.
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The trick: estimate the whole loss vector from one coordinate

Play I; ~ ¢; and define the importance-weighted estimate

o 1{I, =1 .
iy = {q}f (i € [n]),
ti

which is computable: it is O for every arm except I3, and ¢y 1,/q: 1, there.
Unbiased. Conditionally on ¢, ]E[ém- | 1] =
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The trick: estimate the whole loss vector from one coordinate

Play I; ~ ¢; and define the importance-weighted estimate

o 1{I, =1 .
iy = {q}f (i € [n]),
ti

which is computable: it is O for every arm except I3, and ¢y 1,/q: 1, there.

Unbiased. Conditionally on qi, E[ly; | i) = 37—y qr; =205 = 45
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The trick: estimate the whole loss vector from one coordinate

Play I; ~ ¢; and define the importance-weighted estimate
A~ ]_ I =1
by = {;Z}Et,i (i € [n]),
t,i

which is computable: it is O for every arm except I;, and ¢; 1,/q: 1, there.

Unbiased. Conditionally on qr, E[ly; | ¢t = 37—y qr; =205 = 4,5

But noisy. Its second moment is E[@fl | ;] =
which blows up for arms we rarely play. So we will never let ¢;; get too small:
mix in a little exploration.
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The trick: estimate the whole loss vector from one coordinate

Play I; ~ ¢; and define the importance-weighted estimate
- L =1 .
by = Mﬁt,i (i € [n]),
qt,i
which is computable: it is O for every arm except I;, and ¢; 1,/q: 1, there.
Unbiased. Conditionally on q;, E[ly; | qi] = Y7y qry HE0 05 = 4,5

qt,i
52 n 1{j=i} p2 G
H H _ . = _ t,i
But noisy. Its second moment is E[(7; | ¢:] = > 7_; a5 7 b=

which blows up for arms we rarely play. So we will never let qtl get too small:
mix in a little exploration.
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The trick: estimate the whole loss vector from one coordinate

Play I; ~ ¢; and define the importance-weighted estimate
- L =1 .
by = {ti}et,i (i € [n]),
qt,i
which is computable: it is O for every arm except I;, and ¢; 1,/q: 1, there.
Unbiased. Conditionally on q;, E[ly; | qi] = Y7y qry HE0 05 = 4,5

qt,i
. . 59 n 1{j=i} 42 e,
But noisy. Its second moment is E[(F; | q:] = > 7y arj = 07 = 7=,
; = 2t

which blows up for arms we rarely play. So we will never let qtl get too small:
mix in a little exploration.

EXP3(v): exponential weights for exploration and exploitation

Input: n > 0, v € [0, 1], exploration distribution A\ € A,, (e.g. uniform). Initialize
wr = 1.
fort=1,....,T: pp=w/ 3, wey; play It ~ g := (1 —y)pe +7A; observe le1,;

form /; as above; w1, = we ;e i for all 4.

Exponential weights, run on the estimated losses, with its play smoothed

toward .
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The regret of EXP3: a general theorem

Theorem (notes, Thm. 12)

Fix any losses ¢; € [—1,1]™. For any estimates with E[fm | Fi—1] = ¢+, and
—nl:; <1 forall 4,1,

n

g
m?xE[th,lt = ft,z} < T+ loin +(1- V)W]E[Zzptvjéij]
t=1

t=1 j=1
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The regret of EXP3: a general theorem

Theorem (notes, Thm. 12)

Fix any losses ¢; € [—1,1]™. For any estimates with E[fm- | Fi—1] = ¢+, and
—nl:; <1 forall 4,1,

n

T
m?XE[ZEt,It = Et,z} < T+ loin +(1- V)W]E[Zzptvjéij]
t=1

t=1 j=1

Step A: pass to the estimated losses. Fix i. Since ¢;: = (1 — v)p: + v and
b5l < 1,

]E[th,lt — ft,z} = E[Z@t,fﬁ _ gm} <

t
<
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The regret of EXP3: a general theorem

Theorem (notes, Thm. 12)

Fix any losses ¢; € [—1,1]™. For any estimates with E[lft,i | Fi—1] = ¢, and
—nl:; <1 forall 4,t,

n

T
maxE[ 3 tor, — 6] < 2T+ 10% + (1= nE[ D Y sl ).
t=1

t=1 j=1

Step A: pass to the estimated losses. Fix i. Since ¢; = (1 — v)p: + v and
bl <1,

E[ Y b, — | =E[ Y (ab) — i < AT +E[ D01 = 1) (ps o) — £1,]
< 2T+ (1- V)E[Z<pt,ft> - Et,z}a

using y(\, 4) <~ and =4, ; < —(1 — )l ; + . As p; depends only on the
past and E[{; | F;_1] = {;, the last term is E[ >, (ps, £¢) — C15]: EW's regret

on the estimates.
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Step B: the potential argument

Wy =", wi;, Wi =n. Lower bound, as always:

log “EEL > log w1, — logn = -0 Y, £y — logn.
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Step B: the potential argument

Wy =", wi;, Wi =n. Lower bound, as always:
T+1 > logwri1,; —logn = —n Y, by — logn.
Upper bound. Hoeffding's lemma (slack n2/8 per round) needed bounded

losses; Et i can be huge. What we have is 17& ; <1, and €® <1+ x + 22 for
x < 1. One round:

W,
log -+ log(Zpt e "“)

log

IN

IN
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Step B: the potential argument

Wy =", wi;, Wi =n. Lower bound, as always:
T+1 > logwri1,; —logn = —n Y, by — logn.
Upper bound. Hoeffding's lemma (slack n2/8 per round) needed bounded

losses; Et i can be huge. What we have is 17& ; <1, and €® <1+ x + 22 for
x < 1. One round:

|44 . 5 5
log /7= = log (;Pm‘ e ) < log (1= nipe, L) + z;pt,ﬂ?,i)

—n{pe, &e) + 0 Zptzéfl

log

by e* <1+ z + 22, then log(1 + x) < 2. Sum over ¢ and combine with the
lower bound:

T

T
Z@taét)*zgt,i 10gn+ ZZPM tj
t=1

t=1 t=1 j=1

Take expectations and plug into Step A. The new slack, n Z pw tj, is what

exploration keeps in check.
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EXP3 for n-armed bandits: -

Corollary (notes, Cor. 3)

With A uniform, v = nn and n = +/log(n)/(3nT):

T
maxE[Zﬁut - Em} < V/12nTlogn.
! t=1
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EXP3 for n-armed bandits: -

Corollary (notes, Cor. 3)

With A uniform, v = nn and n = +/log(n)/(3nT):

T
maxE[Zﬁut - Em} < V/12nTlogn.
! t=1

The condition. Since g;; > v\; = v/n and v =mn,
nfel = n = ) <
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EXP3 for n-armed bandits: -

Corollary (notes, Cor. 3)

With A uniform, v = nn and n = +/log(n)/(3nT):

T
maxE[Zﬁut - Em} < V/12nTlogn.
! t=1

The condition. Since g;; > v\; = v/n and v =mn,
il ==t e, <2 =1
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EXP3 for n-armed bandits: -

Corollary (notes, Cor. 3)

With A uniform, v = nn and n = +/log(n)/(3nT):

T
maxE[Zﬁut - Em} < V/12nTlogn.
! t=1

The condition. Since g;; > v\; = v/n and v =mn,
il ==t e, <2 =1

The second moment. Only j = I; contributes, and p; ; < ¢ ;/(1 —7):

n R £2I
E[Zpt,jff,j} = E[Pt,h . t} <
j=1 qt,It
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EXP3 for n-armed bandits: -

Corollary (notes, Cor. 3)

With A uniform, v = nn and n = +/log(n)/(3nT):

T
maxE[ZEt,It - Em} < V/12nTlogn.
! t=1

The condition. Since ¢;; > vA; = v/n and v = nn,
el =0 = e, <2 =1,
The second moment. Only j = I; contributes, and p; ; < ¢ ;/(1 —7):

- 72 G, 1 G, 1 & n
B[ pil?,| =B[per 5] < =B[22 =32, <
j=1 9,1, ‘

T oley il ) 1o v

So Regrety < 3nnT + log(n)/n = v/12nTlogn at n = /log(n)/(3nT). A
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EXP3 for n-armed bandits: -

Corollary (notes, Cor. 3)

With A uniform, v = nn and n = +/log(n)/(3nT):

T
maxE[Zﬁut - Et,i] < V/12nTlogn.
! t=1

The condition. Since ¢;; > yA; = v/n and v =n,
leal = n =g, < 2 =1,
The second moment. Only j = I; contributes, and p; ; < ¢ ;/(1 —7):

]E[zn:p [2}:]E[p E%,It} < LE{&}:L - 2 o< "
= t,5%,5 t, 1 th’It = 1_,}/ I, 1_7]- tj = —1_7.

So Regrety < 3nnT + log(n)/n = v/12nTlogn at n = /log(n)/(3nT). A
The price of bandit feedback, again
Full information /T log n; stochastic v/nT log T’; adversarial v/nT logn: /n is the

price of one coordinate per round. Next: lower bounds, and UCB.
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