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What is interactive learning?

Traditional ML: collect a labeled dataset,
then learn.

Interactive learning: use the data collected
so far to decide which measurement to take
next, in a closed loop.

action A
/=

Learner Environment

~__
feedback Y;
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Pure exploration

Identify a good-enough answer using as few
measurements as possible. E.g., find 2 with
P(i #i*) < 0.

Classification, drug discovery, science.

Regret minimization

Balance learning (explore) against earning
(exploit):

Ry =Ty — E[ZtT:l MAt]-

Recommendation, treatment design, ad serving.



Course roadmap

We classify problems by hypothesis space, available actions, measurement model, and side
information, and focus on general algorithmic strategies and common proof techniques.

1. (Non-)stochastic online learning: exponential weights, online gradient descent

2. (Non-)stochastic multi-armed bandits: concentration, UCB, elimination, EXP3, lower
bounds

3. (Non-)stochastic linear bandits and experimental design: optimal design, LinUCB,
martingale confidence bounds

4. (Non-)stochastic contextual bandits: EXP4, off-policy evaluation, model-free and
model-based methods

By the end, you should be ready to start research in this area, or to lead an
interactive-learning implementation in industry.
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Course staff and logistics

Office hours Where Where things live

Kevin Jamieson (instructor) Tue 3:00-4:00 PM CSE2 340 @ Website: schedule, slides,
Junyan Liu (TA) Wed 2:00-3:00 PM  Zoom handouts, policies

Rohan Baijal (TA) Fri 2:30-3:30 PM  Gates 152 ™ E'_j: questions and discussion
(first stop!)

m Gradescope: homework and

Lectures: Mon & Wed, 10:00-11:20 AM, ECE 037 writeups

Slides are posted on the website before each class.

Junyan’s Zoom link is on Canvas.

m Email: cseb41-staffacs, for
private matters
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Grading and deliverables

Component Weight Each project

Homeworks 1. 2. 3 10% each m Pick a topic that extends a tool from the
_ T course

Midterm project 35%

m 5-minute YouTube video (+30 s, may be
unlisted, captioned). Clarity and accuracy
count; production quality doesn't.

Final project 35%

Tentative due dates (11:59 PM)

HW1 Tue Oct 20
Midterm project Sun Nov 8

m 2-3 page LaTeX writeup on Gradescope
m Share both in an Ed post

HW?2 Sun Nov 22 m Individual work. No late submissions.
HW3 Sun Dec 13
Final project Tue Dec 15
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Homework policies

m Submission: one typeset PDF per homework on Gradescope (LaTeX strongly
recommended; no photos or scans). Code goes at the end of each problem.

m Collaboration: discuss freely with classmates, but write up your own answers and code,
and list who you worked with. Copying code or IATEX from another student crosses the
line, and so does using existing solutions from past offerings or the web.

m Late policy: an extra 24 hours on any homework, no questions asked. Need more? Email
me before the deadline. (Projects have firm deadlines.)

m Regrades: through Gradescope within 7 days of grades being released. The whole
assignment may be regraded.
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Al policy: Al for Collaboration

CSE 541 adopts the Allen School’'s “Al for Collaboration” policy, plus two course-specific
rules on the next slide.

You may

use Al on any course work, including m Attribute: name the tool and how you
homeworks and projects, unless a specific used it

activity says otherwise: explanations, m Own it: be able to explain and defend
brainstorming, coding, debugging, reviewing everything you submit

your work. m Protect data: no restricted course

materials or personal info; scope what
coding agents can read

Please read the full policy on the course website carefully.
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Al policy: you supply the algorithm and the proof

Not acceptable Acceptable

“Implement UCB.” “At each round t, compute for each arm ¢
The Al decides what the

Igorithm i UCB(i) = f1(i) + 2o
algorithm Is. 1) = 2

pull arg max; UCB(4), observe X; ; = (i) + n: with n; ~ N(0,1),
update i and NN, and repeat for T" rounds. Write this loop in
Python."

You specified every step; the Al just translates it into code.

Proofs: use Al minimally, to clarify a concept, brainstorm approaches, or fix IATEX
formatting. Never ask it to write, complete, or fix your proof.
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Before next class

Prerequisites: fluency in linear algebra, "

probability and statistics, and calculus. The course
is analysis-heavy. Intro ML (CSE 446/546) helps [Lattimore-Szepesvéri] Bandit Algorithms
but is not required. [Jamieson] course lecture notes

To do this week: .

Work throush the HWO self-test (ot collected
o roug € self-test (not collected) Have an Access Plan with DRS? Activate
it for CSE 541 early and let's talk.

m Read the course policies, including the Al policy  Otherwise, contact DRS to set one up.

m Join Ed and Gradescope

CSE 541 Interactive Learning @ Lecture 1



Supervised learning

and generalization
What the |[ID assumption buys you



The standard machine learning paradigm

m Data: past observations, drawn IID from
some fixed v

m Hypotheses: a class H devised to capture
patterns in the data

m Prediction: fit h € H to the data, apply it
to future draws from the same v
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The standard machine learning paradigm

m Data: past observations, drawn |ID from ot decision rule B
some fixed v g
3
m Hypotheses: a class H devised to capture RS

patterns in the data

m Prediction: fit h € H to the data, apply it
to future draws from the same v

Do these fit the paradigm? feature 1

Movie recommendations e ad serving e spam Learn h from labeled points, apply to new points
filtering e clinical trials e self-driving cars e from the same distribution.
credit scoring
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Setup: classification with a finite hypothesis class

m Fix a finite class H = {hi, ha, ... } of classifiers h : X — {—1,+1}.

m Observe (z1,91), .-, (Tn, Yn) 2y with y; € {—1,+1}.
m For each h € H define the true risk and the empirical risk
~ 1 &
R(h) = P(x y)w (M(X) #Y), R (h) = - Z {h(xi) # yi},
i=1

so that E[R,,(h)] = R(h) for each fixed h.

= Empirical risk minimization (ERM): h € argmin R, (h).
heH
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Setup: classification with a finite hypothesis class

m Fix a finite class H = {hi, ha, ... } of classifiers h : X — {—1,+1}.

m Observe (z1,91), .-, (Tn, Yn) 2y with y; € {—1,+1}.

m For each h € H define the true risk and the empirical risk
~ 1 <&
R(h) = P(xyyms (W(X) # V), Ru(h) =~ 1{h(z:) # i},
i=1

so that E[R,,(h)] = R(h) for each fixed h.

= Empirical risk minimization (ERM): h € argmin R, (h).
heH

Question

How “good” is h? That is, how large can R(h) be, and how does it depend on n and |H?

Why finite H? Clean proofs, all the ideas. Infinite classes need VC dimension, covering numbers, etc.
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Realizable case

Theorem (realizable ERM)

Let [H| < oo and (24, 1;) Y v. Assume there exists h, € H with R(h,) = 0. If
h € arg miny, ¢4, R, (h), then with probability at least 1 — 0,
~ 1 )
Ry < EW/D)

- n
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Realizable case

Theorem (realizable ERM)

Let [H] < oo and (zi,y:) % 1. Assume there exists h, € H with R(hy) =0. If
h € arg ming, ¢y R, (h), then with probability at least 1 — 4,

1)

n

Equivalently, P(R(E) > ¢€) < |H|e~™: with e = “approximately” and § = “probably”, this is a
Probably Approximately Correct (PAC) guarantee.
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Realizable case

Theorem (realizable ERM)

Let [H] < oo and (zi,y:) % 1. Assume there exists h, € H with R(hy) =0. If
h € arg ming, ¢y R, (h), then with probability at least 1 — 4,

1)

n

Equivalently, P(R(E) > ¢€) < |H|e~™: with e = “approximately” and § = “probably”, this is a
Probably Approximately Correct (PAC) guarantee.

In expectation. Integrate the tail, splitting at eg = log(|H|)/n:

1+ log |H|
—

E[R(R)] :/O P(R(R) > ¢) de < eo+/m H]e"e de =
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Realizable case

Theorem (realizable ERM)

Let |H| < oo and (z;,y;) % 1. Assume there exists h, € H with R(hy) =0. If
h € arg miny, ¢4, R, (h), then with probability at least 1 — 0,

~ 1 1)

Ry < 1oBHS)
n

Equivalently, P(R(E) > ¢€) < |H|e~™: with e = “approximately” and § = “probably”, this is a
Probably Approximately Correct (PAC) guarantee.
In expectation. Integrate the tail, splitting at eg = log(|H|)/n:

E[R(R)] :/O P(R(R) > ¢) de < eo+/m H]e"e de =

€0

1+ log |H|
—

Takeaway: risk decays like 1/n, and the class size enters only through log |H|; a million hypotheses
cost about 14 extra units of ne.
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Realizable case: proof

Two ingredients. (i) Union bound: P(A U B) <P(A) +P(B). (i) 1—x<e® forall z.

Since R, (h.) =0, ERM returns some h with R, (h) = 0. So a “bad” event needs a hypothesis that
is bad and looks perfect on the data:

P(R(h) > ¢) =
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Realizable case: proof

Two ingredients. (i) Union bound: P(A U B) <P(A) +P(B). (i) 1—x<e® forall z.

Since R, (h.) =0, ERM returns some h with R, (h) = 0. So a “bad” event needs a hypothesis that
is bad and looks perfect on the data:

P(R(h) > ¢) = P(R(R) > ¢ and R, (h) = 0) < IP’( L {R(h) > € and R, (h) = 0}) (h € )
heH
< Z P(En(h) = O) (union bound)
heH:R(h)>
= > HIP’ (z:) = yi) < |H|(1— &)™ < [H|e " (1ID)
heH:R(h)>ei=1
Set |H|e™™¢ = § and solve for e. |
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Realizable case: proof

Two ingredients. (i) Union bound: P(A U B) <P(A) +P(B). (i) 1—x<e® forall z.

Since R, (h.) = 0, ERM returns some h with R,,(h) = 0. So a “bad” event needs a hypothesis that
is bad and looks perfect on the data:

P(R(h) > ¢) = P(R(R) > ¢ and R,,(h) = 0) gP( U {R(h) > € and R ( _0}) (h € )
heH
< Z P(}A?n(h) =0) (union bound)
heH:R(h)>
= Z H]P’ (z:) =) < [H|(1—¢)" < [Hle ™. (1ID)

hEH:R(h)>ei=1
Set |H|e~"¢ = ¢ and solve for ¢. ]
Where did we use IID?

Exactly once, for a fixed h: P(R, (h) = 0) =[], P(h(z;) = y;). The union bound handles the fact
that h depends on the data.

|
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Agnostic (non-realizable) case: the tool

Usually no h € H is perfect. Compare instead to the best in class, h, € argmin, ¢4, R(h). We now
need R, (h) = R(h), i.e., an average of bounded IID variables concentrates around its mean.

Lemma (Hoeffding’s inequality)

Let Zy,..., Z, be independent with Z; € [a,b] a.s. and E[Z;] = p. For any € > 0,

]P’(%zn;Zi Z,u—i—e) < exp (%)
=
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Agnostic (non-realizable) case: the tool

Usually no h € H is perfect. Compare instead to the best in class, h, € argmin, ¢4, R(h). We now
need R, (h) = R(h), i.e., an average of bounded IID variables concentrates around its mean.

Lemma (Hoeffding’s inequality)

Let Zy,..., Z, be independent with Z; € [a,b] a.s. and E[Z;] = p. For any € > 0,
1 — —2ne?
— ;> < — .
P(n Zz-:l Zi 2 ’”6) < exp ((b—a)2)

Sanity check via the CLT. 1 3. 7, — 1~ N(0,0?/n) with 62 < (b — a)?/4, so fluctuations are of
size (b— a)/(2y/n) and Gaussian tails look like e="<"/(27”) " Hoeffding says the same thing,
non-asymptotically and for every n.

For us: Z; = 1{h(z;) # y;} € [0, 1] with mean R(h), so for a fixed h,

P(|Rn(h) — R(h)] > €) < 2e72¢"
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Proof of Hoeffding: the Chernoff method

Hoeffding’s lemma
If X € [a,b] a.s. and E[X] = 0, then log E[e**] < A2(b— a)?/8 for all A € R.

(Proof idea: 9(\) = log E[e**] has 1(0) = %/(0) = 0 and %" ()) is the variance of a [a, b]-valued tilted
variable, hence < (b — a)?/4. Taylor.)
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Proof of Hoeffding: the Chernoff method

Hoeffding’s lemma
If X € [a,b] a.s. and E[X] = 0, then log E[e**] < A2(b— a)?/8 for all A € R.

(Proof idea: 9(\) = log E[e**] has 1(0) = %/(0) = 0 and %" ()) is the variance of a [a, b]-valued tilted
variable, hence < (b — a)?/4. Taylor.)

Chernoff method. For any A > 0, exponentiate, apply Markov's inequality, then use independence:

P(Z?:I(Zi —p) > ne) =
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Proof of Hoeffding: the Chernoff method

Hoeffding’s lemma

If X € [a,b] a.s. and E[X] = 0, then log E[e**] < A2(b— a)?/8 for all A € R.

(Proof idea: () = log E[e**] has 1(0) = '(0) = 0 and %" ()\) is the variance of a [a, b]-valued tilted
variable, hence < (b — a)?/4. Taylor.)

Chernoff method. For any A > 0, exponentiate, apply Markov's inequality, then use independence:

P(Zn (Zi — ) > ne) _ P(@Azi(zi—u) > 6Ane> < e dne E[exzi(zi—u)} — p—Ane HJE[e)‘(Z"_“)]

i=1

U i WG R () .

< _
< exp ( Ane + 3 b—a)

CSE 541 Interactive Learning @ Lecture 1



Proof of Hoeffding: the Chernoff method

Hoeffding’s lemma
If X € [a,b] a.s. and E[X] = 0, then log E[e**] < A2(b— a)?/8 for all A € R.

(Proof idea: () = log E[e**] has 1(0) = '(0) = 0 and %" ()\) is the variance of a [a, b]-valued tilted
variable, hence < (b — a)?/4. Taylor.)

Chernoff method. For any A > 0, exponentiate, apply Markov's inequality, then use independence:

]P’(Z" (Z; —p) > ne) = ]P’(eA 2i(Zimn) > e’\"s) < e Ane E{e’\ Zi(zi_“)} = e AT ﬁE[e’\(z"—“)]

=1
i=1

nA2(b—a)?\ r=4e/(b—a)? —2ne?
8 ) - eXp((b—a)2>'

Remember the shape of this argument

Bound a tail by bounding a moment generating function, then optimize \. It reappears with
martingales, sub-Gaussian noise, and confidence bounds throughout the course.

Sexp(—)me%—
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Agnostic (non-realizable) case

Theorem (agnostic ERM)

Let |H| < oo, (x4, s) Wy, hy € arg miny, 5 R(h) and h € arg miny,c4; R, (h). With
probability at least 1 — ¢,

R(R) — R(hy) < 21og(2[#1/9)

- n
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Agnostic (non-realizable) case

Theorem (agnostic ERM)

Let |H| < oo, (x4, ys) Wy hy € arg min, 4, R(h) and h € arg ming,cy R,,(h). With
probability at least 1 — ¢,
2log(2|H]/9)

R(h) — R(hy) < —

Proof. Apply Hoeffding to Z; = 1{h(z;) # y;} € [0,1] for a fixed h, to both tails, then union bound
over h € H: with probability > 1 — §, simultaneously for all h € H,

|Bo(h) = R(h)] < € = %.

On this event, since h minimizes R,,,

R(h) <
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Agnostic (non-realizable) case

Theorem (agnostic ERM)

Let |H| < oo, (x4, ys) Wy hy € arg min, 4, R(h) and h € arg ming,cy R,,(h). With
probability at least 1 — ¢,
2log(2|H]/9)

R(h) — R(hy) < —

Proof. Apply Hoeffding to Z; = 1{h(z;) # y;} € [0,1] for a fixed h, to both tails, then union bound
over h € H: with probability > 1 — §, simultaneously for all h € H,

|Bo(h) = R(h)] < € = %.

On this event, since h minimizes R,,,

R(h) < Ry(h) +en < Rp(hy) +6n < R(h) + 26n. ]
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Agnostic (non-realizable) case

Theorem (agnostic ERM)

g.i
)
i

Let |H| < o0, (xi,yi) ~ v, hy € argming,cq R(h) and h € argming,cy R, (h). With
probability at least 1 — ¢,

2log(2[#|/9)

Proof. Apply Hoeffding to Z; = 1{h(z;) # y;} € [0,1] for a fixed h, to both tails, then union bound
over h € H: with probability > 1 — §, simultaneously for all h € H,

R(h) — R(hy) <

~ log(2
Bo(h) — R(D)| < e 1= 1/ 28C/0)
2n
On this event, since h minimizes }A?,n
R(h) < Ry(h) +en < Rp(hy) +6n < R(h) + 26n. ]

tation (integrate the tail as before): IE[R(E)] — R(hy) < /8log(2|H|)/n.
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What we learned from the |IID world

Excess risk of ERM  Tool Everything relied on 11D

Realizable w union bound R(h), th definiti £ risk
, the very definition of “risk,”
2log(2 .
Agnostic 1/M Hoeffding + union and the promise that the future

looks like the past.

Concentration of En(h) around

m Fast rate 1/n vs. slow rate 1/./n; Bernstein's
inequality interpolates:
V/R(h.)log [H|/n + log [H|/n.

m Infinite H (e.g., all hyperplanes): replace log |H|
by VC dimension, Rademacher complexity,
covering numbers.
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What we learned from the |IID world

Excess risk of ERM Tool
Realizable  08U#I/9)

n
[21log(2
Agnostic M

m Fast rate 1/n vs. slow rate 1/./n; Bernstein's
inequality interpolates:
VR(h)log [H|/n + log [H]|/n.

m Infinite H (e.g., all hyperplanes): replace log |H|
by VC dimension, Rademacher complexity,
covering numbers.

union bound

Hoeffding + union
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Everything relied on 11D

Concentration of R, (h) around
R(h), the very definition of "risk,”
and the promise that the future
looks like the past.

The question for the rest of
today

Spammers adapt to the filter.
Markets react to trades. Opponents
play to win.

Can we say anything when (x4, y;)
are chosen adversarially?



Online learning
Dropping the [ID assumption



Online learning: the spam filter

Spammer

Online classification
(adapts to you) _ o,
~

Input: H with |H| < oo

Spam filter

g}t:ht(azt) fort:1,2,...,T:
T, arrives
Real mail Player picks h; € H (possibly at random)
apdRE~ 15, # y1} yi € {~1,+1} is revealed

Player suffers loss 1{h(x;) # y: }

Minimize the number of mistakes

S Hhe(ze) # we)-

CSE 541 Interactive Learning @ Lecture 1



Online learning: the spam filter

Spammer Online classification

(rcprs o ver) & Input: H with [H] < oo

Spam filter

g}t:ht(azt) fort:1,2,...,T:
T, arrives
Real mail Player picks h; € H (possibly at random)
apdRE~ 15, # y1} yi € {~1,+1} is revealed

Player suffers loss 1{h(x;) # y: }

Minimize the number of mistakes

S Hhe(ze) # we)-

Two settings: 1I1D: (x4, y;) “y. Adversarial: (x4,y;) arbitrary; the adversary may
know your algorithm, but not your future coin flips. Strictly harder, so adversarial guarantees
are also |ID guarantees.

CSE 541 Interactive Learning @ Lecture 1 20



Realizable case, IID: we already know what to do

Assume: y; = h,(z;) for some h, € H, and

Online classification iid
(e, y¢) ~ v

Input: H with |H| < oo

fort=1,2,...,T: Strategy: run ERM on everything seen so
T arrives far,
Player picks h; € H (possibly at random)
ys € {—1,+1} is revealed =
Player suffers loss 1{h:(x:) # y:} h € ars; ﬁlnz 1{h(xs) # ys}-
€ s=1
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Realizable case, IID: we already know what to do

Assume: y; = h,(z;) for some h, € H, and

Online classification iid

Tt, Yt) ~ V.
Input: H with |H| < oo (@, 91)
fort=1,2,...,T: Strategy: run ERM on everything seen so
T arrives far,
Player picks h; € H (possibly at random)
ys € {—1,+1} is revealed =
Player suffers loss 1{h:(x:) # y:} h € ars; ﬁlnz 1{h(xs) # ys}-
€ s=1

hy depends only on rounds < t, and (zy,y;) is a fresh draw, so
E[1{h¢(xt) # yi}] = E[R(h¢)] and the realizable bound in expectation gives

T

T T 14 log |H|
E[ § {hi(x) # yt}} < 1+§ E[R(h)] < 1+ g -1 < 1+(1+log [H])(1+1log T).
t=1 t=2 t=2

The number of mistakes grows only logarithmically in T'.
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Realizable case, adversarial: ERM breaks

Assume: y; = h.(x;) for some h, € H, but
(1, 1) are chosen by an adversary.
Input: H with |H| < oo
fort=1,2,...,T:
T4 arrives
Player picks h; € H (possibly at random)
yr € {—1,+1} is revealed
Player suffers loss 1{h:(x;) # y: }

Same strategy?
hy € argming,cq, >, H{h(zs) # ys}
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Realizable case, adversarial: ERM breaks

Assume: y; = h.(x;) for some h, € H, but

Online classification (x¢,y;) are chosen by an adversary.

Input: H with [H| < oo Same strategy?

for t = 1.7 2,...,T: hy € argming ey >, H{h(zs) # ys}-
x; arrives

Player picks h; € H (possibly at random)
yr € {—1,+1} is revealed
Player suffers loss 1{h:(x;) # y: }

Claim

There is a sequence {(z+,y:)} consistent with some h, € #H on which this strategy makes
min{|#| — 1, T'} mistakes.
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Realizable case, adversarial: ERM breaks

Assume: y; = h.(x;) for some h, € H, but

Online classification (x¢,y;) are chosen by an adversary.

Input: H with |H| < o Same strategy?
for t = 1.7 2, coo 7T: ht € arg minheH Zs<t 1{h<xs) 7é ys}
x4 arrives

Player picks h; € H (possibly at random)
yr € {—1,+1} is revealed
Player suffers loss 1{h:(x;) # y: }

Claim

There is a sequence {(z+,y:)} consistent with some h, € #H on which this strategy makes
min{|#| — 1, T'} mistakes.

Why. Many hypotheses are consistent with the past. The adversary picks an x; on which they
disagree, waits for your h; (it knows your tie-breaking rule), and sets y; = —h:(z:). You eliminate
one hypothesis per round.
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Realizable case, adversarial: ERM breaks

Assume: y; = h.(x;) for some h, € H, but

Online classification (x¢,y;) are chosen by an adversary.

Input: H with |H| < o Same strategy?
for t = 1.7 2, coo 7T: ht € arg minheH Zs<t 1{h<xs) 7é ys}
x4 arrives

Player picks h; € H (possibly at random)
yr € {—1,+1} is revealed
Player suffers loss 1{h:(x;) # y: }

Claim

There is a sequence {(z+,y:)} consistent with some h, € #H on which this strategy makes
min{|#| — 1, T'} mistakes.

Why. Many hypotheses are consistent with the past. The adversary picks an x; on which they
disagree, waits for your h; (it knows your tie-breaking rule), and sets y; = —h:(z:). You eliminate
one hypothesis per round.

Fix: eliminate many hypotheses per mistake, not one.
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The Halving algorithm

Halving algorithm

Input: H with |H| < oo
Initialize: version space V; = H
fort=1,2,...:

Ty arrives

Predict the majority vote
ge = sign( Ly, h(=r))

Yt Is revealed

Visr ={h € Vi : h(z1) = yi}

CSE 541 Interactive Learning @ Lecture 1

Theorem (Halving)

If ¢ = ha(z:) for all ¢ for some h, € H, then
for any sequence z1, x5, ... the Halving
algorithm makes at most |log, ||| mistakes.



The Halving algorithm

Halving algorithm
Input: H with |H| < oo
Initialize: version space V; = H
fort=1,2,...:

Ty arrives

Predict the majority vote
ge = sign( Ly, h(=r))

Yt Is revealed

Visr ={h € Vi : h(z1) = yi}
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Theorem (Halving)

If ¢ = ha(z:) for all ¢ for some h, € H, then
for any sequence z1, x5, ... the Halving
algorithm makes at most |log, |#|| mistakes.

Proof. h, € V; forall ¢, so |[V;] > 1. On a
mistake, more than half of V; predicted

9t # y and is removed, so |Vi11] < |V4|/2.
After m mistakes, 1 < |V;| < |H|/2™. ]



The Halving algorithm

Halving algorithm Theorem (Halving)

Input: H with [H| < oo If ¢ = ha(z:) for all ¢ for some h, € H, then
Initialize: version space V1 = H for any sequence z1, a2, ... the Halving
fort=1,2,...: algorithm makes at most |log, ||| mistakes.
x4 arrives
Predict the majority vote Proof. h, € V; forall ¢, so |[V;] > 1. On a
G = Sign(ZhGVt h(xt)) mistake, more than half of V; predicted
ys is revealed 9t # y and is removed, so |Vi11] < |V4|/2.
Visi ={h eV, h(z,) =y} After m mistakes, 1 < V3| < |H]|/2™. |

Compare

[ID + ERM: O(log |H|log T') expected mistakes. Adversarial + Halving: log, |#|, deterministically,
for any T.
We dropped the 1ID assumption and lost nothing. (Halving is also minimax optimal.)

CSE 541 Interactive Learning @ Lecture 1 23



The non-separable case

Regret and exponential weights



When no hypothesis is perfect: regret

Without realizability, an adversary can force a mistake every round (set y; against your
prediction), so “number of mistakes” is meaningless. Ask instead to be competitive with the
best fixed hypothesis in hindsight.

Goal: minimize regret

T

T
Regret; = E[Z 1{hi(xs) # yt}] = gél?r{lz Hh(we) # ye}

t=1

where the expectation is over the player's internal randomness. We want Regrety = o(T).
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When no hypothesis is perfect: regret

Without realizability, an adversary can force a mistake every round (set y; against your
prediction), so “number of mistakes” is meaningless. Ask instead to be competitive with the
best fixed hypothesis in hindsight.

Goal: minimize regret

T T
Regret =E[ 1{h(x ]—min 1{h(z ,
grevy ; {hu(ze) # i} heH; {h(ze) # yi}
where the expectation is over the player's internal randomness. We want Regrety = o(T).
Randomization is essential. If h; is a Rules of the game. The adversary may
deterministic function of the past, the know your algorithm and the distribution p;
adversary knows it and sets y; = —hy(x¢): you sample h; from, but must commit to

you make T' mistakes. If h, —h € H, one of (x4, y:) before seeing the realized h;.
them makes < T'/2, so Regret; > T'/2.
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Non-separable case, IID: ERM again

Strategy: h; € argmingcq, > ., 1{h(zs) # ys} (also called follow the leader).

Let h, € argming,cy R(h). Since
E[ming 32, 1{h(x:) # yi}] < ming B[Y 2, H{h(ze) # ye}] = TR(h.),
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Non-separable case, IID: ERM again

Strategy: h; € argmingcq, > ., 1{h(zs) # ys} (also called follow the leader).
Let h, € argming,cy R(h). Since

E[ming 32, 1{h(x:) # yi}] < ming B[Y 2, H{h(ze) # ye}] = TR(h.),

Regrety < Z(E[R(ht)]_ hy)) < 1+Z 8log(2[H]) < 14 /32T log(2|H]),
t=1

t—1

using the agnostic bound in expectation and 25:1 sTH2 < 2VT.
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Non-separable case, IID: ERM again

Strategy: h; € argmingcq, > ., 1{h(zs) # ys} (also called follow the leader).
Let h, € argming,cy R(h). Since

E[ming 32, 1{h(x:) # yi}] < ming B[Y 2, H{h(ze) # ye}] = TR(h.),

T T
Regrety < > (E[R(hy)] — R(h)) < 1+Z\/% < 14 +/32Tlog(2[H)),

using the agnostic bound in expectation and Y"1, s71/2 < 2y/T.

So in the 11D world

Regret = O(\/Tlog |H|) i.e., average regret per round — 0 like 1/v/T, matching the
1//n agnostic rate.

CSE 541 Interactive Learning @ Lecture 1



Non-separable case, IID: ERM again

Strategy: h; € argmingcq, > ., 1{h(zs) # ys} (also called follow the leader).
Let h, € argming,cy R(h). Since

E[ming 32, 1{h(x:) # yi}] < ming B[Y 2, H{h(ze) # ye}] = TR(h.),

T T
Regrety < > (E[R(hy)] — R(h)) < 1+Z\/% < 14 +/32Tlog(2[H)),

using the agnostic bound in expectation and Y"1, s71/2 < 2y/T.

So in the 11D world

Regret = O(\/Tlog |7-l|) i.e., average regret per round — 0 like 1/v/T, matching the
1//n agnostic rate.

Adversarial? Follow the leader is deterministic, so it suffers (7") regret. We need to
hedge: keep playing hypotheses that have done well, but never commit entirely.
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Exponential weights

In words. Unrolling the update,

Exponential weights (Hedge, multiplicative

weights) pi(i) o exp ( —n Zﬁs (z)),
Input: d actions (“experts”), learning rate > 0 o<t
Initialize: w, (i) = 1 for all i € [d] a softmax over cumulative losses.
fort=1,2,. .. T
W, = Zle wy (1) and py (i) = we (i) /Wy m 7 — oo: all mass on the leader (follow
Play I; ~ p; the leader; fails)
Adversary reveals losses (; € [0, 1% pay €,(1It) m 77 — 0: uniform forever (ignores data;
w1 (i) = we (i) e for all i € [d] fails)

m In between: hedge, with 7 trading off
the two
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Exponential weights

In words. Unrolling the update,

Exponential weights (Hedge, multiplicative

weights) pi(i) o exp ( —n Zﬁs (z)),
Input: d actions (“experts”), learning rate > 0 o<t
Initialize: w, (i) = 1 for all i € [d] a softmax over cumulative losses.
fort=1,2,. .. T
W, = 25:1 wy (1) and py (i) = we (i) /Wy m 7 — oo: all mass on the leader (follow
Play I; ~ p: the leader; fails)
Adversary reveals losses (; € [0, 1% pay €,(1It) m 77 — 0: uniform forever (ignores data;
w1 (i) = we (i) e for all i € [d] fails)

m In between: hedge, with 7 trading off
the two

Classification is the case d = |H|: action i is hypothesis h; and, once y; is revealed,
0:(i) = 1{h;(x+) # yi}; the expected loss is E[¢;(1;)] = (pt, £+). But nothing is specific to it: the
adversary may pick any ¢; € [0,1]¢ after seeing p; (not I).
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Exponential weights: regret bound

Theorem

For any sequence of loss vectors /1, ..., 07 € [0,1]%, exponential weights satisfies
T T

1
Regrety = » (py, ) —min Y £(i) < cgd | 1T,
o i€(d] P n 8

With n = /8log(d)/T this is Regrety < /T log(d)/2.
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Exponential weights: regret bound

Theorem

For any sequence of loss vectors /1, ..., 07 € [0,1]%, exponential weights satisfies

T T logd nT
Regrety = Z(pt,€t>—min2€t(i) < " —l—?.

t=1 i€ldl i

With n = /8log(d)/T this is Regrety < /T log(d)/2.

m Optimal up to constants: no algorithm has
o(v/Tlog d) worst-case regret.

_ _ _ m Regret; /T — 0: as good per round as the
[ID: O(+/T log |H]), using IID in an essential best fixed action, eventually.

way. Adversarial: \/T log |H|/2 with no

assumptions at all. Same rate.

Compare to IID + ERM (classification,

d = 1))

m Cost per round: O(d). Hold that thought.
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Exponential weights: proof

Potential function: W, = Zle wy (7). We bound log(Wr1/W1) from above and below.
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Exponential weights: proof

Potential function: W, = Zle wy (7). We bound log(Wr1/W1) from above and below.

Upper bound. One step of the update is an expectation under p;:
Wit _
Wi
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Exponential weights: proof

Potential function: W, = ZZ 1 we(2). We bound log(Wr41/W7) from above and below.
Upper bound. One step of the update is an expectation under p;:

d .
Wit _ Z wy (7) ol (i) — Efrp, [efnft(l)],

W, 4 W,
i=1

Since ¢,(i) € [0, 1], Hoeffding's lemma (same tool as before, now applied to I ~ p;) gives

2 2T
logE7p, [e—nét(I)} < —n{ps, by) + % = logWry1 <logd — nz i, be) + T
t=1

by telescoping over t with W = d.
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Exponential weights: proof

Potential function: W, = ZZ 1 we(2). We bound log(Wr41/W7) from above and below.
Upper bound. One step of the update is an expectation under p;:

d .
Wit _ Z wy (7) ol (i) — Efrp, [efnft(l)],

W, 4 W,
i=1

Since ¢,(i) € [0, 1], Hoeffding's lemma (same tool as before, now applied to I ~ p;) gives

2 2T
logE7p, [e—nét(I)} < —n{ps, by) + % = logWry1 <logd — nz i, be) + %
t=1
by telescoping over t with W = d.
Lower bound. For any fixed i € [d]: logWry1 > logwriq(i) = —nz&
T T
1 d T

Combine and divide by 7: Z D, L) — Z:: 08 + % for every i. |

t=1
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Today in one table

Setting Assumption Algorithm Guarantee

Batch, realizable 11D ERM R(h) < log(|H|/5)/n

Batch, agnostic 11D ERM R(h) — R(h,) < \/21og(2[H]/5)/n
Online, realizable 1ID ERM each round O(log [H|log T') mistakes

Online, realizable none Halving log, |H| mistakes

Online, agnostic 11D ERM each round O(\/Tlog [H]) regret

Online, agnostic ~ none Exponential weights Tlog(|H|)/2 regret
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Today in one table

Setting Assumption Algorithm Guarantee

Batch, realizable 11D ERM R(h) < log(|H|/5)/n

Batch, agnostic 11D ERM R(h) — R(h,) < \/21og(2[H]/5)/n
Online, realizable [ID ERM each round O(log [H|log T') mistakes

Online, realizable none Halving log, |H| mistakes

Online, agnostic 11D ERM each round O(\/Tlog|H]) regret

Online, agnostic ~ none Exponential weights Tlog(|H|)/2 regret

The message

Every 11D guarantee has an adversarial twin with the same rate: the same log|#|, the same VT.
Dropping the |ID assumption cost nothing.

Not yet addressed: losses with curvature (squared loss, log-wealth), and computation when || is

huge.
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